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1 Heat Balance Solution for distributed heat generation in
a cylinder covered in fur

2 I. Overview and overall heat balance at steady state:

Endothermic animals endogenously produce heat and exchange heat with their environment through _
convection, evaporation and absorption and emission of radiant energy. For an endotherm to main-
tain its core temperature, it cannot endogenously generate more or less heat than it is exchanging
with its surroundings. Thus, the heat balance for a furred endotherm maintaining its core temper-
ature in its surroundings can be expressed as follows:

Qgen,net — Qevap = Qfur = Qenv (1)
where
Qgen,net = Qgen — Qresp (2)
and
Qenv = Qrad + Qconv — Qsol (3)

Qgen is the heat generated by metabolic processes, Qresp is the heat loss by evaporation from
the respiratory tract, Qevap iS evaporation from the skin, QQrqq is the net infrared thermal radiation
between the animal and its environment, Qcony is the heat loss by convection and Q;,; is the heat
absorbed from solar radiation.

That is, metabolic heat production in the body (Qgen), less evaporative heat loss from the
respiratory system and the skin, must equal heat flow through the fur (Qf,,) and the net heat flux
with the outside environment for the animal to be in thermal steady state with its environment.
Deviations from the equality will result a net heat loss or heat gain, rendering the animal unable
to maintain its body temperature.

This heat balance equation allows for a calculation of what metabolic rate is needed for an
animal to maintain its body temperature in its particular microclimate conditions. As illustrated
in the solution below, the heat flux through each layer (core to skin; skin to fur-air interface; fur-
air interface to environment) is dependent on the temperature gradient existing in each layer, the
thermal conductivity of each layer, and the shape and dimensions of each layer.

However, the only known temperatures for the model animals are the core temperature and
the surrounding air temperature. We must calculate the skin temperature and the fur-air interface
temperature in order to solve the heat balance and determine what metabolic rate is required for
the animal to maintain its body temperature in its current environmental conditions.

The solution described below shows how this is performed in Niche Mapper. It is an update to
previous the previous heat balance calculation done by Niche Mapper (see, e.g., Porter et al. 1994,
2000, 2002, 2006), in which the heat flux in each layer (body, fur, and environment) were calculated
individually, working from the core to the environment. This created a disconnect between internal
and external factors affecting the heat balance. The modification described below ensures that
the skin and fur-air interface temperature boundary conditions are calculated simultaneously as a
function of internal (e.g., core temperature, metabolic heat production) and external (i.e., envi-
ronmental) conditions. This allows a more precise, accurate and efficient solution. The previous
solution procedure always carried a degree of error, while this updated solution requires an exact
solution.
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II. Assumptions

1. All solar is absorbed at the coat surface (i.e., does not penetrate into fur layer) (Turn-
penny et al. 2000, Mount & Brown 1982, Stafford Smith et al. 1985).

2. Evaporative heat loss takes place at the skin surface and thus this component of Qgen,net
does not make it to the fur layer.

3.The remainder of net metabolic heat generation that is not lost through evaporation must
be conducted through the fur/feather layer and then be convected or radiated away from the fur
surface.

4.There is negligible free convection within the fur layer (Davis and Birkebak 1975).

5. Respiratory heat loss does not affect skin or fur-air temperature.

III. Mechanism Equations
The heat generating cylinder solution with an insulating layer is (Bird et al., 2002)

Q _ (TC — TS)
gen,net —

i + By 1 (Bs
4k Ve 2k; Vo Rg

where T, means core temperature and 7, means skin temperature. The subscripts G and I mean
(flesh) heat Generating tissue and (fat) Insulating tissue respectively, & is the thermal conductivity
(). R is the radial dimension (m).

The hollow cylinder solution for fur with no internal solar heat absorption is (Bird et al., 2002)

(4)

qur _ 27‘(’ka (TS _)TFA) (5)

where ky is the fur thermal conductivity, Tr asmeans fur-air interface temperature and Ry, is the
radial distance from the center of the animal to the fur air interface. The variable, L, is the thickness
of the fur.
Heat exchange with the environment by long wavelength infrared, convection and solar radiation
are respectively
Qrad = hrApa (Tr — Tsky) : (6)

where h, is a Taylor Series expansion, h, = 40T3,,, where Tyye = (ZtLsKY) and Ap 4 is the fur-air
interface surface area.

Equation 5 closely approximates the exact Stefan-Boltzmann equation,
Qrad = 0Ara (T — Tsxy) (7)

, where T is in Kelvin. There is only a 1.1% error when the temperature difference between T and
TS KY is 60 °C.

The long wavelength emissivity, €, in the infrared thermal equations is assumed = 1.0 to simplify
the algebra presentation.

Qconv = hcAFA (TFA - TA) (8)

where h, is the heat transfer coefficient (%0)7 usually experimentally determined and a function
of the geometric shape, wind speed and fluid properties.
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and
Qsol = aAralsol (9)

-

where « is the fur solar absorptivity and I, is incoming solar radiation (W/m?).
IV. Deriving two Tskin equations in the context of metabolic heat generation.

1. From the body derivations, i.e. equation 3:
Qgen net ° R%; Qgen net * R%; RS
Ts =T — : - 2 ‘ln | ==
s T e T T kg Ve % Ve \Rag (10)
2. From the fur derivations, i.e. from the solution of a hollow cylinder fur layer surrounding
a cylinder of heat generating flesh of a certain volume (Vi) (Bird et al., 2002).
Qgen net * RZG RL
Ts=|—"—"7"——| -In| 5 T 1
: { aks - Vo Re) =o4 . (11)

But, since in the fur, some of the net metabolic heat generation has been lost via evaporation,
only the remainder is flowing through the fur layer:

L (Qgen,net — Qevap) : RZG RL
T, = [ o7 Vo In s +Tra (12)

V. Solving for Tga in order to calculate Qraa and Qconv-
The challenge is to do this without using T, which, along with Qgen and TFa, is an unknown
value. :
Step 1: Setting up the balance in terms of Tr4 :

qur = \Q'rad + Qconv = Qsol (13)

Note: Q,qq is simplified below to consider only radiant exchange with the sky for purposes
of clearer explanation of the procedure. The complete Qrqq Will be defined at the end of this
development.

Inserting the mechanism equations for heat transfer by thermal infrared radiation and convection

2rks L
——~L=C (Ts — Tra) = heArsky (Tr = Tsxy) + heAra (Tra = Ta) = Qo (14)
in (%)
where the constant, 1—25—%‘% in Qfur is abbreviated as "C", with units W, /C for algebraic simplicity.
n RS :

Step 2: Eliminating T’s
° We know from the body that

Qgen net ° R%,’ Qge’n net * R2G RS
T, =T, — == — : In ==
ke %Ve \Raq (15)

° We also know from the steady state that

Qgen,net - Qe’uap = qurv (16)
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° So we can say

Ty =T —

(qu'r * Qevap) ’ Rré _ (qu'r 1 Qevap) i R%; Fa <RS) (17)

Ve 2%k Ve Re

® Thus, Qfyur can be rewritten as: Qjur = Cy [Tc
n (£) — Cr - Tra
° Expanding so that the Qf.r term can be factored out

. (quT+QﬂUﬂP)'R%,‘ — (quv""'Qeuap)'R?; .
4kaVa 2k;Va

T _ qur'R%,' i Qeva,p’R%,‘ _ qu7R2G z (_Bﬁ)
_ c 4kaVe 4k Ve 2k; Vg Rg
Qfur = Cf  QuuepR: 1 (Es Cs-Tra (18)
2k Vo Ra
s - _ Cr-QpurBRE _ CrQevapRE _ Cr-QrurRE R
° Expanding:yet again Qur = Cy - T, — =Lply=¢ — =logenp—=a — ZLa[yr=C . n ( 52 ) —
2
CrQevap- B 1 (Bs ) _ -

2k Ve In Rg Cr-Tra

° Collecting Q fyr terms, and factoring out Qfur:

. R2 . R2
wa-[l-kcf L RG~m<§i)]

4]€Gvg 2k‘IVG RG
Qeva ) R2 Qeva i R2 RS

= C;-T.—C PG _ PG .In({==)|-C; T, : 1

d d [ 4k Ve ke “\Rg)| T TrA (19)
Cs-RL | CrRE n (B is ab . Wi M . . g

where the constant [1 + e v ( Rc)] is abbreviated "D;" (unitless) to simplify the

algebra and the term [szzp",izc - Q;‘,;‘;PVSQG -In (%g—)] is abbreviated “Dy” (units = degrees C).

° Thus, .

CiT. CrDy Cp-Tra _Cy
ur = ~ - =L (T.-D.-T, 20
9 D, D, D, D, "¢ u— Ft) =0

° Now back to the Qfur = Qrad + Qconv — Qso1 heat energy balance with T, removed:

S (T, — Dy —Tra) = hy - Apsky - (Tn — Tsky) + hr - Arcra - (Tr —Tarp) + he - Apa -
(Tra—Ta) — Qsal

Step 3: Writing T in terms of T4

e R,.0q = Rs + [ X, - (RL — Rs)], where X, = a specified depth into the fur where radiant
exchange takes place (1 = at the fur surface, 0.5 = at the midpoint depth).

° Given the fur temperature pxoﬁle:
o (Qgen,net b Qevap) . RQG RL
T = |: 2%; Ve In - +Tra (21)

The effective radiant temperature, Tg, is

(Qgen net Qevap) : R%; RL
Tr = s -1
" [ %; - Vg U\ FTea (#2)
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where (Qgen,net - Qevap) = Qf’u.r = "]ij . (Tc e D2 - TFA) . Thus

%L‘(TC_DQ_TFA)'RQG Ry,
Th= : -In

2ky - Vg Ryad

) T (23)

G (T —Doy—Tp4)-R2,
where the constant, |2 e szfZ.VZM) o -In (_R%LZ)’ is abbreviated as "D3" (units = C).
o  Thus: Qrad =hr-Apa- (D3 +Tra) — Tsky)
° Back to the fur heat energy balance, Qfur = Qrad + Qconv — @sor With Ts removed and
T now in terms of Tr4:
-‘L (T.— Dy —Tpa) =hr - Apa- (D3 +Tra) —Tskxy) + he - Ara - (Tra —Ta) — Qsal
Step 4: Expanding, rearranging and solving for Tr 4:

N hr-AFA~(TSKY—D3)+hc'AFA-TA+g'(1,’%I_DQ+QsoL (24)
FA =
he - Apa+he- Apa+ 2

VI. Solution Procedure

Step 1. Guess an initial Tr4 to get things started since the h. and h, terms in the final Tp4
calculation depend on Tr4. The first guess should be T4.

Step 2. Guess an initial Ts because Qevqp depends on Ts and we could not find a way to
remove this. Using the standard definition of Ts from the body definition would introduce another
unknown (Qgen,net), so that does not help. The first T's guess should be T. :

Step 3. Calculate Tr 4 from the equation in Part V, Step 4, using the Tpy4 guess to calculate
the h. and h, terms and the Ts guess to calculate Qeyqp-

Step 4. Adjust the Tr 4 guess until the resulting calculated Tr 4 matches the starting Tr 4 guess.
NicheMapper does this by adjusting the Ty 4 starting guess to match the previously-calculated T 4
and then calculating another Tr4 using equation 26. There is typically convergence within 5-10
guesses and subsequent adjustments on the starting guess.

Step 5. Using the Tr4 calculation from Step 4, calculate Qen,- Recognizing that Qen, =
Qgen,net — Qevap, We can also calculate T using the two equations in Part IV to see how it matches
the initial Ty guess. If the Ts guess matches the calculated T values, move on to Step 6. If not,
adjust the T's guess to match the Ts values and return to Step 3. This process is the same as done
with the T4 guesses. Thus it is not truly an analytical solution because you need to guess to get
to a balance. This guessing is needed since h, and h, use Tr4 and you can’t extract Tra from
those equations.

Step 6. At this point, the Tr4 guess used to calculate h. and h, in the Tr4 equation and the
Ts guess used to calculate Qeyqp both match the calculated Try and Ts values at steady state.
Now we know the Qgennet; @fur, and Qeny for an animal in steady state.

Step 7. Check to make sure that everything is working correctly: 1) Do the two Ts calculations
give the same skin temperature? 2) Does Qgen net — Qevap = Qfur = Qenv?

Step 8. Calculate Qresp by guessing for total Qgen, that will result in Qgen — Qresp = the
calculated Qgen, net- This guessing is needed since Qyesp is dependent on total Qgen, not simply the
Qgennet- Start at Qgen,net, and then increase as needed.

Step 9 Calculate Qgen by adding Qresp from Step 8 to the calculated QQgen,net from Step 6.
This is the metabolic heat generation that allows the animal to maintain its body temperature



1o while remaining in heat balance with its surroundings. Furthermore, the Ts and Tr4 values are
120 simultaneous functions of animal physiology and environmental conditions.

121 VII. Notes
12 The complete Qrqq is
123 Qrad = Qrad,sky + Qrad,grd o Qrad,bush i Qrad,’veg- Inserting the mechanism equations
124 Qrad == hﬂr,sky : AFA : (Tr - Tsky) + hr,grd . AFA b (Tr - Tgrd) + hr,bsh . AFA . (Tr - Tbush) -+ hr,veg :
w5 Apa - (Tr — Tyeg)
where grd is ground, bsh is bush or other nearby object on the ground whose geometry is
defined and weg is vegetation overhead. Combining the relevant area, A, and the radiant heat
transfer coefficient, k., for each of the four terms we can write

Qrad == er : (Tr - Tsky) + Qr? . (Tr - Tg'r‘d) + QT3 : (T'r = Tbush) + Qr4 . (Tr - Tveg) (25)

126 Substituting (D3 + Tr4) for T;: RHE g
127 Qrad = Qr1- (D3 4+ Tra) — Tsky) + Qr2 - (D3 + Tra) = Tyra) + Qr3 - (D3 +Tra) — Toush) +
128 Qr4 : ((D3 + TFA) - T‘ueg)
120 Putting this full @44 into the T4 equation:
Cf(Tc—D3)

130 Trs = Qr1 Toky +Qr2- Tgrat+Qrs - Tousn+Qra-Tveg+hc AraTa Dy +Qaot—D3(Qr1+Qr2+Qr3+Qra)
= C :
(Qr1+Qr2+Qra+Qra)+he- Ara+pt (@r1+Qr2+Qra+Qra)+he  Apa+ 5L

131 VIII. Ellipsoids
When modeling an ellipsoid body shape the following mechanism equations are changed to
account for the difference in geometry:

Tc - Ts

Qgen,net = (26)
sz, (V55E) (bs,bc)
: 2k Vo 3k Ve bobs
3-kp-Vg-br-b
Qf’u.'r = L 3G fs : (TS - TFA) (27)
(,/333;) . (bz, — bs)
132 Derivation of these equations:
1. From the sphere body derivations (Bird et al, 2002):
Qge’n net * R%‘
Tr = T, — X9l 2G
T S 7 (28)
" The equivalent in an ellipsoid with a:b=c dimensions (Porter and Kearney, 2009):
Qgen net * Sé‘
Te =T¢c — =—"—F+
G T kg Vg (29
e where % = p il mal.
134 Thus, when converting from sphere geometry to ellipsoid geometry, Rz in a sphere

s geometry = 1/35% in an ellipsoid geometry.
g G
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2. In the sphere geometry for a heat generating sphere with an insulating layer
(Bird et al, 2002):

Qgen net ° R2G Qgen net ° R%; RS - RG
Ts =T¢c — : — : .

57T T kg Vg 3k Vo RgRs (30)

So in an ellipsoid geometry:

2 3
Ty = Ty . 2 (V . G) Dgenynet (V 3‘5%) bs —ba (31)
57 2k Vo 3k Vg bs - bg
3. From the fur derivations:
In the sphere geometry where there is a hollow sphere conducting heat, (Bird
et al, 2002):
Qgen net * RBG RL - RS
Ts = : - T

S= 3 kp- Ve \ R Rs) A (32)

So in an ellipsoid geometry:

3
gy et (V35)_ (bs-0s + T (33)
& = 3-kF'VG bL‘bS A

Given the above changes for the object’s geometry when modeling an ellipsoid com-
pared to a cylinder, the constants used in the heat balance solution are thus changed. The mathe-
matical basis remains the same, as described in the full cylinder solution. All that changes are shape
factors used in the mechanism equations mentioned above to account for the different geometries:

3-kp-Vg-br-b
G = F- Vg 0L 05 (34)

(V35 - (. —bs)

3
2
D=1+ Cf.S% +Cf-(\/3SG> . bs — bg (35)
P S N TG T bs = b
, .
DQ _ Qevap . Sé + Qevap . (\/3SG) . bS _ bG (36)
2 ke - Ve Bk Vo b bg
3
s & (T—Dy—Tra)- (VBSE) | (v, —b, =
sl 3 ks Vg '(bL-bT) (87)

The heat balance solution, eq. 26 and eq. 30, and the solution procedure remains exactly the same.

IX. Re-analysis of Porter and Kearney (2009).

To test this updated solution against the previous version of NicheMapper, we reran the analysis
described in Porter & Kearney (2009), comparing NicheMapper metabolic predictions to metabolic
measurements taken by Scholander et al. (1950). In the reanalysis shown below, all animals were
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modeled as ellipsoids with semi-major (a) :semi-minor (b) axes ratios of 4.5:1 or 1.5:1 and body
density set to 1000 kg/m3, as done in Porter & Kearney (2009). Animal weights and fur depths
were the same as in Porter & Kearney (2009), and core temperatures were set to 37C and a wind
speed of 0.001 m/s, as done in Porter & Kearney (2009). Fur thermal conductivities for individual
species were taken from Scholander (1950), rather than using a single fur thermal conductivity value
of 0.209 W/mC, as was done in the previous analysis. Flesh thermal conductivity was fixed at 1.0
W/mC for all animals, and radiant exchange was assumed to take place 85% of the way out to the
fur surface from the skin.

These results show how the Niche Mapper performs as a general model. While there are some
under- and overestimates of lower critical temperatures, the animals were modeled as generic el-
lipsoids assuming a uniform fur thickness across the entire animal to illustrate how the basic heat
balance approach taken by Niche Mapper works reasonably well across a wide range of animals.
Adjustments to model inputs such as animal shape (i.e., the a:b axis ratio) and flesh thermal conduc-
tivity produce closer results to those measured in Scholander (1950). Furthermore, the Scholander
results presented in the figures below are a best line fit to scattered data. With a single species
being tested, metabolic rates at a given temperature varied by up to two fold. For example, at
15°C, metabolic measurements reported for the raccoon varied from 150% of BMR to 300% BMR
(Scholander 1950).

These results also show the improvement of the modified heat balance solutions procedure now
used by Niche Mapper. For 10 of the 12 model animals, the updated solution procedure performed as
well or better than the previous version of Niche Mapper (Porter & Kearney 2009). This illustrates
how models are constantly in a "beta" version and we are continually improving how they operate.

Figure 1 shows metabolic rates for six Arctic animals as measured by Scholander (solid triangles)
or extrapolated from Scholander data (hollow triangles) compared to metabolic predictions by the
2009 version of Niche Mapper (solid circles) and the current version of Niche Mapper (solid line).

Figure 2 shows Metabolic rates for six tropical mammal as measured by Scholander (solid tri-
angles) or extrapolated from Scholander data (hollow triangles) compared to metabolic predictions
by the 2009 version of NicheMapper (solid circles) and the current version of NicheMapper (solid

line).
Table 1. Animal properties used in the analysis.
Animal Mass, kg a:b ratio Fur depth, mm Fur conductivity, %
White fox 4.65 1.5 49.8 0.044
Northern collared lemming 0.06 1.5 19.30 0.050
Eskimo dog pups 12.00 1.5 40.70 0.054
Polar bear cubs 8.90 4.5 44.30 0.063
Ground squirrel 1.10 1.5 14.40 0.035
Least weasel . 0.05 1.5 7.40 0.027
White-nosed coati 4.15 4.5 13.25 - 0.059
Jungle rat 0.27 1.5 2.60 0.014
Marmoset 0.23 1.5 12.76 0.041
Night monkey 0.82 4.5 17.30 0.042
Crab-eating raccoon 1.16 4.5 7.30 0.034
Two-toed sloth 3.80 4.5 35.00 0.077
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Figure 1: Arctic animals modeled: White fox (a); Eskimo dog pup (b); Lemming (c); Polar bear
cubs (d); Ground squirrel (e); and Weasel (f).
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