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S.1 Efficient Algorithm for computing BFs for all SNPs

The following algorithm takes advantage of rank-one matrix updates, and the fact that Bayes
factors for each partition depend only on summary statistics, to avoid computing things multiple
times for each SNP. (Note that further improvements in efficiency could be made; for example
by reusing computations across partitions that share Y;; in common, but this seems unnecessary
at this point.)

Algorithm S.1.1. Consider computing the single SNP Bayes Factors (7) for multivariate out-
comes Y (n x d) and p SNPs with genotypes X (n X p). Assume that the columns of both' Y and
X have been centered on zero by subtracting the column means. Take the summary statistic
matrices

Vye = (1/n)Y'X (d x p) (S.1
Vyy = (1/n)Y'Y (d x d) (S.1.2)
and let Vya be a p-vector containing the variances of the columns of X, Viyg[j] = (1/n)||X |2

where ||z||2 ==, z7.

For any matriz V' we will use the notation V[U, D] to denote the submatriz of V' consisting
of the rows with indices in the set U and columns with indices in the set D.

For a given partition v = (U, D, I) we can compute the Bayes factor BF,, for all p SNPs as
follows:

1. Compute the Cholesky decomposition Ly of the submatriz Vyy[U,U]. (So LyyLuy =
VU, U].)

2. Solve Lyyb = Vyy[U, D] and Lyyc = Vy[U,] for matrices b(dy x dp) and c(dy x p). (If
dy =0 then set b= c = 0 in what follows.)

3. Set Cj = ng[j] — HC.jHQ.
4. Set w="V,,[D,] —Vc adp x p matriz.
5. Compute the Cholesky decomposition Ly for Vo = Vyy[D, D] — b'b.

6. Solve Loa = u for a a dp X p matriz.



7. Set \j = 052/7@'0]' and kj = 1/(1+ /\j).
8. For the jth SNP return BF; = 0.5dp log(1 —k;) —0.5(nj +m —dy)log(1— (k;/Cj)||a.;||2).

The following R code implements this algorithm. (Note that for convenience the loop over
partitions includes partitions with |D| = 0; these partitions are assigned 0 prior probability, and
their Bayes Factors are set to be 1.)

computeprior = function(z,pi){
dvec = tabulate(z+1,nbin=3)
d = length(z)
return(ifelse(dvec[2]>0, (1-pi)*(1/d) * (1/(dvec[2]+dvec[3])) =*
1/choose(d, dvec[1]) * 1/choose(d-dvec[1],dvec[2]), 0))

}

#picks out the partition gamma with all 1s (ie all in D)
allones = function(gamma){return(prod(gamma==1))}

#note the "drop=FALSE" commands below stop R collapsing matrices into vectors inappropriately
#VYX \approx (1/mn) Y’X is d by p

#VYY \approx (1/n) Y’Y is d by d

#VXX is a p-vector of the estimated variances of the SNP

logBF.fromVSummaries = function(VYX,VYY,VXX,U,D,n,m,d,sigmaa){

dd = sum(D)
du= sum(U)
p = dim(VYX) [2]

if (du>0){
LUU chol(VYY[U,U,drop=FALSE]) # a du by du matrix
VUD VYY[U,D,drop=FALSE] #a du by dd matrix of the correlations of Yu with Yd

¢ = cbind(forwardsolve (t(LUU) ,VYX[U, ,drop=FALSE]))#c solves LUU’c = phiU, c is a du by p matrix
b = cbind(forwardsolve(t(LUU), VUD)) # b is du by dd, and solves LUU’ b = VUD,

#so b’b = VUD’ LUU"-1 LUU’"-1 VUD = VUD’ (LUU’LUU)"-1 VUD = VUD’VYYU"-1 VUD

} else{c=matrix(0,nrow=1,ncol=p); b=matrix(0,nrow=1,ncol=dd);}

C = VXX - colSums(c*c)

u = VYX[D, ,drop=FALSE] - crossprod(b,c)
VO = VYY[D,D,drop=FALSE] - crossprod(b)
LO = chol(VO)

a = forwardsolve (t(L0O) ,u)

lambda = sigmaa~(-2) / (n*C)

k = as.numeric(1/(1+lambda))

return((dd/2) * log(1l-k) - 0.5%(n+m-(d-sum(D)-sum(U)))*log(1-(k/C) *colSums(axa)))
}



#G is an n by p matrix of SNP genotypes

#Y is an n by d matrix of phenotypes

#single-SNP BFs are computed for each SNP (column of G)
logBF.rankone.matrix = function(G,Y,sigmaa,pi0=0.5,m=0){

if (is.null(dim(G))){G=cbind(G)} # turn a vector of genotypes into a matrix
subset = complete.cases(Y) & complete.cases(G)

Y=Y [subset, ,drop=FALSE]

G=G[subset, ,drop=FALSE]

n = dim(Y) [1]
d = dim(Y) [2]
p = dim(G) [2] #number of SNPs

if (m==0){m = d-1}

Y =scale(Y,center=T,scale=F) #center Y and G to avoid needing intercept in regression
G = scale(G,center=T,scale=F)

VYX = (1/n)*crossprod(Y,G) # this is (1/n) t(Y) %% G, a d by p matrix
VYY = (1/n)*crossprod(Y) # (1/n) t(Y) %*) Y, a d by d matrix
VXX = (1/n)*colSums(G*G) # a p vector of (1/mn) |lIgl| values

prior = rep(0,3°d)
gamma=matrix(0,nrow=3"d,ncol=d)
1bf = matrix(0,nrow=3"d, ncol=p)

for(i in 0:(37d-1)){
for(j in 1:d){
gamma[i+1,j]= (1 %% 373) %/% 3°{j-1}
}
prior[i+1] = computeprior(gammal[i+1,],pi0)
U = (gammal[i+1,]==0)
D = (gammal[i+1,]==1)
if (prior[i+1]>0){
BF =0
for(ss in 1:length(sigmaa)){
BF = BF+exp(logBF.fromVsummaries(VYX,VYY,VXX,U,D,n,m,d,sigmaalss]))
#note we just don’t bother computing for models with prior = 0
¥
1bf [i+1,]=log(BF/length(sigmaa))
} else {1bf[i+1,] = 0}
}
prior[1] = pi0

BF=exp (1bf)

posterior = prior[-1]*BF[-1,,drop=FALSE]
normalize=function(x){return(x/sum(x))}
posterior = apply(posterior,2,normalize)
pO=t (gamma[-1,]==0) %*J, posterior
pl=t(gamma[-1,]==1) %xJ, posterior



p2=t(gamma[-1,]==2) %xJ, posterior

#divide by log(10) to convert everything to log base 10

1bfav = log(colSums(prior[-1]*exp(1bf[-1,,drop=FALSE]))/sum(prior[-1]))/log(10)
1bfuni.comps = apply(1bf [rowSums (gamma)==(2*d-1),,drop=FALSE],2,rev)/log(10)
1bfuni = logl0(apply(10~1bfuni.comps,2,mean))

1bfall = 1bf [which.max(apply(gamma,l,allones)),,drop=FALSE]/log(10)

1bf = 1bf/log(10)

return(list (prior=prior,gamma=gamma,lbf=1bf,1bfav = lbfav,lbfuni=1lbfuni,
1bfall=1bfall,lbfuni.comps=1bfuni.comps,p0=p0,pl=pl,p2=p2))

}

The algorithm is based on the following Lemma:

Lemma S.1.1. Consider the Bayes Factor comparing the models
Y ~ BMVR(X = [Xy, X1]; K, ¥, m) (S.1.3)

Y ~ BMVR(Xo; Ko, U, m) (S.1.4)

where Y is an n x d matriz; Xo and X1 are n X pg and n X p1 matrices; Ko is a pg X py matriz;

and
(Ko O
K= (% 0) s
where K1 is p1 X p1.

Assume that K1 = AX{J_OXILO for some scalar N where X1, is the part of X1 that is
orthogonal to Xo: X110 := (I, — Py) X1, where Py := Xo(X{Xo) X}, is the projection matrix
that projects onto the column space of Xo. Then in the limit Koy — 0 and ¥ — 0, assuming that
relevant matrices are invertible, this Bayes Factor is given by

BF™ = [1— kP2 |1, — k(X o X110) " w/RSSy u| "2 (S.1.6)

where k = (1 4+ A)~Y, u=Y'X119 is a d x p; matriz, and RSSy = Y'(I — Py)Y is the standard
residual sums of squares matrix from regressing Y on Xg.

Note S.1.1. 1. In the case X1 = g that we consider here, the dimension p1 is 1, and so
the determinant is trivial to compute. Further, in this case X{ X110 is a scalar, so the
condition on K1 always holds for some \: that is, the expression for BF~ holds for any
Kl, with A = KI/XL_OXM_O-

2. This lemma allows the Bayes Factor to be computed efficiently for a large number of SNPs
(X1), and a given'Y and Xo. Note, in particular, that the matrices RSSE1 and Py do not
depend on X1, and so any relatively expensive calculations for these matrices (e.g. Cholesky
decompositions) need be performed only once for all SNPs. Furthermore, quantities whose
computation increases with n, such as Y'Y, need only be computed once for all partitions

Y-



3. (Connection with Approximate Bayes Factors.) Consider the case X1 = g and Xy = 1.
Then X110 = g, the vector of mean-centered genotypes (centered to have mean 0). Note
that BF™ s invariant to rescaling of Y, so without loss of generality assume that each
component of Y has variance 1. Then Z = (X{J_OXM_Q)_O"E’U, is a wector of Z-scores,
and Vyy := (1/n)RSSy is the correlation matriz of the phenotypes Y, which is also the
correlation matriz of the Z-scores under Hy. Then

BF~ = (1 — k)¥?(1 — (k/n)T?)~(nm)/2 (S.1.7)

where T? := Z’Vyzle is a multivariate test statistic for Hy, which has a chi-square distri-
bution with d degrees of freedom under Hy.

Further, using lim, o0 (1 — z/n)~("+™/2 = exp(x/2), for large n we have
BF~ ~ (1 — k)2 exp(k/2)T?]. (S.1.8)

This is the analogue of the approzimate Bayes Factors in Wakefield (2009) and Johnson
(2008).

A proof of Lemma S.1.1 follows some definitions and Lemma S.1.2.
Definition S.1.1. Recalling that
RSS(Y|X,K):=Y'Y —-Y'X(X'X + K) ' XY,

we define

ASS(Y|X,K) =Y'X(X'X + K)"'X"Y.

Note that for K = 0, a matriz with all 0 entries, RSS(Y'|X,0) is the usual residual sums of
squares matriz from regressing Y on X, and ASS(Y|X,0) is the change in the sums of squares
matriz due to regression on X. For non-zero K, we will refer to RSS(Y| X, K) and ASS(Y | X, K)
as Bayesian analogues of these quantities (although the analogy is imperfect).

Definition S.1.2. Given matrices Xy and X1, each with n rows, we define X1, to be the part
of X1 that is orthogonal to Xo; that is,

X110 = (In — Po) X1,
where Py := XO(X(’)XO)*IX(S is the projection matriz that projects onto the column space of Xg.
Lemma S.1.2. a) The change in sums of squares due to X = [Xo, X1| can be decomposed as
ASS(YHXQ, Xl], 0) = ASS(Y|X0, 0) + ASS(Y|X1L0, 0)
b) The Bayesian analog of ASS is related the ASS of an OLS regression by:

ASS(Y|X, K) = ASS(Y|X,0)

where Y = < 1(; > and X = ( )I(: >, with L being any matriz such that 'L = K. [Note: in

effect, this means that Bayesian regression can be performed by adding “pseudo-observations”
of 0 toY, and extending the design matriz X by L./



¢) If K = AX'X then the Bayesian analog of ASS is a shrunken version of ASS from OLS:

ASS(Y|X, K) = (1+\)"'ASS(Y|X,0).

0 0
d) IfK—<0 K1>then

e) Following on from d), if K1 = AX| | (X110 then
ASS(Y'|X, K) = ASS(Y|X0,0) + EASS(Y | X110,0).
where k = (1+ \)71.
f) Following on from e),
RSS(Y|X, K) = RSS(Y|X0,0) — kASS(Y|X1.10,0).

Proof. a) Let C(X) denote the column space of X, and P denote the projection matrix into
C(X): P = X(X'X)"'X'. Note that, because X; ¢ is the part of X; that is orthogonal
to Xo, C([Xo,X1]) = C([Xo,X110]). Further, since C'(Xp) and C(X7,9) are orthogonal,
projection onto C'(Xp, X110) can be decomposed into orthogonal parts, the projection into
C(Xp) and the projection into C(X1,¢). That is P = Py + Py19. Thus Y'PY = Y'RY +
Y'P; oY, and the result follows.

b) This follows directly from the definition of ASS on noting that X’X = X'X + K.

¢) This follows directly from substituting K = AX'X for K in the definition of ASS.

d) Let X = [Xo,X1] and L; be any matrix such that LjL; = K;. Also let Y = ( Y

0 ) Then

ASS(Y|X, K) = ASS(Y| ( )éo fll ) 10) [by b)]

_ ASS(Y| ( o > ,0) + ASS(V] < 1 > 0) [by a)]
1
= ASS(Y'[Xo,0) + ASS(Y[ X110, K1) [by b)]
e) This follows by applying c) to the term ASS(Y|X110, K1) in d).

f) This follows directly from e) from the definitions of RSS and ASS.

Proof of Lemma S.1.1.



Proof. From (16) the Bayes factor is given by

K| | X) X0 + Kol ]Y?[|RSS(Y | X0, Ko) + | ] "™/ 5.19)
|Ko| | X'X + K| IRSS(Y'|X, K) + V| o
Note that |K|/|Ko| = |K1|. Also, in the limit Ky — 0 we have
, (X\Xo  XiXy
XX+K—<X{XO ik ) (S.1.10)

If X{Xo is invertible then the determinant of this matrix is, by standard properties of the
determinant, given by

‘X’X + K’ = |X6X0||X{X1 + K — X{Xo(X(l)Xo)_lXéXl‘ (Slll)
= | X0Xo|(1 + NP X (I, — Po) X1l (S.1.12)
= [ XoXol[(1 + A) /AP K| (S.1.13)

where the second line is obtained by substituting AX] (I — Py)X; for K;. Thus the first term in
(S.1.9) is given by [A/(1 + \)JP14/2 = [1 — k]P14/2

Turning now to the second term, in the limit Ky — 0 and ¥ — 0 the ratio of the determinants
becomes |RSS(Y|Xo,0)|/|IRSS(Y|X, K)|. By Lemma S.1.2f) the denominator is

RSS(Y|X, K) = RSS(Y[X0,0) — kY’ X1 10(X],0X110) " X} oY (S.1.14)
= RSS(Y|Xy,0) — kAB (S.1.15)

where A := Y'X;,9 is d x p1 and B := (X, X110) ' X}, oY’ is p1 x d. Then, by standard
properties of the determinant (e.g. Wikipedia),
IRSS(Y|X, K)| = |RSS(Y| X0, 0)||I,, — kBRSS(Y|X(,0) ' A| (S.1.16)

and the result follows. O

S.2 Proof of Proposition 1

To prove this proposition we use the following Lemma in conjunction with Lemma S.1.1 above.

Lemma S.2.1. Let A(Y ~ X;|Xy) denote the usual likelihood ratio test statistic for testing
whether Y is associated with X1 given Xy in a multivariate normal regression model. That is,
AY ~ X1|Xy) is the likelihood ratio test of By =0 in

Y = X()BO =+ XlBl =+ E, (SQl)

where Y, E are n x d, Xg is n X pg and X1 is n X p1, By is po X d and By is p1 X d, and the
rows of E are independent and identically distributed d-variate normal with unknown covariance
matriz V. Then

n/2

AY ~ X1|X0) = | I, — (X] 0 X110) "u/RSS; (S.2.2)

where X119, u and RSSy are as in Lemma S.1.1.



Proof. By definition, the likelihood ratio test statistic is the ratio of determinants

 [IRSS(Y|[Xo, X1],0)[1™/
AY ~ X1|Xo) = RSS (V1 X0.0)] : (S.2.3)

Setting A =0 (so k =1 and K = 0) in (S.1.16) in the proof above we have
IRSS(Y|[Xo, X1],0)| = |RSS(Y'| X0, 0)||I,, — BRSS;'A)], (S.2.4)
and the result follows. O

We can now prove Proposition 1 which we restate here for convenience.

Proposition 1. The Bayes Factor BF.’ is related to the likelihood ratio statistic A, := A(Yp ~

glYu) by
BF; = (1- k>|D\/2(kA’2y/n + 1 — k)(ntm—d+{UI+D])/2 (S.2.5)

with k = 1/(1 + (02g'g)™"), where § denotes the vector of residuals from OLS regression of g
on Yy (including an intercept).

Proof. Recall that BF" is the Bayes Factor for comparing two BMVRs, (22) with (23). There-

fore we can apply Lemma S.1.1 with Y = Yp, Xo = [1,Yy], X1 = g, K1 = 0,2, m =m —d +
|U| + |D| to obtain
_ 1 |—(n+m—d+|U|+|D|)/2
BF> = (1— k)IPV2 |1 — k(X] 10Xy 10) " "w/RSSy |~ HTHIPD. (S.2.6)

It then remains to show that (X!, X110) " 'w/RSSy u =1— A?y/ ". However, this follows directly
from Lemma S.2.1. O

S.3 Simulation Code

The following code was used to generate the six different simulation scenarios described in the
text.

if (type==1){ #Multivariate 1
Y[1,] =Z[1,]+a*X

Y[2,] =(Z[2,]1+Z[1,])/sqrt(2)
Y[3,]1=2[3,]+a*X
Y[4,]1=(Z[4,]1+Z2[2,]1+Z[3,]1) /sqrt(3)
Y[5,]1=(Y[3,]1+Z[5,]1) /sqrt(2)
}

if (type == 2){ #Independence
Y[1,] =Z[1,]+a*X

Y(2,] =Z[2,]

Y[3,]1=2[3,]

Y[4,]1=Z[4,]



Y[5,]1= Z[5,]

}

if (type==3){ #Rest indirectly associated
Y[1,] =Z[1,]+a*X

Y[2,] =(Z[2,]1+Y[1,])/sqrt(2)
Y[3,]1=(Z[3,1+0.5%Y[1,])/sqrt(1+0.572)
Y[4,1=(Z[4,]1+0.2%Y[1,])/sqrt (1+0.2"2)
Y[5,]= (Z[5,]1+0.1xY[1,])/sqrt(1+0.172)
}

if (type==4){ # Latent factor

f = axX + 0.5%rnorm(n)

Y[1,] = 0.5%Z[1,] + 0.3%f

Y[2,]1= 0.5%Z[2,] + 0.2%f

Y[3,] = 0.5%Z[3,] - 0.3%f

Y[4,] = 0.5%Z[4,] + 0.5%f

Y[5,] = 0.5%Z[5,]+ 0.2%f

}

if (type==5){ # Multivariate 2

Y[1,] = 2[1,]

Y[2,]1= Zz[2,]

Y[3,] = Z[3,]

Y[4,] = (Z[4,] + Y[1,] +Y[2,]1)/sqrt(3)+ a*X
Y[5,] = (Z[5,] + Y[3,]1)/sqrt(2) + axX

}

if (type==6){ # Rest unassociated

Y[1,] = Z[1,]

Y[2,]1= Zz[2,]

Y[3,]1 = Z[3,]

Y[4,] = Z[4,]

Y[5,] = (Z[5,] + Y[1,] + Y[2,] + Y[3,] + Y[4,]1)/sqrt(5) + axX
}

S.4 Partition property of BMVR

The following partition property is used to obtain the expressions (22) and (23). It is not new,
but is included for completeness.

Proposition S.4.1 (Partition Property of BMVR). Suppose Y ~ BMVR(X; K,V,m) with ¥

diagonal. Now consider partitioning Y and V into groups of di, ds variables

B AT
Y = (Y1, Ya) \11_< 0 %2). (S.4.1)



Then

Yi ~ BMVR(X; K, U1, m — d3) (S.4.2)
Ya|Yi ~ BMVR([X,Y1]; K, Way, m) (S.4.3)
where
. K 0
K= ( 0 T ) (S.4.4)

This partition property says that a Bayesian multivariate regression of Y on X, with priors
given by (14) and (15), and with ¥ diagonal, is equivalent to a Bayesian multivariate regression
of Y7 on X, followed by a Bayesian multivariate regression of Y5 on X and Y;. Note that while
in non-Bayesian settings it is well known that if Y is multivariate normal then Y5|Y; has the
form of a linear regression of Y5 on Y7, in a Bayesian setting the equivalence of these two models
depends on very special properties of the priors used, and in particular of the inverse Wishart
distribution (e.g. Geiger and Heckerman (2002), Theorem 5).

Applying Proposition S.4.1 recursively we can consider partitions Y = (Y7, Y2, Y3) into three
groups of di,ds and d3 variables. This yields

Yl ~ Bl\/[\/]:{()(7 K, \1111, m — d2 — dg) (845)
Ya|Y1 ~ BMVR([X, Y1]; K, Vgy,m — d3) (S.4.6)
Y;3|Y1, Y ~ BMVR([X, Y1, Ya]; K, U3, m) (S.4.7)
where
. K 0 0
K=|0 w; 0 |. (S.4.8)
0 0 Wy

Applying this with X = 1 and K = K gives expressions for the distributions p(Yi|g), p(Y2|Y1,9)
and p(Y3|Y1,Ys, g) under Hy; applying it with X = [1,g] and K = K gives expressions for the
same distributions under H,.

To prove Proposition S.4.1 we make use of the following result.

Result S.4.1 (Properties of the Inverse Wishart distribution). The following properties of the
inverse Wishart distribution are well known; see for example Geiger and Heckerman (2002).
Assume V ~ Wfl(\I/, m), and partition the matrices V- and VU conformably with

Vit Viz Uy Uy
V= = $.4.9
( Vo1 Vao > ( Uy Wo ) ( )
where Vij and Wi; are d; x dj matrices. Then
i) Vi1 is independent of V1_11V12 and Voo 1 where Vg1 = Vg — V21V1_11V12,

ii) Vi1 ~ W_l(\IIH,m - d2)'
iii) Vagy ~ W (Wag1,m).
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w) Vi1 Via|Vag1 ~ MNg seay (W1 W10, U, Vao 1)

Proof of Proposition S.4.1. The multivariate regression model (13) can be written in terms of
the matrix normal distribution:

Y|B,V ~ MN,xa(XB, I,,V). (S.4.10)

Now partition Y = (Y1,Y3), B = (B, B2) and

Vit Vio
V = , S.4.11
< Vo1 Vaa ) ( )

where Y; is n x d;, B; is p x d;, and Vj; is d; x d; (3, = 1,2). Then, from elementary properties
of the multivariate normal distribution, we have

Y1|B,V ~ MN,, 4, (X B, I,, Vi1) (S.4.12)

Y2|Y1, B,V ~ MNpya, (X By + (Y1 = X B1)Vy; ' Vig, In, Vaz1) (S.4.13)
B

~ MN,, a0, ([X, V1] < R? ),In,vm) (S.4.14)

where Bg(p X dg) = (By — BlVﬁqu) and R(d; x d2) = VﬁlVlg. Note that this is the standard
result that says that if Y is multivariate normal, then Y5 given Y; has the form of a linear
regression on Y.
Now let
B|V ~ MN,yq(0, K~1, V). (S.4.15)

Then again, by elementary properties of the multivariate normal,

By|V ~ MN,yq, (0, K~ V11) (S.4.16)
Ba|B1,V ~ MNpya, (B1Vy7 Vg, K7, Vaa1). (8.4.17)

Note that combining (S.4.12) with (S.4.16) and Property ii), gives (S.4.2). Further, the condi-
tional distribution for Ba, (S.4.19), implies

Bs|B1,V ~ MN,ya, (0, K7, Vag 1). (S.4.18)

so in particular By is independent of By and R, and combining this with property (iv) above for
V we have:

< ]_;2 ) [Vag1 ~ MNp i ayxdy (0, K71, Vag 1), (S.4.19)

where
K= ( IO( \IJOH ) : (S.4.20)
Combining (S.4.14) with (S.4.19) and Property iii) gives (S.4.3). O
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