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1 Model for discrete-time spatially-referenced survival data

For subject i = 1, ..., n, we observe the follow-up time ¢;, an indicator of whether the subject
was censored ¢;, and the spatial location s;. We also observe potentially time-dependent
covariates X;(t) = (1, X1i(t), ..., Xpi(t))’, where X;(t) is the (p + 1)-vector of covariates for
subject ¢ at time ¢ and the first element of X;(¢) is reserved for the intercept. We assume
discrete domains for both the spatial locations and event times, that is, s; € {1, ...,ns} and
t; € {1, ...,nt}.

We model the survival probability as

P(t; > m) ﬁ 1 —7m(X;(t), si,t)] (1)
=1

T(Xi(t), si,t) = @ [X;(t)' B(si, 1)] (2)

where @ is the standard normal distribution function and 3(s,t) = [Bo(s,t), ..., Bp(s,t)] is
a vector of regression coeflicients for location s and time £.

Let Bo(s,t) = no + po(s) + vo(t) + 0o(s,t), where 1o is the overall average; po(s) is a
spatial effect; yo(t) is a temporal effect; and 0y(s,t) is the space/time interaction. We tem-
porarily drop the subscript j, and note that the covariate effects §;(s,t) for j =1,...,p are
modeled similarly below.



The spatial terms g = [p(1), ..., u(S)]" are modeled using the conditionally autoregressive
model (CAR). Let s ~ s’ indicate that regions s and s’ are spatial neighbors and m be the
number of spatial neighbors of region s. The full conditional distribution is Gaussian with

Eu()|u(s).s' £ 5] = pu Y p(s)/m (3)

§'~s

V[us)u(s). s #s] = ok /m,. (4)

The joint model for the vector p is multivariate normal with mean zero and covariance
or [Ms — puCs] ™!, where the (s,s') element of Cg is Cs(s,s') = I(s ~ &) and Mg is
diagonal with diagonal elements >, Cs(s,s’) = ms. We denote this model as p ~
CAR(pM,aZ,CS).

The temporal effects v = [y(1),...,7(T)]' control the spatial average baseline haz-
ard function. The vector v has a lag-1 autoregressive model which can be written v ~
CAR(pv,a?y, Cr), where Cr is the ny x ny temporal adjacency matrix with (¢,¢') element
equal to I(|t —¢'| = 1). The spatio-temporal random effects have the dynamic spatial model
(Banerjee et al., 2003),

0(s,t) = pel(s,t — 1) + 6(s,t) (5)

where pg € (0,1) and 8; = [6(1,¢),...,0(S,t)]" ~ CAR(ps,03,Cs). For identification pur-
poses we fix 6(s,1) = 0 for all s.

1.1 Priors

To complete the Bayesian model, we specify priors for the remaining parameters. Let n; ~
N(0, c?) To give vague priors for these overall averages we take c; = 100%. The variances
aij, O',QYJ-, and ng ~ Gamma(ay, by). Following Kelsall et al. (1999), we take a; = 0.5 and
b1 = 0.005. The CAR association parameters p,;, p~j, poj, psj ~ Beta(ag, b2). To facilitate
MCMC sampling we discretize the prior to 1000 equally-spaced points spanning [0,1], and
to give an uninformative prior we take as = by = 1.

1.2 Markov Chain Monte Carlo Algorithm

For notational convenience, in the description of the full conditionals let 3*(s;,t) denote the
coefficient vector (3(s;,t) with the element under consideration set to zero. For example,
in the description of the full conditional for n;, denote 5} (s,t) = p;(s) + v;(t) + 0;(s,?).
Then r;(t) = Z;(t) — X;(t)' 3" (s;,t) is the residual calculated without the variable under
consideration. We initialize the MCMC algorithm by setting 3;(s,t) = 0 for all s and ¢
and all CAR covariance parameters equal to one. Sampling then proceeds by repeatedly
sampling each parameter conditioned on all others in the following steps.

1. Zi(t)|rest ~ Na(X;(t)'B(si,t), 1), where Na(u,0?) is the truncated normal distribu-
tion with domain A, location u, and scale o. For this probit model A = (o0,0) if
Yi(t) =0, and A = (0,00) if Y;(t) = 1.
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3. pj| rest ~ N([P + QI 'R,[P+ Q]fl), where R is the vector with element s equal to
Zi\s,-:s Zi;l Xjiri(t), Q@ = (Mg — pMJ'CS)/UZj’ and P is diagonal with s diagonal
element equal to ) b XJQZ

i|s;=s

4. 7j| rest ~ N([P + Q]*l R, [P+ Q]A), where R is the vector with element s equal to
it Xiri(t), @ = (M — ,ow-CT)/a,zyj, and P is diagonal with s'* diagonal element
equal to Zi|ti2t XJQZ

-1 -1

5. 0;(,t)| rest ~ N( [P+ (1 +p§j)Q} [R+ po,0;(;t = 1) + pg,0;(,t + 1)] [P+ (1 +p§j>Q] )
where R is the vector with element s equal to »_;  _ .~ X;iri(t), @ = (Mp —
ps;Ct)/ agj, and P is diagonal with s diagonal element equal to Zi‘ simsti>t XJZi

6. aij\ rest ~ InvGamma(ns/2 + a1, p;(Ms — pujCs)p; /2 + b1)
7. ogj\ rest ~ InvGamma(n:/2 + a1, ¥ (Mr — py;C7)7;/2 + b1)

8. 0§j| rest ~ InvGamma((nt—1)ns/2+a1, Y -5 (0;(,t)—pe;0;(,t—1)) (Ms—ps;Cs)(0;(, t)—
po;0;(;t —1))/2+ by)

Finally the association parameters p,;, p,j, pej, and ps;, have discrete priors, and thus
discrete full conditionals. The full conditional probabilities are proportional to the product
of the prior and the appropriate CAR density.
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2 Supplementary Application Results

Table 1: Deviance information criterion (DIC), effective degrees of freedom (pp), and
posterior predictive loss (PPD) for different preterm birth baseline hazard models and
PM, 5 exposure metrics.

Cumulative 4-week lag
Baseline Hazard DIC pD PPD DIC pD PPD
Non-spatial 44178 35.5 8429 44187 36.9 8423
Spatial frailty 44179 54.2 8429 44187 54.5 8429

Space-time interaction 44180 72.5 8424 44190 74.2 8433

Table 2: Posterior median and 95% posterior intervals (P.I.) of the baseline hazard parame-
ters. Estimates are from a model that includes space-time interaction baseline hazards and
average PMy 5 levels over the entire pregnancy.

Parameter Posterior median (95% P.I.) Parameter Posterior median (95% P.I.)
o 0.96 (0.73, 1.00) 7 0.21 (0.13, 0.42)
Py 0.40 (0.02, 0.93) o 0.06 (0.04, 0.10)
s 0.39 (0.02, 0.94) os 0.06 (0.03, 0.10)
P6 0.24 (0.01, 0.73)




3 Supplementary Simulation Results

Table 3: Simulation study results: root mean-squared error (RMSE) and 95% confidence
interval (C.I.) length based on 1000 simulated replicate datasets.

RMSE (x100) 95% C.I. length
Cumulative 4-week lag Cumulative 4-week lag
Relative Risk Survival Probit Survival Probit Survival Probit Survival Probit
1.00 0.58 0.83 0.34 0.57 0.96 0.94 0.96 0.90
1.01 0.62 0.94 0.35 0.59 0.95 0.91 0.95 0.87
1.02 0.61 0.98 0.35 0.61 0.95 0.90 0.95 0.85
1.03 0.61 1.02 0.34 0.65 0.94 0.89 0.95 0.84
1.04 0.61 1.15 0.34 0.67 0.95 0.85 0.96 0.81
1.05 0.62 1.24 0.35 0.69 0.95 0.80 0.95 0.79




Week 28 Week 29 Week 30

O [0.125,0.135) O [0.135,0.145) O [0.165,0.175)
O [0.135,0.145) O [0.145,0.155) O [0.175,0.185)
@ [0.145,0.155) @ [0.155,0.165) @ [0.185,0.195)
B [0.155,0.165] B [0.165,0.175] B [0.195,0.205]

Week 31 Week 32 Week 33
0O [0.21,0.215) O [0.35,0.385) 0O [0.48,0.525)
0O [0.215,0.235) 0O [0.385,0.395) O [0.525,0.545)
@ [0.235,0.255) O [0.395,0.415) O [0.545,0.565)
W [0.255,0.26] W [0.415,0.43] W [0.565,0.58]
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Week 34 Week 35 Week 36
O [0.81,0.865) O [1.49,1.545) 0O [3.14,3.29)
O [0.865,0.895) O [1.545,1.595) O [3.29,3.395)
O [0.895,0.915) O [1.595,1.655) O [3.395,3.505)
B [0.915,0.97] B [1.655,1.78] B [3.505,3.7]

Figure 1: Baseline tract-specific hazard rates (%) of preterm birth. Baseline hazard rates
are calculated at the average value of each covariate across all areas. Estimates are from a
model that includes space-time interaction baseline hazards and average PMs 5 levels over
the entire pregnancy.



4 R Code

library(survival)
library(fields)
#DATA:
#Y[i,t]= 1 if sub i failed at time t,
# = 0 if sub i lived past time t
# = NA if sub i died before time t
#x=covariates = n subs X ntimes x n covs
#spatial location, s=1,...,ns (no regions without observations!)
#The neighbor pairs are (npl[i],np2[il),i=1,...,number of pairs
#MODEL:

#Y[i,t] = I(Z[i,t]>0)

#Z[1,t] = N(x[i,t,]%*)(int+spacels[i],]+time[t,]+thetalt,s[i],]),1)
#Space[,k] "CAR(taul [k],rhol[k])

#Time[,k] “CAR(tau2[k],rho2[k])

#thetal[,1,k]=0

#thetal[t, ,k] ~ rhodxtheta[t-1,,j]1+CAR(tau3[k],rho3[k])

#MODEL OPTIONS/HYPERPARAMETERS

#spatial[k] = does beta_k have a spatial effect?

#temporal [k] = does beta_k have a temporal effect?
#spatiotemporal [k] = does beta_k have a spatiotemporal effect?
#tau[k] “gamma (as,bs)

#rho [k] “beta(ar,br)

probit.PH<-function(Y,x,s,npl,np2,
spatial=rep(F,1000) ,temporal=rep(F,1000),spatiotemporal=rep(F,1000),
sd.beta=100,
as=0.5,bs=0.005,ar=1,br=1,
runs=5000,burn=1000,update=10){

#Set up data:

n<-nrow (Y)

nt<-ncol(Y)

p<-dim(x) [3]

ns<-max(c(npl,np2))

0<-!is.na(Y)

L<-ifelse(Y==0,-Inf,0)

U<-ifelse(Y==0,0,Inf)

for(k in 1:p){for(t in 1:nt){x['0[,t],t,k]1<-0}}

#spatial adjacency matrix:

ADJs<-matrix(0,ns,ns)

for(j in 1:length(np1)){
ADJs[np1[j],np2[j11<-ADJs[np2[j],np1[j11<-1

}

Ms<-diag(apply(ADJs,2,sum))

#temporal adjacency matrix:
ADJt<-matrix(0,nt,nt)
for(j in 2:nt){



ADJt[j,j-11<-ADJt[j-1,j]<-1
}
Mt<-diag(apply (ADJt,2,sum))

#initial values

7Z<-Y-0.5

Z[!10]<-0

int<-rep(0,p)
theta<-array(0,c(nt,ns,p))
space<-matrix(0,ns,p)
time<-matrix(0,nt,p)
taul<-tau2<-tau3<-rep(1,p)
rhol<-rho2<-rho3<-rho4<-rep(0.9,p)

mn<-0%*Z
for(t in 1:nt){
mn[,t]1<-x[,t,]1%*%(int+time[t,])+
apply(x[,t,]*(spacels,]+thetalt,s,]),1,sum)

#keep track of stuff:
keep.int<-matrix(0,runs,p)
beta.mn<-beta.var<-beta.pos<-O*theta
params<-matrix(0,runs, 7*p)

#baseline.track <- array (0, c(ant, ns, runs) )
dev<-rep(0,runs)

dimnames (params) [[2]]<-c(paste("sd1[",1:p,"]",sep=""),
paste("sd2[",1:p,"]",sep=""),
paste("sd3[",1:p,"]",sep=""),
paste("rhol[",1:p,"]",sep=""),
paste("rho2[",1:p,"]",sep=""),
paste("rho3[",1:p,"]",sep=""),
paste("rho4[",1:p,"]",sep=""))

#set up prior for the CAR parameters
M2<-diag(1/sqrt(diag(Ms)))
ds<-eigen(M2%*},ADJs%*%M2) $values
M2<-diag(1/sqrt(diag(Mt)))
dt<-eigen(M2}*%ADJtY*%M2) $values
rm(M2)
nrho<-1000
canrhol<-detparti<-gbeta(seq(0.001,0.999,length=nrho) ,ar,br)
canrho2<-detpart2<-gbeta(seq(0.001,0.999,length=nrho) ,ar,br)
canrho3<-detpart3<-gbeta(seq(0.001,0.999,length=nrho) ,ar,br)
canrho4<-gbeta(seq(0.001,0.999,length=nrho) ,ar,br)
for(j in 1:nrho){
detpart1[j]1<-0.5*%sum(log(1-canrhol[j]*ds))
detpart2[j]1<-0.5*sum(log(1-canrho2[j]*dt))
detpart3[j]1<-0.5%(nt-1)*sum(log(1l-canrho3[jl*ds))
}

#Save some loops:
x2<-x"2



x2forint<-apply(x2,3, sum)

x2forspace<-array(0,c(nt,ns,p))

for(k in 1:p){for(j in 1:nt){
x2forspacelj, ,kl<-tapply (x2[,j,k],s,sum)

1}

x2fortime<-apply(x2,2:3,sum)

#Start MCMC:
for(i in 1:runs){

HASHH B HBRFH RS HH RS H RS HH R RS H R R R R
HH#HHHH update the latent z’s HHH#HH
g g g
for(j in 1:nt){

Z[,jl<-rtnorm(mn(,jIl,L[,j],U[,j1)
}
Z['0]<-0

HHHHEHEHSHFHHHH RS H SRR G H R H SRR RS
22202214 update intercepts HHHHH
HHEFHHF R R
for(k in 1:p){

mn<-mn-x[, ,k]*int [k]

r<-Z-mn

VVV<-x2forint [k]+1/sd.beta"2

MMM<-sum(x [, ,k]*r)

int [k]<-rnorm(1,MMM/VVV,1/sqrt (VVV))

mn<-mn+x [, ,k] *int [k]

HHEHH
S update spatial random effects HHH#HH
s s s s s s s s s s s i s s s s s

for(k in 1:p){if(spatiallk]){
for(t in 1:nt){mn[,t]l<-mn[,t]-x[,t,k]*spacels,k]}
r<-Z-mn
VVV<-taul [k] * (Ms-rhol [k] *ADJs) +diag(apply (x2forspacel, ,k],2,sum))
MMM<-tapply (apply (x[, ,k]*r,1,sum),s, sum)
VVV<-solve (VVV)
space [, k] <-VVV/*)MMM + t(chol(VVV))%*¥%rnorm(ns)
for(t in 1:nt){mn[,t]l<-mn[,t]+x[,t,k]*spacels,k]}

#CAR covariance parameters:
SS1<-t(spacel[,k])%*%MsY*space[,k]
SS2<-t (spacel[,k])%*%ADJs)*%space[,k]
taul [k]<-rgamma(1,ns/2+as, (SS1-rhol [k]*SS2) /2+bs)
R<-detpart1+0.5*taul [k] *canrho1*SS2
rhol [k]<-sample(canrhol,1,prob=exp(R-max(R)))

1

I
I update temporal random effects i



HARHHBHHH B R AR B R AR R R R

for(k in 1:p){if (temporal[k]){
for(t in 1:nt){mn[,tl<-mn[,t]-x[,t,k]l*time[t,k]}
r<-Z-mn
VVV<-tau2 [k] * (Mt-rho2 [k] *ADJt)+diag(x2fortime[,k])
MMM<-apply (x[, ,k]*r,2,sum)
VVV<-solve (VVV)
time[,k]<-VVV%*%MMM + t(chol(VVV))%*%rnorm(nt)
for(t in 1:nt){mn[,tl<-mn[,t]+x[,t,k]*time[t,k]}

#CAR covariance parameters:
SS1<-t (time[,k]) %*%Mts*%time [, k]
SS2<-t(time[,k]) %*%ADJIt%*%time[,k]
tau2 [k]<-rgamma(1,nt/2+as, (SS1-rho2[k] *SS2) /2+bs)
R<-detpart2+0.5*tau2 [k] *canrho2*SS2
rho2[k]<-sample(canrho2,1,prob=exp(R-max(R)))

1}

IR R
######  update spatiotemporal random effects #H####
HHHHHH R R R R R R R R R R
thetal[1,,]<-0
for(k in 1:p){if (spatiotemporal [k]){
for(t in 1:nt){mn[,tl<-mn[,t]-x[,t,k]*thetalt,s,k]}
r<-Z-mn
Q3<-tau3[k]*(Ms-rho3[k]*ADJs)
for(j in 2:nt){
#prior’s contribution:
VVV<-Q3
MMM<-rho4 [k]*Q3%*)thetal[j-1, k]
if (j<nt){VVV<-VVV+rho4 [k]*rho4 [k] *Q3}
if (j<nt) {MMM<-MMM+rho4 [k]*Q3%*Jthetal[j+1, ,k]}

#likelihood’s contribution:
diag(VVV)<-diag(VVV)+x2forspacelj, ,k]
MMM<-as.vector (MMM)+tapply (x[,j,kl*r[,jl,s,sum)
VVV<-solve (VVV)
thetalj, ,k]<-VVV%*%MMM + t(chol(VVV))Y%*%rnorm(ns)

}
for(t in 1:nt){mn[,t]<-mn[,t]+x[,t,k]*thetalt,s,k]}

#CAR covariance parameters:
851<-SS2<-rep(0,nt)
for(j in 2:nt){
ddd<-thetalj, ,k]-rho4[k]*theta[j-1,,k]
851 [j1<-t (ddd) %*¥Ms%*%ddd
$52[j1<-t (ddd) %*%ADJs%*%ddd
X

tau3 [k]<-rgamma(1,ns*(nt-1)/2+as,sum(SS1-rho3[k] *SS2) /2+bs)
R<-detpart3+0.5*tau3 [k] *canrho3*sum(SS2)
rho3[k]<-sample(canrho3,1,prob=exp(R-max(R)))
Q3<-Ms-rho3[k] *ADJs
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$S3<-S84<-rep(0,nt)

for(j in 2:nt){
SS3[jl<-t(thetalj, ,k])%*%Q3%*%thetalj-1, k]
SS4[jl<-t(thetalj-1,,k])%*%Q3%*%thetalj-1, k]

+

R<- -0.5*tau3[k]*(-2*canrho4*sum(SS3)+canrho4*canrho4*sum(SS4))

rho4 [k]<-sample(canrho4,1,prob=exp(R-max(R)))

i3

#keep track of stuff:
beta<-theta
for(k in 1:p){
betal, ,kl<-betal, ,k]+int [k]
for(j in 1:ns){betal,j,kl<-betal,j,kl+time[,k]}
for(j in 1:nt){betalj,,k]l<-betalj,,k]+spacel,k]l}
}

#baseline.track[,,i] <- betal,,1]
keep.int[i,]<-int
dev[i]<-sum(-2*dbinom(Y[0],1,pnorm(mn[0]),log=T))
params[i,]<-c(1/sqrt(taul),1/sqrt(tau2),1/sqrt(taul) ,rhol,rho2,rho3,rho4)

if (i>burn){
beta.mn<-beta.mn+beta/(runs-burn)
beta.var<-beta.var+beta*beta/(runs-burn)
beta.pos<-beta.pos+ifelse(beta>0,1,0)/(runs-burn)

}

beta.var<-beta.var-beta.mn"2

mn<-0%Z

for(t in 1:nt){
mn[,t]<-apply(x[,t,]*beta.mn[t,s,],1,sum)

}

dhat<-sum(-2*dbinom(Y[0],1,pnorm(mn[0]),log=T))

dbar<-mean(dev[burn:runs])

pD<-dbar-dhat

DIC<-dbar+pD

list(beta.mn=beta.mn,beta.var=beta.var,beta.pos=beta.pos,
CAR.params=params,int=keep.int, #baseline = baseline.track,
dev=dev,dbar=dbar,pD=pD,DIC=DIC)}

#0UTPUT :

#betalt,s,k] is the regression coefficient for time t, site s, covariate k
#beta.mn is the posterior mean of beta

#beta.var is the posterior variance of beta

#beta.pos is the posterior prob that beta is positive

#par.params has the draws of the CAR covariance parameters

#int has the draws of the overall average of each regression coefficient
#dev is the draws of the deviance
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#DIC, dbar, and pD are DIC statistics

#generate truncated normals
rtnorm<-function(m,1,u){
ql<-pnorm(1l,m,1)
g2<-pnorm(u,m,1)
gnorm(runif (length(m),ql,q2),m,1)
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