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APPENDIX A: ASYMPTOTIC VARIANCES OF tPCF AND ¢tPNF ESTIMATED USING OBSERVED

RISKS IN THE POPULATION

As in previous work for PCF and PNF (Pfeiffer and Gail, 2011), we use an influence function
approach for functionals T'(F,) of the empirical distribution function, F,,, to obtain non-model

based variance estimates through a first order approximation of T (Huber, 1996),

T(F) = T(F) + = 3 0lon). (0.1

The influence functions ¢ (y;) are independent with E1)(y) = 0. Under regularity conditions that
assure that the remainder term in the linearization is of the order o(n~1!), which are satisfied if

T is Fréchet or Hadamard differentiable (van der Vaart, 1998),

var{T(F,)} = ;E1/)2(y1-). (0.2)

The asymptotic normality of n'/2{T(F,) — T(F)} follows from (0.1), (0.2) and the application
of the central limit theorem. Under these regularity conditions, the influence functions ¥(y) can

be computed as the derivative

d

Y(y) = ET(Ft”t:Oa

where Fy = (1 —t)F +td, and d, denotes the point mass at the point y.

We previously computed the influence function ¢y, for the Lorenz curve, i.e. T(F,) = L,

(Pfeiffer and Gail, 2011), given by

Yi(r,p) = —%oﬂ — L) - %{F*l@) < F ()} + %F*(mp L),

Thus the influence function of T'(F}) = — féy " Ly and thus iPCF is obtained as

d d p* p* d p*
Yipcr(r) = _ET(Ft”t:O = _E{/o Lt}|t:0 = —/0 ELt|t:0 = : Yr(p,r)dp.  (0.3)

EYipcrpF(r) =0 as EYr(y) = 0.



Similarly, we get the asymptotic variance of iPNF by based on the influence function of

PNF, or equivalently, the inverse of the Lorenz curve, L™!,

Yr-1(r) =—L7'(p) + G%(m[p —Hr <GB+ IH{r <G7Hp)},
using a change of variable as
Yipnp(T) = /O’Yq —%{G(u) —Iy<w}—I(y <u)+ F(u)dG(u). (0.4)

Again, EY;pyr =0 as E¢p-1(r) = 0.

APPENDIX B: ASYMPTOTIC VARIANCES OF PCF, PNF, iPCF AND iPNF ESTIMATED FROM

CASE-CONTROL DATA

We utilize a partial influence function approach (Pires and Branco, 2002) that allows to de-
rive the asymptotic properties of functionals of empirical distribution functions for two or more
independent populations.

Let T(K,,G,,) denote a functional of two empirical distribution functions, K, and G,
estimated from the independent samples z; ~ K,i =1,...,nand y; ~ G,j=1,...,m and let

N = m +n. Then a first order approximation of T yields

T(Ky, Gn) ~ T, G)+ Y wn(w)/n+ Y valy)/m. (05)

The partial influence functions 11 and 15 are independent with Ex 1 (x) = 0 and Egi2(y) = 0.
Again, under regularity conditions the remainder term in the linearization is of the order o(IN 1)

and, letting A = n/N, VN(T(K,,G) — T(K,G)) — N(0,var{T(K,,G)}) with
Nvar{T (K, Gm)} = A" Exci () + (1= \) 7 Eg (). (0.6)

Letting K;(y) = (1 — ¢t)K(y) + té,, we compute the influence function ¢, for T'(K;, G) as

Y1 = LT(Ky, G)|i=o. Similarly we derive 12 = £T(K, Gy)|i=0, with Gy(y) = (1 — )G + 6.
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We assume that the distributions G and K are sufficiently smooth so that their densities g
and k and thus the density of the population distribution F' given by f = pg + (1 — p)k in the

points 1 —p and 1—gq exist. Letting ¢1_, = F~'(1—p), the partial influence functions for PC'F (p)

1 9(¢1-p) z) —
Y1(z) = —(1 “)f((zq,p){j(o’(bl’p)( ) — K(d1-p)}
and
__,9d1—p) _
1/)2(3/) - Nf(¢17p) {I(Oa (blfp)(y) G((blfp)}'

The variance terms in (0.6) for PC'F are

s v g 29 (d1-p) B
Exyi(z) = (1 —p) f2(¢17p)K(¢17p){1 K(p1-p)}

and

Eei(y) = u2%am>{1 Gy},

For PNF, letting y1—q = G~*(1 — q), the partial influence functions are

Y1) = (1 = {0, m1-9)(2) = K(n1-4)}

and

da) = (1 — 0= 105, _w) — (- ).
9(1—q)

The corresponding variance terms are

Exct? = (1= 2K (n o) (1~ K ()} and Eevd = {(1 - 2200V g,

For iPCF (p*) we get, using Leibniz’s rule,

$1-p
G1(2) = (1=p)G(é1- ) (0, 61-) (2) = K (91-5) (1= { G (@) [(0, 61p) () - / G(u)dK (u)}

and

$1-p
Ualy) = (1= K (61-) 110, 61-,) (5) ~G(1-)}+ (=) { KW)I(0, 61, ()~ / K (u)dG(u)}
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with corresponding variance terms

2

Exd?(z) = (1—p)? [G2(¢1p)K(¢1p){1_K(¢1p)}+ /O e G(x)QdK(x)—{ /0 e G(x)dK(g;)} _

b1-p
26 (-1~ K1) [ G(x)dK(x)]

2

Eatd(y) = (1 - )’ [ / " K@rdct) - { / " k@i )+
K2(01-) G011 = Gln-y)} = 2K (0 {1 = Glor) [ M K(x)dG(aw]
For iPNF(p*), using Leibniz’s rule
bi() = =(1=p) (1=a"){ 10, 11-0) @)~ K (1) }+ (1= { G@) (0, 1) () - / G(u)dK (u)}

and

Y1—q

Ga(y) = (1= 1) [K () {T0,m-0) () = 1+ a} = KI(0,1-4)(y) + / K (u)dG(u)|
and
Brt(a) = (= (KO- (1=K - i=0+ [ lar—{ [ cwir) -

21 -1 - Ko} [ Gla)dk ()]

Eaud(y) = (1 - 102 [K2(1-)a(l = ) = 2(1 = K (1) / T K ()G )+

/O ) K?(u)da(u)_{ /O ) K(u)dG(u)}]

APPENDIX C: ASYMPTOTIC VARIANCES OF PCF, PNF, iPCF AND iPNF ESTIMATED

USING RISKS AND OUTCOMES IN A COHORT

Here we observe (rf",y;),i=1,..., N of risks and associated outcomes in a population, that are

realizations of the bivariate random variable (R,Y) ~ F(r,y). We now treat fé’\F, PNF ; iPCF



and iPNF as continuous functionals of the bivariate empirical distribution function

1 N

En(r,y") = NZI(” <y <y

To derive the influence functions, we use that the marginal distribution function of the risk
R is Fr(r) = fy dF (r,y) and the distribution of risk in cases is G(r) = F(r,y = 1)/u, where

/L:P(y: 1) AS Gt: l/ﬂtFt(T;y: 1)5

5 Gi(@) = ——(y —p)G(2) + ~d(z,y = 1) = G(2)
and

dG*1 ! 1(0

G (p)—#g(w{—(y—uH (0,7) — pu}-

Based on similar linearization arguments as used for the derivations in Appendix A, we obtain
that both PCF and PN F based on (rf',y) are asymptotically normally distributed with variances

obtained from the bivariate influence functions

9(@51*10)
f(p1-p)

[10,61)() — (1 - )}~
{%1(0, $1-p)(r,y =1) — G<¢w>}

bper(ny) = i@ WG (1) +

and

_fr(n-q)

oo -ma -t

10, -)() = (1= 0) = 10 1)) + Frln-o)}.

YeNF(r,y) =

where ¢1_, = F ' (1 —p) and 11— = G~(1 — q).

For :PCF, the bivariate influence function is given by

— ¢17p
bircr(r,y) = {100, 1-p)(r) — (1 — p)}G(d1—,) + L—E / G(x)dFg(z)—
K Jo

/¢1p I,y =1)(r)
0

d1-p
dFr(z) — G(r)I(0, ¢1-p)(r) + 2/ G(x)dFg(x),
Hw 0
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and for iPNF, by

virne(r)0) = ~Faln-n {51 - 0) - Lr0. )y = 1)+ (1 - 2}
’Yl—q'LL H
+ % /0 Fr(x)dG(x) — %I(O, Y1—¢)(r,y = 1)Fr(r)

+2/0 FR(x)dG(x)—/O 1(0, z)(r)dG(z).
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