Web-based Supplementary Materials for ’Identifiability and Estimation of
Causal Effects in Randomized Trials with Noncompliance and Completely

Non-ignorable Missing-Data’ By Chen et al.

Appendix Web Appendix A: Proof of Theorem 1

Identifiability of &, w, and w, is immediate from randomization of Z and the monotonicity
assumption, that is, ¢ = P(Z = 1), w, = P(U =a) = P(D = 1|Z =0) and w,, = P(U =
n) = P(D = 0/Z = 1). We next show that d,., are the functions of the distributions of

observed variables. Under the Assumption 3, we obtain that 6,1, = P(Y =y, R = 1|Z =

1,U=n) = P(Y=y,R=1,7=1,D=0) . 1 t})at 8y0a = P(Y=y,R=1,Z=0,D=1)

P(Z=1,D=0) P(Z=0,D=1)
_ P(Y=y,R=1,7=1U=c) _ P(Y=y,R=1,7=1,D=1)—P(Y=y,R=1,D=1,Z=1U=a)
For 0y1c, we have dy1. = P(Z=1,U=c) = P(Z=1,D=1)—P(D=1,Z=1,U=a) :

Under the monotonicity and randomization assumptions, P(D = 1,Z = 1,U = a) in the
denominator can be rewritten as P(Z = 1)P(D = 1,U =a|Z =1)= P(Z =1)P(U = a|Z =
1)=P(Z=1)P(U =a|Z =0)=P(Z=1PD=1,U=alZ=0)=P(Z=1)PD =
1|Z = 0). On the other hand, from the numerator we have that P(Y =y, R=1,D =1,7Z =
LW=a)=P(R=1Y =y D=1,Z=1,U=a)P(Y =y[D=1,Z=1,U = a)P(D =
1,Z=1,U=a), where PIR=1Y =y, D=1,Z=1U=a)=P(R=1Y =y) = P(R =
1Y =y,D=1,Z =0,U = a) because of Assumption 6, P(Y =y|D =1,Z =1,U =a) =
P(Y =y|D =1,Z = 0,U = a) due to the exclusion restriction and P(D =1,Z = 1,U =
a) = P(D = 1,U = a|Z = 0)P(Z = 1) by the forward proof. So P(Y =y, R = 1,D =
,Z=1U=a) =PR=1Y =y,D=1,Z2=0U=a)PY =y|D=1,72=0U =

a)P(D=1,U=0alZ=0P(Z=1)=PY =y R=1,D=1U=a|Z =0)P(Z = 1).

P(Y=y,R=1,Z=1,D=1)—P(Y=y,R=1,D=1|Z=0)P(Z=1)

Hence, we obtain that d,1. = P(Z=1.D=1)—P(D=17=0) P(Z=1) -

Similarly, we can show that 6,0, = Z0=07 2200020 bAoA

Z=0
), Hence, we

have shown that d,.,’s are identifiable.
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Next we will show that p,’s are identifiable. Let us define the matrix A" as follows:
T

Al— 50171 500(1 5010 5000

51171 610(1 5110 6100

Because 0.y, + 61, = 1 and from 0, = p,0,.., we obtain the following equations:

Al 1;:) = (1 11 1)T- (A.1)

Below we show that A! has rank 2. Suppose that A' does not have full column rank. Then

S01n _— %00a — d01c — J00c Oo1n — 0Bo0a _— Boic _ 900c _
we have o = g = e — S , which implies g = glla — Zie — S0 since Oyzy = Pybyzu-

Thus we obtain that 610, = 011, = 011 = 010., which implies that Y is independent of Z
given U and is also independent of U given Z. This contradicts the condition of Theorem
1. Therefore, we have shown that p,’s are identifiable. Finally, the parameters 6,., can be
identified from equations: 010, = 011, = 011n/P1, 6110 = 0106 = 010a/P1, O11c = d11¢/p1 and

O10c = 510c/P1-

Appendix Web Appendix B: Moment Estimators under the Model specified in

Theorem 1

COROLLARY 1: Under the assumptions of Theorem 1, the moment estimator, é, of the

. . . _ N _ Nyiwo _ Ny
parameter vector 0 is given as follows: for y =0 and 1, 6,1, = N0 Ov0a = Niror
N N
N _ N ++1+ N _ N ++0+
5 = yl11 y101 Nitor ~ o = y100 y110 Niyit
yle — N. ) yUc — N. :
N - N Tl N - N ++0+
++11 ++01 N, oy +-+00 ++HI0N,
a N++1+ A Nyjor o~ Niguo _ 5 ). — e g
§= » Wa = N0 Wn T N Lo 91a— p1’ 911n— p1’ 911c— pla 10 = 5 - 11ET€

po and py are computed as follows:

(_Z) ZfP(Y = 1|Z = 17U = n) 7é P( = ]_|Z = 1,U = CL) (26 Hlln 7é 010(1); then ﬁo =

801n§10a_§11n800a p/\l — 801n§10a_§11n800a-
010a—011n 801 —000a

(2) if PY =1|1Z=1,U=n)=PY =1|Z=1,U = a)(i.e. 011, = b10a) and P(Y = 1|7 =



1,U = C) # P(Y = 1|Z = O,U = C) (ze 0110 7£ 0100), then pAO = M, ,OAl =

010c—011c¢

001¢010c=911c000c -
001c—000c

(3) if P(Y =1|1Z=1,U=n)=PY =1|Z=1,U =a) (i.e. 011, = 010a) and P(Y = 1|Z =

1LU=¢c)=PY =1Z =0,U = ¢) (i.e. 110 = O100), then po = Sndioc=bundoe 5 —

5106_51177,

0011n010c=011n000c
001n—000c

Appendix Web Appendix C: The EM algorithm under the assumptions in

Theorem 1

Let 6% = (Wi wP ,910a, QIM, 9116, 9106, 2o (k). pgk)) be the estimate of 6 after the kth iteration
in the EM algorithm. Define 7§ = (w6 +(1—w —wf o)y (1 - p)) + (P (1 -6 )+

k k k k k k k
(1= =) (1= 015) (1= p”), " = (@0 + (1wl =)0 (1= o) + (i (1 -

00+ (1 —w? — )1 — 08 (1 = p), and nypay = #0f(Y =y, R=1,7 = 2,U = t).

Then the next iteration estimate 8%+ of  in the EM algorithm is given as follow:

WD) 0
(k+1) 010nP (k+1) _ (k+1)
Mion” = = Ni10o ROPIC) (k>+( ?k) (k>)9<k) o 10 = Ni1oo — M1on >
10n
(k)
(k+1) _ A9 0i60)08 (k+1) _ (k+1)
No10n. = No1oo o (1003, (1) oy (19100 @7 Mot = Notoo — No10n 5

(k+1) (k+1) (k+1) (k+1)
Ni11n = Ni110, nOlln = No110, nllOa = Niio1, ”owa = Noio1,
WD) )
(k+1) 0% p (k+1) (k+1)
N1, = N Boarw) (k>+(1 ?k) o)) (k)7n1110 = Nt — n9114
lla 1
(k+1) _ “”(1 0570} ol (k+1) (k+1)
n = N n = Noi11 —n
Olla 0111 (k>(1 952) <k>+(1 w® >)(1 9<k>) (k)» '"011c 0111 0lla >
(k+1) _ w056, 1=p{)  (k+1) _ (st 0 {oe1=p{")
Nioon. = N+o00 1(;( 7Moo = N+ooo me Gt L,
0
W8 (1) y (1 p®) (k) W) () (k)
(k+1) _ (A=010p)A=py") (k+1) _ (1-wn )(1=015.)A=p5")
ngoon = Nooo ===, ngoo. = No00 e -,
0 0
(k+1) o) (1—p{)) (k+1) (k+1)
nlOln N+010 G(k)( (k)) +(1— g(k) )(1— (k))’n()Oln - N+010 - nlOln )
11n 11n 0
(k+1) _ oLen (1—p) (k+1) (k+1)
n = Nioo1 = I AL = Nygo1 — 1
100a O10n (1—p1")+(1-03,) (1—pg™) " 000 100a 2
k k k k k k k
LD w0 Apt™) (k) (e e o el
10la = {V+o11 09 yMo1e = V4011 ) )
1
(k+1) _ W (1- 0“2)(1 p) (k1) (1—wi —wi) (1-6%) (1-pi)
Noo1a” = N+011 l%m » Too1e Nion — ) )
1

k+1 k+1 k+1 +1 k+1 k+1 k+1 k+1
((J,k+1) — ng)OOa)J'_ (()Ola)+ (()1 )+ élla)—i_ gOOa)_'_ §01a>+ 5100,)—"_ §11a>
N Y
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wgﬁi)::n%&?+n$3?+nﬁap+n$39;nﬁay+n$§?+nﬁ$?+nﬁEP’
T
1000a TP001a T7010a” T7011a” TP100a” T7101a” TP110a” TM11a
O = e P G
1900n” TT001n” T7010n” T1011n TM100n" TT101n” TRi10n TPI110
QY;—CH) = 1D HEEE;JMEEI% (k+1)7€§182_1) = (k1D n§§§03+nil§£; F+1)
Nio1e TMi11e TT001e TT011c M100e T7110e TT000e TT010c
(+1) _ A ST SR ST SR P T P S
Do )
P = miida iy i sl i 4 here n® ) = B(ny,., | observed data, f =

k1 1 k1 k1 k1 1 k1 k1 k1
o)), Dy = nélOn) + ”(()nn) + ”(()ma) + ”(()11a) + ”(()10c) + ”(()nc) + n(()OOn) + ”(()om) + n(()OOa) +

k+1 k+1 k+1 k+1 k+1 k+1 k+1 k+1 k+1 k+1
nbora) + nie ) + e Dy = i ol 4o aGED ol 4ol ol 4ol

k+1 k41 k+1 k+1 k41
”gom) + ”goo(z) + ”gom) + "goofz) + "gmc)-

Proof. Let nyy., = Zf\il Ity,—y R,=r.z;=2,u,=—u}- The complete-data likelihood function is
given as follows:
L.(0) = TN P(Z,)P(U;,)P(D;|Z;, Us) P(Y;| Zi, Uy) P(R;|Y;), where P(Z; = 1) = £ can be
dropped during the EM steps. Then the complete-data log-likelihood function is given as
follows:
1.(8) = ni1onlog(wnbionpr) + niroclog((1 — wy, — wq)B10cp1)
+1010nl0g(Wn (1 — B100)p0) + No10cl09((1 — Wy — wa) (1 — B10c) po)
+n111nl0g(Wnbi1np1) + No11nlog(wn (1 — 0110)po) + n110al0g(wabr0ap1)
+1010a109(Wa (1 = 010a)p0) + 11110109 (Wab11ap1) + M1116l0g (1 — Wy — Wa)O11p1)
+no11al0g(wa (1 = 0114)p0) + no11cl0g((1 — wn — wa) (1 — O11c) po)
+n100nl0g(Wnb1on(1 — p1)) + n100clog((1 — wy — wa)br0c(1 — p1))
+1000nl0g(wn (1 = 010,) (1 — po)) + n000elog((1 — wp — wa) (1 = B10e) (1 = po))
+n101nl0g(wnbr1n(1 = p1)) + noo1nlog(wy (1 — O11,) (1 — po))
+1100al09(Wab0a(1 — p1)) + 1o00al0g(wWa (1 — O10a)(1 — po))
+n101al0g(Wab1a(1 — p1)) + n101log((1 — wn — wa)b11.(1 — p1))

+1001al0g(wa (1 — 0114) (1 — po)) + noo1clog((1 — wp — wa) (1 — 011.) (1 — po)). In the E step, we



take the expectation of the complete-data log-likelihood, given the observed data and the

previous parameter estimate § = 6, that is nl(,’f«j;}) = E[nyp.u|observed — data, 0®]. In the

M step, we can solve following functions and get the estimates.

(k+1), (k+1) (k+1)  (k+1)  (k+1)  (k+1)  (k+1)  (k+1)
Ol __ Mogoa TM001a” 0106 t7011a” T7100a F™101a” F 100" TPi114
Owq Wa,
(k+1) | (k1) | (k+1) | (k4+1) | (k+1) , (k+1) , (k+1) , (k+1)
_ Mgooe_TM001e T™010¢ 011 T"00e T™01e T10e T4
1—wp—wq )
(k+1) | (k+1) | (k+1) , (k+1) | (k+1) | (k+1), (k+1) | (k+1)
Al __ Mooon tM001n TM010n T7011n t™00n t01n” 100" T 110
Own, Wn

(k1) | (eb1) o (b1) | (bb1) (k1) (k1) (k1) , (k1)
_ Moo TM001¢” TM010¢ T M011¢ T™100e T 101 TP110e T 11

1—wn—wgq )
(k+1)  (k+1) | (k+1) | (k+1)
Al Migoa” tMi01a” tM10a TMi11a
8010& 910a
k+1 k+1 k+1 k+1
_ n(<)00a >+"(()01a)+”§>10a )+"(()11a)
1*010a )
(k+1) |, (k+1) , (k+1), (k+1)
Al Migon tMioin TMi10n TM11n
8911n 911n
(k+1)  (k+1)  (k+1) | (k+1)
_ Mgoon 10010 T™010n” T™011n
1-011n ’
(k+1) (k+1) (k+1) (k+1) (k+1) (k+1) (k+1) (k+1)
Ol _ Mioiec tMi11e” _ Mooic tMo11c Ol _ Migoe” tM10c” _ Moooe” tMo10c
0011 011¢ 1-011c 7 0010c 010c 1-010c ’
(k+1) (k1) (k1) | (kD) | (kD) | (eD)
Ol _ "ign 7011 T7010a” T™011a” TP010¢ T™011c
dpo Po
(k+1) (k+1) (k+1) (k+1) (k+1) (k+1)
__ M000n" tM001n” T7000a " T™001a” 000~ +M001c
1—-po ’
(k+1)  (k+1) | (k+1) | (k+1)  (k+1)  (k+1)
Ol _ ™ion 11110 100 T M11a TM10e T 01
op1 P1

k+1 k+1 k+1 k+1 k+1 k+1
_ g.OOn)+n§lOln)+n§.00a )+”(101a )+”§00c )+"§01c )

1-p1

Appendix Web Appendix B: Proof of Theorem 2

The joint distribution can be factorized as P(Z,U, D, X,Y,R) = P(R|Z,U,D, X,Y) P(Y|Z,U, D, X)
P(D|Z,U,X)P(U,X|Z)P(Z). Since Z is randomized, P(U, X|Z) = P(U, X). Because D is
determined by (Z,U), we obtain that P(D|Z,U,X) = P(D|Z,U) and P(Y|Z,U,D,X) =
P(Y|Z,U, X). From the randomization assumption and Assumption 7, we obtain that

P(R|Z,U,D,X,Y) = P(R|Y,Z). So we can rewrite the joint distribution as

P(Z,U,D,X.,Y,R) = P(Z)P(U,X)P(D|Z,U)P(Y|Z,U, X)P(R|Y, Z).
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To identify P(U, X), we first note that from independence of Z and (U, X)), the definition of
U, and Assumption 3, we obtain that P(U = a|X =2) = P(U =a|Z =0,X =2) = P(D =
1/ Z=0,X=2), PU=n|lX=2)=PU=n|Z=1,X=2)=PD=07Z=1,X =x)
and then P(U = ¢|X =z) = 1—-{P(U =n|X = z)+ P(U = a|X = z)}. Since P(X)
is identifiable, P(U, X) is identifiable; since Z and U determine D, P(D|Z = z,U = u) is
known for all z and wu.

Below we show that po1, p11, oo, P10, @110z, 104z, O11cx and Oy, are identifiable condition-

ally on X = x. Let us define the following matrices:

5Ozux 51zux

A2, =

—ZU

5Ozux’ 51zuz’

Since
Oysuz = PR=1Y =y, Z=2)P(Y =y|Z =2,U=u,X =2) = pybyus, (A.2)

using the same idea as in the proof of Theorem 1, we obtain the following equations:

1/po 1

Af, —~ (A.3)
1/pn1 1
and
1/poo 1
Aj, = : (A4)
1/p1o 1

Under Assumption 3, the elements in the matrices A3, and A2, can be expressed by the

distributions of observed variables, respectively, as follows:

P(Y=y,R=172=1,D=0X =z)
= A.
yina P(Z=1,D=0,X =z) (A-5)

and

P(Y=y,R=1,7=0,D=1,X = x)
8yoas = . A6
w0 P(Z=0,D=1,X =x) (A.6)

Suppose that A? in (A.3) is not full rank for all  # 2’. Then it is immediate that Y is

independent of X given U = n and Z = z, which contradicts the assumptions in Theorem 2.



Thus there exists at least one pair of z and 2’ so that the matrix A3 is full rank, and then
po1 and p1; can be solved from (A.3). Similarly, we can show that pgy and pyo are identifiable
from (A.4).

From (A.2), (A.5) and (A.6), we can identify 0y, and 0,4, Similarly we can identify 0,

: Sy1ee _ P(y,R=1,7=1,D=1, —P(y,R=1,7=0,D=1,z) /{(1—
and 6,0, from the equations 0., = Z; = 2y P(Z:17?4(52@)‘}2_13((%:172:07@/(1_8/{( §eyo}

P(va:17Zz07D:07x)/{(17€)py0}7P(y7R:17Zz1:D:07x)/(§py1) .

and Oyoc, = P(Z=0,D=0,2)/(1—€)—P(D=0,Z=1,z) /¢

Appendix Web Appendix C: Proof of Theorem 3
Similar to the proof of Theorem 2, we have P(Z,U,D,X,Y,R) = P(Z)P(U,X)P(D|Z,U)

P(Y|Z,U, X)P(R|Y,Z,U). Hence, we can identify d,1,,, and dyoq, from (A.5) and (A.6) re-

P(y,RZ1,Z:1,D=1,1‘)*P(y,RZ1,D=17Z=0,{L‘)£/(1*§)
P(Z=1,D=1,0)— P(D=1,2=0,2)P(Z=1)/P(2=0)

spectively. We can also identify 01, and dyoce by dy1ce =

P(y,R=1,Z=0,D=0z)— P(y,R=1,D=0,Z=1z)(1—¢£) /¢
P(Z=0,D=0,2)—P(D=0,Z=1,2)P(Z=0)/P(Z=1)

and dypc; =

Next we show that we can identify p,.,. We first put 0,.,,’s into the following matrices:

3 602u:1: 51zua:
Azu - )

50zu:r:’ 51zuaz’

for (z,u) = (1,n), (1,¢), (0,a) and (0, c). Because R is independent of X given (Y, Z,U),
we obtain that y,y, = P(R=1Y =y, Z = 2,U = u)P(Y = y|Z = 2,U =u, X =z) =
Pyzubyzuz- Hence, we can obtain the following equations:
1/pozu 1

1/p1zu 1

Using the same argument as in the proof of Theorem 2, we can show that all four A?  matrices

—ZzUu

have full ranks under the assumptions in Theorem 3. Therefore, we can identify p,.,,’s. Finally,
because 0ysyy = P(R=1Y =y, Z = 2,U =uw)P(Y =y|Z = 2,U = u, X = ) = pyubysuz,

we can identify 01944, 110z, O11c: and 1o, respectively.



