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Exactly Solvable Model
In this section we provide the details of the derivation of the exact
rate equations (Eqgs. 6 and 7 in the main text) for the many-particle
model described in the Theory section. In this model, an immobile
substrate with N sites is surrounded by M enzymes in volume V'
diffusing with the diffusion coefficient D. The enzymes are con-
sidered as point particles that do not interact with each other. The
substrate can be in states Sp,Si,...,Sy corresponding to the
number of modified sites. Instantaneous irreversible transitions
between the substrate states (site modification), S; — S;41, occur
with the intrinsic rate constant x; when an enzyme and the sub-
strate are separated by the contact radius R. The enzymes do not
change in this model, so that their concentration [E] is a constant.
We are looking for the concentration of the substrate with i
modified sites, [S;(?)]

When diffusion is fast and the system is well mixed, kinetics of
S; is described by conventional rate equations. For a substrate
with two sites,

Ko K1

So+E S1+E Sy +E,
the conventional rate equations are
d[S
I iEis
N
%=K0[E} [S()] — K1 [E} [S]] [Sl]
d[S
A imis)

These equations can be written in matrix form as

d[S(1)]
dt

= —Kcn[E][S(1)], [s2]

where [S] is the vector of concentrations with components [So(t)],
[S1(#)] and [S2(¢)] and K¢ is the rate matrix

K0 0 0
Keg=|-x x1 0]. [S3]
0 —K1 0

The eigenvalues of this rate matrix are «g, Ky, and 0.
For a substrate with N sites,

Ko K1 KN

So+E S1+E Sv+E.

[S] in Eq. S2 is a vector with components [S;(¢)], i=0,...,N and
Kcy is the rate matrix whose only nonzero elements are
[KCH]ii = - [KCHL'+1J =K, i=0, 1, e 7]V— 1, and [KCH}NN =0.
This matrix has eigenvalues «;, i =0, ..., N — 1 and a zero eigen-
value, which is related to conservation of the concentration,
Yoo lSi(0)] = [Stor]-

To take the rate of finite diffusion into account, we consider the
probability distribution P;(ry,...,ry,t) that the substrate has
i sites modified and the enzymes are located at ry,r,,...,ry at
time ¢. The substrate concentration is obtained by integrating the
distribution with respect to the positions of all of the enzymes
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(dry, = 4nr2 dr,) and taking the thermodynamic limit (i.e., M and
Vincrease in such a way that their ratio is a constant, M/V = [E]):

[Si(D]/[Si0] = llirgm/Pi dry ...dry. [S4]

M/V=[E]

P; satisfies the diffusion equation, which depends on all enzyme
coordinates:

o, X,
E_sz::l V2P, [S5]

The transitions between the substrate states are described by
boundary conditions obtained by equating the diffusive (left-hand
side) and reactive (right-hand side) fluxes at contact:

0
4zR’D ;Pi =P —k.1Pisi, rm=R, [S6]

where k_; is set to zero in the boundary condition for P,. Here
the term with x;_; in the right-hand side describes the increase in
P; due to transitions i — 1 — i and the term with «; corresponds to
the decrease due to transitions i — i + 1. Because we assume that
all enzymes are randomly distributed, the initial condition is
Pi(t=0)=V"M[S;(0)]/[Sw:], which is consistent with Eq. S4.

It is convenient to write the above equations in matrix form for
the vector P with components Py, Py, ..., Py:

o A,

a=D2 VP
m=1 [S7]
]

47zR*’D —P=KcyP, r1,=R.
Orm

Initially, P(t=0)=1V""[S(0)]/[Sw]. Note that the same matrix,
Ky, enters the conventional kinetics rate equation, Eq. S2, and
the boundary condition in Eq. S7.

To solve the above equations, we first transform the vector P
with the matrix that diagonalizes the rate matrix Kcy =
TAcyT!. Specifically, we let P = TP'. As the result we get a set
of uncoupled many-particle equations for P;:

’ M
DY VP
m=1 [S8]

47zR?D iP’ =AcyP’, r,=R.
Ory
The initial condition is P’(t =0) = 1V"Mp", where we introduce for
convenience p’=T"15(0) /S,

Eq. S8 is solved exactly the same way as in the Smoluchowski
approach. That is, because all enzymes are independent, it can be
shown by direct substitution into Eq. S8 that the solution for each
component P; can be presented as a product of pair distributions
that describe the reaction of the substrate with one enzyme:

M
Pi,(rlv"'arM>t)/p?=V_M Hgi(rM7t)7 [S9]

m=1
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where g;(r, t) satisfies the diffusion equation

0
prdel) =DV;g. [S10]
The boundary condition is the Collins—Kimball radiation boundary
condition with the eigenvalue of K¢y, 4; = k;, as the intrinsic rate:

e}

4zR?D e (r,0)|,—r = 4igi (R, 1). [S11]
Initially, g;(r, 0) = 1. For the zero eigenvalue, g;(r, ) = 1 for all times.
Now we substitute P = TP’ with P’ in Eq. S9 into Eq. S4 and
integrate it with respect to all r,,. Using the equivalence of all

enzymes, we find that the vector of the substrate concentrations
is given by

[S@)]=TF(©)T~'[S(0)], [S12]
where
F;(t)=lim (/gz (r,t) ) 5ij. [S13]
M)V - o
M)V =[E]

In the next step we get the rate equations by differentiating Eq.
S12. Differentiating F;(f) with respect to time and taking the
thermodynamic limit, we have

M-1

aFy() _ .M /%d /!fk

TN 7 W oy %
MV =[E] v v

[S14]

0g;
- [E] < / édr)ﬂm
14

Using the above equation in the time derivative of Eq. S12, we have

dis()]
=—-K()E
= —KOE)S ()] st
K@) =TANT™,
where A(¢) is a diagonal matrix with elements
ki(t)= — / WW%. [S16]

Another expression for k;(f) can be obtained by integrating Eq.
S10 with respect to r and using the boundary condition in Eq.
S11. In this way we find that

k[(f) = Kigi(R, t).

The diffusion-influenced rate coefficient &;(f) can be found ana-
Iytically by solving Egs. S10 and S11. As a result, we get the well-
known expression for the time-dependent rate coefficient (1):

ki(t) =Kigi(R,t) =Ki(€i + (1 - e,-)e"'erfc\/?,-), [S18]

wherei=0,...,N —1, ky(t) = 0. Here 7;
escape probability:

[S17]

=Dt/(&R)* and ¢ is the

_Ki+kD,

[S19]

where kp = 4zDR is the Smoluchowski’s diffusion-limited rate
constant.
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The matrix Eq. S15 is exact for the model (Eq. 6 in the main
text). Solving this equation, we get the vector of the substrate
concentrations:

1(6)] = Te B A 71150y [S20]

where exp(— [0 is the diagonal matrix with the ele-

ments exp( [E fo ) on the diagonal.
For a substrate with two sites, the substrate concentrations
(assuming that initially the substrate is unmodified) are

—[E] [ ko()dr'

NIGNPErER
[S1(0)]/[S0] = (e_[E]forkl(t')dl
—K1

The concentration of S, is related to that of Sy and S; by the
conservation condition:

[S2(6)] = [Stor] = [So(0)] = [S1(1)]-

When diffusion is fast, k;(f) — ;, and this solution reduces to the
conventional chemical kinetics result obtained by solving Eq. S1:

[So(0)]/[S1or] = e Fl0!

__ ko =[Elxit _ ,~[E]xot
[&(rﬂ/[sm}—m_m (e7tEbr g,

[S21]

e_[E]j;ko(f)dr)

[S22]

[S23]

At times longer than the diffusion time, ¢ > R?/D, the rate co-
efficients approach their steady-state values, k;(¢) — k;€;, and the
solution in Eq. S21 becomes

[So(0)]/[Stor] =€~
[S100)/ 8] =2

[Elxoeot

(e—[E]Klelt —e [824]
1

[Elxo ent) '

Note that Eq. S24 cannot be obtained from Eq. S23 by simply
replacing kyp — kp€g and x; — k1€;. However, Eq. S24 can be ob-
tained by solving the rate equations that correspond to the ki-
netic scheme with the additional connection between S, and S,
(Fig. 2B in the main text):

d[So]

g = ke [E][So]
%z ko€o€i [E][So] — ki€ [E][S1] [S25]
d[Ss]

— e [E[S1] + Koo (1 — €1)[E][So]-

Eqgs. S21 and S23 (with x; replaced by «;€;, i = 0, 1) and Eq. S24
were used in Fig. 2 (main text) to calculate the exact, scheme A,
and scheme B kinetics, respectively.

The above analysis can be extended to the reversible reaction
described by the scheme

o
S;i+E ?\ S,'_H +E.

i

[S26]

Conventional rate equations of chemical kinetics for this reaction
is given by Eq. S2 with K¢y containing forward and reverse rate
constants. For example, for n = 2 K¢y is

KooK 0
Ken=| -, &+K, -« [S27]
0 &«
20f8
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The vector of probability distributions P(¢) satisfies Eq. S7,
with the rate matrix K¢y corresponding to the reaction in Eq.
$26. The modified rate equations are still given by Eq. S15 (and
the kinetics by Eq. S20) in which T is the matrix of eigenvectors
of Koy and A(#) is a diagonal matrix with elements

ki(t) =12 (€ + (1 - €)everfey/z;)
kp Dt
T

[S28]

i =

where /; are the eigenvalues of Kcp.

Multisite Modification via Michaelis-Menten Mechanism

In this section we derive the rate equations for diffusion-influenced
multisite modification with the Michaelis—Menten mechanism.
For the modification of the substrate with two sites, our results
will correspond to the scheme in Fig. 3B (main text).

Let us start with the simplest binding reaction S+FE = SE,
where a substrate S and an enzyme E bind reversibly and form a
complex SE. The association occurs when the diffusing reactants
come in contact and is described by a partially reactive boundary
condition involving the intrinsic rate constant «“. The complex can
dissociate with the dissociation rate constant ¥/ to form a contact
pair of S and E. The ordinary chemical kinetics rate equations for
this reaction (i.e., in the limit of fast diffusion) are

d[s)

== —KE)IS] +x/[SE]

dE] d|SE]
=——=—-—— S29
dt dt 5291
The above equations assume that the enzymes and substrates are
well mixed and uncorrelated. The rate equations that do not use
that assumption involve the pair distribution function:

d[S] dE] d|SE]

= = K“p(R,t) + K [SE] = i a [S30]
where p(r, t) is the distribution function of pairs S and E separated
by r. When r — o0, the enzyme and substrate are uncorrelated, so
that p(r,t) — [E][S]. The boundary condition for p relates the dif-
fusion flux at r = R to the flux owing to association and dissocia-
tion. Because the flux at contact must be equal to the total rate of
the reaction, we have

ATRD 2 | =" p(R, 1) ~[SE], [s31]

where D = Dg + Dy is the relative diffusion coefficient. The first
term in the right-hand side describes the enzyme—substrate pairs
that disappear owing to association and the second term corre-
sponds to the pairs formed when the complexes dissociate.

Eq. S30 and the boundary condition, Eq. S31, are formally exact
for the microscopic model described above. To close the theory we
need the equation for p(r, f). The determination of the exact pair
distribution function is a complicated many-body problem. When
the enzyme and substrate are not in contact (r > R), this function
changes due to relative diffusion of the enzyme and substrate and
due to reaction with other molecules. There are various techni-
ques of approximating the pair distribution function. We use the
following arguments to find arguably the simplest approximation
valid at small concentrations. The pair distribution function
changes on various time scales. There are fast microscopic changes
on times comparable to the diffusion time, that is, the time during
which the molecule diffuses through the distance comparable to
the reaction radius. The distribution function also changes on
a slow macroscopic time scale, which corresponds to the reaction
rate. When these times are well separated (e.g., owing to small

Gopich and Szabo www.pnas.org/cgi/content/short/1319943110

reactant concentration), we can assume that on times longer that
the diffusion time the distribution function changes in time only
implicitly through the time-dependent concentrations. However,
the distribution function does change in space, reflecting the
spatial correlations that appear owing to diffusion. Thus, we as-
sume that

DV2p=0. [S32]
The above Egs. S30-S32, with the requirement that p — [E][S] as
r— oo constitute the approximate theory that leads to the rate
equations with the steady-state rate constants. To show this, we
solve Eq. S32 subject to the boundary condition in Eq. S31. In
this way we find

p(r) = (B8]~ L (e [E][5] - ¥SE]),

[S33]
where g =«“/(k“ +kp) is the capture probability and k, = 4zDR
is the diffusion-limited rate constant. Note that this pair distri-
bution function depends on time only through the macroscopic
concentrations [E(¢)], [S(¢)] and [SE(¢)]. Substituting the above
equation into Eq. S30, we get

d[s] _ dE] d[SE]

—— = —k€[E][S] +k%€[SE| =—— = -~

dt d —  dt [S34]

where e=1—qg=kp/(x* +kp) is the escape probability.

The resulting equation is the same as the conventional chemical
rate equation, Eq. S29, but with diffusion-influenced rate con-
stants, which are the original rate constants scaled by the escape
probability e.

This is the simplest theory that takes diffusion into account. The
theory is valid when the concentrations of S and E are small (the
volume fraction is much less than 1). The resulting rate equations
involve time-independent rate constants. This description is ap-
propriate for times longer than the diffusion time, R%/D, and be-
fore the power-law asymptotics sets in. When E’s are in excess and
do not change in time, the concentration of S obtained using Eq.
S34 approaches equilibrium exponentially with the exponent
([E]x* +x%)e, where e=kp/(x* +kp). At short times the theory
may not be applicable; however, these times are not significant
if the relaxation time is longer than the diffusion time,
([E]Jx® +x%)eR?/D < 1. The first term in this inequality, which is
less than [E]kpR?/D = [E]4zR3, is small when the volume fraction
is small, [E]4zR?/3 < 1. The second term puts the following
constrains on the dissociation rate constant: x’eR?/D < 1. When
“ is comparable to kp, the dissociation time 1/? must be longer
than the diffusion time R*D.

The above theory can be systematically improved (2-6). If Eq.
S32 is replaced by the time-dependent diffusion equation for the
deviations 8p(r,t) =p(r,t) — [E|[S], a6p/dt = DV?5p, then the the-
ory becomes valid at short times (4). However, the resulting rate
equations involve memory kernels instead of rate constants. Even
more complex equations that account for three-particle correla-
tions give a better description at larger concentrations and the
exact (power-law) long-time asymptotics (4). These theories as
well as accurate many-particle stochastic simulations (7, 8) can be
used to establish the range of validity of Eq. S34 more accurately.

Now we generalize the above theory to multisite modification.
A substrate with N sites is modified via the Michaelis-Menten
mechanism, converting Sy to Sy (i=0,1,...N—=1):

ki K
S,‘-FE?\ S;E——S;1+E. [S35]

i

As before, we assume that association (with the rate constant «f'),

dissociation (x¢), and catalytic modification (x§) are isotropic.

30f8
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The rate equations of the conventional chemical kinetics are
(x4, K4, and Mj\, are set to zero)

d[S]
g = ~MIElS]+ K SE] + K [Si1 E]
d[SE] .
o =N ElS] - k! [SiE] - K [SiE]
dE] 3=ds;
Lt]z Z Lt} [S36]

i=0

The theory that accounts for diffusion is obtained from the
conventional chemical rate equations by replacing the bimolecular
rate k¢ [E][S;] — «¢p;(R,t) similar to Eq. S30:

— K pi(R, 1) + K [SiE] + K [Si-1 E]

d

ZISE)=Kipi(R.0) = KISiE) ~ K[S.E) [837]

and the equation for E is the same as in Eq. S36. Here p;(r,t) is
the pair distribution function for £ and S;. As in the binding
reaction, we assume that p;(r,t) depends on time only through
the macroscopic concentrations. Therefore, the distribution func-
tion satisfies the Laplace equation

DV}p;=0 [S38]
with the boundary conditions
2 d #1 c
4nRPD < il =Kipi(R) ~K{ISIE] =K\ [SiaE] (539l
pi(r — o0) = [E][S}]. [S39b]

Here D =Dg + Dy, is the relative diffusion coefficient assumed to
be independent of i. The first term in the right side of Eq. S39a
describes the depletion of the distribution function owing to
association of E and S;, the second term corresponds to the pairs
formed due to dissociation of the complex S;E, and the third
term describes pairs formed from S;_;E upon catalysis.

Eqgs. S37-S39 specify the approximate theory for the diffusion-
influenced substrate modification via the Michaelis-Menten mech-
anism. The main assumptions (i.e., small concentrations so that
pi is not affected by three-particle correlations and separation of
time scales so that p; depends on time only implicitly via the con-
centrations) are made in Eq. S38.

To find the rate equations for the macroscopic concentrations,
we note that the solution of the Laplace equation for p; is
pi(r)=I[E][Si]+c/r. The constant ¢ is then found from the
boundary condition, Eq. S39a:

) = EIIS) — & (B[S~ KUISE] —

i

1[SiniE]),  [S40]

where g; =«¢/(k¢ +kp) is the capture probability for E and S;.
This capture probability is related to the escape probability by
€, =1—¢q;. Then we substitute p;(R) into Eq. S37 and rewrite the
term «§[S;E] in the equation for [S;E] as k¢ (€11 +git1)[S:E]. The
resulting rate equations are

d[Si]
dt

= — K G [E][Si] + K &[SiE] + K &i[Si-1 E] [S41a]
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d[S;E]
dt

=K €[E][Si] — K'&i[SiE] — K €341 [SiE] + K_,i[Si-1 E]

- Kqu_l [S,E} . [S41b]
In these equations, the terms corresponding to the conventional
rate equations in Eq. S36 are multiplied by the escape probabil-
ities. Two additional terms with the capture probabilities g; in
the right-hand side of Eq. S41b correspond to the new reaction
channels in the reaction scheme between complexes, S;_1E — S;E
and S,‘E - Si+1E.

The above equations correspond to the kinetic scheme where
the adjacent bound complexes are connected. The rate constant
of the new reaction channel is equal to the catalytic rate constant
multiplied by the corresponding probability that an enzyme and
a substrate bind starting from contact (the capture probability).
For the two-site modification, the above equations are (x5, k‘zi S K1,
g, are zero and e, =1)

%z — Kaeo[So][E] + Kleo[SoE]

% = — K€ [S1][E] + €1 [S1E] + k€1 [SoE]

dgf] =[S, E]
d[f;E} =Ko [So[E] — (klen +5) [SoE]
UAE] .1 - (s )51+ 1 - 5]
%z — k€0 [So][E] + (e + K€1) [SoE]

—Kie[S1][E] + (ke +x5) [S1E]. [S42]

The total concentrations of S and E do not change, so that

[So] + [S1] + [S2] + [SoE] + [S1E] = [Stor]
[E] + [SoE] + [S1E] = [E1of], [S43]

where [S,,] and [E,,] are the total concentrations of the sub-
strates and enzymes. These equations correspond to the kinetic
scheme in Fig. 3B in the main text. When €, = €; = 1, they cor-
respond to the ordinary kinetic scheme in Fig. 34.

Diffusion-Modified Rate Equations for the Dual Phosphorylation—
Dephosphorylation Cycle. The diffusion-modified kinetic scheme
in Fig. 3 B and C for dual cycle with distributive mechanism is
equivalent to the following set of reactions:

Kg€o K€l

So+E — S —— S1+E
0€0
K€l K

S1+E — S1E —— S +F

1€1

2€2

363

K(l-€
soE 2 s B
1 €)
SoF Aze) SiF. [S44]
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Here the escape probabilities are €; =kp/(x{ +kp), i=0,1,2,3.
When all escape probabilities are equal to 1, we recover the ordi-
nary kinetic scheme with intrinsic rate constants, which do not take
diffusion into account. The last two reaction channels, SoE — S1E
and S»F — S1F, disappear.

These reactions correspond to the following rate equations:

% = — K€ [So][E] + k€0 [SoE] + K5[S1F]
dEis;‘l] = —Ke1[SI][E] + €1 [S1E] + €1 [SE]
463 (S1][F] + Kfes[S1F] + k5e3 [S2F]
U5 _ 171+ deroF) 8]
d[fj‘;E} = Keo[Sol[E] — (leo + &5 [SoE]
@ =Ke1[S1][E] — (ker +15) [S1E] + x5 (1 — €1) [SoE]
d[f;F | = ks [S5]1F) — (e + 15) [S5F]
U] hes[1]1F] — (s + ) [S1F] 451 — )28
‘% = — Ko [Sol[E] + (Kley +K5e1) [SOE]
e [SI[E] + (<1 + 65 SiE]
%z — K32[S3][F] + (e +Ses ) [SF]

—K4e3[S1][F] + (Kdes +15) [S1F]. [S45]
The total concentrations of the substrate S, kinase E and phos-
photase F do not change, so that

[So] + [S1] + [S2] + [SoE] + [S1E] + [S1F] + [S2F] = [Stor]
[E] + [SoE] + [S1E] = [Etor]

[F] + [S1F] + [S2F] = [Sioi]. [S46]
These equations are solved numerically to obtain the data shown
in Fig. 4 in the main text.

Finite Reactivation Time. In this section we consider the case in
which the enzyme becomes inactive right after modifying the
substrate. The inactive enzyme (E*) reactivates with the rate
constant k*:

K K~
S;+E T\ S,'E—‘>S,‘+1 +E*

[S47]
The theory that accounts for diffusion in this model involves time-
dependent memory kernels instead of rate constants because pair
association depends both on diffusion and enzyme reactivation.
However, at times longer than both the diffusion time, R?/D,
and the reactivation time, 1/k*, it is possible to get the rate
equations with the time-independent rate constants. The reacti-
vation time is assumed to be much shorter than the concentra-
tion relaxation, and the concentration of inactive enzymes, E*, is
assumed to be much less than the total enzyme concentration.
At times longer than the reactivation time, both the ordinary
chemical kinetics rate equations and the diffusion-modified rate
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equations are the same as those with instantaneous reactivation
(Eqgs. S36 and S37, respectively). However, the pair distribution
function of S; and E, p;, is now coupled with the distribution
function p; of S; and the inactive enzyme E*. The pairs with the
inactive enzyme convert to those with the active enzyme, so that
the equations for p; and p; are

DV2p; +k*pr =0
rPi i 4
DV;p; =k p; =0. (5481
The boundary conditions describe the pairs that disappear (posi-
tive terms) and are formed (negative terms) at contact:

0
4zR’D &/’ih:R =x!p;(R,1) — k! [SiE]
[S49]

a * C
4”R2D5/’i l—r = —Ki_1[Si-1E]

when r — oo, p; — [E][S;] and p} — 0.

Eqgs. S37, S48, and S49 include the effect of diffusion on the
substrate modification when the enzyme reactivation time is fi-
nite. We now further rearrange these coupled equations to get
the rate equations that involve only macroscopic concentrations.
As can be verified by substitution, the solution of Eqgs. S48 and
S49 for the pair distributions can be written as

(Pi(r) ) - ([E}[S,—]) + (fu(r) flz(r)) (’4[&'15] —K?[E][Si])

pi(r) 0 fa(r) f(r) K1 [Si-1E]
[S50]
if we require fj,(r) to satisfy
Dfom + k*fza =0
DVEfZ(x - k*fZa =0 [SSI]
with the boundary condition
2 0
47R"D - fral—g =Kif1a = O1a
[S52]

d
47R’D —foul,_p = — 62as
T al‘fz |r—R 2

where g, is 1 when a = f and 0 otherwise. When r — oo, f3, — 0.
Unlike Eqs. S48 and S49, the equations for f’s do not involve
concentrations and depend only on the parameters of an isolated
pair. From Eq. S50, the pair distribution that enters Eq. S37 is

K pi(R) = K{ & [E][Si] + k{ @i [SiE] + k(1] [Si1 E, [S53]
where ¢, €, and g; are defined as
qizl_eizklilfll(R) [854]

q; =xifi2(R).

Substituting «¢p;(R) in Eq. S53 into Eq. S37, we get the diffu-
sion-modified rate equations (the equation for [E] is the same as
that in Eq. S37):

dizsf] = — K& [EI[S] + K/ €i[SiE] + k€ [Si-1E] [S55a]
d[cSi,»tE} = K& [E][S)]- ke [SiE)— K€t [SiE) +K_1q7 [Si 1 E)

- Kf‘];ﬂ [S:iE]. [S55b]
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These equations are the sought-for rate equations that involve
only macroscopic concentrations.

To understand the meaning of ¢;, €, and g, consider the
irreversible binding of a single enzyme and a single substrate,
which are initially separated by the contact radius R. If the
enzyme is initially in the inactive state, it first converts to the
active state and then binds to the substrate. Let B(#|1) (or B
(t|2)) be the probability that the enzyme and substrate are
bound at time ¢, given that initially the enzyme is in the active
(or inactive) state in contact with the substrate. At long times,
B(#|1) and B(t|2) tend to the capture probabilities for the en-
zyme that is initially in the active and inactive states, re-
spectively.

The probabilities B(|o) increase owing to binding. The rate of
the increase is

dB(t|a)
dt

=k!G1.(R,t|R). [S56]

Here Gp,(r,t|r") is the time-dependent probability density for an
enzyme to be in r in state f§ at time ¢ provided it was initially in 7’
in state a. The states a and g refer to the active (a, # = 1) and
inactive (a, § = 2) states of the enzyme. When the enzyme is in
state 1, it can bind to the substrate with the intrinsic rate constant
«¢. This probability density satisfies the following equation:

%Gla =Dvr2G1a +k*G2a

0
5, G =DV?Gay —k* Gy [S57]

with the partially absorbing boundary condition for the enzyme
in the active state and reflecting for the enzyme in the inac-
tive state:

2
47RD < Gl =K/ Ga

2
47R2D = Gl =0. [S58]

Initially, G, (¢t=0)=8(r —7')/4ar> when a = f# and 0 otherwise.
Solving Eq. S56, we have the probability to be bound at time ¢:

t
Blt]a) = / Gra(R, F|R). [S59]
0

In the next step we are going to relate the probabilities B(¢|a) to
the quantities in Eq. S54. First, let us note that the probability
density Gy, is related to fj, by

Jpalr) = / Gra(r,t|R)dt. [S60]
0

This relation can be verified by integrating both sides of Eq. S57
for G (r,t|R) with respect to ¢ from 0 to oo, using G, (t — c0) =0.
The resulting equation is the same as Eq. S51, except for the term
with the delta function, 8(r—r')/4ar? =38(r —R)/4zR?, which
comes from the initial condition. This term is 0 when r > R and
contributes to the boundary condition, which becomes exactly the
same as in Eq. S52.

Using the above relation, Eq. S60, in Eq. S54 and comparing
the result with Eq. S59, we find that
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ai=t [ Gu® ARy = fim B
0 [S61]

g =t / Ga(R.|R)dr = lim B(1)2).
0

Thus, g; and g} are the long-time limit of the probabilities that
the enzyme and substrate are bound (i.e., the capture proba-
bilities) given that they are initially in contact. g; is the capture
probability for the enzyme that is initially in the active state,
and ¢; is the capture probability for the enzyme that is initially
in the inactive state.

The explicit expressions for the capture probabilities in Eq. S54
are found by solving Eq. S51 with the boundary condition in Eq. S52.
The solution is fi1(r) =c11/7, fa2(r) =2 exp(—+/k*/D(r—R))/r,
fia(r) =c12/r — for(r), where c4, are constants. Because the enzyme
cannot convert from the active to inactive state in the course of the
irreversible reaction, f»(r) =0. The constants cg, are found from
the boundary condition. The expressions for fi; and f;, are

1 kp

fulr) ~4zDr +kp
1 1 kp :
S — | K+ — e~ VK /Di-R)
fialr) 4zDr1 ++k*z, < * d K +kp ¢ ’

[S62]

where 7, =R?/D is the diffusion time. Substituting these into Eq.
S54, we find the capture probabilities

i= K =1-¢€

qi kD+K‘l-l !
[S63]

* \/k*_Td K;l

G o kp+re €

To understand the capture probability for the enzyme that is ini-
tially in the inactive state, g;, note that the enzyme is first reac-
tivated, being still around the substrate, and then binds with the
substrate. Therefore, the corresponding capture probability is
a product of two factors: (i) the probability that the enzyme is
reactivated and comes to contact with the substrate and (ii) the
probability that the enzyme in the active state in contact with the
substrate is “captured.” The second factor is the same as ¢g;. To
find the first factor (with the square roots), one has to solve the
same problem as for g}, but in the limit of perfectly absorbing
sphere (k! — o). The capture probabilities are related to the
escape probabilities €, =1 —¢; and € =1 —g}. The latter is given
in Eqg. 10 in the main text.

The rate equations in Eq. S55 are applicable for the modifi-
cation of substrates with many sites. They are the same as Eq.
S41 for the modification with instantaneous reactivation, except
the escape and capture probabilities multiplying the catalytic
rate are replaced by €* and ¢g*, corresponding to the enzyme that
is initially in the inactive state. The rate equations correspond to
the kinetic scheme where adjacent bound states are connected.
The rate constants of the new connections S;_E — S;E are pro-
portional to the capture probabilities g for the enzyme that is in
the inactive state initially. When the reactivation time is much
longer than the diffusion time, g7 — 0. In this case the only effect
of diffusion is to rescale the association and dissociation rate
constants with corresponding escape probabilities, €;, whereas the
catalytic rate constants are unmodified and no new reaction
channels appear in the kinetic scheme.
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For the substrate with two sites, the rate equations, Eq. S55, are
(since &4, K4, K, ¢ are zero and €5 =1)

A0 oSl + e SuE]

C%= ~ Kier[S1)[E] + Kfer[S1E] + e [SoE]

A _gis.e
B e ol E] ~ (e + 55 50E]
A~ lS1IE] - (cher + K0 ] + K S0
‘%z — K [So][E] + (eo +K5e7) [SoE]

—K4e1 [S1][E] + (fer +&5) [S1E]. [S64]
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The total concentrations of S and E conserve, so that

[So] + [S1] + [S2] + [SoE] + [S1E] = [Siei]
[E} + [S()E} + [S]E] = [Em[}. [S65]

These equations correspond to the following set of reactions:

k€0 Kol
So +E SoE = S1 +FE
Keo
K€ K
S1+E — S1E —— S +E
e
K(1-¢)
SoF ——5 SiE. [S66]

These reactions are the same as those in the kinetic scheme in Fig.
3B (main text), except the escape and capture probabilities that
multiply «j are replaced by €] and g} =1 —¢].
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Fig. S1. Five-site modification using exactly solvable model. (A) Kinetic scheme corresponding to the conventional chemical kinetics. (B) Kinetic scheme in A
with the rate constants replaced by the diffusion-influenced ones with the escape probabilities €; =kp /(x; + kp). (C) Diffusion-modified kinetic scheme with new
reaction channels between the species. The rate constants are scaled with the escape, €;, and capture, g;=1—¢;, probabilities. (D) Kinetics of six states. The
kinetics corresponding to schemes in B (black lines) and C (dashed blue lines) are compared with the exact solution (red lines) from Eq. S20. Initially, the
substrate is unmodified. ;= (5—)kp, i=0,...,5 R=1,D =1, [Swt]=1, 7' = [Elkp/2, [E]4zR?/3=0.01.
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Fig. S2. Effect of enzyme concentration on the kinetics of a simple model of dual modification So + E — S1 + E - S; + E. Kinetics predicted by the scheme in
Fig. 2B (main text) (dashed blue lines, Eq. S24) is compared with the exact kinetics (red lines, Eq. S21) at various enzyme concentrations. Time is normalized
to 7= (koeo|E])™". Parameters are the same as in Fig. 2 (main text), except the apparent volume fraction v[E]=0.001, 0.1, and 0.5; v =4zR3/3.

A

a c

0
SptE=== SE—>S +E*
Ky
a c
1 K,
SitE=—= S,E——S,+E*
Ky =
E¥*——> E

a c

0
S,+F=—= S,F—Y>§ +F*
d
Ky
i K/
S;tFe=—= S| F——§,+F*
K, o
F*—— F

B K (1=5)
Ko & e x'e K
SytE === SE —2h S, +E === S E —L>S)+E
Ko &g Ky &
K(;(l_‘c"l)

Ky & K ke i
SyHF == §,F —2h S, +F === S F —L> S +F

a

Ko &y K &
1.0 1.0 —
C D
—~ D(unt'ls)
Vjos 0% s
Zo5] 51
5 -
4.
0.0 ‘ : 1 0.0 ‘ : :
041 1 10 100 0.1 1 10 100

[Ewd/[Fiod

Steady-state input—output relations in a double phosphorylation cycle. (A) Kinetic scheme describing double phosphorylation by a kinase E and

[Eod/[Fiod

dephosphorylation by a phosphotase F. After modification, E and F are in the inactive state (E* and F*) and reactivate with the relaxation rate k*. For simplicity,
the phosphorylation rate constants are the same as those for dephosphorylation. (B) Diffusion-modified kinetic scheme, valid when [E] > [E*], with the rate
constants scaled by the escape probabilities, €;=kp/(x7 +kp), i =0, 1 and €] =1-px{/((«] +kp), f=+/k*1q4/(1++/k*t4), kp = 4zRD, 74 =R2/D. Additional re-
action channels (red) connect the bound complexes and appear owing to diffusion when the enzyme reactivation is fast. (C) Steady-state population of doubly
phosphorylated substrate as a function of the ratio of kinase and phosphotase concentrations for fast enzyme reactivation for various diffusion coefficients.
The reactivation time is In2/k* =1 us. The steady-state concentrations are calculated according to the scheme (B). The parameters are the same as in ref. 1.
k3 =0.027 nM~"s7", k§ =0.056 nM~"s~", kg =1.355", k§ =1.73 57", k§=1.55"", k§=155"", R=5nm, [Etot] + [Ftot] = 100 NM, [Stot] =200 nM. (D) The same as C for
slow enzyme reactivation (the reactivation time In2/k* =10 ms).
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