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Appendix B: Partial Variance Calculations in the &-space

Based on eq. (6), V™) =V, (E,(y|8,)) . To calculate vV, we first calculate

E,(y|6)=E(9(C(4),...G(6,)16)
=[G 01806, 18)9(G(). . G(6,))d6,..d6,,d6, ,-+-d6,.

where f(4,...,6.,0

i+l

é,...6.,6.,,..6,) given 6 . Since 6,..,0, are independently and uniformly

distributed between 0 and 2 , we have
1 n—1 2z 2z
E,(y10)= () [ 7] 9(6(8),. 6(6,))d6,..d6, dé,, ---d6,
7T

Using the multiple Fourier transformation in eq. (12), we get

~+00

1 n-1 27 2r (6 + -+,
Ea(y|‘9i) = (z) 1.[0 "'J-O Cr1 ..... i€ it ngn)del,_,deiildem---den '
In view that
J'Mei(“‘gi)dei _0,
0
we get
E,(y16)= D C,... & (B1)
Based on Parseval’s theorem
Ey (E,(¥16)) =D 1Cql (B2)
In view that
i(r6) 1 (o i(re)
E(Co...08)=7—| Co.. o€ d6
' 2790 '
_{O,ri #0
CO~~~0~~~o’n =0,
we have
E, (Es(y16))=Cqq.0- (B3)

1

., 6,16) is the conditional probability density function of
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Based on eg. (B2) and eq. (B3), we have

VO =V, (B, (y 1) = 1CP, . o F. (B4)

Irl=1

For the partial variance contributed by uncertainties in parameters X and x;,

VU =V, (E,(y16,,6,)) , we first calculate
E,(y16,.6,)=E(9(G(8),...G(6,)]6.6,)
= [ 1(0,46,16.6)18,6)9(G(4)....G(4,)(d6,-d6, \dGda)).

where (.\.) represents all the elements in the first term excluding the elements in the
second term and f((4,,...6,\6,0,)|6,0,)is the conditional probability density

function of (@,..,6,\6,6,)given (g,6,). Since @,...,6, are independently and

uniformly distributed, we have
1 n_2 2z 2z
E,(y16,0) =) [+ [, 9(G(0)....G@,))d6;+d0,\d0d0;).
T

Using the multiple Fourier transformation in eq. (6), we get

00

_ 1 n-2 (%7 27§ (9) (RO ++16,)
E,(y16,6) =", [ X Cne (d6,---d6,\d6,de,)

+0
i(R6+1,0;
= > C g€,

Similar to the Parseval’s theorem, we can show that
Eei,aj (Eo(yl gi’ej))z

:(i)ZJ‘OZHJ»OZﬁ( +Z°° Couri”rjnoei(l’igi+rjﬁj))( i Cowi“rjHoe—i(rﬂ.ﬂj@j))deidej

h,rj=—0 r,rj=—©

1 27 27 &
= (E)Z{Io IO Ir_,rZ:()Ol CO"ri"rj"O |2d6’id6j

~+00 27

2z i(rG+r:0.)~ —i(L6+1:0,)
2 [T Con I, e G dO,
Ii,Ij,ri,rj:foo,li;aﬁriorljf-rj

where CTM 0 indicates the conjugate of CO,,ri 0 Using the fact that



2z 27r |(r€|+r6) —|(|9,+|9)
J.J. 0rr0 J]Couo JJd9d0|¢r0r|¢r

COr ;-0 0| 1, oI e'ti I)gdej- el(r led@
=0,

we have

Eei,gj(Ea(ylgiigj))z_ Z |C(€)O»-ri--rj-»0|2'

h I‘l =—0

Based on eg. (B3) and eq. (B5), we have

VO =y (E,(y16,.6))

~+0 400 400
(9) 2 (9) 2 (@) 2

[ LIy =1 Ir|=1 Irjl=L
Using eg. (8), eq. (B4) and eq. (B6), it is clear that

=V oy v,

NG 2

Il l=1

i%

Using similar equations as eq. (B5) and eg. (B6), it can also be shown that

~+00 (9)
§ 2
VXinXk = | C OOrI .4rJ Ty Ool

[rLIr L6 =L

+00
14
Vo= 2 1CP% il

(Rl lr =1
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