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APPENDIX

Proof of Proposition 1: Note that

EL(µ) = sup
{ n∏
i=1

wi : wi ≥ 0,
n∑
i=1

wi = 1,
n∑
i=1

wi(Ui − µ) = 0
}
.

Define Vi = Ui − µ for any i = 1, . . . , n. Without lose of generality, we set
µ0 > µ. Then,

`(µ) = −2 log{EL(µ)} − 2n log n = 2
n∑
i=1

log(1 + λVi)

where λ satisfies 0 = 1
n

∑n
i=1

Vi
1+λVi

. Let g(λ) = 1
n

∑n
i=1

Vi
1+λVi

. Note that

g

(
2(µ0 − µ)

S2

)
=

1
n

n∑
i=1

Vi −
2(µ0 − µ)
S2n

n∑
i=1

V 2
i

1 + 2(µ0 − µ)S−2Vi
,
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where S2 = 1
n

∑n
i=1 V

2
i . By Markov inequality, sup1≤i≤n |Vi| = Op(n

1
ν ).

Then, sup1≤i≤n |(µ0 − µ)Vi| = op(1). Hence,

g

(
2(µ0 − µ)

S2

)
=

1
n

n∑
i=1

(Ui − µ0)− (µ0 − µ){1 + op(1)}.

Using the same argument of [1], we know that λ = Op{|µ0 − µ|}.

By Taylor expansion,

`(µ) = 2
n∑
i=1

{
λVi −

1
2
λ2V 2

i +
λ3V 3

i

3(1 + ci1λVi)3

}
,

where |ci1| < 1 for all i = 1, . . . , n. On the other hand,

λ =
(

1
n

n∑
i=1

V 2
i

)−1( 1
n

n∑
i=1

Vi

)
+
(

1
n

n∑
i=1

V 2
i

)−1{ 1
n

n∑
i=1

λ2V 3
i

(1 + ci2λVi)3

}
,

where |ci2| < 1 for all i = 1, . . . , n. Then,

`(µ) = n

(
1
n

n∑
i=1

V 2
i

)−1( 1
n

n∑
i=1

Vi

)2

− n
(

1
n

n∑
i=1

V 2
i

)−1{ 1
n

n∑
i=1

λ2V 3
i

(1 + ci2λVi)3

}2

+
2
3

n∑
i=1

λ3V 3
i

(1 + ci1λVi)3
.

Hence,

`(µ) = n

[
1
n

n∑
i=1

(Ui − µ)2
]−1[ 1

n

n∑
i=1

(Ui − µ)
]2

+Op{n|µ0 − µ|3}.

As

n

[
1
n

n∑
i=1

(Ui−µ)
]2

= n

[
1
n

n∑
i=1

(Ui−µ0)
]2

+n(µ0−µ)2+2n(µ0−µ)· 1
n

n∑
i=1

(Ui−µ0),

noting n(µ0 − µ)2 →∞ and µ0 − µ→ 0, then

`(µ)
n(µ0 − µ)2σ−2

p−→ 1.

We complete the proof of this proposition. �

In order to establish the Theorem 1, we need the following lemma which
is a large derivation result widely used in our following proofs.
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Lemma 1. For independent and identically distributed random variables
ξ1, . . . , ξn, suppose that there exist three positive constants K̃1, K̃2 and γ

such that P{|ξi| > u} ≤ K̃1 exp(−K̃2u
γ) for all u > 0. Define µ0 = E(ξi),

δ = max{ 2
γ − 1, 0}, H = 21+δ and ∆̄ = n

1
2 σ

2K , where σ2 = E{(ξi − µ0)2} and
K > σ is a sufficiently large positive constant depending only on K̃1, K̃2 ,
γ and µ0, then

P
{
± 1

n
1
2σ

n∑
i=1

(ξi − µ0) ≥ x
}

≤


exp

{
− x2

4H

}
, if 0 ≤ x ≤ (H1+δ∆̄)

1
1+2δ ;

exp
{
− 1

4
(x∆̄)

1
1+δ

}
, if x ≥ (H1+δ∆̄)

1
1+2δ .

Proof : The key step is to bound |E(ξki )| for each k ≥ 3. Note that

|E(ξki )| ≤ E(|ξi|k) ≤
∫ ∞

0
K̃1 exp{−K̃2u

γ
k }du =

K̃1k

γK̃
k
γ

2

Γ
(
k

γ

)
.

If we pick δ = max{ 2
γ − 1, 0}, then there exists a positive constant l such

that k
k
γ

+ 1
2 ≤ (k!)1+δlk. By Stirling formula,

Γ
(
k

γ

)
=
√

2πγ
k

(
k

eγ

) k
γ

{1 +O(k−1)}.

Hence, there exists a positive constant K̃ > σ such that

|E(ξki )| ≤ (k!)1+δK̃k−2σ2, k = 3, 4, . . . .

Note that E(|ξi−µ0|k) ≤ 2k−1{E(|ξi|k) + |µ0|k}, then there exists a positive
constant K > σ depending only on K̃1, K̃2, γ and µ0 such that

|E{(ξi − µ0)k}| ≤ (k!)1+δKk−2σ2, k = 3, 4, . . . .

From Theorem 3.1 of [3], the result holds. �

Proof of Theorem 1: Without lose of generality, let µ = 0. From [2],
we can obtain that `(0) = 2 maxλ∈Λn

∑n
i=1 log(1 + λUi) where Λn = {λ :
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1+λUi ≥ n−1 for all i = 1, . . . , n}. Pick λ = (nε maxl |Ul|)−1 for some ε > 0,
then λ ∈ Λn for sufficiently large n. We assume µ0 = E(Ui) > 0. If µ0 < 0,
define Ũi = −Ui. We can find that

EL(0) = sup
{ n∏
i=1

wi : wi ≥ 0,
n∑
i=1

wi = 1,
n∑
i=1

wiUi = 0
}

= sup
{ n∏
i=1

wi : wi ≥ 0,
n∑
i=1

wi = 1,
n∑
i=1

wiŨi = 0
}
,

then `(0) = −2 log{EL(0)} − 2n log n does not depend on the sign of µ0.
Pick t > 0,

P{`(0) < 2t} ≤ P
{ n∑
i=1

log
[
1 +

Ui
nε maxl |Ul|

]
< t

}
.

We will give an upper bound for the one on the right-hand side of above
inequality. Note that

log
[
1 +

Ui
nε maxl |Ul|

]
=

Ui
nε maxl |Ul|

− 1
2(1 + ci)2

U2
i

n2ε maxl |Ul|2

where |ci| ≤ n−ε, then
n∑
i=1

log
[
1 +

Ui
nε maxl |Ul|

]
=

n∑
i=1

Ui
nε maxl |Ul|

+Rn,

where |Rn| ≤ n1−2ε. Hence,

P{`(0) < 2t} ≤ P
{ n∑
i=1

Ui
nε maxl |Ul|

< t+ n1−2ε
}
.

It means that

P{`(0) < 2t} ≤ P
{ n∑
i=1

(Ui − µ0) < (tnε + n1−ε) max
l
|Ul| − nµ0

}

≤ P
{

1

n
1
2σ

n∑
i=1

(Ui − µ0) <
(tnε−

1
2 + n

1
2
−ε)M − n

1
2µ0

σ

}
+K1 exp{−K2M

γ + log n}.

For L → ∞, pick ε satisfies nε = L
µ0

. Choose η ∈ (0, 2
3) and let M = ηL

and 2t = nµ2
0

L2 , then tnεM
nµ0

= η
2 and n1−εM

nµ0
= η. Hence, by Lemma 1, we can

obtain the result. �
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In the following, we consider the corresponding results in the procedure
of variable screening. For given j, define Zij = XijYi.

Lemma 2. Under assumption A.2, then

P{|Zij | > u} ≤ 2K1 exp{−K2u
γ} for any j = 1, . . . , p,

where γ = γ1γ2
γ1+γ2

.

Proof : Pick ε > 0,

P{|Zij | > u} = P{|Xij | > uε, |XijYi| > u}+ P{|Xij | ≤ uε, |XijYi| > u}

≤ P{|Xij | > uε}+ P{|Yi| > u1−ε}

≤ K1 exp{−K2u
εγ1}+K1 exp{−K2u

(1−ε)γ2}.

In order to get the best rate for the right-hand side of above inequality, we
need εγ1 = (1− ε)γ2. It means that ε = γ2

γ1+γ2
. Hence,

P{|Zij | > u} ≤ 2K1 exp{−K2u
γ}

where γ = γ1γ2
γ1+γ2

. We complete the proof of this lemma. �

Proof of Proposition 2: Note that |µj | ≤ {E(X2
ij)}

1
2 {E(Y 2

i )}
1
2 , then

|µj | can be bounded by a uniform constant. From A.1, nµ2
j ≥ c2

1n
1−2κ for

any j ∈ M∗. Then, P{`j(0) < c21n
1−2κ

L2 } ≤ P{`j(0) <
nµ2

j

L2 }. Using Lemma
2 and Theorem 1, we can bound the one on the right-hand side of above
inequality. The constant C1 appeared in Proposition 2 depends only on K1,
K2 and γ. Then, Proposition 2 holds. �

Proof of Theorem 2: Note that

P{M∗  M̂γn} = P{There exists j ∈M∗ such that `j(0) < c2
1n

2τ}

≤ s max
j∈M∗

P{`j(0) < c2
1n

2τ},

then the result holds. �

Lemmas 3 and 4 are two key results for the proof of Proposition 3. These
two lemmas together show that the λ defined by 0 = 1

n

∑n
i=1

Ui
1+λUi

can be
bounded by (| 4n

∑n
i=1 Ui|)( 3

n

∑n
i=1 U

2
i )−1 with high probability if E(Ui) =
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0. In these two lemmas, we both assume the random variables U1, . . . , Un

are independent and identically distributed and there exist three positive
constants K̃1, K̃2 and γ such that P{|Ui| > u} ≤ K̃1 exp(−K̃2u

γ) for all
u > 0. We also suppose σ2 = E(U2

i ) ≥ M for some positive constant M .
Throughout the proofs of the two lemmas, C will denote a generic positive
constant depending only on K̃1, K̃2, γ and M , that may be different in
different uses.

Lemma 3. If E(Ui) = 0, then

P
{ |n−1∑n

i=1 Ui|
n−1

∑n
i=1 U

2
i

max
l
|Ul| ≥

1
4

}
≤

 exp(−Cn
γ
4 ), if 0 < γ < 2;

exp(−Cn
γ
γ+2 ), if γ ≥ 2.

Proof : Pick ε ∈ (0, 1
2), then

P
{ |n−1∑n

i=1 Ui|
n−1

∑n
i=1 U

2
i

max
l
|Ul| ≥

1
4

}
= P

{ |n−1∑n
i=1 Ui|

n−1
∑n
i=1 U

2
i

max
l
|Ul| ≥

1
4
,max

l
|Ul| > nε/4

}
+ P

{ |n−1∑n
i=1 Ui|

n−1
∑n
i=1 U

2
i

max
l
|Ul| ≥

1
4
,max

l
|Ul| ≤ nε/4

}
= : I1 + I2.

For I1, we have I1 ≤ nK̃1 exp(−4−γK̃2n
εγ). On the other hand, noting that

P
{∣∣∣∣ 1n

n∑
i=1

Ui

∣∣∣∣ ≥ 1
n1+ε

n∑
i=1

U2
i

}
≤ P

{∣∣∣∣ 1n
n∑
i=1

Ui

∣∣∣∣ ≥ σ2

2nε

}
+ P

{
1
n

n∑
i=1

U2
i <

σ2

2

}
,

then

I2 ≤ P
{∣∣∣∣ 1n

n∑
i=1

Ui

∣∣∣∣ ≥ σ2

2nε

}
+ P

{
1
n

n∑
i=1

U2
i <

σ2

2

}
=: A1 +A2.

We will use large derivation results to bound the two parts on the right-hand
side. For A1, define δ = max{ 2

γ − 1, 0}, by Lemma 1,

A1 ≤

 2 exp(−Cn1−2ε), if (1− 2ε)(1 + 2δ) < 1;

2 exp(−Cn
1−ε
1+δ ), if (1− 2ε)(1 + 2δ) ≥ 1.
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For A2, define σ̃2 = var(U2
i ) and δ̃ = max{ 4

γ − 1, 0}, by Lemma 1,

A2 = P
{

1

n
1
2 σ̃

n∑
i=1

(U2
i − σ2) < −n

1
2σ2

2σ̃

}
≤ exp(−Cn

1

1+δ̃ ).

Aim to obtain the optimal rate, we pick ε = 1
4l{0 < γ < 2}+ 1

γ+2l{γ ≥ 2}.
Then, we complete the proof. �

Lemma 4. If E(Ui) = 0, then

P
{
|λ| ≥ 4|n−1∑n

i=1 Ui|
3n−1

∑n
i=1 U

2
i

}
≤

 exp(−Cn
γ
4 ), if 0 < γ < 2;

exp(−Cn
γ
γ+2 ), if γ ≥ 2;

where λ is defined by 0 = 1
n

∑n
i=1

Ui
1+λUi

.

Proof : Note that

λ =
(

1
n

n∑
i=1

Ui

)(
1
n

n∑
i=1

U2
i

1 + λUi

)−1

.

If 1
n

∑n
i=1 Ui > 0, then λ > 0. Note that 1

n < 1 + λminl Ul < 1 + λmaxl Ul,
then

0 < λ ≤ n−1∑n
i=1 Ui

n−1
∑n
i=1 U

2
i

(
1 + λmax

l
Ul

)
.

On the other hand, if 1
n

∑n
i=1 Ui < 0, then λ < 0, by the same argument,

0 > λ ≥ n−1∑n
i=1 Ui

n−1
∑n
i=1 U

2
i

(
1 + λmax

l
Ul

)
.

Then

|λ| ≤ |n
−1∑n

i=1 Ui|
n−1

∑n
i=1 U

2
i

(
1 + |λ|max

l
|Ul|

)
.

Hence,

P
{
|λ| < 4|n−1∑n

i=1 Ui|
3n−1

∑n
i=1 U

2
i

}
≥ P

{ |n−1∑n
i=1 Ui|

n−1
∑n
i=1 U

2
i

max
l
|Ul| <

1
4

}
.

From Lemma 3, we complete the proof. �
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Proof of Proposition 3: For any j /∈M∗, µj = 0, then

`j(0) = n

(
1
n

n∑
i=1

Z2
ij

)−1( 1
n

n∑
i=1

Zij

)2

− n
(

1
n

n∑
i=1

Z2
ij

)−1{ 1
n

n∑
i=1

λ2Z3
ij

(1 + ci2λZij)3

}2

+
2
3

n∑
i=1

λ3Z3
ij

(1 + ci1λZij)3

=: I1 + I2 + I3.

If |λ| < | 4n
∑n
i=1 Zij |( 3

n

∑n
i=1 Z

2
ij)
−1, then

max
l
|λZlj | <

|4n−1∑n
i=1 Zij |

3n−1
∑n
i=1 Z

2
ij

max
l
|Zlj |.

In addition, if | 1n
∑n
i=1 Zij |maxl |Zlj | < 1

4n

∑n
i=1 Z

2
ij , then maxl |λZlj | < 1

3 .
Define

A =
{
|λ| < |4n

−1∑n
i=1 Zij |

3n−1
∑n
i=1 Z

2
ij

and
∣∣∣∣ 1n

n∑
i=1

Zij

∣∣∣∣max
l
|Zlj | <

1
4n

n∑
i=1

Z2
ij

}
,

then by Lemma 3 and Lemma 4,

P(Ac) ≤

 exp(−Cn
γ
4 ), if 0 < γ < 2;

exp(−Cn
γ
γ+2 ), if γ ≥ 2.

If A holds,

|I3| ≤ C
( n∑
i=1

|Zij |3
)∣∣∣∣ 1n

n∑
i=1

Zij

∣∣∣∣3( 1
n

n∑
i=1

Z2
ij

)−3

.

Note that

P{`j(0) ≥ c2
1n

2τ} ≤ P
{
I1 ≥

c2
1n

2τ

2

}
+ P

{
I3 ≥

c2
1n

2τ

2
,A holds

}
+ P(Ac),

by the same way in the proofs of Lemma 3 and noting Lemma 1, we can get

P
{
I1 ≥

c2
1n

2τ

2

}
≤

 exp(−Cn1∧ γ
4 ) + exp(−Cn2τ ), if 2τ < 1

1+2δ ;

exp(−Cn1∧ γ
4 ) + exp(−Cn

2τ+1
2+2δ ), if 2τ ≥ 1

1+2δ ;

and

P
{
I3 ≥

c2
1n

2τ

2
,A holds

}
≤

 exp(−Cn1∧ γ
6 ) + exp(−Cn

4τ+1
3 ), if 4τ+1

3 < 1
1+2δ ;

exp(−Cn1∧ γ
6 ) + exp(−Cn

2τ+2
3+3δ ), if 4τ+1

3 ≥ 1
1+2δ ;
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where δ = max{ 2
γ − 1, 0}. Then,

P
{
I1 ≥

c2
1n

2τ

2

}
+ P

{
I3 ≥

c2
1n

2τ

2
,A holds

}
≤

 exp(−Cn2τ ), if τ ≤ γ
12 ;

exp(−Cn
γ
6 ), if τ > γ

12 .

Combining with the upper bound of P(Ac), we can obtain the result. �

Similar to the proof of Proposition 3, the following two lemmas are needed
for Proposition 4, which can be viewed as the extension of the results in
Lemma 3 and Lemma 4. We still assume that U1, . . . , Un are independent
and identically distributed random variables and there exist three positive
constants K̃1, K̃2 and γ such that P{|Ui| > u} ≤ K̃1 exp(−K̃2u

γ) for all
u > 0. We also suppose σ2 = E{(Ui − µ0)2} ≥ M for some positive con-
stant M , where µ0 = E(Ui). Throughout the following proofs, C denote a
generic positive constant which only depending on K̃1, K̃2 and γ that may
be different in different uses. Let Vi = Ui − µ and S2 = 1

n

∑n
i=1 V

2
i .

Lemma 5. Suppose that |µ− µ0| = O(1), then

P
{
S2 ≤ E{(Ui − µ)2}

2

}
≤ exp(−Cn1∧ γ

4 ).

Proof : Note that

P
{
S2 ≤ E{(Ui − µ)2}

2

}
≤ P

{
1
n

n∑
i=1

[
(Ui − µ0)2 − σ2

]
≤ −σ

2

4

}
+ P

{
2(µ0 − µ)

n

n∑
i=1

(Ui − µ0) ≤ −σ
2

4

}
= : I1 + I2.

By Lemma 1, I1 ≤ exp(−Cn
1

1+δ̃ ) where δ̃ = max{ 4
γ − 1, 0} and I2 ≤

exp{−C(n|µ − µ0|−1)
1

1+δ } where δ = max{ 2
γ − 1, 0}. Then, we can obtain

the result. �
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Lemma 6. Let |µ− µ0| = O(n−w) for some w > 0, then

P
{
|λ| > 4|n−1∑n

i=1 Vi|
3S2

}
≤



exp(−Cnγw), if γ ≥ 2 and w ≤ 1
2+γ ;

exp(−Cn
γ
γ+2 ), if γ ≥ 2 and w > 1

2+γ ;

exp(−Cnγw), if γ < 2 and w ≤ 1
4 ;

exp(−Cn
γ
4 ), if γ < 2 and w > 1

4 .

where λ is defined by 0 = 1
n

∑n
i=1

Vi
1+λVi

.

Proof : By the same argument in the proof of Lemma 4, we only need to
consider P{S−2| 1n

∑n
i=1 Vi|maxl |Vl| ≥ 1

4}. Pick ε ∈ (0, w], then

P
{ |n−1∑n

i=1 Vi|
S2

max
l
|Vl| ≥

1
4

}
≤ P

{∣∣∣∣ 1n
n∑
i=1

Vi

∣∣∣∣ ≥ C̃n−ε}+ exp(−Cnεγ) + exp(−Cn1∧ γ
4 ).

Note that P{| 1n
∑n
i=1 Vi| ≥ C̃n−ε} ≤ P{| 1n

∑n
i=1(Ui − µ0)| ≥ C̃n−ε

2 } as n is
sufficiently large and C̃ is sufficiently large. Then, by Lemma 1,

P
{∣∣∣∣ 1n

n∑
i=1

Vi

∣∣∣∣ ≥ C̃n−ε} ≤
 exp(−Cn1−2ε), if (1− 2ε)(1 + 2δ) < 1;

exp(−Cn
1−ε
1+δ ), if (1− 2ε)(1 + 2δ) ≥ 1.

Hence,

P
{ |n−1∑n

i=1 Vi|
S2

max
l
|Vl| ≥

1
4

}
≤



exp(−Cn1−2ε), if γ ≥ 2 and ε ≥ 1
2+γ ;

exp(−Cnεγ), if γ ≥ 2 and ε < 1
2+γ ;

exp(−Cnεγ), if γ < 2 and ε ≤ 1
4 ;

exp(−Cn1−2ε), if γ < 2 and ε > 4−γ
8 ;

exp(−Cn
γ
4 ), if γ < 2 and ε ∈ (1

4 ,
4−γ

8 ].

Note that ε ∈ (0, w], we can obtain the result. �

Proof of Proposition 4: The main idea is similar to the proof of
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Proposition 3. By Taylor expansion, we have

`j(0) = n

(
1
n

n∑
i=1

Z2
ij

)−1( 1
n

n∑
i=1

Zij

)2

− n
(

1
n

n∑
i=1

Z2
ij

)−1{ 1
n

n∑
i=1

λ2Z3
ij

(1 + ci2λZij)3

}2

+
2
3

n∑
i=1

λ3Z3
ij

(1 + ci1λZij)3

=: I1 + I2 + I3.

Define

A =
{
|λ| < 4|n−1∑n

i=1 Zij |
3n−1

∑n
i=1 Z

2
ij

and
∣∣∣∣ 1n

n∑
i=1

Zij

∣∣∣∣max
l
|Zlj | <

1
4n

n∑
i=1

Z2
ij

}
,

then by Lemma 6,

P(Ac) ≤



exp(−Cnγη), if γ ≥ 2 and η ≤ 1
2+γ ;

exp(−Cn
γ
γ+2 ), if γ ≥ 2 and η > 1

2+γ ;

exp(−Cnγη), if γ < 2 and η ≤ 1
4 ;

exp(−Cn
γ
4 ), if γ < 2 and η > 1

4 .

The left part is similar to the proof of Proposition 3. �

Proof of Theorem 5: Similar to the proof of Theorem 1, we can obtain

P
{
`j(0) <

n‖g(j)(Z; 0)‖2∞
L2

}

≤



exp
{
− n‖g(j)(Z; 0)‖2∞

4Hσ2

}
+ exp(−CLγ3),

if n
1
2 ‖g(j)(Z; 0)‖∞ ≤ σ(H1+δ∆̄)

1
1+2δ ;

exp
{
− 1

4

(
n‖g(j)(Z; 0)‖∞

2K

) 1
1+δ
}

+ exp(−CLγ3),

if n
1
2 ‖g(j)(Z; 0)‖∞ > σ(H1+δ∆̄)

1
1+2δ ;

for any L → ∞, where δ, H, ∆̄, σ and K are defined the same as those
appeared in Theorem 1, and C is a positive constant. Then, following the
arguments of the proofs of Proposition 2 and Theorem 2, we complete the
proof. �
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Proof of Theorem 6: By Taylor expansion, we have

`j(0)

= n

{
1
n

n∑
i=1

g(j)(Zi; 0)
}T{ 1

n

n∑
i=1

g(j)(Zi; 0)g(j)(Zi; 0)T

}−1{ 1
n

n∑
i=1

g(j)(Zi; 0)
}

− n
[

1
n

n∑
i=1

{λTg(j)(Zi; 0)}2g(j)(Zi; 0)
{1 + ci2λTg(j)(Zi; 0)}3

]T{ 1
n

n∑
i=1

g(j)(Zi; 0)g(j)(Zi; 0)T

}−1

×
[

1
n

n∑
i=1

{λTg(j)(Zi; 0)}2g(j)(Zi; 0)
{1 + ci2λTg(j)(Zi; 0)}3

]

+
2
3

n∑
i=1

{λTg(j)(Zi; 0)}3

{1 + ci1λTg(j)(Zi; 0)}3
.

Define

A =
{
‖λ‖2 <

4
3
·
∥∥∥∥ 1
n

n∑
i=1

g(j)(Zi; 0)
∥∥∥∥

2

· λ−1
min

[
1
n

n∑
i=1

g(j)(Zi; 0)g(j)(Zi; 0)T

]

and
∥∥∥∥ 1
n

n∑
i=1

g(j)(Zi; 0)
∥∥∥∥

2

max
l
‖g(j)(Zl; 0)‖2

<
1
4
· λmin

[
1
n

n∑
i=1

g(j)(Zi; 0)g(j)(Zi; 0)T

]}
.

Similar to Lemma 6, we have

P(Ac) ≤



exp(−Cnγ3η), if γ3 ≥ 2 and η ≤ 1
2+γ3

;

exp(−Cn
γ3
γ3+2 ), if γ3 ≥ 2 and η > 1

2+γ3
;

exp(−Cnγ3η), if γ3 < 2 and η ≤ 1
4 ;

exp(−Cn
γ3
4 ), if γ3 < 2 and η > 1

4 .

Then, following the proof of Proposition 3, we can complete the proof. �
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