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S1. TRANSFER MATRIX IN SPHERICAL HARMONIC BASIS

By using symmetries, the definition of the Wigner 3J symbols, and partial-wave decomposition of eβbft̂·ẑ, we
re-expressed the two matrices A and B in a space with the spherical harmonics {|l,m〉} as the basis,

〈lm|A|l′m′〉 = (−1)mδmm′

√

(2l+ 1)(2l′ + 1)

√

8π

a′

×
+∞
∫

0

dq[jl′ (q)e
− q2

2a′ (ei(
π
2
l′−qγ) + e−i(π

2
l′−qγ))]

×
∑

l1

il1(βbf)(2l1 + 1)

(

l l1 l′

0 0 0

)(

l l1 l′

−m 0 m

)

, (1)

and

〈lm|B|l′m′〉 = (−1)mδmm′

√

(2l+ 1)(2l′ + 1)[4πe−ail′ (a)]

×
∑

l1

il1(βbf)(2l1 + 1)

(

l l1 l′

0 0 0

)(

l l1 l′

−m 0 m

)

, (2)

where the jl(x) are spherical Bessel functions of the first kind, and the il(x) are modified spherical Bessel functions
of the first kind. Both of these two matrices are block diagonal.

S2. TANGENT VECTOR OPERATORS IN SPHERICAL HARMONIC BASIS

Choosing spherical harmonics {|l,m〉} as the basis, by making use of Wigner 3J symbols, we obtain the matrix
elements of the three tangent vector component operators,

〈l,m, n|t̂+|l′,m′, n′〉 = δnn′(−1)m+1
√

2(2l+ 1)(2l′ + 1)

(

l 1 l′

0 0 0

)(

l 1 l′

−m 1 m′

)

,

〈l,m, n|t̂−|l′,m′, n′〉 = δnn′(−1)m
√

2(2l+ 1)(2l′ + 1)

(

l 1 l′

0 0 0

)(

l 1 l′

−m −1 m′

)

,

〈l,m, n|t̂z|l′,m′, n′〉 = δnn′(−1)m+1
√

(2l + 1)(2l′ + 1)

(

l 1 l′

0 0 0

)(

l 1 l′

−m 0 m′

)

. (3)



2

S3. TANGENT VECTOR CORRELATION FUNCTIONS FOR NAKED DNA

Figure 1 shows the transverse and longitudinal tangent vector correlation functions and corresponding correlation
lengths for naked DNA (DNA in the absence of protein).
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FIG. 1. (color online) Tangent vector correlation functions and correlation lengths for naked DNA. (a) The average z-component
of the tangent vector, 〈t̂z〉, as a function of force (pink crosses), agreeing with the normalized force-extension curve for naked
DNA from Ref. [1, 2] (black asterisks) and the high-force limit of the extension from continuous WLC model [3] (red curve).

Inset shows the extension fluctuation curves: z-direction extension fluctuation calculated from correlation function Gt̂
z

(r, f)
(bottom pink crosses) and the corresponding result from Ref. [1] (bottom black asterisks, overlapping with bottom pink crosses);

x (or y)-direction extension fluctuation calculated from Gt̂
x

(r, f) (top orange pluses) and the corresponding result calculated by
Eq. A6 of Ref. [4] (top black asterisks, overlapping with top orange pluses). (b) The correlation function for the z-component

of tangent vector Gt̂
z

(r, f) as a function of contour length r = jb for a series of fixed forces (different curves). The top curve
has force f = 0.01 pN (black asterisks), then in decreasing order the curves correspond to f = 0.02 (red triangles), 0.05

(green squares), 0.1 (blue filled triangles), 0.2 (pink crosses), and 0.5 (aqua circles) pN. Inset depicts ln(Gt̂
z

(r)) versus the
distance at f = 0.1 pN (green squares) and a linear fit (black line), showing that the correlation function decays exponentially.

(c) The longitudinal correlation length ξ‖ versus applied force: extracted from correlation function Gt̂
z

(r, f) (bottom pink
crosses), asymptotic result from eigenvalues (bottom green squares, overlapping with bottom pink crosses), and high-force limit
from continuous WLC model [3] (bottom red line); the transverse correlation length ξ⊥ versus applied force: extracted from

correlation function Gt̂
x

(r, f) (top orange pluses), asymptotic result from eigenvalues (top aqua circles, overlapping with top

orange pluses), and high-force limit from continuous WLC model [3] (top blue line). In high-force range, ξ⊥ = 2ξ‖ =
√

kBTA/f .

(d) The longitudinal correlation function amplitude C‖(f): extracted from correlation function Gt̂
z

(r, f) (bottom pink crosses),

Gt̂
z

(0, f) (bottom green squares, overlapping with bottom pink crosses), and high-force limit from continuous WLC model [3]

(bottom red line); the transverse correlation function amplitude C⊥(f): extracted from correlation function Gt̂
x

(r, f) (top

orange pluses), Gt̂
x

(0, f) (top aqua circles, overlapping with top orange pluses), and high-force limit from continuous WLC
model [3] (top blue line).
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S4. HIGH-FORCE LIMIT OF CONTINUOUS WLC MODEL

For the continuous WLC model, the effective energy of a stretched naked DNA molecule is expressed as [3, 4],

βE =

∫ L

0

ds

[

A

2
(∂s t̂)

2 − βf t̂ · ẑ
]

, (4)

where L is the contour length of the DNA polymer and t̂(s) is the unit tangent vector describing the curve conformation.
In the large-force limit (f ≫ kBT/A ≈ 0.1 pN), tx and ty are small quantities, and tz = 1− (t2x + t2y)/2 +O(t4x + t4y).
Then we obtain the Gaussian approximation to this model, which is valid in the large force limit f >> kBT/A:

βE ≈ 1

2

∫ L

0

ds
{

A[(∂stx)
2 + (∂sty)

2] + βf [t2x + t2y]
}

− βfL =
1

2

∫

dq

2π
(Aq2 + βf)[t2x(q) + t2y(q)]− βfL , (5)

where tx(q) =
∫ L

0
txe

−iqs ds and ty(q) =
∫ L

0
tye

−iqs ds.
We calculate the x-direction correlation function,

Gt̂
x

(s, f) = 〈tx(0)tx(s)〉 =
∫ ∞

−∞

dq1
2π

dq2
2π

〈tx(q1)tx(q2)〉eiq2s =
∫ ∞

−∞

dq

2π

eiqs

Aq2 + βf
=
√

kBT/4Af e−s/
√

kBTA/f . (6)

Similarly, we calculate the z-direction correlation function,

Gt̂
z

(s, f) = 〈tz(0)tz(s)〉 − 〈tz(0)〉〈tz(s)〉
≈ 〈
[

1− t2x(0)/2− t2y(0)/2
] [

1− t2x(s)/2− t2y(s)/2
]

〉 − 〈1 − t2x(0)/2− t2y(0)/2〉〈1− t2x(s)/2− t2y(s)/2〉

=
1

4

[

〈t2x(0)t2x(s)〉 + 〈t2x(0)t2y(s)〉+ 〈t2y(0)t2x(s)〉+ 〈t2y(0)t2y(s)〉

−〈t2x(0)〉〈t2x(s)〉 − 〈t2x(0)〉〈t2y(s)〉 − 〈t2y(0)〉〈t2x(s)〉 − 〈t2y(0)〉〈t2y(s)〉
]

=
1

2

[

〈t2x(0)t2x(s)〉 − 〈t2x(0)〉〈t2x(s)〉
]

=
1

2

[∫ ∞

−∞

dq1
2π

dq2
2π

dq3
2π

dq4
2π

〈tx(q1)tx(q2)tx(q3)tx(q4)〉eiq3seiq4s − 〈t2x(0)〉〈t2x(s)〉
]

=

(
∫ ∞

−∞

dq

2π

eiqs

Aq2 + βf

)2

= (kBT/4Af) e
−s/

√
kBTA/4f . (7)

From the forms of the correlation functions we observe that the longitudinal correlation length is exactly half of the
transverse correlation length. The amplitudes of these leading contributions to the two correlation functions are also
exactly related, with the longitudinal amplitude being exactly the square of the transverse one. Thus, in the high-force
limit, the leading (slowest decaying) contribution to the longitudinal correlation function (7) is just the square of the
leading contribution to the transverse correlation function (6).
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S5. THE LARGE-N LIMIT OF THE CORRELATION FUNCTIONS Gt̂
x

(r, f) AND Gt̂
z

(r, f) FOR NAKED

DNA

For naked DNA (µ = −∞), T =

(

Aeµ+η
Aeµ

B B

)

=

(

0 0

B B

)

. So,

Gt̂
z

(r, f) =
Tr(t̂zBj

t̂
z
B

N−j)

Tr(BN )
−
(

Tr(t̂zBN )

Tr(BN )

)2

=

∑

m,k1,k2
(tzm)k1,k2

(

λm
k2

)j
(tzm)k2,k1

(

λm
k1

)N−j

∑

m′,k′

(

λm′

k′

)N
−





∑

m,k (t
z
m)k,k (λ

m
k )

N

∑

m′,k′

(

λm′

k′

)N





2

≈
∑

m,k1,k2

(tzm)k1,k2
(tzm)k2,k1

(

λm
k2

λm
k1

)j
(

λm
k1

λ0
0

)N

−





∑

m,k

(tzm)k,k

(

λm
k

λ0
0

)N




2

≈
∑

k2=0

(tz0)0,k2
(tz0)k2,0

(

λ0
k2

λ0
0

)j

− [(tz0)0,0]
2

=
∑

k2=1

(tz0)0,k2
(tz0)k2,0

(

λ0
k2

λ0
0

)j

(8)

where the λm
k (m = 0,±1,±2, · · · ; k = |m|, |m| + 1, |m| + 2, · · · ) are the eigenvalues of the m-th diagonal block of

the naked DNA matrix B and λm
|m| > λm

|m|+1 > λm
|m|+2 > · · · . The S6 of the Supplemental Material will show how

applied force f affects the eigenvalues {λm
k }, i.e., the transfer matrix spectrum of naked DNA, where λ0

0 is the largest
eigenvalue. In the large-N limit, only the terms with m = 0 and k1 = 0 survive. Here (tzm)k1,k2

is the matrix element
of the m-th diagonal block of the matrix t

z (ignoring n-dependence) expressed by taking the eigenvectors of the m-th
diagonal block of the naked DNA matrix B ({|λm

k 〉}) as the basis, (tzm)k1,k2
=
〈

λm
k1
|̂tzm|λm

k2

〉

. Similarly,

Gt̂
x

(r, f) =
Tr(t̂+Bj

t̂
−
B

N−j)

2Tr(BN )
=

∑

m

(

t
+
m,m−1

)

(Bm−1)
j (

t
−
m−1,m

)

(Bm)N−j

2
∑

m′ (Bm′)N

=

∑

m,k1,k2

(

t
+
m,m−1

)

k1,k2

(

λm−1
k2

)j (
t
−
m−1,m

)

k2,k1

(

λm
k1

)N−j

2
∑

m′,k′

(

λm′

k′

)N

≈ 1

2

∑

m,k1,k2

(

t
+
m,m−1

)

k1,k2

(

t
−
m−1,m

)

k2,k1

(

λm−1
k2

λm
k1

)j
(

λm
k1

λ0
0

)N

≈ 1

2

∑

k2=1

(

t
+
0,−1

)

0,k2

(

t
−
−1,0

)

k2,0

(

λ1
k2

λ0
0

)j

(9)

where
(

t
+
m,m−1

)

k1,k2

=
〈

λm
k1
|̂t+m,m−1|λm−1

k2

〉

and
(

t
−
m,m−1

)

k1,k2

=
〈

λm−1
k1

|̂t−m−1,m|λm
k2

〉

. Here we also taked use of a

symmetry λm
k = λ−m

k (see Eq. 2 in S1 of the Supplemental Material).
We note that according to the notation of this paper, Eq.(20) and Eq.(21) of Ref. [1] should be written as,

∆F (f, n) = −kBT
λ0
0

λ0
1

A
0
01A

0
10

(A0
00)

2
e−n ln(λ0

0
/λ0

1
) (10)

and

C(f) = kBT
λ0
0

λ0
1

A
0
01A

0
10

(A0
00)

2

ξ(f) =
b

ln(λ0
0/λ

0
1)

(11)

where A
m
k1k2

is the matrix element of the m-th diagonal block of the matrix A expressed by taking the eigenvectors

of the m-th diagonal block of the naked matrix B ({|λm
k 〉}) as the basis, Am

k1,k2
=
〈

λm
k1
|Am|λm

k2

〉

; λ0
0 and λ0

1 are the
leading and next-to-leading eigenvalues of the 0-th (m = 0) diagonal block of the naked matrix B, respectively.
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S6. TRANSFER MATRIX SPECTRUM FOR NAKED DNA

We calculated the force-dependence of the eigenvalues λm
k (f) of the naked DNA matrixB, 〈t̂|B|t̂′〉 = e−

a
2 |t̂′−t̂|2+βbft̂·ẑ

(see Fig. 2). The free energy spectrum of this naked DNA is:

Fmk = −kBT (L/b) ln(λ
m
k ) , (12)

where L is the contour length of the DNA polymer and b is the segment length. This is also the spectrum of the
1-d classical Heisenberg model. We note that in the low-force limit, the spectrum approaches that of a free rotor (up
to a constant, ∝ ℓ(ℓ + 1), ℓ = 0, 1, 2, · · · ) while in the large-force limit, the spectrum approaches that of a harmonic
oscillator (again, up to a constant, ∝ n, n = 0, 1, 2, · · · ) [3].
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FIG. 2. (color online) Force-dependence of the eigenvalues λm
k (f) of the “naked” matrix B. Here we only show the largest

several eigenvalues for the m = 0 block, λ0

k (black line and pluses), for the m = 1 block, λ1

k (red dashed line and filled triangles),
for the m = 2 block, λ2

k (blue dashed line and circles), and for the m = 3 block, λ3

k (pink line and diamonds). Note that
λ1

1 > λ0

1. Inset shows that in the high-force range, the spectrum approaches that of a harmonic oscillator, which is closely
related to the relation ξ‖ = ξ⊥/2.
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S7. PROTEIN OCCUPATION CORRELATION FUNCTIONS AND CORRELATION LENGTHS FOR

THE CASE γ = 0 AND a′ = 50

To focus on the force-generated cooperativity, we turn off the intrinsic protein-protein binding cooperativity (i.e.
set η = 0) and calculate the protein occupation correlation functions and correlation lengths along a DNA molecule
in contact with dilute DNA-bending protein solution (see Fig. 3 for the case µ = −5 and Fig. 4 for the case µ = −3).
Here, the parameters γ = 0 and a′ = 50 correspond to a rather stiff protein-DNA complex with a preferred bending
angle of 90◦.
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FIG. 3. (color online) Protein occupation correlation functions and correlation lengths along DNA polymer in dilute protein
solution (µ = −5) without intrinsic protein-protein binding cooperativity (η = 0). (a) The protein occupation 〈n〉/eµ as a
function of force (pink crosses), agreeing with the normalized protein binding number from Ref.[1] (black asterisks). Inset
shows the protein occupation fluctuation curve calculated from protein occupation correlation functions (pink crosses), which
matches the corresponding result from Ref. [1] (black asterisks). (b) The protein occupation correlation function Gn̂(r, f)/e2µ

as a function of contour length r = jb for a series of fixed forces (different curves). At the left, bottom curve has force
f = 0.01 pN (black asterisks), then in increasing order the curves show forces f = 0.02 (red triangles), 0.05 (green squares), 0.1
(blue filled triangles), 0.2 (pink crosses), and 0.4 (aqua circles) pN. Inset depicts ln[Gn(r)/e2µ] versus the distance at f = 0.1
pN (green squares) and a linear fit (black line), showing that the non-zero distance protein occupation correlation function
Gn(r, f) decays exponentially and that the zero distance protein occupation correlation function Gn(0, f) is bigger than the
non-zero distance protein occupation correlation function decaying amplitude. (c) The protein occupation correlation length as
a function of applied force extracted from correlation function Gn̂(r, f) (bottom grey filled circles). As reference, here we also

show the longitudinal tangent vector correlation length ξ‖(f) extracted from correlation function Gt̂
z

(r, f) (bottom pink crosses,
overlapping with bottom grey filled circles), the transverse tangent vector correlation length ξ⊥(f) extracted from correlation

function Gt̂
x

(r, f) (top orange pluses), the correlation lengths for naked DNA (bottom green squares for longitudinal and top
aqua circles for transverse), and the high-force limit for naked DNA from continuous WLC model [3] (bottom red line for
longitudinal and top blue line for transverse). We find the protein occupation correlation length to be (numerically) equal to
the longitudinal tangent vector correlation length ξ‖(f). (d) The protein occupation correlation amplitude Cn(f)/e2µ (bottom

grey filled circles) and the zero-distance protein occupation correlation function Gn(0, f)/e2µ (top pink crosses).
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FIG. 4. (color online) Protein occupation correlation functions and correlation lengths along DNA polymer in dilute protein
solution as in Fig. 3 except for the use of a different chemical potential value (µ = −3).

From the results we find: (i) the protein occupancy correlation function Gn(r, f) decays exponentially with dis-
tance; the zero-distance protein occupation correlation function Gn(0, f) is bigger than the non-zero distance protein
occupation correlation function decaying amplitude; (ii) the protein occupancy correlation length, (i.e. the decay
length) is (numerically) equal to the longitudinal tangent vector correlation length ξ‖(f, µ); (iii) the protein occu-
pancy correlation is small for low force and high force and has a peak value at around 0.5 pN, and the peak value
position shifts with increasing of the protein concentration (see panels (d) of Fig. 3 and 4).
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We calculated properties of the model for the case of nonzero intrinsic cooperative interaction between DNA-bending
proteins. Results are shown in Fig. 5 for µ = −5, η = 1 and in Fig. 6 for µ = −3, η = 1.
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FIG. 5. (color online) Protein occupation correlation functions and correlation lengths along DNA polymer in dilute protein
solution (µ = −5) with intrinsic protein-protein binding cooperativity (η = 1). (a) The protein occupation 〈n〉/eµ as a function
of force (pink crosses), agreeing with the normalized protein binding number from Ref.[1] (black asterisks). Inset shows the
protein occupation fluctuation curve calculated from protein occupation correlation functions (pink crosses), which matches
the corresponding result from Ref. [1] (black asterisks). (b) The protein occupation correlation function Gn̂(r, f)/e2µ as a
function of contour length r = jb for a series of fixed forces (different curves). At the left, bottom curve has force f = 0.01
pN (black asterisks), then in increasing order the curves show forces f = 0.02 (red triangles), 0.05 (green squares), 0.1 (blue
filled triangles), 0.4 (aqua circles), and 0.2 (pink crosses) pN. Inset depicts ln[Gn(r)/e2µ] versus the distance at f = 0.1 pN
(green squares) and a linear fit (black line), showing that the protein occupation correlation function Gn(r, f) includes two
kinds of different correlations, and that both of them decay exponentially. (c) The two different protein occupation correlation
lengths as a function of applied force: the short-range correlation length (bottom black asterisks) which comes from the intrinsic
protein-protein binding cooperativity, and the long-range correlation length (middle grey filled circles) which comes from the
longitudinal bending fluctuations. As reference, here we also show the longitudinal tangent vector correlation length ξ‖(f)

extracted from correlation function Gt̂
z

(r, f) (middle pink crosses, overlapping with middle grey filled circles), the transverse

tangent vector correlation length ξ⊥(f) extracted from correlation function Gt̂
x

(r, f) (top orange pluses), the correlation lengths
for naked DNA (middle green squares for longitudinal and top aqua circles for transverse), and the high-force limit for naked
DNA from continuous WLC model [3] (middle red line for longitudinal and top blue line for transverse). We find that the
long-range protein occupation correlation length is (numerically) equal the longitudinal tangent vector correlation length ξ‖(f).

(d) The long-range protein occupation correlation amplitude Cn(f)/e2µ (bottom grey filled circles), the short-range protein
occupation correlation amplitude Cnη(f)/e2µ (top black asterisks), and the zero-distance protein occupation correlation function
Gn(0, f)/e2µ (top pink crosses).
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FIG. 6. (color online) Protein occupation correlation functions and correlation lengths along DNA polymer in dilute protein
solution as in Fig. 5 except for the use of a different chemical potential value (µ = −3).

Comparing with previous results, we find when there is intrinsic protein-protein binding cooperativity, the interac-
tion gives rise to a new protein occupation correlation which has a bigger amplitude but a shorter correlation length.
The short-range protein occupation correlation length increases as the protein concentration (µ) is increased or as
cooperativity strength (η) is increased.
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S8. PROTEIN OCCUPATION CORRELATION LENGTHS FOR OTHER VALUES OF γ AND a′

We calculated the correlation lengths for varied values of preferred angle θ and bending rigidity a′. Fig. 7 shows
results for θ = 30◦ and a′ = 50, Fig. 8 shows results for θ = 150◦ and a′ = 50, and Fig. 9 shows results for θ = 90◦

and a′ = 2.
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FIG. 7. The longitudinal, transverse, and protein occupation correlation lengths along DNA polymer for θ = 30o (γ = cos 30o)
and a′ = 50. (a)-(d) show results for µ = −5 and η = 0, µ = −3 and η = 0, µ = −5 and η = 1, and µ = −3 and η = 1,
respectively. In each panel, we show the longitudinal tangent vector correlation length ξ‖ (bottom pink crosses), the transverse
tangent vector correlation length ξ⊥ (middle orange pluses), and the long-range protein occupation correlation length (bottom
grey filled circles, overlapping with bottom pink crosses). As reference, we also show the longitudinal and transverse tangent
vector correlation lengths for naked DNA (middle green squares for longitudinal and top aqua circles for transverse).
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FIG. 8. The longitudinal, transverse, and protein occupation correlation lengths along DNA polymer for θ = 150o (γ = cos 150o)
and a′ = 50. (a)-(d) show results for µ = −5 and η = 0, µ = −3 and η = 0, µ = −5 and η = 1, and µ = −3 and η = 1,
respectively; all other parameters and color-coding are the same as in Fig. 7.
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FIG. 9. The longitudinal, transverse, and protein occupation correlation lengths along DNA polymer for θ = 90◦ (γ = cos 90◦ =
0) and a′ = 2. (a)-(d) show results for µ = −5 and η = 0, µ = −4 and η = 0, µ = −5 and η = 1, and µ = −4 and η = 1,
respectively; all other parameters and color-coding are the same as in Fig. 7.

From these results we find that different γ and a′ values affect numerical details of the calculation results, but do
not affect the main conclusion of the manuscript, i.e., that the range of interaction between DNA-bending proteins
is controlled by the second-longest correlation length for bending fluctuations. This is to be expected since different
choices of γ and a′ do not affect the axial rotation symmetry of the interaction between the proteins and DNA.
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Supplemental Material for:

The range of interaction between DNA-bending proteins is controlled
by the second-longest correlation length for bending fluctuations

Houyin Zhang and John F. Marko

S1. TRANSFER MATRIX IN SPHERICAL HARMONIC BASIS

By using symmetries, the definition of the Wigner 3J symbols, and partial-wave decomposition of eβbft̂·ẑ, we
re-expressed the two matrices A and B in a space with the spherical harmonics {|l,m〉} as the basis,

〈lm|A|l′m′〉 = (−1)mδmm′

√

(2l+ 1)(2l′ + 1)

√

8π

a′

×
+∞
∫

0

dq[jl′ (q)e
− q2

2a′ (ei(
π
2
l′−qγ) + e−i(π

2
l′−qγ))]

×
∑

l1

il1(βbf)(2l1 + 1)

(

l l1 l′

0 0 0

)(

l l1 l′

−m 0 m

)

, (1)

and

〈lm|B|l′m′〉 = (−1)mδmm′

√

(2l+ 1)(2l′ + 1)[4πe−ail′ (a)]

×
∑

l1

il1(βbf)(2l1 + 1)

(

l l1 l′

0 0 0

)(

l l1 l′

−m 0 m

)

, (2)

where the jl(x) are spherical Bessel functions of the first kind, and the il(x) are modified spherical Bessel functions
of the first kind. Both of these two matrices are block diagonal.

S2. TANGENT VECTOR OPERATORS IN SPHERICAL HARMONIC BASIS

Choosing spherical harmonics {|l,m〉} as the basis, by making use of Wigner 3J symbols, we obtain the matrix
elements of the three tangent vector component operators,

〈l,m, n|t̂+|l′,m′, n′〉 = δnn′(−1)m+1
√

2(2l+ 1)(2l′ + 1)

(

l 1 l′

0 0 0

)(

l 1 l′

−m 1 m′

)

,

〈l,m, n|t̂−|l′,m′, n′〉 = δnn′(−1)m
√

2(2l+ 1)(2l′ + 1)

(

l 1 l′

0 0 0

)(

l 1 l′

−m −1 m′

)

,

〈l,m, n|t̂z|l′,m′, n′〉 = δnn′(−1)m+1
√

(2l + 1)(2l′ + 1)

(

l 1 l′

0 0 0

)(

l 1 l′

−m 0 m′

)

. (3)
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S3. TANGENT VECTOR CORRELATION FUNCTIONS FOR NAKED DNA

Figure 1 shows the transverse and longitudinal tangent vector correlation functions and corresponding correlation
lengths for naked DNA (DNA in the absence of protein).
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FIG. 1. (color online) Tangent vector correlation functions and correlation lengths for naked DNA. (a) The average z-component
of the tangent vector, 〈t̂z〉, as a function of force (pink crosses), agreeing with the normalized force-extension curve for naked
DNA from Ref. [1, 2] (black asterisks) and the high-force limit of the extension from continuous WLC model [3] (red curve).

Inset shows the extension fluctuation curves: z-direction extension fluctuation calculated from correlation function Gt̂
z

(r, f)
(bottom pink crosses) and the corresponding result from Ref. [1] (bottom black asterisks, overlapping with bottom pink crosses);

x (or y)-direction extension fluctuation calculated from Gt̂
x

(r, f) (top orange pluses) and the corresponding result calculated by
Eq. A6 of Ref. [4] (top black asterisks, overlapping with top orange pluses). (b) The correlation function for the z-component

of tangent vector Gt̂
z

(r, f) as a function of contour length r = jb for a series of fixed forces (different curves). The top curve
has force f = 0.01 pN (black asterisks), then in decreasing order the curves correspond to f = 0.02 (red triangles), 0.05

(green squares), 0.1 (blue filled triangles), 0.2 (pink crosses), and 0.5 (aqua circles) pN. Inset depicts ln(Gt̂
z

(r)) versus the
distance at f = 0.1 pN (green squares) and a linear fit (black line), showing that the correlation function decays exponentially.

(c) The longitudinal correlation length ξ‖ versus applied force: extracted from correlation function Gt̂
z

(r, f) (bottom pink
crosses), asymptotic result from eigenvalues (bottom green squares, overlapping with bottom pink crosses), and high-force limit
from continuous WLC model [3] (bottom red line); the transverse correlation length ξ⊥ versus applied force: extracted from

correlation function Gt̂
x

(r, f) (top orange pluses), asymptotic result from eigenvalues (top aqua circles, overlapping with top

orange pluses), and high-force limit from continuous WLC model [3] (top blue line). In high-force range, ξ⊥ = 2ξ‖ =
√

kBTA/f .

(d) The longitudinal correlation function amplitude C‖(f): extracted from correlation function Gt̂
z

(r, f) (bottom pink crosses),

Gt̂
z

(0, f) (bottom green squares, overlapping with bottom pink crosses), and high-force limit from continuous WLC model [3]

(bottom red line); the transverse correlation function amplitude C⊥(f): extracted from correlation function Gt̂
x

(r, f) (top

orange pluses), Gt̂
x

(0, f) (top aqua circles, overlapping with top orange pluses), and high-force limit from continuous WLC
model [3] (top blue line).
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S4. HIGH-FORCE LIMIT OF CONTINUOUS WLC MODEL

For the continuous WLC model, the effective energy of a stretched naked DNA molecule is expressed as [3, 4],

βE =

∫ L

0

ds

[

A

2
(∂s t̂)

2 − βf t̂ · ẑ
]

, (4)

where L is the contour length of the DNA polymer and t̂(s) is the unit tangent vector describing the curve conformation.
In the large-force limit (f ≫ kBT/A ≈ 0.1 pN), tx and ty are small quantities, and tz = 1− (t2x + t2y)/2 +O(t4x + t4y).
Then we obtain the Gaussian approximation to this model, which is valid in the large force limit f >> kBT/A:

βE ≈ 1

2

∫ L

0

ds
{

A[(∂stx)
2 + (∂sty)

2] + βf [t2x + t2y]
}

− βfL =
1

2

∫

dq

2π
(Aq2 + βf)[t2x(q) + t2y(q)]− βfL , (5)

where tx(q) =
∫ L

0
txe

−iqs ds and ty(q) =
∫ L

0
tye

−iqs ds.
We calculate the x-direction correlation function,

Gt̂
x

(s, f) = 〈tx(0)tx(s)〉 =
∫ ∞

−∞

dq1
2π

dq2
2π

〈tx(q1)tx(q2)〉eiq2s =
∫ ∞

−∞

dq

2π

eiqs

Aq2 + βf
=
√

kBT/4Af e−s/
√

kBTA/f . (6)

Similarly, we calculate the z-direction correlation function,

Gt̂
z

(s, f) = 〈tz(0)tz(s)〉 − 〈tz(0)〉〈tz(s)〉
≈ 〈
[

1− t2x(0)/2− t2y(0)/2
] [

1− t2x(s)/2− t2y(s)/2
]

〉 − 〈1 − t2x(0)/2− t2y(0)/2〉〈1− t2x(s)/2− t2y(s)/2〉

=
1

4

[

〈t2x(0)t2x(s)〉 + 〈t2x(0)t2y(s)〉+ 〈t2y(0)t2x(s)〉+ 〈t2y(0)t2y(s)〉

−〈t2x(0)〉〈t2x(s)〉 − 〈t2x(0)〉〈t2y(s)〉 − 〈t2y(0)〉〈t2x(s)〉 − 〈t2y(0)〉〈t2y(s)〉
]

=
1

2

[

〈t2x(0)t2x(s)〉 − 〈t2x(0)〉〈t2x(s)〉
]

=
1

2

[∫ ∞

−∞

dq1
2π

dq2
2π

dq3
2π

dq4
2π

〈tx(q1)tx(q2)tx(q3)tx(q4)〉eiq3seiq4s − 〈t2x(0)〉〈t2x(s)〉
]

=

(
∫ ∞

−∞

dq

2π

eiqs

Aq2 + βf

)2

= (kBT/4Af) e
−s/

√
kBTA/4f . (7)

From the forms of the correlation functions we observe that the longitudinal correlation length is exactly half of the
transverse correlation length. The amplitudes of these leading contributions to the two correlation functions are also
exactly related, with the longitudinal amplitude being exactly the square of the transverse one. Thus, in the high-force
limit, the leading (slowest decaying) contribution to the longitudinal correlation function (7) is just the square of the
leading contribution to the transverse correlation function (6).
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S5. THE LARGE-N LIMIT OF THE CORRELATION FUNCTIONS Gt̂
x

(r, f) AND Gt̂
z

(r, f) FOR NAKED

DNA

For naked DNA (µ = −∞), T =

(

Aeµ+η
Aeµ

B B

)

=

(

0 0

B B

)

. So,

Gt̂
z

(r, f) =
Tr(t̂zBj

t̂
z
B

N−j)

Tr(BN )
−
(

Tr(t̂zBN )

Tr(BN )

)2

=

∑

m,k1,k2
(tzm)k1,k2

(

λm
k2

)j
(tzm)k2,k1

(

λm
k1

)N−j

∑

m′,k′

(

λm′

k′

)N
−





∑

m,k (t
z
m)k,k (λ

m
k )

N

∑

m′,k′

(

λm′

k′

)N





2

≈
∑

m,k1,k2

(tzm)k1,k2
(tzm)k2,k1

(

λm
k2

λm
k1

)j
(

λm
k1

λ0
0

)N

−





∑

m,k

(tzm)k,k

(

λm
k

λ0
0

)N




2

≈
∑

k2=0

(tz0)0,k2
(tz0)k2,0

(

λ0
k2

λ0
0

)j

− [(tz0)0,0]
2

=
∑

k2=1

(tz0)0,k2
(tz0)k2,0

(

λ0
k2

λ0
0

)j

(8)

where the λm
k (m = 0,±1,±2, · · · ; k = |m|, |m| + 1, |m| + 2, · · · ) are the eigenvalues of the m-th diagonal block of

the naked DNA matrix B and λm
|m| > λm

|m|+1 > λm
|m|+2 > · · · . The S6 of the Supplemental Material will show how

applied force f affects the eigenvalues {λm
k }, i.e., the transfer matrix spectrum of naked DNA, where λ0

0 is the largest
eigenvalue. In the large-N limit, only the terms with m = 0 and k1 = 0 survive. Here (tzm)k1,k2

is the matrix element
of the m-th diagonal block of the matrix t

z (ignoring n-dependence) expressed by taking the eigenvectors of the m-th
diagonal block of the naked DNA matrix B ({|λm

k 〉}) as the basis, (tzm)k1,k2
=
〈

λm
k1
|̂tzm|λm

k2

〉

. Similarly,

Gt̂
x

(r, f) =
Tr(t̂+Bj

t̂
−
B

N−j)

2Tr(BN )
=

∑

m

(

t
+
m,m−1

)

(Bm−1)
j (

t
−
m−1,m

)

(Bm)N−j

2
∑

m′ (Bm′)N

=

∑

m,k1,k2

(

t
+
m,m−1

)

k1,k2

(

λm−1
k2

)j (
t
−
m−1,m

)

k2,k1

(

λm
k1

)N−j

2
∑

m′,k′

(

λm′

k′

)N

≈ 1

2

∑

m,k1,k2

(

t
+
m,m−1

)

k1,k2

(

t
−
m−1,m

)

k2,k1

(

λm−1
k2

λm
k1

)j
(

λm
k1

λ0
0

)N

≈ 1

2

∑

k2=1

(

t
+
0,−1

)

0,k2

(

t
−
−1,0

)

k2,0

(

λ1
k2

λ0
0

)j

(9)

where
(

t
+
m,m−1

)

k1,k2

=
〈

λm
k1
|̂t+m,m−1|λm−1

k2

〉

and
(

t
−
m,m−1

)

k1,k2

=
〈

λm−1
k1

|̂t−m−1,m|λm
k2

〉

. Here we also taked use of a

symmetry λm
k = λ−m

k (see Eq. 2 in S1 of the Supplemental Material).
We note that according to the notation of this paper, Eq.(20) and Eq.(21) of Ref. [1] should be written as,

∆F (f, n) = −kBT
λ0
0

λ0
1

A
0
01A

0
10

(A0
00)

2
e−n ln(λ0

0
/λ0

1
) (10)

and

C(f) = kBT
λ0
0

λ0
1

A
0
01A

0
10

(A0
00)

2

ξ(f) =
b

ln(λ0
0/λ

0
1)

(11)

where A
m
k1k2

is the matrix element of the m-th diagonal block of the matrix A expressed by taking the eigenvectors

of the m-th diagonal block of the naked matrix B ({|λm
k 〉}) as the basis, Am

k1,k2
=
〈

λm
k1
|Am|λm

k2

〉

; λ0
0 and λ0

1 are the
leading and next-to-leading eigenvalues of the 0-th (m = 0) diagonal block of the naked matrix B, respectively.
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S6. TRANSFER MATRIX SPECTRUM FOR NAKED DNA

We calculated the force-dependence of the eigenvalues λm
k (f) of the naked DNA matrixB, 〈t̂|B|t̂′〉 = e−

a
2 |t̂′−t̂|2+βbft̂·ẑ

(see Fig. 2). The free energy spectrum of this naked DNA is:

Fmk = −kBT (L/b) ln(λ
m
k ) , (12)

where L is the contour length of the DNA polymer and b is the segment length. This is also the spectrum of the
1-d classical Heisenberg model. We note that in the low-force limit, the spectrum approaches that of a free rotor (up
to a constant, ∝ ℓ(ℓ + 1), ℓ = 0, 1, 2, · · · ) while in the large-force limit, the spectrum approaches that of a harmonic
oscillator (again, up to a constant, ∝ n, n = 0, 1, 2, · · · ) [3].
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several eigenvalues for the m = 0 block, λ0
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k (red dashed line and filled triangles),
for the m = 2 block, λ2
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1. Inset shows that in the high-force range, the spectrum approaches that of a harmonic oscillator, which is closely
related to the relation ξ‖ = ξ⊥/2.
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S7. PROTEIN OCCUPATION CORRELATION FUNCTIONS AND CORRELATION LENGTHS FOR

THE CASE γ = 0 AND a′ = 50

To focus on the force-generated cooperativity, we turn off the intrinsic protein-protein binding cooperativity (i.e.
set η = 0) and calculate the protein occupation correlation functions and correlation lengths along a DNA molecule
in contact with dilute DNA-bending protein solution (see Fig. 3 for the case µ = −5 and Fig. 4 for the case µ = −3).
Here, the parameters γ = 0 and a′ = 50 correspond to a rather stiff protein-DNA complex with a preferred bending
angle of 90◦.
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FIG. 3. (color online) Protein occupation correlation functions and correlation lengths along DNA polymer in dilute protein
solution (µ = −5) without intrinsic protein-protein binding cooperativity (η = 0). (a) The protein occupation 〈n〉/eµ as a
function of force (pink crosses), agreeing with the normalized protein binding number from Ref.[1] (black asterisks). Inset
shows the protein occupation fluctuation curve calculated from protein occupation correlation functions (pink crosses), which
matches the corresponding result from Ref. [1] (black asterisks). (b) The protein occupation correlation function Gn̂(r, f)/e2µ

as a function of contour length r = jb for a series of fixed forces (different curves). At the left, bottom curve has force
f = 0.01 pN (black asterisks), then in increasing order the curves show forces f = 0.02 (red triangles), 0.05 (green squares), 0.1
(blue filled triangles), 0.2 (pink crosses), and 0.4 (aqua circles) pN. Inset depicts ln[Gn(r)/e2µ] versus the distance at f = 0.1
pN (green squares) and a linear fit (black line), showing that the non-zero distance protein occupation correlation function
Gn(r, f) decays exponentially and that the zero distance protein occupation correlation function Gn(0, f) is bigger than the
non-zero distance protein occupation correlation function decaying amplitude. (c) The protein occupation correlation length as
a function of applied force extracted from correlation function Gn̂(r, f) (bottom grey filled circles). As reference, here we also

show the longitudinal tangent vector correlation length ξ‖(f) extracted from correlation function Gt̂
z

(r, f) (bottom pink crosses,
overlapping with bottom grey filled circles), the transverse tangent vector correlation length ξ⊥(f) extracted from correlation

function Gt̂
x

(r, f) (top orange pluses), the correlation lengths for naked DNA (bottom green squares for longitudinal and top
aqua circles for transverse), and the high-force limit for naked DNA from continuous WLC model [3] (bottom red line for
longitudinal and top blue line for transverse). We find the protein occupation correlation length to be (numerically) equal to
the longitudinal tangent vector correlation length ξ‖(f). (d) The protein occupation correlation amplitude Cn(f)/e2µ (bottom

grey filled circles) and the zero-distance protein occupation correlation function Gn(0, f)/e2µ (top pink crosses).
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FIG. 4. (color online) Protein occupation correlation functions and correlation lengths along DNA polymer in dilute protein
solution as in Fig. 3 except for the use of a different chemical potential value (µ = −3).

From the results we find: (i) the protein occupancy correlation function Gn(r, f) decays exponentially with dis-
tance; the zero-distance protein occupation correlation function Gn(0, f) is bigger than the non-zero distance protein
occupation correlation function decaying amplitude; (ii) the protein occupancy correlation length, (i.e. the decay
length) is (numerically) equal to the longitudinal tangent vector correlation length ξ‖(f, µ); (iii) the protein occu-
pancy correlation is small for low force and high force and has a peak value at around 0.5 pN, and the peak value
position shifts with increasing of the protein concentration (see panels (d) of Fig. 3 and 4).
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We calculated properties of the model for the case of nonzero intrinsic cooperative interaction between DNA-bending
proteins. Results are shown in Fig. 5 for µ = −5, η = 1 and in Fig. 6 for µ = −3, η = 1.
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FIG. 5. (color online) Protein occupation correlation functions and correlation lengths along DNA polymer in dilute protein
solution (µ = −5) with intrinsic protein-protein binding cooperativity (η = 1). (a) The protein occupation 〈n〉/eµ as a function
of force (pink crosses), agreeing with the normalized protein binding number from Ref.[1] (black asterisks). Inset shows the
protein occupation fluctuation curve calculated from protein occupation correlation functions (pink crosses), which matches
the corresponding result from Ref. [1] (black asterisks). (b) The protein occupation correlation function Gn̂(r, f)/e2µ as a
function of contour length r = jb for a series of fixed forces (different curves). At the left, bottom curve has force f = 0.01
pN (black asterisks), then in increasing order the curves show forces f = 0.02 (red triangles), 0.05 (green squares), 0.1 (blue
filled triangles), 0.4 (aqua circles), and 0.2 (pink crosses) pN. Inset depicts ln[Gn(r)/e2µ] versus the distance at f = 0.1 pN
(green squares) and a linear fit (black line), showing that the protein occupation correlation function Gn(r, f) includes two
kinds of different correlations, and that both of them decay exponentially. (c) The two different protein occupation correlation
lengths as a function of applied force: the short-range correlation length (bottom black asterisks) which comes from the intrinsic
protein-protein binding cooperativity, and the long-range correlation length (middle grey filled circles) which comes from the
longitudinal bending fluctuations. As reference, here we also show the longitudinal tangent vector correlation length ξ‖(f)

extracted from correlation function Gt̂
z

(r, f) (middle pink crosses, overlapping with middle grey filled circles), the transverse

tangent vector correlation length ξ⊥(f) extracted from correlation function Gt̂
x

(r, f) (top orange pluses), the correlation lengths
for naked DNA (middle green squares for longitudinal and top aqua circles for transverse), and the high-force limit for naked
DNA from continuous WLC model [3] (middle red line for longitudinal and top blue line for transverse). We find that the
long-range protein occupation correlation length is (numerically) equal the longitudinal tangent vector correlation length ξ‖(f).

(d) The long-range protein occupation correlation amplitude Cn(f)/e2µ (bottom grey filled circles), the short-range protein
occupation correlation amplitude Cnη(f)/e2µ (top black asterisks), and the zero-distance protein occupation correlation function
Gn(0, f)/e2µ (top pink crosses).
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FIG. 6. (color online) Protein occupation correlation functions and correlation lengths along DNA polymer in dilute protein
solution as in Fig. 5 except for the use of a different chemical potential value (µ = −3).

Comparing with previous results, we find when there is intrinsic protein-protein binding cooperativity, the interac-
tion gives rise to a new protein occupation correlation which has a bigger amplitude but a shorter correlation length.
The short-range protein occupation correlation length increases as the protein concentration (µ) is increased or as
cooperativity strength (η) is increased.
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S8. PROTEIN OCCUPATION CORRELATION LENGTHS FOR OTHER VALUES OF γ AND a′

We calculated the correlation lengths for varied values of preferred angle θ and bending rigidity a′. Fig. 7 shows
results for θ = 30◦ and a′ = 50, Fig. 8 shows results for θ = 150◦ and a′ = 50, and Fig. 9 shows results for θ = 90◦

and a′ = 2.
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FIG. 7. The longitudinal, transverse, and protein occupation correlation lengths along DNA polymer for θ = 30o (γ = cos 30o)
and a′ = 50. (a)-(d) show results for µ = −5 and η = 0, µ = −3 and η = 0, µ = −5 and η = 1, and µ = −3 and η = 1,
respectively. In each panel, we show the longitudinal tangent vector correlation length ξ‖ (bottom pink crosses), the transverse
tangent vector correlation length ξ⊥ (middle orange pluses), and the long-range protein occupation correlation length (bottom
grey filled circles, overlapping with bottom pink crosses). As reference, we also show the longitudinal and transverse tangent
vector correlation lengths for naked DNA (middle green squares for longitudinal and top aqua circles for transverse).
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FIG. 8. The longitudinal, transverse, and protein occupation correlation lengths along DNA polymer for θ = 150o (γ = cos 150o)
and a′ = 50. (a)-(d) show results for µ = −5 and η = 0, µ = −3 and η = 0, µ = −5 and η = 1, and µ = −3 and η = 1,
respectively; all other parameters and color-coding are the same as in Fig. 7.
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FIG. 9. The longitudinal, transverse, and protein occupation correlation lengths along DNA polymer for θ = 90◦ (γ = cos 90◦ =
0) and a′ = 2. (a)-(d) show results for µ = −5 and η = 0, µ = −4 and η = 0, µ = −5 and η = 1, and µ = −4 and η = 1,
respectively; all other parameters and color-coding are the same as in Fig. 7.

From these results we find that different γ and a′ values affect numerical details of the calculation results, but do
not affect the main conclusion of the manuscript, i.e., that the range of interaction between DNA-bending proteins
is controlled by the second-longest correlation length for bending fluctuations. This is to be expected since different
choices of γ and a′ do not affect the axial rotation symmetry of the interaction between the proteins and DNA.
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Supplemental Material for:

The range of interaction between DNA-bending proteins is controlled
by the second-longest correlation length for bending fluctuations

Houyin Zhang and John F. Marko

S1. TRANSFER MATRIX IN SPHERICAL HARMONIC BASIS

By using symmetries, the definition of the Wigner 3J symbols, and partial-wave decomposition of eβbft̂·ẑ, we
re-expressed the two matrices A and B in a space with the spherical harmonics {|l,m〉} as the basis,

〈lm|A|l′m′〉 = (−1)mδmm′

√

(2l+ 1)(2l′ + 1)

√

8π

a′

×
+∞
∫

0

dq[jl′ (q)e
− q2

2a′ (ei(
π
2
l′−qγ) + e−i(π

2
l′−qγ))]

×
∑

l1

il1(βbf)(2l1 + 1)

(

l l1 l′

0 0 0

)(

l l1 l′

−m 0 m

)

, (1)

and

〈lm|B|l′m′〉 = (−1)mδmm′

√

(2l+ 1)(2l′ + 1)[4πe−ail′ (a)]

×
∑

l1

il1(βbf)(2l1 + 1)

(

l l1 l′

0 0 0

)(

l l1 l′

−m 0 m

)

, (2)

where the jl(x) are spherical Bessel functions of the first kind, and the il(x) are modified spherical Bessel functions
of the first kind. Both of these two matrices are block diagonal.

S2. TANGENT VECTOR OPERATORS IN SPHERICAL HARMONIC BASIS

Choosing spherical harmonics {|l,m〉} as the basis, by making use of Wigner 3J symbols, we obtain the matrix
elements of the three tangent vector component operators,

〈l,m, n|t̂+|l′,m′, n′〉 = δnn′(−1)m+1
√

2(2l+ 1)(2l′ + 1)

(

l 1 l′

0 0 0

)(

l 1 l′

−m 1 m′

)

,

〈l,m, n|t̂−|l′,m′, n′〉 = δnn′(−1)m
√

2(2l+ 1)(2l′ + 1)

(

l 1 l′

0 0 0

)(

l 1 l′

−m −1 m′

)

,

〈l,m, n|t̂z|l′,m′, n′〉 = δnn′(−1)m+1
√

(2l + 1)(2l′ + 1)

(

l 1 l′

0 0 0

)(

l 1 l′

−m 0 m′

)

. (3)
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S3. TANGENT VECTOR CORRELATION FUNCTIONS FOR NAKED DNA

Figure 1 shows the transverse and longitudinal tangent vector correlation functions and corresponding correlation
lengths for naked DNA (DNA in the absence of protein).
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FIG. 1. (color online) Tangent vector correlation functions and correlation lengths for naked DNA. (a) The average z-component
of the tangent vector, 〈t̂z〉, as a function of force (pink crosses), agreeing with the normalized force-extension curve for naked
DNA from Ref. [1, 2] (black asterisks) and the high-force limit of the extension from continuous WLC model [3] (red curve).

Inset shows the extension fluctuation curves: z-direction extension fluctuation calculated from correlation function Gt̂
z

(r, f)
(bottom pink crosses) and the corresponding result from Ref. [1] (bottom black asterisks, overlapping with bottom pink crosses);

x (or y)-direction extension fluctuation calculated from Gt̂
x

(r, f) (top orange pluses) and the corresponding result calculated by
Eq. A6 of Ref. [4] (top black asterisks, overlapping with top orange pluses). (b) The correlation function for the z-component

of tangent vector Gt̂
z

(r, f) as a function of contour length r = jb for a series of fixed forces (different curves). The top curve
has force f = 0.01 pN (black asterisks), then in decreasing order the curves correspond to f = 0.02 (red triangles), 0.05

(green squares), 0.1 (blue filled triangles), 0.2 (pink crosses), and 0.5 (aqua circles) pN. Inset depicts ln(Gt̂
z

(r)) versus the
distance at f = 0.1 pN (green squares) and a linear fit (black line), showing that the correlation function decays exponentially.

(c) The longitudinal correlation length ξ‖ versus applied force: extracted from correlation function Gt̂
z

(r, f) (bottom pink
crosses), asymptotic result from eigenvalues (bottom green squares, overlapping with bottom pink crosses), and high-force limit
from continuous WLC model [3] (bottom red line); the transverse correlation length ξ⊥ versus applied force: extracted from

correlation function Gt̂
x

(r, f) (top orange pluses), asymptotic result from eigenvalues (top aqua circles, overlapping with top

orange pluses), and high-force limit from continuous WLC model [3] (top blue line). In high-force range, ξ⊥ = 2ξ‖ =
√

kBTA/f .

(d) The longitudinal correlation function amplitude C‖(f): extracted from correlation function Gt̂
z

(r, f) (bottom pink crosses),

Gt̂
z

(0, f) (bottom green squares, overlapping with bottom pink crosses), and high-force limit from continuous WLC model [3]

(bottom red line); the transverse correlation function amplitude C⊥(f): extracted from correlation function Gt̂
x

(r, f) (top

orange pluses), Gt̂
x

(0, f) (top aqua circles, overlapping with top orange pluses), and high-force limit from continuous WLC
model [3] (top blue line).
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S4. HIGH-FORCE LIMIT OF CONTINUOUS WLC MODEL

For the continuous WLC model, the effective energy of a stretched naked DNA molecule is expressed as [3, 4],

βE =

∫ L

0

ds

[

A

2
(∂s t̂)

2 − βf t̂ · ẑ
]

, (4)

where L is the contour length of the DNA polymer and t̂(s) is the unit tangent vector describing the curve conformation.
In the large-force limit (f ≫ kBT/A ≈ 0.1 pN), tx and ty are small quantities, and tz = 1− (t2x + t2y)/2 +O(t4x + t4y).
Then we obtain the Gaussian approximation to this model, which is valid in the large force limit f >> kBT/A:

βE ≈ 1

2

∫ L

0

ds
{

A[(∂stx)
2 + (∂sty)

2] + βf [t2x + t2y]
}

− βfL =
1

2

∫

dq

2π
(Aq2 + βf)[t2x(q) + t2y(q)]− βfL , (5)

where tx(q) =
∫ L

0
txe

−iqs ds and ty(q) =
∫ L

0
tye

−iqs ds.
We calculate the x-direction correlation function,

Gt̂
x

(s, f) = 〈tx(0)tx(s)〉 =
∫ ∞

−∞

dq1
2π

dq2
2π

〈tx(q1)tx(q2)〉eiq2s =
∫ ∞

−∞

dq

2π

eiqs

Aq2 + βf
=
√

kBT/4Af e−s/
√

kBTA/f . (6)

Similarly, we calculate the z-direction correlation function,

Gt̂
z

(s, f) = 〈tz(0)tz(s)〉 − 〈tz(0)〉〈tz(s)〉
≈ 〈
[

1− t2x(0)/2− t2y(0)/2
] [

1− t2x(s)/2− t2y(s)/2
]

〉 − 〈1 − t2x(0)/2− t2y(0)/2〉〈1− t2x(s)/2− t2y(s)/2〉

=
1

4

[

〈t2x(0)t2x(s)〉 + 〈t2x(0)t2y(s)〉+ 〈t2y(0)t2x(s)〉+ 〈t2y(0)t2y(s)〉

−〈t2x(0)〉〈t2x(s)〉 − 〈t2x(0)〉〈t2y(s)〉 − 〈t2y(0)〉〈t2x(s)〉 − 〈t2y(0)〉〈t2y(s)〉
]

=
1

2

[

〈t2x(0)t2x(s)〉 − 〈t2x(0)〉〈t2x(s)〉
]

=
1

2

[∫ ∞

−∞

dq1
2π

dq2
2π

dq3
2π

dq4
2π

〈tx(q1)tx(q2)tx(q3)tx(q4)〉eiq3seiq4s − 〈t2x(0)〉〈t2x(s)〉
]

=

(
∫ ∞

−∞

dq

2π

eiqs

Aq2 + βf

)2

= (kBT/4Af) e
−s/

√
kBTA/4f . (7)

From the forms of the correlation functions we observe that the longitudinal correlation length is exactly half of the
transverse correlation length. The amplitudes of these leading contributions to the two correlation functions are also
exactly related, with the longitudinal amplitude being exactly the square of the transverse one. Thus, in the high-force
limit, the leading (slowest decaying) contribution to the longitudinal correlation function (7) is just the square of the
leading contribution to the transverse correlation function (6).
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S5. THE LARGE-N LIMIT OF THE CORRELATION FUNCTIONS Gt̂
x

(r, f) AND Gt̂
z

(r, f) FOR NAKED

DNA

For naked DNA (µ = −∞), T =

(

Aeµ+η
Aeµ

B B

)

=

(

0 0

B B

)

. So,

Gt̂
z

(r, f) =
Tr(t̂zBj

t̂
z
B

N−j)

Tr(BN )
−
(

Tr(t̂zBN )

Tr(BN )

)2

=

∑

m,k1,k2
(tzm)k1,k2

(

λm
k2

)j
(tzm)k2,k1

(

λm
k1

)N−j

∑

m′,k′

(

λm′

k′

)N
−





∑

m,k (t
z
m)k,k (λ

m
k )

N

∑

m′,k′

(

λm′

k′

)N





2

≈
∑

m,k1,k2

(tzm)k1,k2
(tzm)k2,k1

(

λm
k2

λm
k1

)j
(

λm
k1

λ0
0

)N

−





∑

m,k

(tzm)k,k

(

λm
k

λ0
0

)N




2

≈
∑

k2=0

(tz0)0,k2
(tz0)k2,0

(

λ0
k2

λ0
0

)j

− [(tz0)0,0]
2

=
∑

k2=1

(tz0)0,k2
(tz0)k2,0

(

λ0
k2

λ0
0

)j

(8)

where the λm
k (m = 0,±1,±2, · · · ; k = |m|, |m| + 1, |m| + 2, · · · ) are the eigenvalues of the m-th diagonal block of

the naked DNA matrix B and λm
|m| > λm

|m|+1 > λm
|m|+2 > · · · . The S6 of the Supplemental Material will show how

applied force f affects the eigenvalues {λm
k }, i.e., the transfer matrix spectrum of naked DNA, where λ0

0 is the largest
eigenvalue. In the large-N limit, only the terms with m = 0 and k1 = 0 survive. Here (tzm)k1,k2

is the matrix element
of the m-th diagonal block of the matrix t

z (ignoring n-dependence) expressed by taking the eigenvectors of the m-th
diagonal block of the naked DNA matrix B ({|λm

k 〉}) as the basis, (tzm)k1,k2
=
〈

λm
k1
|̂tzm|λm

k2

〉

. Similarly,

Gt̂
x

(r, f) =
Tr(t̂+Bj

t̂
−
B

N−j)

2Tr(BN )
=

∑

m

(

t
+
m,m−1

)

(Bm−1)
j (

t
−
m−1,m

)

(Bm)N−j

2
∑

m′ (Bm′)N

=

∑

m,k1,k2

(

t
+
m,m−1

)

k1,k2

(

λm−1
k2

)j (
t
−
m−1,m

)

k2,k1

(

λm
k1

)N−j

2
∑

m′,k′

(

λm′

k′

)N

≈ 1

2

∑

m,k1,k2

(

t
+
m,m−1

)

k1,k2

(

t
−
m−1,m

)

k2,k1

(

λm−1
k2

λm
k1

)j
(

λm
k1

λ0
0

)N

≈ 1

2

∑

k2=1

(

t
+
0,−1

)

0,k2

(

t
−
−1,0

)

k2,0

(

λ1
k2

λ0
0

)j

(9)

where
(

t
+
m,m−1

)

k1,k2

=
〈

λm
k1
|̂t+m,m−1|λm−1

k2

〉

and
(

t
−
m,m−1

)

k1,k2

=
〈

λm−1
k1

|̂t−m−1,m|λm
k2

〉

. Here we also taked use of a

symmetry λm
k = λ−m

k (see Eq. 2 in S1 of the Supplemental Material).
We note that according to the notation of this paper, Eq.(20) and Eq.(21) of Ref. [1] should be written as,

∆F (f, n) = −kBT
λ0
0

λ0
1

A
0
01A

0
10

(A0
00)

2
e−n ln(λ0

0
/λ0

1
) (10)

and

C(f) = kBT
λ0
0

λ0
1

A
0
01A

0
10

(A0
00)

2

ξ(f) =
b

ln(λ0
0/λ

0
1)

(11)

where A
m
k1k2

is the matrix element of the m-th diagonal block of the matrix A expressed by taking the eigenvectors

of the m-th diagonal block of the naked matrix B ({|λm
k 〉}) as the basis, Am

k1,k2
=
〈

λm
k1
|Am|λm

k2

〉

; λ0
0 and λ0

1 are the
leading and next-to-leading eigenvalues of the 0-th (m = 0) diagonal block of the naked matrix B, respectively.
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S6. TRANSFER MATRIX SPECTRUM FOR NAKED DNA

We calculated the force-dependence of the eigenvalues λm
k (f) of the naked DNA matrixB, 〈t̂|B|t̂′〉 = e−

a
2 |t̂′−t̂|2+βbft̂·ẑ

(see Fig. 2). The free energy spectrum of this naked DNA is:

Fmk = −kBT (L/b) ln(λ
m
k ) , (12)

where L is the contour length of the DNA polymer and b is the segment length. This is also the spectrum of the
1-d classical Heisenberg model. We note that in the low-force limit, the spectrum approaches that of a free rotor (up
to a constant, ∝ ℓ(ℓ + 1), ℓ = 0, 1, 2, · · · ) while in the large-force limit, the spectrum approaches that of a harmonic
oscillator (again, up to a constant, ∝ n, n = 0, 1, 2, · · · ) [3].
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FIG. 2. (color online) Force-dependence of the eigenvalues λm
k (f) of the “naked” matrix B. Here we only show the largest

several eigenvalues for the m = 0 block, λ0

k (black line and pluses), for the m = 1 block, λ1

k (red dashed line and filled triangles),
for the m = 2 block, λ2

k (blue dashed line and circles), and for the m = 3 block, λ3

k (pink line and diamonds). Note that
λ1

1 > λ0

1. Inset shows that in the high-force range, the spectrum approaches that of a harmonic oscillator, which is closely
related to the relation ξ‖ = ξ⊥/2.
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S7. PROTEIN OCCUPATION CORRELATION FUNCTIONS AND CORRELATION LENGTHS FOR

THE CASE γ = 0 AND a′ = 50

To focus on the force-generated cooperativity, we turn off the intrinsic protein-protein binding cooperativity (i.e.
set η = 0) and calculate the protein occupation correlation functions and correlation lengths along a DNA molecule
in contact with dilute DNA-bending protein solution (see Fig. 3 for the case µ = −5 and Fig. 4 for the case µ = −3).
Here, the parameters γ = 0 and a′ = 50 correspond to a rather stiff protein-DNA complex with a preferred bending
angle of 90◦.
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FIG. 3. (color online) Protein occupation correlation functions and correlation lengths along DNA polymer in dilute protein
solution (µ = −5) without intrinsic protein-protein binding cooperativity (η = 0). (a) The protein occupation 〈n〉/eµ as a
function of force (pink crosses), agreeing with the normalized protein binding number from Ref.[1] (black asterisks). Inset
shows the protein occupation fluctuation curve calculated from protein occupation correlation functions (pink crosses), which
matches the corresponding result from Ref. [1] (black asterisks). (b) The protein occupation correlation function Gn̂(r, f)/e2µ

as a function of contour length r = jb for a series of fixed forces (different curves). At the left, bottom curve has force
f = 0.01 pN (black asterisks), then in increasing order the curves show forces f = 0.02 (red triangles), 0.05 (green squares), 0.1
(blue filled triangles), 0.2 (pink crosses), and 0.4 (aqua circles) pN. Inset depicts ln[Gn(r)/e2µ] versus the distance at f = 0.1
pN (green squares) and a linear fit (black line), showing that the non-zero distance protein occupation correlation function
Gn(r, f) decays exponentially and that the zero distance protein occupation correlation function Gn(0, f) is bigger than the
non-zero distance protein occupation correlation function decaying amplitude. (c) The protein occupation correlation length as
a function of applied force extracted from correlation function Gn̂(r, f) (bottom grey filled circles). As reference, here we also

show the longitudinal tangent vector correlation length ξ‖(f) extracted from correlation function Gt̂
z

(r, f) (bottom pink crosses,
overlapping with bottom grey filled circles), the transverse tangent vector correlation length ξ⊥(f) extracted from correlation

function Gt̂
x

(r, f) (top orange pluses), the correlation lengths for naked DNA (bottom green squares for longitudinal and top
aqua circles for transverse), and the high-force limit for naked DNA from continuous WLC model [3] (bottom red line for
longitudinal and top blue line for transverse). We find the protein occupation correlation length to be (numerically) equal to
the longitudinal tangent vector correlation length ξ‖(f). (d) The protein occupation correlation amplitude Cn(f)/e2µ (bottom

grey filled circles) and the zero-distance protein occupation correlation function Gn(0, f)/e2µ (top pink crosses).
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FIG. 4. (color online) Protein occupation correlation functions and correlation lengths along DNA polymer in dilute protein
solution as in Fig. 3 except for the use of a different chemical potential value (µ = −3).

From the results we find: (i) the protein occupancy correlation function Gn(r, f) decays exponentially with dis-
tance; the zero-distance protein occupation correlation function Gn(0, f) is bigger than the non-zero distance protein
occupation correlation function decaying amplitude; (ii) the protein occupancy correlation length, (i.e. the decay
length) is (numerically) equal to the longitudinal tangent vector correlation length ξ‖(f, µ); (iii) the protein occu-
pancy correlation is small for low force and high force and has a peak value at around 0.5 pN, and the peak value
position shifts with increasing of the protein concentration (see panels (d) of Fig. 3 and 4).
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We calculated properties of the model for the case of nonzero intrinsic cooperative interaction between DNA-bending
proteins. Results are shown in Fig. 5 for µ = −5, η = 1 and in Fig. 6 for µ = −3, η = 1.
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FIG. 5. (color online) Protein occupation correlation functions and correlation lengths along DNA polymer in dilute protein
solution (µ = −5) with intrinsic protein-protein binding cooperativity (η = 1). (a) The protein occupation 〈n〉/eµ as a function
of force (pink crosses), agreeing with the normalized protein binding number from Ref.[1] (black asterisks). Inset shows the
protein occupation fluctuation curve calculated from protein occupation correlation functions (pink crosses), which matches
the corresponding result from Ref. [1] (black asterisks). (b) The protein occupation correlation function Gn̂(r, f)/e2µ as a
function of contour length r = jb for a series of fixed forces (different curves). At the left, bottom curve has force f = 0.01
pN (black asterisks), then in increasing order the curves show forces f = 0.02 (red triangles), 0.05 (green squares), 0.1 (blue
filled triangles), 0.4 (aqua circles), and 0.2 (pink crosses) pN. Inset depicts ln[Gn(r)/e2µ] versus the distance at f = 0.1 pN
(green squares) and a linear fit (black line), showing that the protein occupation correlation function Gn(r, f) includes two
kinds of different correlations, and that both of them decay exponentially. (c) The two different protein occupation correlation
lengths as a function of applied force: the short-range correlation length (bottom black asterisks) which comes from the intrinsic
protein-protein binding cooperativity, and the long-range correlation length (middle grey filled circles) which comes from the
longitudinal bending fluctuations. As reference, here we also show the longitudinal tangent vector correlation length ξ‖(f)

extracted from correlation function Gt̂
z

(r, f) (middle pink crosses, overlapping with middle grey filled circles), the transverse

tangent vector correlation length ξ⊥(f) extracted from correlation function Gt̂
x

(r, f) (top orange pluses), the correlation lengths
for naked DNA (middle green squares for longitudinal and top aqua circles for transverse), and the high-force limit for naked
DNA from continuous WLC model [3] (middle red line for longitudinal and top blue line for transverse). We find that the
long-range protein occupation correlation length is (numerically) equal the longitudinal tangent vector correlation length ξ‖(f).

(d) The long-range protein occupation correlation amplitude Cn(f)/e2µ (bottom grey filled circles), the short-range protein
occupation correlation amplitude Cnη(f)/e2µ (top black asterisks), and the zero-distance protein occupation correlation function
Gn(0, f)/e2µ (top pink crosses).
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FIG. 6. (color online) Protein occupation correlation functions and correlation lengths along DNA polymer in dilute protein
solution as in Fig. 5 except for the use of a different chemical potential value (µ = −3).

Comparing with previous results, we find when there is intrinsic protein-protein binding cooperativity, the interac-
tion gives rise to a new protein occupation correlation which has a bigger amplitude but a shorter correlation length.
The short-range protein occupation correlation length increases as the protein concentration (µ) is increased or as
cooperativity strength (η) is increased.
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S8. PROTEIN OCCUPATION CORRELATION LENGTHS FOR OTHER VALUES OF γ AND a′

We calculated the correlation lengths for varied values of preferred angle θ and bending rigidity a′. Fig. 7 shows
results for θ = 30◦ and a′ = 50, Fig. 8 shows results for θ = 150◦ and a′ = 50, and Fig. 9 shows results for θ = 90◦

and a′ = 2.
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FIG. 7. The longitudinal, transverse, and protein occupation correlation lengths along DNA polymer for θ = 30o (γ = cos 30o)
and a′ = 50. (a)-(d) show results for µ = −5 and η = 0, µ = −3 and η = 0, µ = −5 and η = 1, and µ = −3 and η = 1,
respectively. In each panel, we show the longitudinal tangent vector correlation length ξ‖ (bottom pink crosses), the transverse
tangent vector correlation length ξ⊥ (middle orange pluses), and the long-range protein occupation correlation length (bottom
grey filled circles, overlapping with bottom pink crosses). As reference, we also show the longitudinal and transverse tangent
vector correlation lengths for naked DNA (middle green squares for longitudinal and top aqua circles for transverse).
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FIG. 8. The longitudinal, transverse, and protein occupation correlation lengths along DNA polymer for θ = 150o (γ = cos 150o)
and a′ = 50. (a)-(d) show results for µ = −5 and η = 0, µ = −3 and η = 0, µ = −5 and η = 1, and µ = −3 and η = 1,
respectively; all other parameters and color-coding are the same as in Fig. 7.
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FIG. 9. The longitudinal, transverse, and protein occupation correlation lengths along DNA polymer for θ = 90◦ (γ = cos 90◦ =
0) and a′ = 2. (a)-(d) show results for µ = −5 and η = 0, µ = −4 and η = 0, µ = −5 and η = 1, and µ = −4 and η = 1,
respectively; all other parameters and color-coding are the same as in Fig. 7.

From these results we find that different γ and a′ values affect numerical details of the calculation results, but do
not affect the main conclusion of the manuscript, i.e., that the range of interaction between DNA-bending proteins
is controlled by the second-longest correlation length for bending fluctuations. This is to be expected since different
choices of γ and a′ do not affect the axial rotation symmetry of the interaction between the proteins and DNA.
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