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1 Riskset Regression Calibration Parameter Estimates

This section contains further details regarding the calculation of the risk set regression
calibration estimator in equation (3) of the manuscript. The risk set regression calibration
estimate X (t) of X is an estimate which is recalculated at each failure time and uses data
only from individuals in the risk set R(¢) for failure time ¢.

At a given time t, define

)?( ) = E{XZ]Y,(t) =1,W;,Qi.,Z;} ifR;=1
ST BGY() = 1, Qi Zi) it Ry = 0

where W;. = k7! > Wig, Qi = k1 Z?Zl Qij, and ‘" denotes estimate. For individuals
with Y;(¢) = 1, denote the mean and covariance for (X;, W;., Q;., Z;) as p(t) and 3(t).
Define 399(t) = Cov(W;.,Qi., Z;|Yi(t) = 1) and let fJQQ(t) be the matrix Y99 with the
first row and column deleted. Similarly define ¥12(t) = [Swx(t),Xgx(t), Xzx(t)] and
$15(t) = [Zox(t), Szx(t)]. Then one has

(1.1)

l (Qi., Zy) if R; =0,



and p,(t) denotes the mean of Y; at time ¢. For notational simplicity suppose each of X,
W, Q, and Z are scalar, then the necessary moment estimates for equation (1.1) are:
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Note that only subjects in the reliability subset contribute to the estimates of ux (t), Xx(t),
Yw(t), ¥zx(t), and Xgx(t). The ordinary regression calibration estimate can be found by

replacing Y;(t) by 1 in all of the moment estimators used for )?@(t) This produces a com-
mon estimate X; for all ¢. For categorical Z, one can condition on Z to provide linear
approximations of F(X|W,Q,Z = z) and E(X|Q, Z = z) for each level of Z. For speed of
computation of the resulting RRC estimator of 3, one may wish to approximate the RRC
estimator of X by not recalibrating at every failure time, but say according to a chosen
scheme of equally spaced failure times in the range of observed failure times. This approach
may be particularly useful for a large number of failure times.



2 Regularity Assumptions

We assume the general error model of Section 2.1 in the manuscript, along with its stated
assumptions of independence and iid random variables, and that the random variables in the
error and survival moment have finite first and second moments. We also assume the Cox
model described in Section 2 of the manuscript holds. Sufficient conditions for asymptotic
normal distributions for the regression parameter estimators, and for the validity of the
corresponding bootstrap variance estimators, are as follows.

2.1 Regression Calibration Estimator
A. (N, Y, Xi, Zi, Ri, i, ki, Kiy €1, - -+, €iky» iy - - - 5 i, ) are iid random vectors fori = 1,..., n.
B1l. P(k>1) > 0and P(xk > 1) > 0.

B2. P(R=1)>0and P(V =wv) >0, for all v € {v|V = v}, where V is the vector of
categorical components of Z.

C. Since the partial likelihood score equation is concave, with imposed regularity condi-
tions on the nuisance parameters (condition GG), a unique solution to the regression
calibration equation will exist, namely *. For 6y = (5%, ¢o), where ¢y is the true
nuisance parameter vector, 3 a compact neighborhood .4 (6y) around 6y = (5*, ¢),
such that:

E sup X (t; )| X < oo,
6c.1(6y),t€[0,M]

D. There exists a finite constant M > 0 such that P(U > M) > 0, where U =T A C.

E. fOM Ao(u)du < oo, for 0 < M < co.

F. The derivative of the estimating equation U,(6) w.r.t. 6 exists and is continuous
and bounded for 8 € 4#(6y), a compact neighborhood of 8y. Furthermore, a%Un (9)
converges to its limit uniformly in .47(6y) and this limit A = lim, e %Un(e) is
nonsingular at 8y; where 6 is defined as in condition C.

G. The error model in Section 2.1 of the manuscript holds and for the error nuisance pa-
rameter vector ¢, there exists vector valued function ¥(¢) = (W, Q, Z, R, k, k, ¢)
such that

E{®¥(¢0)} = 0
E{¥(¢0)¥'(g0)} < oo

~ 1 &
V(e —¢o) = \/ﬁ;‘yi(¢0)+0p(1)a

that is, \/77(9/5 — ¢o) is asymptotically equivalent to a sum of iid components and
hence, asymptotically normal.



Assumptions A and C' — E are similar to those made for the ordinary Cox model (Andersen
and Gill, 1982; Tsiatis, 1981). Assumptions Bl - B2 list conditions for the numbers of
replicates for the main and biomarker instruments. Note assumption B1 is made for the
regression calibration estimator proposed in equation (3) of the manuscript, also described
above in Section 1; however, a regression calibration estimator is possible without replicates
of either @ or W. As noted by Neuhouser et al. (2008), since E[X|Q, Z] = E[W|Q, Z], one
can simply regress W on (Q,Z) to obtain an appropriate X for regression calibration.
P(V =wv) > 0 is important for regularity of stratum specific estimates. Assumption F' en-
sures uniform convergence of the estimating equation and thus, since the estimating equation
for (8 is a complicated function of the nuisance parameters, that certain combinations of
these parameters are avoided. In particular, there needs to be nonzero correlation between
@ and X, and the covariance matrix for (X, W, @, Z) needs to be nonsingular. Assumption
G ensures there exists an asymptotically consistent and normal estimator, ¢, for ¢, as
Vn(¢ — ¢p) can be written as i.i.d. components asymptotically. Moment estimators are
one possible choice for ¥. Wang et al. (1997) provides a more general class of /n-consistent
estimators satisfying these conditions.

2.2 Conditional Score

The regularity conditions for the conditional score equation are the same as conditions A—G
in Section 2.1, except that condition C, specific to terms in the estimating equation for 8,
is replaced by C'.

C’. 3.4(0y), a compact neighborhood around the true value of the parameter 8y = (o, ¢o)
such that:  E{supge s (g,)tefo,11) ¢ (0, 1) EG(6, )} < co.

Assumption C’ implies that the coefficient of X in the measurement error model, &1 + 632,
is bounded away from zero almost everywhere in .4"(6p). This is a reasonable requirement
for @, as 61 + 63Z = 0 implies that ) does not depend on the true covariate X. Note
the conditional score estimating equation (equation (5) of the manuscript) was developed
assuming a discrete, scaler variable Z in the general measurement error model equation (1).
This method can be extended to a more general vector Z, so long as the scale bias in the
general measurement model (defined by d3) is only dependent on the components of Z that
are discrete.

2.3 Nonparametric Corrected Score

The regularity conditions for the nonparametric score equation are the same as conditions
A — G in Section 2.1, except that condition C, specific to terms in the estimating equation
for 0, is replaced by C”.

C". 3.4(0y), a compact neighborhood around the true value of the parameter 8y = (3y, o)
such that: N B
E[supge, s (6,) X2 (8)exp{26X.()}] < oo, for all z € Z.

Assumption C”, like assumption C’ above, implies that 1 + 037 is bounded away from zero
almost everywhere in .47 (6p). Note the nonparametric corrected score estimating equation



(equation (6) of the manuscript) was developed assuming a discrete, scaler variable Z in
the general measurement error model equation (1). This method can be extended to a more
general vector Z, so long as the scale bias in the general measurement model (defined by
d3) is only dependent on the components of Z that are discrete.

3 Derivation of conditional intensity

This section includes a heuristic argument for the derivation of the conditional intensity
used in the conditional score equation presented in Section 2.3 of the manuscript. This
argument follows similarly to one provided by Tsiatis and Davidian (2001) in their de-
velopment of a conditional score estimator for the proportional hazards setting where the
covariate of interest is observed with classical measurement error, i.e. with independent
mean zero random error.

First consider an individual not in the biomarker subset. Because error and random
effect terms for @);; are assumed to be normally distributed, one can condition on the

observed @;. = % Z?Zl Q;j in place of Q;1, Qi2, - . ., Qi Assuming the general measurement
error model, one has Ql|(XZ, Zl) ~ N(50 + 0 X; + 002 + 03X, Z;, Eei), where Eei = E’YZ’ +
Ye¢/k- At time u, the conditional density for {dN;(u), Q;.} given individual i is at risk and
the time-independent covariates X; and Z; is:

= p(dN;(w)|Qs., Yi(u) = 1, X;, Z;) x p(Qi|Yi(u) = 1, X4, Z;)
= {No(u)duexp(B1 X; + B22:) Y Vi {1 — \o(u)duexp(B1 X; + B22;) 1 —Ni(w)

X (27rEei)*%exp{— ( i — 00 — 01 X; — 092; — (53XiZi)2}

b
2%,
= [o(u)duexp(B1X; + BaZ:) YN (275, )73

(Qi. — 60 — 1Xi — 62Z; — 03X, Z;)*} + 0p(du)

X exp{— o
ei

= {Xo(u)du eXp(ﬁQZz‘)}dNi(u)(QWEei)—%

€

1
X exp[— ol {(Qi. — 60 — 02Z:)* + (01 + 032:)° X} }]
X;
X exp > {6126idNi(u) + ((51 -+ 53Z¢)(Qi. — 0 — 52Zi)} + Op(du)

The sufficient statistic for X; can be defined as:
G = B1Xe;dNi(u) + (01 + 032;)(Qs. — b0 — 027;).
Making a change of variables @Q;. — (;, one has:

Qi = (01 +032:) H¢ — B1Xe, dNi(u)} + (60 + 027;)



Then
P(dN;(u), GIYi(u) = 1, X, Zi) = {o(u)duexp(B22:) } N (2mX,,) 72 (81 + 032;) !

1
25, (61 + 032Z;) (¢ — B1 8¢, dN (u } + (61 + 93Z;) XQ}

X exp < EZCZ) + 0p(du)
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X exp [—

= {No(u) duexp(B2Z;) N (2., )72 (8) + 83Z;)
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(0 + 05 Z)2X2 Xl
><eXp< ( 1—;; JX + ZCv>+op(alu)
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}
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The conditional probability P(dN;(u) = 1| = ¢, X, Z;, Yi(u) =

exp |:(51 + 037; dN;(u }:| + Op (du)

P(le(u) = 1,Cz' = C|X¢, ZZ',Y;‘(U) = 1)
P(dNi(u) = 0,{; = ¢ Xy, Z;, Yi(u) = 1) + P(dN;(u) = 1, = ¢| Xy, Z;, Yi(u) = 1)

The terms without dN;(u), denoted by K(X;, Z;,c), will cancel from the numerator and
denominator. Up to order du the numerator is

5.
2

No(u)du exp(B2Z;) K (X, Z;, c)exp {ﬁl(él + 032;) 72 (61 + 532,;)—2} .

Up to order 1 the denominator is
Thus one has
P(dN;(u) = 1|G; = ¢, Xi, Z;, Yi(u) = 1)
= Ao(u) duexp(B2Z;)
. 7. N2, _ e, 7 2
K(X;, Z, c)exp | B1(01 + 63Z;) =c 2 (01 +63Z;)

. K(Xi, Zj,c) T op(du)

5, 32
= )\O(u)du exp {ﬁ1(51 + 5321')_26 — #1(51 + 53Zi)_2 + ﬁgzz} + op(du).

From (3), one has the conditional intensity process

dlimo duflP{sz(U) = 1’(’” X’ia Zi? YL(U)}
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A similar procedure is followed for the reference subset. In this case the sufficient statistic
is

Gi = P13, XedNi(u) + Xe{ (61 + 632:)(Qi- — do — 62Zi) } + X, Wi
P(dN;(u)|¢, Yi(u), Xi, Z;) will be derived from P(dN;(u), Qi., Wi.|Yi(u), Xi, Z;). Rewrite

W

— B1Ze; XedN;(u) — X (01 + 032;)(Qs. — do — 022;) }

Then P(dN;(u), (i, Qi|Yi(u), Xi, Z;)

= Dolu)duexp(B2,)) ™ (2r5,) 7 (2r5,,) exp( 5 )

=, P\
1
X exp [ 2% {Q? + (61 + 03Z:)° X2} — 95, 7,:|
~ 5 12
X exp [—2262&{(1 — (01 +93Z;)Qi.} } + op(du),

where Ez = Cz — 6126i25dNi(u) and Qz = Qz - (50 — 5QZi.

One can now complete the square for ;. and integrate out ;.. Then

Laz)

€

N

P(dN;(u),G|Yi(uw) = 1, Xy, Z;)
= {No(u)duexp(B22;) } 2N (2r%.) 3 (278, )~

e QZei
ﬂlEeLE dN;(u)}? n {¢ — B13e; ZedN; (u) }2(61 + 932;)*
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X exp

32
y exp{ X 1 X2 (01 + 03Z;) XE}
[ + op(du)

— exp [_ ] K(Xi, Zi, Gi) + op(du)

P(dN;(u) = 1| = ¢, Z; = v,Y;(u) = 1)

g(c, 1,v) + op(du) B g(c, 1,v) + op(du) B g(c,1,v) o (dut
g(c,0,v) +g(c,1,v)  g(c,0,v) +0p(1)  g(c,0,v) + op(du)

= Ao(u)du exp(B22;)

X exp | — (c = 1%, 2o)* + ¢ + op(du)
TN, S, + 501+ 03Z0)2} | 250, 5B, + Se(0r + 032:)2) | P
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= i Z;
Ao(u)du exp { S 15 (01 + 032,)° + B2 + op(du)



The conditional intensity process is thus
lim du™'P(dN;(u) = 1(¢, X3, Zi, Yi(u) = 1)

du—0
ﬁlgi - ﬁ%26126/2
e, + 3e(61 + 057;)?

= Ao(u) exp { + 5221} Yi(u).

4 Conditional and Corrected Score Nuisance Parameter Es-
timation

The conditional score and corrected score models require a plug-in estimate for § = (dg, d1, 92, 03)
from equation (1) in the main text. This estimate can be found by solving the following
system of linear equations for 4.

EQ = 0o+ 01pux + dopz + d3pxz

Cov(W,Q) = 01 Var(X) + 02Cov(X, Z) + 03Cov(X, X Z)
Cov(Z,Q) = 6Cov(X,Z)+ 02Var(Z) + 63Cov(Z, X Z)
CoviWZ,Q) = 6Cov(X,XZ)+ 02Cov(Z,XZ) + d3Var(X 7).
Thus,
~ —~ ~ -1 ~
L px bz pxz e;
5o 0 ¥x Yixz XXXz 2wQ
0 Yxz Xz Yzxz 27Q
0 Yxxz Yzxz Xxz Ywz,Q

The moment parameters on the right hand side of the above equation can be estimated
from the data using the usual moment estimators. The conditional score estimator also
requires estimates for the measurement error variances from equations (1) and (2), i.e.
Var(e), Var(y|Z = z) = aexp(bz), and Var(§). An estimate for X, is provided in Section 1
above. The parameters (a,b) can be estimated by creating a system of equations from the
following relationship: Var(Q|Z = z) = Var(dp + 11 X + 02Z + 03X Z + v + €| Z = z).

For example, for binary Z one has:

a = Var(Q|Z =0)— §?Var(X|Z = 0) — Var(¢) and
ae® = Var(Q|Z =1) — (61 + d3)*Var(X|Z = 1) — Var(¢).
Parameter estimates for a and b are thus found by plugging in the estimates for 5 from

above, f]g =n 1YY" (k—1)""1 > i-1(Qij — Q;.)%, and the other moments are the usual
moment estimators conditioned on the appropriate level of Z.



5 Cumulative Baseline Hazard Estimation

5.1 Consistency

The consistency of the proposed estimator A in equation (7) can be seen from the following
argument. We use the Huang and Wang (2000) representation of the Breslow estimator as
a functional of two empirical process, SA{AI(U < )} and é\{exp(bX)I(U > )}, where g
denotes the sample mean. Thus, the Breslow estimator for the Cox model with covariate
X can be rewritten as

Ro(t:7) /t dN (u) /t dE{AI(U < u)}
0 Yim1 Yi(wexp(8X;)  Jo E{exp(BX)I(U = u)}
Under the Cox model with parameter g, this estimator is consistent for

[t dE{AI(U <)}
Mo(t:9) = | E{exp(BX)I(U > u)}

Recall the random variable derived from the error model,

-~ Qi. — 60 — 02Z;
X;(0) = w- 00~ 2%
Z(a) 61 +53ZZ )

where @);. is the average of k; replicates of Q);;. At the true nuisance parameter value
8° = (800, 910, 920, 030), )Z'Z-(éo) is composed of X; plus an error term that depends on the
value of Z;. That is

vi + &
010 + 030Zi
For simplicity, assume there are k; = 2 replicates of () for all members of the cohort and
k; = 2 replicates of W for all members of the biomarker subset. Recall R; is the biomarker
subset membership indicator for subject i. Here, we again borrow notation from Huang
and Wang (2000) and denote the two independent replicates of W as W) and W), We
stratify on values of Z, because the error in )~(Z depends on values of Z;. At 6° and Z; = z,
the proposed estimator for the cumulative baseline hazard function (7) can be written as

Xi(6%) = X; + = X; + v,

(E[I(Z = z)Rexp{b(W) — W) /2}])~
<& (102 = Rexplb(X(00) - WO+ W) 2y)) [ t o (fffz(i; {;ﬁ(fg ;(Z?i =
(5.1)

Assuming the error terms ¢;; in W are symmetric and independent of all other random
variables in the error and survival model, and assuming the biomarker subset is a random
subset of the cohort, the first term on the r.h.s. is consistent for [£{exp(be/2)}] 2. Using the
same assumptions, and that v given a fixed Z is independent of the other random variables,
the second term on the r.h.s. of (5.1) has the limit E{I(Z = z)exp(bv)}[E{exp(be/2)}]?.



Similarly, the third term on the r.h.s of (5.1) is consistent for

/ d&{I(Z = 2)AI(U < u)} B
E{I(Z = z)exp(bX + bv)I(U > u)}
1 b dE{I(Z = 2)AI(U < u)}
E{I(Z = z)exp(bv)} Jo E{I(Z = 2)exp(bX)I(U > u)}

Thus A VP (t;b; &0) is consistent for

tdg{I(Z = 2)AI(U < u)}

Ao(t;b) = o E{I(Z = 2)exp(bX) (U > u)}

It follows, that for consistent estimators of B and 50, with some imposed regularity, one
has A%P (t; 3; 8%) will be consistent for the stratum specific Ag,(¢; 3). For the RC and RRC
estimators, this also leads to the convenient overall estimator of Ag,

= Y [ epl-Baena (it R (s . 5),

2€{Z}

where n,(u) and n(u) denote the risk set size in stratum Z = z and the overall risk set size,
respectively, at time u.

5.2 Asymptotic Normality of AN (t; 3;8°)

In Appendix C of Huang and Wang (2000), the authors sketch out a proof for asymptotic
normality for a similar estimate of Ag(t; 3). Their estimator, like ours, involves the Breslow
estimator functional applied to an error prone random variable, multiplied by a correction
factor. The crux of the proof, which can be applied here, relies on regularity conditions
which ensure the uniform convergence of the empirical processes in the estimating equation
for # and the estimator for Ag,(t) (5.1). The estimating equation for § and the estimator
for A.o(t) are continuous and differentiable functionals of empirical processes. With the
imposed regularity, the functional delta method can then be applied to show the asymptotic
normality of K%P(t; 3;6°).
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6 Distributions for the data in the WHI example

Figure 1 shows the distributions for log-energy consumption data from the food frequency
questionnaire in the main WHI cohort and the biomarker measure in the WHI Nutritional
Biomarker Subset, from the example (Section 5) of the manuscript, along with the corre-
sponding normal density curve with the same mean and standard deviation.

Observed FFQ Data

| 7::<
[o0]
> O 7]
G _
o
o I
Qo
© 7 T T T T T
6.0 6.5 7.0 7.5 8.0 8.5
log(Energy)
Observed Biomarker Data
o —
2
> o _ N
2 J L
c —
(O]
Qo o |
—
© 7 T T T T T
6.0 6.5 7.0 75 8.0 8.5
log(Energy)

Figure 1: The logarithm of the self-reported (Q) and biomarker (W) measures for energy
intake, along with the fitted normal density curves.
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