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Appendix D: Relationships between Fourier Coefficients over the Auxiliary Variable
s and Fourier Coefficients in the &-space
Note that this derivation is based on Cukier et al. (1978). However, the original
proof in Cukier et al. (1978) only examined the relationship between Fourier
coefficients over the auxiliary variable s and Fourier coefficients in the &-space for
frequencies which are harmonics of assigned fundamental frequency of model

parameters (i.e., k= ri(s)a)i ). In this derivation, we generalize the relationship for all

frequencies (i.e., k= z ', ), so that we are able to calculate higher-order

sensitivity indices in the sampling scheme based on auxiliary variable s.
. . . _ (s) _ =T
Based on eq.(25), the Fourier coefficient at frequency k = Zri =0
i
[where T = (rl(s),..., rj(s),...rn(s)) and @=(w,,...,@,)] over the auxiliary variable s can

be calculated as follows,

iR Ya)s

CY, 1, =E(9G(@(@s)...Clo(@s)e © )

Following Cukier et al. (1978), replace the multiple Fourier transformation of

9(G(4),....G(d,)) ineq.(12)into above equation, we have
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If |:(r1(y)a)1 et rn(e)a)n) - (z ri(s)a),):| =0 , We have
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If [(r(ﬁ)m ot rn(e)wn)_(z ri(s)ﬂ’u):| * 0, we have

o il Do+ +1, 0w~ 1P )]s
Es C rl(e)“rn(me '

© i[5 Va1, Dy) - 5Pl
=C MONAG E,le '
=0.

Finally, Fourier coefficient at frequency k =F-@' over the auxiliary variable s can

be approximated by the Fourier coefficients in the &-space as follows,

c® . =C¥ +>c, (D1)

(ro')
where T'is a vector different from [ (i.e.,F #7')with 7-@ =r"@®'.Ifafrequency
set {@,,...,@,} is strictly free of interferences as defined in eq. (21), then

r-o #r-@ ,for 1<|r|<Mand0<r,'[< M.
Thus, for 7'= (rl',...,rj \..I')in eq. (D1), there is at least one r'>M, for j=1,...,n.
Since the higher order harmonics is negligible (i.e.,C(a)r. ~ 0 for any of r'> M), we

can approximate C(S)(M_)T using C_.Namely,

)

(s) ~C©@
cY, i, ~C?, (D2)

for a frequency set {@,,...,m,} strictly free of interferences to an order of M.
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