
Supplementary Information: Simultaneous estimates of 5mC and 5hmC

1 DERIVATIONS FOR EM ALGORITHM FOR MLE
We present here a full model that combines read counts from oxBS-seq, TAB-seq and BS-seq experiments to estimate 5mC and 5hmC levelst
at single CpG resolution. Estimation using only two out of the three experiments is a special case of the full model, and can be achieved
by setting corresponding read counts to 0 for the unavailable experiment. Let pm be the probability/level of methylation, and ph that of
hydroxymethylation, at a particular CpG site. Let the total number of reads (C+T) covering the CpG site in TAB-seq experiment be h + g,
t + u in BS-seq, and m + l in oxBS-seq, where h, t,m are the number of C reads, and g, u, l are the number of T reads in corresponding
experiments. Conditional on pm and ph, m, h and u are binomial random variables, m ⇠ Binomial(m+ l, pm), h ⇠ Binomial(h+g, ph),
and u ⇠ Binomial(t+ u, 1� pm � ph). Hence,

f(m|pm) =

 
m+ l
m

!
pmm(1� pm)

l, (1)

f(h|ph) =
 
h+ g
h

!
phh(1� ph)

g, (2)

f(u|pm, ph) =

 
u+ t
u

!
(1� pm � ph)

u
(pm + ph)

t. (3)

1.1 Complete data likelihood

To infer the MLE of pm and ph from observations of {h, g, u, t,m, l}, two latent variables are introduced. Let t0 be the number of C reads
from 5mCs in BS-seq, and g0 be the number T reads from 5mCs in TAB-seq. Thereby, t0 2 {0, 1, . . . , t}, and t � t0 would be the number
of C reads from hmCs. Similarly, g0 2 {0, 1, . . . , g}, and g � g0 would be the number of T reads from unmethylated Cs in TAB-seq. The
complete likelihood function is thus

L(pm, ph|t0 = k, g0 = j,m, l, t, u, h, g) =

 
m+ l
m

!
pmm(1� pm)

l ⇥
 

t+ u
k, t� k, u

!
pkmpt�k

h (1� pm � ph)
u

⇥
 

h+ g
h, j, g � j

!
pjmphh(1� pm � ph)

g�j .

1.2 Conditional distribution of latent variables

The conditional distribution of t0 and g0 given the parameter (methylation levels) and observations (read counts) is a binomial distribution
with p.m.f.

Pr(t0 = k|t, pm, ph) =

 
t
k

!
pkmpt�k

h (pm + ph)
�t,

and

Pr(g0 = j|g, pm, ph) =

 
g
j

!
pjm(1� pm � ph)

g�j
(1� ph)

�g.

1.3 E-step

Let p(i)m , p(i)h be the estimates of methylation and hydroxymethylation levels at the ith iteration. The auxiliary function is thus

Q(pm, ph; p
(i)
m , p(i)h )

=

tX

k=0

gX

j=0

logL(pm, ph|t0 = k, g0 = j,m, l, t, u, h, g) · p(t0 = k|t, p(i)m , p(i)h )p(g0 = j|g, p(i)m , p(i)h )

=

tX

k=0

gX

j=0

�
t
k

��
g
j

�
p(i)km p(i)t�k

h (1� p(i)m � p(i)h )

g�jp(i)jm

(p(i)m + p(i)h )

t
(1� p(i)h )

g
⇥ [log(

 
m+ l
m

! 
t+ u

k, t� k, u

! 
h+ g

h, g � j, j

!
)

+ (m+ k + j) log(pm) + l log(1� pm) + (t� k + h) log(ph) + (u+ g � j) log(1� pm � ph)]

=

tX

k=0

gX

j=0

�ijk[(m+ k + j) log(pm) + l log(1� pm) + (t� k + h) log(ph) + (u+ g � j) log(1� pm � ph)] + C

(4)
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where

�ijk =

�
t
k

��
g
j

�
p(i)j+k
m p(i)t�k

h (1� p(i)m � p(i)h )

g�j

(p(i)m + p(i)h )

t
(1� p(i)h )

g
,

and

C =

tX

k=0

gX

j=0

log

⇣�
m+l
m

��
t+u

k,t�k,u

��
h+g

h,g�j,j

�⌘

is a constant.

1.4 M-step

@Q
@pm

=

tX

k=0

gX

j=0

�ijk[
m+ k + j

pm
� l

1� pm
� u+ g � j

1� pm � ph
] = 0 (5)

@Q
@ph

=

tX

k=0

gX

j=0

�ijk[
t� k + h

ph
� u+ g � j

1� pm � ph
] = 0 (6)

Equation 6 ) ph = M(1� pm), where

M =

Pt
k=0

Pg
j=0 �ijk(t� k + h)

Pt
k=0

Pg
j=0 �ijk(t+ u+ h+ g � k � j)

.

Express ph in terms of pm in equation 5, we have

tX

k=0

gX

j=0

�ijk[
m+ k + j

pm
� l

1� pm
� u+ g � j

(1�M)(1� pm)

] = 0

) p(i+1)
m =

Pt
k=0

Pg
j=0 �ijk(m+ k + j)
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k=0

Pg
j=0 �ijk(m+ l + k + j + u+g�j

1�M )

=

m+

Pt
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Pg
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,

p(i+1)
h = M(1� p(i+1)

m ).

(7)

2



Supplementary Information: Simultaneous estimates of 5mC and 5hmC

TA
B
5
⇥

+
B

S
5
⇥

TA
B
1
0
⇥

+
B

S
1
0
⇥

TA
B
1
5
⇥

+
B

S
1
5
⇥

%
O

ve
rs

ho
ot

si
te

s
p m

=
0
.1

0
.3

0
.5

0
.7

p m
=

0
.1

0
.3

0
.5

0
.7

p m
=

0
.1

0
.3

0
.5

0
.7

p h
=

0
.1

17
.0

4%
5.

46
%

1.
27

%
0.

12
%

16
.6

1%
2.

65
%

0.
22

%
0.

00
%

14
.5

7%
1.

25
%

0.
03

%
0.

00
%

p h
=

0
.3

25
.1

6%
9.

36
%

1.
94

%
23

.8
4%

5.
28

%
0.

37
%

22
.0

0%
2.

93
%

0.
08

%
p h

=
0
.5

26
.1

8%
8.

26
%

25
.0

2%
4.

39
%

23
.0

1%
2.

31
%

p h
=

0
.7

22
.5

2%
21

.6
0%

19
.6

3%
R

ed
uc

ed
re

la
tiv

e
er

ro
ro

fp̂
h

p m
=

0
.1

0
.3

0
.5

0
.7

p m
=

0
.1

0
.3

0
.5

0
.7

p m
=

0
.1

0
.3

0
.5

0
.7

p h
=

0
.1

57
.9

3%
64

.3
1%

73
.4

8%
90

.1
3%

23
.5

8%
30

.5
8%

36
.6

9%
54

.5
5%

18
.4

7%
21

.6
2%

22
.7

2%
N

A
p h

=
0
.3

35
.0

0%
39

.0
5%

44
.9

7%
17

.6
3%

21
.3

9%
24

.2
0%

14
.7

2%
15

.9
0%

16
.8

1%
p h

=
0
.5

25
.5

5%
30

.3
7%

14
.4

4%
17

.8
1%

11
.8

5%
13

.2
8%

p h
=

0
.7

16
.2

4%
10

.2
2%

8.
84

%
T

a
b

l
e

1
.

Pe
rc

en
ta

ge
of

ov
er

sh
oo

ts
ite

s
ob

se
rv

ed
in

si
m

ul
at

io
n

da
ta

,a
nd

th
e

re
du

ce
d

re
la

tiv
e

er
ro

r
of

M
LM

L
p̂
h

es
tim

at
es

(d
efi

ne
d

as
th

e
re

du
ce

d
ab

so
lu

te
er

ro
r

by
M

LM
L

co
m

pa
re

d
w

ith
fr

eq
ue

nc
y

es
tim

at
es

di
vi

de
d

by
th

e
tru

e
le

ve
l,

av
er

ag
ed

ov
er

ov
er

sh
oo

ts
ite

s)
at

di
ff

er
en

tm
et

hy
la

tio
n

le
ve

ls
,a

nd
co

ve
ra

ge
s

fo
rc

om
bi

na
tio

n
of

TA
B

-s
eq

an
d

B
S-

se
q.

TA
B

+
B

S
+

ox
B

S
5
⇥

1
0
⇥

%
O

ve
rs

ho
ot

si
te

s
p m

=
0
.1

0
.3

0
.5

0
.7

p m
=

0
.1

0
.3

0
.5

0
.7

p h
=

0
.1

68
.5

5%
76

.0
6%

76
.8

3%
73

.8
8%

78
.1

4%
83

.1
8%

84
.3

0%
86

.1
1%

p h
=

0
.3

75
.9

5%
78

.5
8%

77
.8

5%
82

.7
7%

84
.7

6%
86

.8
8%

p h
=

0
.5

76
.7

6%
77

.7
1%

84
.5

2%
86

.8
0%

p h
=

0
.7

73
.4

4%
86

.1
7%

T
a

b
l
e

2
.

Pr
op

or
tio

n
of

ov
er

sh
oo

ts
ite

s
w

he
n

co
m

bi
ni

ng
ox

B
S-

se
q,

TA
B

-s
eq

an
d

B
S-

se
q

us
in

g
10

0,
00

0
bi

no
m

ia
ls

im
ul

at
io

ns
w

ith
th

e
in

di
ca

te
d
p
m

an
d
p
h

at
5⇥

an
d
1
0
⇥

ex
ac

tc
ov

er
ag

e.

TA
B

+
B

S
+

ox
B

S
p̂ m

p̂ h
p̂ u

R
ed

uc
ed

re
la

tiv
e

er
ro

r(
5
⇥

)
p m

=
0
.1

0
.3

0
.5

0
.7

p m
=

0
.1

0
.3

0
.5

0
.7

p m
=

0
.1

0
.3

0
.5

0
.7

p h
=

0
.1

47
.4

3%
16

.9
4%

13
.8

8%
10

.9
6%

47
.3

1%
18

.5
8%

14
.0

8%
30

.0
1%

5.
79

%
8.

44
%

9.
54

%
8.

38
%

p h
=

0
.3

18
.7

8%
11

.2
9%

12
.4

9%
17

.3
7%

11
.2

9%
12

.4
9%

8.
39

%
6.

38
%

-1
.0

6%
p h

=
0
.5

13
.7

8%
12

.9
8%

13
.8

4%
12

.6
2%

9.
45

%
-0

.7
5%

p h
=

0
.7

29
.6

5%
10

.8
8

%
8.

35
%

R
ed

uc
ed

re
la

tiv
e

er
ro

r(
1
0
⇥

)
p m

=
0
.1

0
.3

0
.5

0
.7

p m
=

0
.1

0
.3

0
.5

0
.7

p m
=

0
.1

0
.3

0
.5

0
.7

p h
=

0
.1

2.
76

%
8.

02
%

6.
68

%
4.

65
%

3.
41

%
-5

.1
7%

-5
.2

1%
-3

.1
6%

4.
01

%
5.

70
%

7.
47

%
6.

60
%

p h
=

0
.3

-5
.5

4%
5.

53
%

5.
77

%
7.

84
%

5.
65

%
5.

98
%

5.
77

%
5.

67
%

3.
21

%
p h

=
0
.5

-5
.7

4%
5.

80
%

6.
66

%
5.

76
%

7.
39

%
3.

08
%

p h
=

0
.7

-3
.1

5%
4.

62
%

6.
68

%
T

a
b

l
e

3
.

M
LM

L
im

pr
ov

es
ac

cu
ra

cy
at

ov
er

sh
oo

ts
ite

s:
re

du
ce

d
re

la
tiv

e
er

ro
rb

y
M

LM
L

co
m

pa
re

d
w

ith
fr

eq
ue

nc
y

m
et

ho
d

at
ov

er
sh

oo
ts

ite
s

w
he

n
3

ex
pe

rim
en

ts
ar

e
co

m
bi

ne
d.

Ea
ch

va
lu

e
is

ba
se

d
on

10
0,

00
0

si
m

ul
at

io
ns

,s
am

pl
in

g
re

ad
s

fo
ro

xB
S-

se
q,

TA
B

-s
eq

an
d

B
S-

se
q

us
in

g
bi

no
m

ia
ls

w
ith

th
e

in
di

ca
te

d
p
m

an
d
p
h

at
5⇥

an
d
1
0
⇥

ex
ac

tc
ov

er
ag

e.

3



Qu et al

Pe
rc

en
tO

ve
rs

ho
ot

si
te

s
Pe

rc
en

tp̂
h

er
ro

rr
ed

uc
tio

n
Pe

rc
en

tp̂
u

er
ro

rr
ed

uc
tio

n
B

S
5
⇥

+
Ta

b
2
5
⇥

p m
=

0
.1

0
.3

0
.5

0
.7

p m
=

0
.1

0
.3

0
.5

0
.7

p m
=

0
.1

0
.3

0
.5

0
.7

p h
=

0
.1

31
.7

2%
8.

09
%

1.
19

%
0.

06
%

7.
55

%
7.

64
%

7.
69

%
5.

82
%

10
.3

9%
14

.3
4%

20
.1

3%
31

.5
2%

p h
=

0
.3

32
.0

1%
9.

40
%

1.
05

%
3.

37
%

3.
84

%
4.

32
%

20
.1

0%
27

.9
0%

45
.3

2%
p h

=
0
.5

30
.8

8%
7.

10
%

2.
17

%
2.

52
%

32
.5

3%
54

.4
0%

p h
=

0
.7

25
.9

1%
1.

55
%

60
.7

7%
B

S
1
5
⇥

+
Ta

b
1
5
⇥

p m
=

0
.1

0
.3

0
.5

0
.7

p m
=

0
.1

0
.3

0
.5

0
.7

p m
=

0
.1

0
.3

0
.5

0
.7

p h
=

0
.1

14
.5

7%
1.

25
%

0.
03

%
0.

00
%

43
.3

5%
38

.7
1%

41
.7

0%
N

A
4.

97
%

7.
46

%
9.

68
%

N
A

p h
=

0
.3

22
.0

0%
2.

93
%

0.
08

%
16

.1
6%

17
.1

4%
15

.0
8%

7.
66

%
12

.5
3

%
22

.6
2%

p h
=

0
.5

23
.0

1%
2.

31
%

9.
89

%
10

.1
5%

11
.5

7%
23

.8
1%

p h
=

0
.7

19
.6

3%
6.

74
%

20
.7

4%
B

S
2
5
⇥

+
Ta

b
5
⇥

p m
=

0
.1

0
.3

0
.5

0
.7

p m
=

0
.1

0
.3

0
.5

0
.7

p m
=

0
.1

0
.3

0
.5

0
.7

p h
=

0
.1

21
.9

0%
4.

20
%

0.
51

%
0.

02
%

10
5.

80
%

95
.0

9%
82

.3
9%

70
.8

3%
1.

15
%

2.
20

%
3.

37
%

7.
08

%
p h

=
0
.3

29
.3

4%
8.

66
%

1.
50

%
45

.5
0%

37
.6

0%
28

.0
9%

1.
56

%
2.

92
%

5.
62

%
p h

=
0
.5

31
.4

9%
9.

29
%

27
.0

9%
19

.9
4%

2.
23

%
5.

00
%

p h
=

0
.7

30
.8

3%
16

.5
2%

3.
82

%
T

a
b

l
e

4
.

R
ed

uc
ed

re
la

tiv
e

er
ro

rb
y

M
LM

L
es

tim
at

es
TA

B
-s

eq
an

d
B

S-
se

q
us

in
g

bi
no

m
ia

ls
w

ith
th

e
in

di
ca

te
d
p
m

an
d
p
h

at
to

ta
l3

0⇥
ex

ac
tc

ov
er

ag
e.

B
S
5
⇥

+
Ta

b
2
5
⇥

B
S
1
5
⇥

+
Ta

b
1
5
⇥

B
S
2
5
⇥

+
Ta

b
5
⇥

B
S
1
0
⇥

+
Ta

b
1
0
⇥

+
ox

B
S
1
0
⇥

M
LM

L
p̂ h

M
A

E
p m

=
0
.1

0
.3

0
.5

0
.7

p m
=

0
.1

0
.3

0
.5

0
.7

p m
=

0
.1

0
.3

0
.5

0
.7

p m
=

0
.1

0
.3

0
.5

0
.7

p h
=

0
.1

0.
04

0.
05

0.
06

0.
09

0.
06

0.
11

0.
18

N
A

0.
08

0.
23

0.
40

0.
59

0.
07

0.
08

0.
08

0.
07

p h
=

0
.3

0.
07

0.
08

0.
10

0.
08

0.
15

0.
26

0.
10

0.
25

0.
44

0.
09

0.
10

0.
10

p h
=

0
.5

0.
07

0.
09

0.
08

0.
17

0.
10

0.
26

0.
10

0.
10

p h
=

0
.7

0.
07

0.
08

0.
09

0.
08

T
a

b
l
e

5
.

M
ea

n
ab

so
lu

te
er

ro
r(

M
A

E)
of

M
LM

L
p
h

es
tim

at
es

at
ov

er
sh

oo
ts

ite
s

fo
rv

ar
yi

ng
co

m
bi

na
tio

ns
of

ex
pe

rim
en

ts
at

th
e

sa
m

e
to

ta
lc

ov
er

ag
e.

4


