Adaptive sampling of information in perceptual
decision-making - Materials S1

1 Ideal Observer Derivation

In this section, the derivation of a likelihood-ratio hypothesis test for determining
which of two normally distributed populations has the greatest mean is presented.
The basis for this test stems from the work of Flehinger et al.[1, 2] who proposed a
likelihood ratio hypothesis test for comparing treatments in medical trials in which the
data from the two treatments is represented by two normally distributed populations
with common variance 2. Subsequent contributions made to this body of work|[3,
4, 5] provided generalisations to the likelihood ratio test, as well as bounds on the
performance achieved in a variety of scenarios. One such generalisation, particularly
relevant to the comparative two-alternative decision making problem outlined in the
main text, was made by Hayre and Gittins[4] who generalised the hypothesis test,
allowing the alternatives, X and Y, which are under comparison to have unequal
variances denoted o2 and 05 respectively. With no assumption of common variance
made in the formulation of the comparative decision problem, the likelihood ratio test
derived herein is based upon the subsequent work of Hayre and Gittins[4].

As stated in the main text the decision maker is presented with two sources of stimuli,
the neural response to which (the firing rate) is represented by two normally distributed
populations X and Y from which two sequences of observations, X, = {1, ... 2} and
¥n = {¥1,.-.,yn} (the firing rates), are drawn. Where, each x; and y; is independent
and normally distributed such that 2; ~ (., 03) and y; ~ N(y, 7). Stated simply,
the goal of the decision maker is to determine which of the two populations has the
larger mean value (pmigh). With two alternatives there are two possible states of
nature (assuming f, # py), either py > py or py > p, which can be described by two
hypotheses H, and H,, shown below:

Hy: pa=0-90 py,=0+9
Where, 6 is the average of the means of the two normally distributed variables, an

unknown quantity, and 26 is the difference in the means of the two variables, which is
assumed to be known.



With the decision problem formulated as a choice between two simple hypotheses, H,,
and H,, on the basis of a fixed total number of observations, the Likelihood Ratio Test
OLLR(Xm, Yn), can be formulated as follows[8]:

H, if A(Xm,yn) > ¢€" }

6LLR(Xm>yn) = { H’g if A(Xm yn) < eN (11)

Where, e is the decision boundary and A(Xm,yn), shown below, is the ratio of the
likelihood of the observations x,, and yy, under the two hypotheses, H, and H, and
e’ is the selected decision threshold.
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Since the likelihood ratio stated above depends on the unknown parameter 6 it is
necessary to calculate a marginalised likelihood ratio which is independent of this
parameter. To achieve this without making any additional assumptions it is necessary
to introduce two new sets of variables uy, = {us,...un} and vy, = {vy,...v,}, which
are related to the x; and y; variables as shown below:

Uy =T; — Ty, 1=2,...,Mm vi=y;—T1, j=1...,n

Although the variables x1, u; and v; are all functions of a linear combination of nor-
mally distributed random variables they are all dependent on the value x; and as such
are no longer independent of one another. Thus, collectively the probability distrubu-
tion over the variables is given by the multivariate normal distribution[7]:

Ple1, sV | H) = exp (1 (x— )T (x um) (1.2)
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Where, x is a vector containing the variables z1, ua ... un and vy ... vy, pm, is a vector
containing the means of the variables in x under hypothesis H; and ¥ is the covariance
matrix of the variables, as shown in Equations 1.3 and 1.4 respectively.

T, Mz |H; >
U2, Hou|H; 5
T = |Um, HH, = | Hu|H;> (1~3)
U1, Mol H; >
L Un | _/'I/’L)‘Hi J

Where pip g, ftujm;, and pi, g, are the mean values of the variables z, u and v under
hypothesis H; and the elements of the covariance matrix 3 are listed below and shown



in matrix form in Equation 1.4 below.

Cov (x1,71) = 02
Cov (u;,u;) = 2072
Cov (vi,v;) = 02 + 05
Cov (x1,u;) = Cov (uj, 1) = —02
Cov (x1,v;) = Cov (vs, 1) = —0>
Cov (u;, uj)

)

)

2 2 2
omz —05c -0
—o; 20%
_ : 2
Y= : 20% (1.4)
2 2
0+ oy
2 2 2
—0o,, o+ oy

To calculate the inverse of the covariance matrix (Equation 1.5) it is necessary to
perform a decomposition operation first, which yields two triangular matrices, a lower
triangular matrix L and an upper triangular matrix U, the product of which yields the
original covariance matrix ¥ = LU[9].

10 o o 0 o2 —o2 .. .. .. .. —g2
-1 . O 0 o O

O : O 05
1 o 0 oy

Where, the large off-diagonal zeros indicate that all remaining elements in the matrices
L and U for which a value has not been specified all have value 0.

With the covariance matrix decomposed, the inverse of the matrix can be calculted in
two stages. In the first step the inverse of L is calculated. Following this, the inverse
of ¥ is given by finding the matrix £ ~! which satisfies UL ™! = L~[9].




Starting with the lower triangular matrix L, it can be seen that the matrix is an
atomic-triangular matrix, a special form of triangular matrix in which all off-diagonal
elements are zero with the exception of a single column which contains non-zero values.
The inverse of such a matrix is found by simply replacing the non-zero off-diagonal
elements with their additive inverse. Substituting the result into UX ™! = L~! yields
the following result:

02 —o? ce e . =02 Lo 0
0 o2 O 1 O
o2 »l=
0 ° 0
0 o 1 1

With the exception of the first row of the matrix U, all the remaining rows contain
only a single non-zero element. As such, calculation of the inverse of matrix ¥ =1 can
be performed with relative ease through a process of backwards substitution yielding:

moytnoy 1 11 1
o2 o2 o2 o2 ol
1
o2 o2
-1 _ 1 1
YT = s ) (1.5)
1 1
P) 5
Ty Ty
1 1
o5 o3

Substituting these terms into the exponent of the multivariate normal distribution
(Equation 1.2) the following result is obtained:

2
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Next, setting p,, = 0, as this is true regardless of hypothesis, and rearranging to collect



terms of z; the following is obtained:

(0= S (2 p) = =

y
ui (na% + moz) x% (nag + mai)
o202 o202
o 25 ui 20001 v —npy) 2 (no2 +mo?)
o2 o2 o202
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Following this, using the definite integral ffooc e*“w%e’%wlecd:ﬂl = \/geb?“, the pa-
rameter x1 can be integrated out of the likelihood function, yielding a marginal likeli-
hood of e/#i | the exponent of which is shown below:

(er%) oy + 2301 v (05 wi +mpy) ooy — 31 v (nos +m0202)

Jr. = 20202 (no2 +mo2)
—02 <2n S5 w02 + mnpo — (35" ul) + 35" u? (no? + mo ))

+

20202 (no2 + mcry)

Where, jt, = pty — 1y is equal to 20 when hypothesis I is the true state of nature, and
—26 when hypothesis H,, is the true state of nature. Thus, with p, = £2§ depending on
the hypothesis, the majority of terms in fy, cancel when calculating the log-likelihood
ratio In A(Xm, yn) = fu, — fu,-

InA(Xm,yn) = fu, — f&,
o Aond 05wy — 46m Y] vy

2 2
noy; + moy

Returning to the original variables x; and y;, the log-likelihood ratio can be rewritten
in the form used in the main text:

40n Y 5" [xi — 1] — 4om Y1 [y; — 2]

1 A m>Yn) =
B Am, yn) no +mo?
_Aon Y y — 40m Y] gy — 40n(m — 1)xy + 40mna,
B no2 + mag
= —_— 1.6
n02 + m02 Z na2 + m02 Zyj (16)

Finally, the decision function 6(Xm,yn) from Equation 1.1 can be rewritten in terms
of the log-likelihood function, LLR (X, ¥n), as shown below:
[ H, if LLR(Xm,Yn)>"7

Qe S0 wi + S0 u? N ST VE = 24 207 v+l — 2 (DT v — )
0—2



Where the decision boundary 7 controls for the level of bias inherent in the decision
rule. With the log-likelihood ratio, a decision boundary of n = 0.0 corresponds to an
unbiased decision rule, in which the decision maker accepts the hypothesis under which
the observations were most likely to have occurred. With no prior knowledge of the
likelihood of the two hypotheses H, and H,, a decision boundary of n = 0 shall be
used for the ideal observer.

2 Ideal Observer - Error Rates and Optimal Sam-
pling Allocation

In the previous section a decision function was presented for selecting which of two
normally distributed populations has the greatest mean. This decision function, a
log-likelihood ratio test, provides the optimal solution to the decision problem for any
given decision boundary and set of observations|8].

In this section the effect the sampling strategy, ¢, has on the expected error rate of
the ideal observer is considered. To begin, in section 2.1, the expected error rate of
the ideal observer decision maker is derived as a function of the decision parameters
and the sampling strategy ¢. Next, in section 2.2, this expected error rate is used to
determine the sampling strategy which minimises the error rate.

2.1 Expected Error Rate

As outlined in Section 1, the ideal observer utilises the Log-Likelihood Ratio Test (Log-
LRT) 0r.ur(Xm,Yn) to determine which of the two available hypotheses H, or H, to
accept.
[ H, ifLLR(Xm,yn)>0
OLLR (Xm, Yn) = { H, if LLR(Xm,¥n) <0

Where, LLR(Xm, yn) is the Log-Likelihood Ratio (LLR), the value of which can be
calculated from the observations xX,, and y, as follows:

LLR(Xm, yn) = log A(Xm, ¥n)

B (qoz+<41§—q>02> (-0 w-aXw) @

Thus, at a given interrogation time 7', the probability of making an error is given
by the integral over the distribution of LLR between —oo and 0 if H, is the correct
hypothesis and between 0 and oo if H,, is the correct hypothesis. This is shown below
in Equation 2.2, where ERpy, and ERpy, are used as short hand to denote the error



rates under each of the hypotheses for a given parameterisation of the problem:
ERpirim, = P(LLR <0 | H;) ERpprjg, = P(LLR > 0] H,) (2.2)

With LLR(Xm, yn) given by a linear combination of the observations from the normally
distributed random variables X and Y, the LLR is itself a normally distributed random
variable. Where the mean of LLR, denoted E(LLR), can be calculated using the
following expression:

E(LLR) = (M) (s — i) (23

Where, (1e — 1) is equal to 26 when hypothesis H, is the true state of nature, and —24§
when hypothesis H,, is the true state of nature; thus, E(LLR | H;) = —E(LLR | H,).

Similarly, the variance of LLR, denoted Var(LLR), can be calculated using the following
expression:

_ (B0 0T Ny
Var(LLR) = (qa§+(1—q)ag> Var (Z7 — §r)
_ (4T \* (o} oy
- (qa§+(1q)a§> <qT+ (1q)T> (2.4)

166%¢(1 — ¢)T
_ 62 q(1—q) _ (2.5)
qu + (1 - Q)Uz

With the expressions for the mean and variance of the Log-LLR at the decision time
T, the decision functions error rates (Equation 2.3) can be stated in terms standard
normal Cumulative Distrubution Function (CDF), as shown below:

= —EQLR|H.) —1_ [ ZECLRIH,) (2.6)
- \/Var(LLR) - Var(LLR)
i ZEQLLR[H;)
Where, the argument of the normal CDF function, JNer(LLR) is shown below.
—E(LLR | H;) q(1—q)T
- — o2 5 (i = pj24) (2.7)
Var(LLR) (1 —¢q)o2 + qo?

2.2 Optimal Allocation of Samples

Now, with the expected error rate of the ideal observer derived, the relationship be-
tween this error rate and the chosen sampling strategy ¢ can be considered.



To achieve this, it is first noted that @ (.) is a monotonically increasing function of
its argument and, as such, the minima and maxima of the function coincides with the
minimum and maximum extremum of the argument, respectively. Considering the two
error rates, ERpy, and ERpy, individually, it can be seen that ER, is minimised when

is minimised and ER, is minimised when is maximised.

Var(LLR) 4/ Var(LLR)
. —E(LLR|H,) _ E(LLR|H,) .. —E(LLR|H,,) g
However, since JNerTLR)  /var(LLh)’ the minimum of 7\/@ and the max
. E(LLR|H,)
imum of

————% coincide. Thus, any sampling strategy that minimises the error
\/Var(LLR) ’

rate under one hypothesis also minimises the error rate under the other hypothesis.

—E(LLR|H,)

Var(LLR)
sampling strategy ¢* can be found as follows: If stationary points in the interval [0, 1]
are found and one or more of them is a minimum extremum then by comparing the
error rate at each point the optimal strategy ¢* can be found. However, if no minimum
extremum exists in the range [0, 1], then the optimal strategy shall lie at either ¢* = 0
or ¢* = 1, with further analysis required.

Taking the derivative of , the result of which is shown below, the optimal

d -E(LLR) _ (1-9)qT? ((1-g)*0F — ¢°0}) 28)
dg \/Var(LLR) (9(1 — q)2To2 + ¢2(1 — q)TJ§)3/2 '

d _—E(LLR)
dq . /Var(LLR)
at certain points (¢ = 0 and ¢ = 1) in the interval [0, 1] the derivative is undefined and
a vertical tangent exists.

Now, before solving for stationary points where =0 it is first noted that

With that noted the derivative can be simplified by the multiplying out the denomi-
nator of the two terms on the Right-Hand Side (RHS) of Equation 2.8:

0=—(1-q)gT? ((1 - q)*02 — ¢°0}) (2.9)

From the equation above it appears the DV has critical points at the following g values:

Ox Ox

q=0,g=1,¢q= oty and ¢ = Eaart To determine which, if any, of the points

correspond to valid sampling strategies and a minimum extremum of the DV requires
further analysis. Starting with the points ¢ = 0 and ¢ = 1 mentioned earlier, it can
be seen by substituting these values back into Equation 2.8 that these points are not
in fact stationary points but correspond to vertical tangents where the derivative is
undefined with 2 —2(LLR)

—— =0
dq , /Var(LLR)

Next, from inspection of the point ¢ = —Z=— it can be seen that the point lies outside
z 0y
s

of the interval of valid sampling strategies [0,1], leaving only the point ¢ =
which does correspond to a valid sampling strategy for any o, and o,.

52— Is amaxima, minima or a point of inflection requires the
z y

i uat . : 2 _E(LLR) o
evaluation of the second derivative at ¢ = —Zz—, with 4 e 5 0 indicating
etoy’ dg® | /Var(LLR)

To check if the point ¢ =




ini a4 —B(@LLR) indicati i a4 —B(LLR) _ .
a minima, gz — s < 0 indicating a maxima and 7 o LIS 0 requiring
. . . . —E(LLR) . .
further analysis. Calculating the second derivative of NATTo)] the following result is

obtained:

@ —E(LLR)  (=1+q)qT? ((-=1+q)*os —2q (=2 +3q — 2¢> + ¢*) 020, + ¢"0y)

d¢® Nax(LLR) 2((~1+ )aT (-1 + 9)o? — 403))""

Oz

Substituting ¢ =

into this result and simplying yields the following result:

Oxt0oy
d*> —E(LLR) lg= or 276 (2.10)
dg? \/Var(LLR) 1= o to, [ Ton '
(0z+0y)?
Inspection of this result reveals that the second derivative of \;% at the point
q= = ‘:fg is always positive. Thus, the point ¢ = —2&— corresponds to a minimum
z T 0y

Oxtoy

extremum and the optimal sampling strategy under either hypothesis is ¢* =

Oz
oxtoy’

3 Ideal Observer Model - Switching Costs

In Section 2, when the solution to the decision problem as seen by the ideal observer
was derived, it was assumed that the full decision time 7" was spent observing one or
other of the two available sources of stimuli. A consequence of this assumption is that
the decision maker must have the ability to instantaneously switch sampling between
the two sources of stimuli.

In decisions involving visual stimuli, eye movements form an essential part of how
sensory and cognitive attention is controlled during information gathering. For the
participants tackling the visual discrimination task outlined in the main text, com-
pletion of these eye movements is clearly not instantaneous. Moreover, peri-saccadic
suppression is likely to prolong the period in which vision is attenuated beyond the
duration of the movement itself[10]. To understand the effect these non-instantaneous
switches in fixation have on the behaviour of the decision maker a switching cost, in
the form of a loss of sampling time, is introduced into the ideal observer model. This
section investigates the effect the switching cost has on the expected behaviour and
performance of the ideal observer decision maker.

If we begin by denoting the loss in sampling time by 7T, and the number of switches
by ns then we can reformulate the log likelihood equation, LLRy, as shown below.

46(q — ¢*)(T — n,Te)
qo2 + (1 —q)o2

LLRp = ( ) (Zr — gr) (3.1)
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Where, ¢ represents the portion of the utilised sampling time T'— nsT, spent drawning
observations from alternative X with the total number of discrete samples drawn by
the ideal observer from alternative X given by m = ¢(T — n,T.) and the total number
of samples drawn from alternative Y is given by n = (1 — ¢)(T — nsT¢).

As before (Equation 2.6), the expected error rate for the modified ideal observer can
be calculated from the standard normal’s CDF, as shown below.

= ¢ ( ELLRH.) —1_ ¢ ZBOLLRIH,) (3.2)
/Var(LLR) Var(LLR)

Where the argument of the ®(.) is given as follows:

Var(LLR) V(@ = (T = n,T)02 + ¢2(1 = q)(T — n,T.)o2)

Y

As noted previously in Section 2.2, the expected error rate is minimised under H, when
the argument of ®(.) has minimum value and is minimised under H,, when the argument
of ®(.) has maximum value. Inspection of Equation 3.3 shows that increasing the value
of ng leads to a increase in the expected error rate achieved under both hypothesis H,,
and H,. Next, we note an additional property of introducing switching costs, which is
that for values of ng = 0 the sampling proportion ¢ must be equal to either 0 or 1, as
a switch must occur in order for samples to be drawn from both of the alternatives.
=0 2=ELLRIF) _ g and
Var(LLR)
an expected error rate of 50% is achieved. Further inspection shows that whenever
T > T,, setting ng = 1 and having a 0 < ¢ < 1 leads to a reduction in error rate

compared to that achieved when ng = 0.

Thus, from Equations 3.2 and 3.3, we can see that at n,

Next, to determine the optimal sampling strategy to be used for a given problem
parameterisation, we note that the introduction of a switching penalty has merely
resulted in a reduction the amount of effective sampling time available. Since the
optimal sampling strategy, ¢ = a;:o—y’ derived in the previous section is independent
of sampling time and depends only on the values of o, and o, we can conclude that
the introduction of a switching penalty has no effect on how the available sampling

time should be apportioned between the variables.

From which we can conclude that, in the situation when values of o, and o, are
known and the switching cost satisfies the inequality T, < T, the expected error rate

is minimised by selecting ns =1 and ¢ = ~ “;g .
x y

Relating this optimal one-switch strategy back to the number of samples, m and n,
drawn from each of the two variables X and Y we find that m = ¢(T — T¢.), n =
1-¢)(T-T,)and T=m+n+T,.
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4 Ideal Observer - Unknown Variance

In the previous section it was noted that the ideal observer model made an implicit
assumption that the decision maker is capable of instantaneously switching fixation
between the two available sources of stimuli. As noted, this assumption is unrealistic
for the human participants solving visual discrimination tasks. Thus, a switching cost,
in the form of a loss of useable sampling time for each switch effected, was incorporated
into the ideal observer model.

In this section another assumption made about the decision makers is considered,
namely that of known stimuli noise. Recall that the optimal strategy g = U:;foy de-
pends on relative noise levels of the stimuli. From a theoretical standpoint, optimal
solutions do not exist for decisions requiring inferences about the means of two normal
populations when the variances of each population are not necessarily equal and the
variances themselves (or their ratio) are unknown|[6]. Therefore, in order to simplify
the problem we consider an ideal case in which there are two variances 0'120W and aﬁigh
(as in the visual discrimination task described in the main text) and the decision mak-
ing agent is an ideal observer, which after a brief sampling period, is able to classify
the information source as low or high noise. Furthermore, it is assumed that the two
variances are equally likely for each of the alternatives such that the 4 possible com-
binations with which the variances of the two sources can be drawn from {of, , op;p,}
are all equally likely.

Under such a formulation, the challenge of the agent then becomes how to apportion
the available sampling time between the two alternatives, given that the variance of
the second alternative will be unknown at the time the switch is made. In order to
further simplify the task we shall begin by assuming that the agent makes only a single
switch between the two alternatives; later, in Section 4.2, we will consider under what
conditions the agent’s performance would be best served by making multiple switches.

4.1 Single Switch

Given this formulisation of the unknown variance case and assuming, without loss of
generality that X is initially fixated upon such that o, is known o, unknown, the
expected error rate of the decision maker can be written as follows:

ER(qv T) =Py (Gfow)ER(Uia o) = O-IQOW’ ¢, T, 5)

y
+ Py(dﬁigh)ER(Ui, 02 = Uﬁigh, q,T,9) (4.1)
Where, Py (oi,,,) and Py (o) are the prior probabilities that o = o7, and o} =

2 .
Ohigh respectively.

With the expected error rate dependent on the value of o, there are two distinct error
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rates, which shall be denoted ER(q, T)s,=0,,,, a0d ER(q,T) |, —¢,,,- Considering the
N .

case 02 = of,  first, the value of ¢ which yields the smallest expected error rate can be
found by taking the derivative of Equation 4.1, shown below, and solving for stationary
points.

2(q—1)qT(52

5 e o (2g—1),/-HIE
7ER(Q; T)\Uzzaz =

94 o = 22 (g — 1)g
_ 2(q51)qT622
¢ TR FNTS? (g - 1200, — g0y,

+

2
f— — 52
2V2m ( (g=)aT ((q - 1)0-120w - qgﬁigh)

3 z
1)o7, — 40,

Unfortunately, it is not possible to determine analytically the values of ¢ which corre-
spond to the stationary points of the function. However, although we cannot determine
the exact value of ¢ which corresponds to the minimum extremum of the error function
we can be sure that it’s value lies between the optimal value for the cases 0, = Olow
and 0, = onigh, as shown below.

Olow < * Olow (42)

_— qg <
Olow + Ohigh Olow + Tlow

This inequality follows from the analysis of the ideal observers error rate in Section 2,
where it was shown that the error rate for the known variance case has a single turning
point within the acceptable range of sampling strategies (0 < ¢ < 1). With that point

(¢ == (:fg ) corresponding to a minimum of the error rate, deviations in sampling
z Y
strategy from ¢ = —22— within the range 0 < ¢ < 1 result in an increase in error rate
oxtoy

with larger deviations yielding a larger increases in error rate.

Thus, as ¢ approaches the lower bound of the inequality from below (¢ < =20,
ow 1igh

—E(QLLR|H;)

V/Var(LLR) ) and thus the error rate for

both 0 = of,,, and 0} = oy, Will be decreasing. Conversely, as ¢ moves past the

upper bound (¢ > Ulm‘:lﬁ) the argument and error rate for both 05 = 0120W and
2

o, = aﬁigh, will be increasing. As the value of ¢ is varied from the lower bound to
2 _

the upper bound the argument and error rate for increase for oy 0120W and decrease
2

for 03 = oj,,,- Thus, since the expected error rate for the unknown variance case is
a weighted average of the error rates for the two known variance cases, there exists a
point between these two bounds at which the expected overall error rate is minimised.

the argument of the normal CDF function (

Similarly to the above, when o2 = Onhigh the region containing the optimal strategy ¢*
is bounded as follows:
Ohigh < Ohigh

_Thigh e Chigh (4.3)
Ohigh + Ohigh Ohigh + Olow
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In Figure 4.1(b) the two regions containing the optimal sampling strategy for the
conditions of 02 = g4y, and 02 = Onigh are illustrated along with the optimal strategies
for the four known variances cases (Figure 4.1(a)) for comparison.

0 0,=0, T
0X=010w | y ] low |

0 4= T
0x=01w | ochhigh |

9 = T = 0 g,=0, =0 T
0x=0high | Oy ] Olow | OX—Olow ‘ y lhlgh ?Y low ‘

—
0 0,=0 T 0 T
—_ y = Vhigh 0,=0 . 0.=0 .
O0x=0Oign | [ | 0. =0 | y lh gh Y lo ‘
[

(a) Tz = Tlow, Ty = Tlow (b) Oz = OHighy Oy = Olow

Figure 4.1: Division of sampling time for varying combinations of high and low noise
stimuli for instantaneous switching decision problems. In Panel (a) the timelines show
the division of sampling time between the sources of stimuli for the four possible
combinations of high and low noise stimuli with the noise of both sources known a
priori. In each timeline we show the simplest single switch strategy, the timing of the
switch is indicated by the vertical line, with alternative X observed from time 0 to the
switching point and alternative Y observed thereafter until the trial ends at time T'.
In Panel (b) the timelines show the range of times in which the optimal first switching
point lies when the noise level of stimulus Y is unknown. Unlike the known variance
case, the exact location of the optimal first switching point depends on not only the
two possible noise levels but also depends on the total sampling time available and 24,
the difference in the response to the stimuli.

From inspection of Figure 4.1 and the bounds given in Equations 4.2 and 4.3 it can be
seen that the regions of the sampling space containing the optimal sampling strategy
under the two conditions 02 = 1oy and 02 = opign do not overlap. Thus, for ooy #
Ohigh, the optimal sampling strategy cannot be determined until X has been sampled
and the value of o, is known.

4.2 Multiple Switches

In the previous section the effect unknown variances has on the optimal sampling
strategy when the decision maker is restricted to making only a single switch between
the sources of stimuli was investigated. Under such conditions it was shown that, whilst
the optimal strategy itself cannot be found analytically, it does lie between the bounds
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outlined below:

01 a1, .
$§q*§$ lfO—I:UIOW
Olow + Ohigh Olow + Tlow

Ohi Ohij .
_ Ohigh e Ohish e Ohigh (4.4)
Ohigh + Ohigh Ohigh + Tlow

In this section we consider under what conditions the decision maker should choose to
make additional switches in fixation given that the chosen switching time lies between
the bounds identified above. In addition, the influence the switching cost has on the
switching frequency is considered.

Assuming that the initial switch has already been effected and the variance of both
alternatives are known to the decision maker, a second switch will be beneficial if the
expected error rate with the second switch is less than without. Denoting the useable
sampling time and sampling strategy by 77 and ¢; for the single switch case and by Tb
and ¢ for the two switch strategy this can be written as follows:

ER(O’%,O’;,(]Q,TQ,(S) < ER(U§7O’§aQ17Tlv5) (45)

In addition to the previous assumptions that have been stated it can also be assumed
that Tb < T with equality between the sampling times when there is no switching cost
(T. = 0). Furthermore, since switching back to alternative X can only increase the
number of samples drawn from X, it holds that ¢275 > ¢1 71 (number of samples from
X given by m = ¢T) thus, since Ty < T3, g2 must be strictly larger than ¢;.

Now, by considering the four possible combinations of variance individually, Equa-
tion 4.5, and the benefit of an additional switch, can be evaluated. Starting with
0y = Olow and 0y = ohigh We know, from Section 3, that the optimal sampling strategy

q = m”_ﬁ_ﬁ As noted in the previous section, deviations in sampling strategy from
ow high

q" = ;%5 within the range 0 < ¢ <1 result in an increase in error rate with a larger
z T 0y

deviations yielding a larger error rate increase. Thus, since it has been assumed that
the switching time ¢; lies within the bounds in Equation 4.4 and since q¢; < ¢2, even
if T, = 0, additional switches can only serve to increase the error rate. Likewise, with
0g = Ohigh and 0, = onigh the optimal sampling strategy again corresponds to the
lower bound with ¢* = 010541-703}@ and additional switches can only serve to increase
the error rate.

Conversely, when presented with the combinations of noise of o, = giow and o, = 010w
or 0y = Onigh and o, = Olow if the first switch strategy lies below the upper bound
outlined in Equation 4.4 then an additional switch (increase portion of time allocated
to alternative X) could serve to improve the performance of the decision maker. De-
termining exactly when a second switch is beneficial requires further analysis of the
inequality in Equation 4.5. Before considering two remaining variance combinations
individually it is first noted that, since the error rates, under both H, and H,, are

monotonically increasing functions of “EALRIA) oy equivalent inequality for deter-
\/Var(LLR) ’
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mining the efficiacy of an additional switch is given as follows:

_ 2(1 — 42)q2To (b — p1y) - 2(1 — g1 Th (pa — py)
VO = @rehol+ (1 - e)dhe; /0 -a)’aTiol+ (1 - a)dTio;

(4.6)

Assuming that it is beneficial to the decision maker to make a second switch then, from
Section 2, it is clear that the decision maker will minimise their error rate with total
sampling time T» by allocating samples such that g2 = Um‘j:%. Given this assumption
and the simplified inequality above, the conditions under which an additional switch
is beneficial can be considered for the two remaining combinations of variance.

Starting with the case when o, = 0low and oy = 0low and substituting in the optimal

2-switch sampling allocation of ¢ = UI”J‘F* the inequality simplifies as follows:
owtOhigh

CD(pa —py) 2(1 — qu)qu T (pe — fiy)
VTzo7 VA —q)2aTio} + (1 - q)giTio?

VTy - 2(1 —q)avTh
Olow \/(1 - Q1)241‘7120w + (1 - Q1)q%0120w
Ty > 4T1(1 — q1)(J1

Since 4(1 — ¢1)q1 lies in the interval [0,1] it can be seen that with no switching cost
(Ty = Ty) the inequality is satisfied and an additional switch is always benefical and as
the switching cost grows the inequality will eventually fail to be satisfied and a further
switch becomes detrimental to the error rate.

Finally, considering the case with 0, = onigh and o, = 0iow and substituting in the

optimal 2-switch sampling allocation of g, = Uh”}hijgl the inequality simplifies as
igh ow
follows:
_ Tzaaighgﬁ)w
2(ke — y) (Thigh+Tlow)? < 21— g Th (pa — )
ThighTlow \/(1 - q)*qTop,, + (1 - a)aiTiof,,
T (1—q)qTy 47
. 2 > 1— 2 2 ( . )
(Ohigh + Olow) (1 = q1) 0l + 1070y,

2 2 2 2
(qwhigh — q10hign t 2010highOlow — 2q10high010w) Ty
T >

2 2 2
Ohigh — T10F T Q1075

In summary, if the second sampled alternative is the more noisy one, i.e. oy = Onigh,
the accuracy is maximized by a single switch, but if o, = 00, an additional switch
may improve accuracy under certain conditions.
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5 DYV Decision Maker - Error Rates and Optimal
Sampling Allocation

In the main text it was shown how the log-likelihood ratio used in the ideal observer
model (derived in Section 1) could be simplified to yield a decision variable (DV).
Importantly, this simplified model was shown to have equivalent performance to the
ideal observer model when particular sampling strategies were utilised.

In this section the expected error rate for the DV decision maker and the relationship
between this error rate and the sampling strategy used is considered. To begin, in
section 5.1 the expected error rate for the DV decision maker is derived. Next, in
section 5.2 this error rate is related to that of the ideal observer. Finally, in section 5.3
the effect deviations from the optimal sampling strategy has on the performance of the
decision maker is considered.

5.1 Expected Error Rate

In this section an expression is derived giving the expected error rate of the DV decision
maker in terms of the decision problem parameters and the free parameter ¢ which
dictates the sampling strategy. As outlined in the main text, the DV decision maker
utilises the decision function 0py(Xm,yn) to determine which of the two available
hypotheses H, or Hy to accept:

_ [ H, if DV(Xm,yn) >0
OpV(Xm,¥n) = { H, ifDV(Xm,yn) <0

Throughout this section DV (Xm, yn) and DV shall be used interchangeably to refer to
the value of the decision variable having made the observations x,, and yy,; which can
be calculated as follows:

DV(meyn) = sz - wzyj

=¢Tz —w(l—-q)Ty (5.1)

Where, Z and 7 are the mean values of the observations made from sources X and
Y respectively and w = 13@’ with ¢ representing the assumed or planned sampling
strategy.

Thus, as with the optimal observer error rate, at a given interrogation time 7', the
probability of making an error is given by the integral over the distribution of DV
between —oo and 0 if H is the correct hypothesis and between 0 and oo if Hy, is the
correct hypothesis. This is shown below in Equation 5.2, where ERy, and ERpy, are
used as short hand to denote the error rates under each of the hypotheses for a given
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parameterisation of the problem:
ERpy|uy, = P(DV <0 | H,) ERpyu, = P(DV>0]|H,) (5.2)

Again, as with the optimal observer, the decision variable, like the LLR, is given by a
linear combination of the observations from the normally distributed random variables
X and Y. Thus the decision variable is itself a normally distributed random variable.
Denoting the expected value of DV by E[DV] and the variance by Var(DV), they can
each be calculated from the decision problem parameters as follows:

EDV] = ¢T 1y — w(l — q)Tpy
Var(DV) = ¢To? + w?(1 — q)Tag

With the expressions for the mean and variance of the DV at the decision time T
formulated, the DV error rates (Equation 5.2) can be stated in terms of the standard
normal CDF, as shown below:

ERy, = P(DV<0|H,) ERp,=P(DV>0]H,)

_ ¢  —E@V|H.) _1_ g =E@VIH) (5:3)
Var(DV) \/Var(DV)
. —E(DV|H,) - )
Where, the argument of the normal CDF function, Nk is shown below:
“EDV) _ qTp, —w(l —q)Tp,

(5.4)

y/ Var(DV) B \/qTag +w?(1 - q)To?

In the next section this result and the equivalent result for the ideal observer (Equa-
tion 2.7) shall be compared to establish how the error rate of the DV decision maker
relates to that of the optimal ideal observer decision maker and to determine how the
DV decision maker should allocate their samples to minimise the expected error rate.

5.2 Relationship to Ideal Observer

In the previous section an expression was derived giving the expected error rate of the
DV decision maker in terms of the decision problem parameters and the free parameter
q which dictates the sampling strategy. In this section the DV error rate expression
along with the stages used to derive the DV decision maker from the ideal observer
decision maker are used to relate the performance of the decision makers and determine
the optimal sampling allocation the DV decision maker should utilise.

In the main text it was shown that when the DV decision maker implements the
planned sampling strategy of ¢ (¢ = ¢) the ideal observer and DV decision maker
behave identically. With the error rates of the ideal observer (Equation 2.6) and
DV decision maker (Equation 5.3) both given by the standard normal CDF (®(.))
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E(LLR) .4 _—E(@DV)
\/v ar(LLR) \/Var(DV)
Inspection of these functions, which are shown below and examples of which are plotted
in Figure 5.1, reveals that as expected the error rates intersect when the DV decision
maker implements the planned sampling strategy of ¢

this relationship can be seen by comparing the values of

~EMDV) T~ 7501 -a)Tn,

VVa@dV) \/qTU2 %)2 (-aToy

q(1 — )T uy — q(1 — ¢)Tpy
\/q §)?To2 + ¢3(1 q)Taz

—E(LLR) (1 = @)Tps —q(1 — )T py)

VVar(LLR) Vil = 0?02 + (1 - )70

As discussed previously, the log-likelihood ratio used by the ideal observer is the optimal
decision strategy for two-alternative decisions made with a specified decision threshold
(1) on the basis of a fixed number of observations[8]. Given the optimality of the ideal
observer and the relationship between the error rates of the ideal observer and DV
decision maker identified above it can be seen that DV decision maker’s performance
is maximised when implementing the planned sampling strategy ¢. Furthermore, since
=5 “*— yields the optimal performance for the ideal observer, planning and imple-
menting a samphng strategy of ¢ = ¢ = ¢*, will also yield the optimal error rates for

the DV decision maker as well.

5.3 Deviation from Planned Strategy

In the previous section it was shown that the DV decision maker and ideal observer
are equivalent whenever the planned sampling strategy, ¢, coincides with the actual
sampling strategy ¢. Furthermore, since a sampling strategy of ¢* = was shown

ox +
to minimise the error rate for the ideal observer and since the ideal observer pr0v1des the

optimal solution to the decision problem [8 ] 8] this strategy also minimises the error rate
for the DV decision maker when ¢ = g = . +0 . In this section the performance of the
DV decision maker when deviating from the planned sampling strategy is considered.

As shown in Section 5.1 the DV decision maker’s error rate, like the ideal observer’s,
is a function of standard normals cumulative probability distribution (® (.)):

ERy, = P(DV<0|H,) ERy, =P(DV>0]|H,)

(DV|H,) _ 1 g [ —E@vIHY
\/Var(DV) \/ Var(DV)
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Figure 5.1: Plots comparing the argument of the DV (blue lines) and LLR (red lines)
error functions across the interval of valid sampling strategies [0, 1] under a number of
parameterisations of the decision problem. In each plot the optimal sampling strategy
q = a;:ay is marked on both the argument and derivative plots. Plots have been
generated with pigh = 3.0, ptrow = 1.0, origh = 2.0, 00w = 1.0 and T = 10. From left
to right the variances of the alternatives vary in each of the plots with Figures 1(a) and
1(d) having 0, = onigh and 0y = 010w, Figures 1(b) and 1(e) having 0, = 0y = OHign
and in Figures 1(c) and 1(f) 0, = 0row and oy = omigh. From top to bottom the
means of the alternatives vary with Figures 1(a), 1(b) and 1(c) having p, = pigh
and py = prow and Figures 1(d), 1(e) and 1(f) having p, = prow and fy, = UHigh.
Comparing the DV and LLR plots it can be seen that, as expected, the two values are

coincident at g = — [:fa . Furthermore, from inspection of the DV argument plot (blue
z y

line), it can be seen that as the plot is a straight line, the derivative has a constant
value across [0, 1].

As @ (.) is a monotonically increasing function, the error rate of the DV decision maker
increases with the argument of ® (.) under hypothesis H, and decreases as the argument
increases under hypothesis H,. From Figure 5.1 it can be seen that for the examples

. —E(DV|H,) . .
six plotted the value of “Narov) decreases as the the ¢ value is increased. Thus it

appears the effect of deviating from the optimal sampling strategy ¢* = %= is to
z y
to bias the decision maker towards selecting the source from which more samples were

drawn than stipulated by ¢*.

To determine if this relationship holds for all decision problems, and not just the specific
cases in Figure 5.1, further investigation is required. To this end we take the derivative
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of 4 —EOV)_ with respect to the sampling strategy ¢ which yields the following result:

dq  /Var(DV)
d —E(DV)  (¢Tpx—-(1- q)Twpy)(To2 — Tw?o?)
dq \/Var(DV) 2(qTo2 +w?(1 — q>TU§>%
(Tpx +Twpy)

— (5.5)
\(aT02 +w?(1 - q)T03)
.4 _—E(DV) . . .. .
Now setting 44" /Nar(DV) < 0 we can begin to prove the relationship identified above.
0> d —E(DV)
dg \/Var(DV)
(Tux + Twpy) _ (@Tux - (- q)Twpy)(To; — Twoy)
3
V(T2 +w?(1—q)T03) 2(aT0 +w?(1 = q)To})?

Multiplying out the denominators and simplifying yields:

(aTux — (1 — @) Twpy )(Toy — Tw?oy) = 2(Tux + Twpy ) (¢T oy +w* (1 — q)Toy)
(anx — (1 = qupy)(o; —woy) = 2(ux +wpy)(go; +w(1 - g)oy)
Rearranging, the sampling strategy ¢ can be written in terms of the remaining param-

eters:
wuyog + 2w2ur0§ + w3uy05
(ko +wpy)

Simplifying further there are three distinct cases that must be handled depending on
the value of w20§ — o2, First, when w20§ = 02 the RHS of the above reduces to 0
yielding:

>q (wzaj — Ui)

wuyag + 2w2,u10§ + w3uy0§
(e + w,uy)

2
Y

>0

Next, when IUQO'Z > 02 division by w?02 — o2 yields the following result:
Wy o2 + 2w2uxa,§ + w3uya,§

(o + wity) (w20 — o2)

>1>q

2

v o2 yields the following result:

Finally, when w20§ < 02 division by w?c
Wiy oF + 20 e o) + WPy o,

qg>-—-1>
(1 + wity) (02 — o)

With w, p., ,uy,ag and 05 all strictly positive, it can be seen that all three of these
inequalities are necessarily satisfied. Since all of these cases completely encompass the
interval ¢ € [0, 1], all valid sampling strategies yield a negative derivative, regardless of
hypothesis. Thus the effect of deviating from the optimal sampling strategy ¢* = 0:-&-101,

is to bias the decision maker towards selecting the source from which more samples
were drawn than stipulated by ¢*.
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