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Derivation of equation (4)
Since Yo = Xg + Xs and Y] = Xy + X, we have

EYe:Y1 = T =1]
— E[Xo+ Xo:Xo+ Xy =il =]
= ZE[X(]“’XQ:X(]:j;-Xlzi_j‘T:T]

J
= Y EXeXo=i: X1 =i— 4T =71+ E[Xe: Xo=j: X1 =i—j|T =17]
j J
= Y iP(Xo=j Xy =i—j|T=7)
J
+Y EXo|T =7]P(Xo = j. Xy =i —j|T =7)
J
= Y iP(Xo=j|T =7)P(X1 =i—j|T =)
J

+E[Xo|T = 7] P(Xo=j. X1 =i—j|T =7)
b
> iP(Xo=j|T =7)P(Xy =i—j|T =7) + E[Xo|T = 7]P(Xo+ X1 =i|T = 7)

J

Derivation of equations (5) and (6)

It X is a discrete random variable taking values in the non-negative integers {0, 1,2, ...}, then we define the
probability generating function (pgf) of X as:

oo

fx(s) = E[s*] =) P(X = )"

=0

Restating equation (4) in the terms of the probability generating functions, and using independence of

(Xo|T"), (X1]T), (X2]T"), we obtain

Y ENLYD = T =1

S EX|T = 7IP(Xo+ Xy = [T = 7)s'
+Y N iPXo=jT =7)P(Xy =i — j|T =7)s' 5" s
i ]

= E[Xo|T = 7)fxpsx00=r(5) +5 Y Fxoprer(s9)P(X1 =i — j|T = 7)s'7

= E[Xo|T = 7)fxg i xim=r(5) + sfxyror(s) D P(X1=i=j|T =7)s'7
= EXo|T = 7] fxotxyr=r () + 5 xyr=r(s) D> P(X1=i=j[T =7)s'7
1—j=——00

(since —oo < j < oc)

= FE[Xo|T = 7] [fxyr=-(5)Ix,7=r(5) + Sf.;(O\T:T(S)fXﬂT:T(S)
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Thus, equation (5) holds; derivation of equation (6) is similar.

Derivation of equations (7) and (8)

Consider the Poisson Process N with intensity v, where N(1') = # {events of mutations occurring in time
interval of length T'},

fN(T)(S) = e*!5=1) and T is the coalescence time hefore present. Let X, Xq, Xs denote the incremental
changes of allele length of chromosomes 0, 1 and 2. (Xg|T), (X1|T), (X2|T) are conditionally independent and
fo,(5) = (). k= 0,1,2

Therefore, it 7 < tg, it holds Xo|(T = 7) = Xoa|(T' = 7) + Xop2[(T' = 7), where Xoa|T' = 7 is the
increment of allele size in the interval [t,tp] and X0:2|T = 7 is the increment in the interval [to,7). Since
Xo1|(T' = 7) is independent of X(] 2|(T = 7), it holds that pgf fxor—r(s) = fxo,1=-(5) * fxoaiT=r(5), Where
FXoaT=r(5) = FN(t—te) (W0(s)) = e0ET10I0E=D “and fx o imor(5) = FNitg—r) (W1 (5)) = el =1),

It follows that fy,r—-(s) = enrp(1/0(tfto)(-L-"fo(s)71)+r/2(t07’r)('u",'1(s)fl)), and fx, r=-(s) =[x (¥1(s)) =
exp(in7(th1(s) — 1)). Therefore, hoth equations (7) and (8) hold for 7 < t5. Derivations for tg < 7 <tor T > ¢
are similar.

Derivation of computational expressions for equations (10) and (11)

Expected size of allele drawn from population 2, jointly with size of allele drawn from population 1 being
equal to 7 is equal to E[Y2, Y] = i] = f[')mE[yg,Yl =T = 7|fr(7)dr, wherefr(7) is given in equation (1).
However, T denotes the common ancestor time of chromosomes 1 and 2 sampled at time 0 from populations 1
and 2. Therefore, from Equ. (1), we have

() 0 T < 1p
T) = .
T 21170 ef(Tfto)/(Q."\'U} T > t[)

If 7 <tp, fr(r)=0and E[Yy; Y1 =i =0.
Iftg < 7 <t from Equ. (3) we obtain >, E[Y5,Y; = [T = 7lst = BE[Xo|T = "']on\T (s )lelT (s) +
Sf)’(o\T:'r(S)fXﬂT:'r(S)

where,

EXo|T = 7|fxor=r(3)Ix,1=r(5)
= FE[Xo|T = 7]exp(ro(t — ta)(to(s) — 1) + t1to(d(s) — 1))

d
= FE[Xo|l' = 7]exp(ro(t — to)(bos + ?0 — 1) + 1qto(

= E[XQlT = T]€’;l‘p((1/0(i — to)bg + 1/12‘01)]_)5’ +
+(F (f — to)d[) + J/lf(]dl)/q — J/D(t — f(]) — r/lfg)
_ E[X2|T _ T]f((yo(t to)bg+u1tgb1)s+(uo(t i‘o)do+u1tod1 )/S) 7D0(t t[)) 1tp
(to <7 <)
By differentiating fXQ‘T:T(S) and setting s = 1, we obtain
E[X2|T = T] = (r/[)(T—t[))(b[)—do)—H/Qfg(bg—dg))(’l‘p(;r/[)('r—t[))(bg—i—(lg—1)+1/2t0(52+d2—1))(fo < T < t). We

denote b = vp(t—to)bo+r1tobr and d = vo(t—to)do+r1tady, to obtain el (vo(t—to)botrtoby)s+(vo(t—to)dotritod)/s) —
elbstd/s) According to Equ. (9),

D = S VB0 = iy it sl = 1.

=4

where we denote 3; = I;(2vbd )t/2 , and I; = I_; is the modified Bessel function of the first tvpe
(Abramowitz and Stegun 1972), of 111‘(( ger order ¢
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Thus

E(Xo|T =7) fxgr=r(s)fx; 7= (5)
= e TN T B(X|T = 1) ;5"
iez

Furthermore, Sf;(mT:r(s)lelT:'f(S) in equation (5) can be expressed as

Sf;{D\T:'r(S)fXﬂT:T(Q)
=s1p(t — 'r)u)o( ) x exp(ro(t — to)(vha(s) — 1) + vito(th1(s) — 1))
=s1(t — 7)(bg — d(}/s ) % (o (t—ta)botvitobr)s+(vo(t—to)do+tritodi )/ s) ,—valt—to) —vito

=1yt — 7)(bps — do/s)efyo(t*t“)*”lto (Z Bis")

€z
—¢volt—to)—wito (Z vo(t — T)bg,ﬁis”l — Z vo(t — T)(lo;’:?isi_l)
i€Z =4
:eivﬂ(tito)ivltn(l/g(f — T)bo Z Bi—15* — volt — T)dg Z ,:"J)L‘_H_Si)
(i-1)ez (i+1)€Z
=evolt—to)=rito ) (p 7)bo Z Bii1st — ot —7)do Z Bir1st)
€Z 1=VA

Therefore, when tg <7 <t
ZEY A =il =7]s" = EXo|T = 7] fx,1er(5) fx, /7= (5) + 5 Fxy 7r () X, s ()

Ciyu(titu)iylto Z[E[X2|T = T]_Bi + J/D(f. — T)bg_ﬁifl — I/D(t — T)(EOIB,‘,Jrl]Si
i€Z
= eiyo(tito)iylto Z{i/{)(t —7)bofi1 — i'/o(t — T)d0;9i+1
i€Z
+[vo(T — to)(bo — do) + vato(by — dg)]evoT—to) botdo—1)ratolbatda—1) 3.y i

which yields

E[Y2,Y1 = T = 1] = e tt0)v1tof 04 — 7VbofBi 1 — vo(t — 7)doSis1
+[vo(T — to)(bo — da) + vato(by — da)]e*0(T—to)botdo—1)uato(batda—1) g o

and provides the desired computable form of Equ. (10)
If 7 > ¢, analogous computations yield

B Vi — i — [ B[V, Vi — T — ] fr(r)dr
= E[’ =41 =7]P[1 > 7]

= T tolth), Bi(vo(t —to)(bo — do) +
+atg(be — dQ))EUO (t—to)(bo+do—1)+vato(by+da—1)

Similarly as derivation of Equ. (10), Equ. (11) can be fully derived from Equ. (2), (6) and (9) for its
computable form, where

if 7 < fo

E[Y 1= ilT = T] = e_yu(t_tu)_ylt‘:'{[ug(i — to)bg +11 (f-o — T)bd,ﬁ i1 +r17(b — dl)eylr(b1+d1_1}35 — [J/g(t —
to)do + 1/1(10 —7)d1]Biy1}

iftg <7 <o,

E[Y h1=iT=r1]=e¢ —wo(t—to)— vito Lo (t — T)boBi—1 — vo(t — T)daBiv1 + [o(T — to)(bo — do) + v1to(by —
dl)] vo(T— to)(bo+do 1)+vito(b1+d1— 1)3}

and if T > t,
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E[Y], Y1 =i|T = 7] = e #t-to)=vito[yq(¢ — t0)(bg — do) + vita(by — dy)]erolt—to)botdo—T)utolbitdi—1) 3,

Derivation of computational expression for equation (12)

The probability generating function of (Y1|T') = (Xo|T) + (X1|T') is equal to fxor=r(5) fx;|7=7(5) because
(Xo|T') is conditionally independent of (X4|T').

Therefore,
Z PYi=ilT =7)s" = fxyr=r(5)fx,)7=7(5)
i
= exp(ro(t —to)(o(s) — 1) +ta(di(s) — 1))
= e volt—to)—ito Z ;5"
=y4
which yields P(Y]; = i) = fo = i|T = 7)fp(r)dr = evoll=to)=log,  the derived computational

expression for Equ. (12]
Derivation of equations (13) and (14)

By definition,
E[Ys, Y1 > ]

P(Y1 = x)
2 iP(Ya =411 2 1)

Z;‘ZxP( /1 = l)

- 21 P(Ya =3,Y1 =)
a Yoine P(Y1=1)
L Dize (22 iP(Ya =Y =)
B e P(Y1=1)
Yina EY2 Y1 =1

ZiZwP( 1=1)

Equation (13) has been derived. Similarly, Equ. (14) can be derived.

E WVi>e =

Derivation of the range for the estimate of ¢

We denote random variable L as the incremental all(‘l(‘ 1(*ngth of a t;ampl(‘d individual, and show the

in generation units.

Let Lo, L1 be two random variables that denote the allele length increments in time interval ¢ to ¢p (ancestral
population 0) and #p to present (cognate population 1), respectively.

Let X; be the incremental change in the the ith generation of the ancestral population (from ¢ to tg). We

may obtain P(X; =1) = 19by, P(X; = —1) = 19(1 — bp), P(X; =0) =1 —1qy and

EXi] = 2wroby — 10
VX3 vo — 13 (2bp — 1)2

Based on the fact that the incremental change of allele length in any generation is independent of that in any
other generation, we have

E[Lo] = (t—to) E[X] (t — fo)l/0(2bo — 1)
V[Lo] = (t—to)V [Xl] =(t— to)r/o[l — 1o(2by — 1)2]
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Similarly we derive E[L1] and V[L1] as

E[Lﬂ = g (le — 1)
f01/1[1 — 1/1(251 — 1)2]

<

=

=
I

Therefore, we obtain
E[L] = E[L{)] + E[Lﬂ = (t — tg)r/g(?bg - 1) + torq (21)1 — 1)

VI[Lo] + VI[L4]
= (f — to)l/[)[l — 110(21)0 — 1)2] + torq [1 — 1/1(251 — 1)2}

=
=
I

Assuming that L is approximately Gaussian and given x as the threshold of allele size discovery, we calculate
P(L > x) from the cdf of the Gaussian distribution. This helps to determine a realistic range of estimates of ¢
to control the probability of locus discovery.

Derivation of F[Y|;Y] =] in the extended model

Irom the Equ. (16) derived earlier on, we obtain
1 ) L t_ 41—t —tm 1.
_ (QNm)CIp[_ Zk:erl( RQPIV k) — TQ_N'm | t<7 <ty
frir)= ] L itpe_1—tg
expl— > 1 (F5— S )—Z TNy lo] T >l

7 <igandt, <7 <tp,_q1 (m=1,2,..L), we obtain

E[Yl,‘, Y = i‘T = T] = Eiyo(tito)iylto{[l/g(t —to)bo + v1(tg — ’r)bﬂ_ﬁi_l
+ 1/11'(1)1 - (ll)ﬁi — [r/()(t - tg)do + 11 (t{) — T)d1]‘."31'+1}

, . fk1—tjl ’r—tm
ElY; 11—1]—2[ ==l 2\‘m Jewpl Z( oV, 07

k=m+1 m

where (3; is the same as that defined and used in the derivation of Eqgs. (10) and (11) in the main text.
If tg < 7 < t, we obtain

E[Y{: i = T'=7]= e vo(t—to)—vito {vo(t — 7)boffiz1
+ [J/Q(T - t(})(bg — C[[)) + r/lt(}(b1 — Cl‘.1)],=‘3i — J/Q(I‘- — T)d0:4'3i+1}
T —1p

. . t IR 1 L tp—1 — g
BIY; 1_4_[0@1. =0 =l vl 3G —

It 7 > t, we obtain
E[Y,: Yy =i|T = 7] = e70WUt0)=vilo [yo (¢ — 40) (b — do) + vito(by — di)]5i

which is not a function of 7.

Therefore

E[Y,:Y; = i]:[ E[Y,: Yy =i|T = 7] fr(r)dr = E[Y,; Y1 = i|T = 7]P(T > t)
Jt

L fe=1TMey_T—to oy, :
¢ Zimt I mamy om0, ) by — do) + it (by — )]s

With the analvtical derivation shown here we are able to compute the allele length difference D) with Human
population size arbitrarily varied from generation to generation.
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