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APPENDIX
PROOF OF PROPOSITION 1: Note that
n n n
EL(u) = sup{ Hwi cw; >0, Zwi =1, Zwi(Ui —p) = 0}.
i=1 i=1 i=1

Define V; = U; — p for any i = 1,...,n. Without lose of generality, we set
o > p. Then,

() = —2log{EL(u)} — 2nlogn = ZZlog(l + A\Vp)
i=1

where A satisfies 0 = 1 577 1+AV Let g(\) =157, 1+>\V Note that

2(po — 1) = V7
g( S? ) ZV Z1+2<M0— S2V

=1
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where S? = 15" V2. By Markov inequality, sup;<;<, [Vil = O (nu)

n

Then, sup;<;<y, |(,u0 1)Vil = 0p(1). Hence,

2w —p)\ _ 1 ¢

o) = 25 W ) - o~ 1+ 1),
i=1

Using the same argument of [1], we know that A = Op{|uo — p|}.

By Taylor expansion,
- 1 VP
() =2 3NV = SNV }
() ;{ SRR (R AE

where |¢;1] < 1 for all i =1,...,n. On the other hand,

1n -1 ln 1n —1 ln A2V3
(5 0 (B ()
(n; ! n; + n; ! n;(l—i-cm)\vi)?)
where |¢o] < 1 for alli=1,...,n. Then,

1n -1 1n 2 1n - 1n )\2‘/3 2
s ) R ) ()
(1) n(nzl) <nz) n(nZ’ nz (14 cioA\V;)3

=1

2 n )\3‘/;3
T3 ; (14 ca\V;)3
Hence
1 n —1 1 n 2
) =n| L S - w?| |- )]+ Opfnlio - )
i=1 =1
As

1 n 2 1 n 2 ) 1 n
w2 )| =] S U)o+ 200 p) Y (Ui-po),

i=1 =1 i=1

2 - 0o and g — pt — 0, then

—E(“)Z B
n(po — p)?o

noting n(po — 41)

We complete the proof of this proposition. O

In order to establish the Theorem 1, we need the following lemma which

is a large derivation result widely used in our following proofs.
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LEMMA 1. For independent and identically distributed random variables
&1,...,&,, suppose that there exist three positive constants f(/l, f{/g and -~y
such that P{|&| > u} < K exp(—Kou?) for all u > 0. Define po = E(&),
§= max{% — 1,0}, H=2"% and A = "j—K", where 02 = B{(& — po)?} and
K > o is a sufficiently large positive constant depending only on K1, Ko ,
v and po, then

2
exp{ - fH}’ if0<z< (HH‘SA)ﬁ;
1
1496

exp{ - i(:vA)}, if x > (HH“SA)ﬁ.

Proof: The key step is to bound |[E(&F)| for each k > 3. Note that

()] < Bal) < [ Kyexp{-Kout jdu= “L1T (’f) |
0 7%27

If we pick § = max{% — 1,0}, then there exists a positive constant ! such

that k72 < (kN'*91k, By Stirling formula,

k
k 2y (k\~ 1
'i=)=—{— 14+ 0(k .
(7) k <67) O]
Hence, there exists a positive constant & > o such that

E(ER)| < (k)"WOKF 262 k=34,....

Note that E(|& — uol®) < 28 HE(|&|F) + |uo|¥}, then there exists a positive
constant K > ¢ depending only on Kl, Kg, ~ and pg such that

IE{(& — po)*Y < (R)'OKF 262, k=3,4,....

From Theorem 3.1 of [3], the result holds. O

PrROOF OF THEOREM 1: Without lose of generality, let © = 0. From [2],
we can obtain that £(0) = 2maxyecp, > i1 log(l + AU;) where A, = {\ :
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1+AU; >n~tforalli=1,...,n}. Pick A = (nf max; |U;|)~! for some € > 0,
then A € A,, for sufficiently large n. We assume pg = E(U;) > 0. If po < 0,
define U; = —U;. We can find that

n n n

EL(0) = sup{ [[wizwi>0, Y wi=1, Y wl;= 0}
=1 =1 =1
n

= sup{ Hwi cw; > 0, Zwi =1, ZwiUi = ()},
=1 =1 i=1
then £(0) = —2log{EL(0)} — 2nlogn does not depend on the sign of puyg.
Pick ¢ > 0,
P{U0) <2t} < P{ > log |1+ | <t

P n¢ max; |Uj]
We will give an upper bound for the one on the right-hand side of above
inequality. Note that

U; ] o un 1 U?
© nfmax |U)]  2(1 + ¢)? n2€ max; |U, |2

log |1
©8 [ + n¢ max; |Uj|

where |¢;| < n~¢, then
Ui - Ui
log |14~ | =3 R,
Z g{ n¢ max; |Uj| ;nGmaXHUll
where |R,,| < n'~2¢. Hence,

P{(0) < 20} < ]p{ P

< t + n1—2€}.
=1

n€ max; \Ul|

It means that

P{¢(0) <2t}<]P’{Z Ui — po) < (tn® +n' E)rnlax|Ul—n,u0}
i=1

1 1
1 & tn® 2z +n2 )M —n2
SP{ — > (Ui — o) < ( ) MO}

n2o ;= g

+ K exp{—KgM7 +logn}.

For L — oo, pick € satisfies n© = . Choose n € (0,2) and let M = nL
and 2t = LP;O, then oM =4 and * 1 ‘M — p. Hence, by Lemma 1, we can
O O

obtain the result. O
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In the following, we consider the corresponding results in the procedure

of variable screening. For given j, define Z;; = X;;V;.
LEMMA 2.  Under assumption A.2, then

P{|Zi;| > u} <2Kjexp{—Kou"} forany j=1,...,p,

— N

where 7y STEE

Proof: Pick € > 0,

P{|Zij| > u} = P{|X;j| > uS, | Xi;Vi| > u} + P{|X;;| < us, | XiVi| > u}
< P{|Xij| > u} + P{|Yi| > u' =}
< K1 exp{—Kou"} + K exp{—Koul=972},

In order to get the best rate for the right-hand side of above inequality, we

Y2
Y1+72

need ey; = (1 — €)7y2. It means that € = . Hence,

P{|Zi;| > u} < 2K exp{—Ku"}

_ mye
Y1+72

PROOF OF PROPOSITION 2: Note that |u;| < {E(X%)}%{E(}QZ)}%, then

;] can be bounded by a uniform constant. From A.1, nu? > cfn'~?" for

where y . We complete the proof of this lemma. O

2,1-2k
cin

npu2
any j € M,. Then, P{/;(0) < 25—} < P{£;(0) < %} Using Lemma

2 and Theorem 1, we can bound the one on the right-hand side of above

inequality. The constant C'; appeared in Proposition 2 depends only on K1,
K5 and 7. Then, Proposition 2 holds. O

PrROOF OF THEOREM 2: Note that
P{M. ¢ /(/l\%} = P{There exists j € M, such that £;(0) < ¢in"}

2,2
< s max P{¢;(0) < cin""},

then the result holds. O

Lemmas 3 and 4 are two key results for the proof of Proposition 3. These

two lemmas together show that the A defined by 0 = % A %XUZ can be

bounded by (|2 321, Uy[)(2 37, U?)~! with high probability if E(U;) =
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0. In these two lemmas, we both assume the random variables Uy,...,U,
are independent and identically distributed and there exist three positive
constants K1, Ko and v such that P{|U;| > u} < Kj exp(—Kou?) for all
u > 0. We also suppose 02 = E(U?) > M for some positive constant M.
Throughout the proofs of the two lemmas, C' will denote a generic positive
constant depending only on Kl, ./[\(/2, v and M, that may be different in

different uses.

LEmMMmA 3. IfE(U;) =0, then

In=t 30 Uil 1}
P —== " "m Ul >-7 <
{n—l n L U? laX’ l|_4 -

exp(—C’n%), if 0 <y <2;
exp(—C’nﬁ), if v > 2.

Proof: Pick € € (0, %), then

In=t Y Ul 1}
pl It Zi=t Vil ) > -
{n—l S U? max U] = 7

[~ i, Uil 1
= P{m mlaX|Ul’ Z Z,mlaX’Ul’ > 716/4

’nil > Uil 1
+ oy Ui 2 gl ] <

=1 + L.

For I;, we have I; < nKj exp(—4~7Kn"). On the other hand, noting that
P{‘l iU- > ZH:W} < ]}D{‘l ZH:U
nm Ttz T Ung

then

> 7 }+P{liU2<02}
— 2n¢ n = k 2 )’

I <}P’{‘1§n:U~ > 02}+P{1§:U2<02} = A+ A
2= n = "= one n = i 9 [ z

We will use large derivation results to bound the two parts on the right-hand
side. For Ay, define § = max{% — 1,0}, by Lemma 1,

2exp(—Cn'72), if (1 —2¢)(1 4+ 26) < 1;
A <

2exp(—0n%3), if (1 —2¢)(1+20) > 1.
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For Ay, define 62 = var(U?) and 6= max{% — 1,0}, by Lemma 1,

1
nzo?

_ 2
A2_P{né&§[] —o}) < — 55 }<exp( Cn1+5)

Aim to obtain the optimal rate, we pick € = %H{O <y <24 ﬁﬂ{’y > 2}.
Then, we complete the proof. U

LemMmA 4. IfE(U;) =0, then

At U exp(—Cni), if 0 <y < 2
P{W > } <
3n=1y ", U? a3y .
exp(—Cn7+2), if v > 2;

where X\ is defined by 0 = % A l-ing

Proof: Note that

1 n UQ —1
U; .
=)o)
If 122 1 Ui > 0, then XA > 0. Note that + = <1+ Amin U; < 1+ Amax; Uy,
then

—1 n
n i=1 U;
< —————— + .
0< A TS U2 <1 )\mlaxUl>

On the other hand, if %Z?:l U; < 0, then A < 0, by the same argument,

—1 n
mn i=1 Uz
> .
0>A> S Uiz <1 + )\mlax Ul>
Then
A < ‘_l—nU’ (1 + ])\|max\U|)
D U2 ! l .
Hence,

4n~t3r U In=tS°" Ul 1
P == L > P == ~
(< s U2} {n—lzg‘lUE gl < 3

From Lemma 3, we complete the proof. Il
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PROOF OF PROPOSITION 3: For any j ¢ M, uj = 0, then

1 -1 1> 2 1 n )\2z3 2
B I N I
<"2 i n; i n; i z:: 0T carZy)
9 M A3ZzZ3
Sy
3 = (1 + Cil)\Zij)
= 5L+ 1+ I
If N[ < 5 321y Zigl(2 27 Z) 7", then

|47”F1 i1 Zij
3n— Z2

max IAZy;| < max | Zy|.

In addition, if |1 Y7 ) Z;;|max; |Z;;| < & Y7y Z2, then max; [AZ;;| < 3

YK
Define

]4n_1 m Z”| "
=11Al <
{ 3n~ ij 2;

241 < 3= Y251
i=1
then by Lemma 3 and Lemma 4,
.
exp(—Cn?%),if 0 < v < 2;
P(A7) < :
exp(—Cn7+2), if v > 2.

If A holds,

n n

1
|1I5] < C(Z |Zij|3>‘nzzz

i=1 i=1

3 n -3
1
Gn2)
i=1
Note that

4 2 27 C%”ZT C%”% . c
P{¢;(0) > cin""} < PS I > ) +PI3 > 5 , A holds ¢ + P(A°),

by the same way in the proofs of Lemma 3 and noting Lemma 1, we can get

2,27 exp —Cn'M +exp(—Cn?7), if 27 < —L:
P{Il cin } < { ( ) ( ) 1125

2 exp(—C'nM%) + eXP(—Cngg‘;) if 27 > 1+257
and
An? exp(—Cn'#) + exp(~Cn”5 ), if 4L < Es e
P{Ig > ,Aholds} < , 42
2 exp(—Cn!"%) + exp(—Cn 3+ ), if et > ﬁ;
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where § = max{% —1,0}. Then,

2n2" 2p27 exp(—Cn®7), if 7 < %;
IP’{hZClZ }—I-]P’{Igzcm Aholds}g{ xp( ) = 12

2 exp(—Cnd), if 7 > -
Combining with the upper bound of P(A°), we can obtain the result. O

Similar to the proof of Proposition 3, the following two lemmas are needed
for Proposition 4, which can be viewed as the extension of the results in
Lemma 3 and Lemma 4. We still assume that Uy, ...,U, are independent
and identically distributed random variables and there exist three positive
constants K, Ko and v such that P{|U;| > u} < Kj exp(—Kou?) for all
u > 0. We also suppose 02 = E{(U; — ug)?} > M for some positive con-
stant M, where pug = E(U;). Throughout the following proofs, C' denote a
generic positive constant which only depending on K, 1, Ky and ~ that may
be different in different uses. Let V; = U; — g and S? = 1 27 | V2,

n (2

LEMMA 5.  Suppose that |p — po| = O(1), then

]p{52 < E{(U’;“)Z}} < exp(—Cn*'7).

Proof: Note that

IP’{S2 < E{(Uz; N)Q}}

= P{lelz:; [(Ul ~Ho)” - 02] = _22} +P{2(M0n_u)i:1(Ui ) _042}

::Il‘l-lg.

1 ~
By Lemma 1, I} < exp(—Cni1+3) where § = max{% — 1,0} and Iy <
exp{—C(n|p — M0|_1)1+%} where § = max{% —1,0}. Then, we can obtain
the result. O
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LEMMA 6. Let |u— po| = O(n™") for some w > 0, then

o
4n=t3 Vi exp(—Cn7+2
PSIA > —————— 7 <
{’ > 352 }_

where X is defined by 0 = %2?21 IJ&VZ_.

, ifvy>2 and w <

, ifvy>2 and w >

2
. 1.
s ify<2andw < g

, if’y<2andw>i.

Proof: By the same argument in the proof of Lemma 4, we only need to
consider P{S~2|1 "7 | V;| max; |V;| > 1}. Pick € € (0, w], then

In ™' 30, Vil 1
P{Sz mlax\Vl\ > 1

1
<2
nzzl

Note that P{|1 5> | Vj| > Cn=} < P{|2 >0 (U —

1—e

1 n
ﬂh;w_

Hence,
exp(—Cn'~2),
| —1 n V| 1 eXp( n67)7
n r Vi
P{S;“mlaxlvl’ 2 4} < exp(—Cn),
exp(~Cn' ™),
exp(—Cn¥),

Note that € € (0, w], we can obtain the result.

PROOF OF PROPOSITION 4: The main idea is

il > C‘ne} + exp(—Cn") + exp(—Cn'"'7).

)|>C” -} as n is

sufficiently large and C is sufficiently large. Then, by Lemma 1,

if v>2and e >

ify>2ande<

. exp(—Cn'~%), if (1 —2€)(1+26) < 1
> C'n_e} <
exp(—Cn1+3), if (1 —2¢)(1+24) > 1

2—‘,—"/7

T

1
ify<2ande< g

if y<2ande> 2

1f'y<2ande€(i,%

O

similar to the proof of

].



MARGINAL EL AND SIS 11

Proposition 3. By Taylor expansion, we have
1M -1 1> 2 1 1™ )\2z3 2
=(i55) (Em) (G5%) X aranar)
iz iz g ni 1+ Cﬁ)‘ZZJ)
373
L2 N
33 (1+cinAZy;)?

4|n—1 " Zijl 1<
A < J d =Y Z;.
{| | 30— l: Zzzg an ’n; ij

then by Lemma 6,

1 n
max | Z;;| < — ZZZ-QJ-},
l 4n =

exp(—Cn'), if y > 2 and n < 2+7’

,if722andn>m;

)
)
exp(—Cn), if y < 2 and < 1;
), if’y<2andn>%.
The left part is similar to the proof of Proposition 3. 0
PROOF OF THEOREM 5: Similar to the proof of Theorem 1, we can obtain
n|g%(Z;0)|12

n Z:0)|?
o MEIEOEY

if n2||g)(Z; 0) |0 < o(H"PA) T,
1 0)(Z: 0[]0\ T3

exp{ _ 4<n||g 2([(;0)” > }—FeXp(—CL’YB),
if n2||g)(Z; 0) |0 > o(H P A) T,

IN

for any L — oo, where 6, H, A, 0 and K are defined the same as those
appeared in Theorem 1, and C' is a positive constant. Then, following the
arguments of the proofs of Proposition 2 and Theorem 2, we complete the

proof. O
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PrROOF OF THEOREM 6: By Taylor expansion, we have

£;(0)

n

n{iZg]) zz,o}{ Zg (Zi;0)gY) (Z;;0) } { Zg z,,o}

IR {ATg”)(Zi;O)}Qg(J (Z;;0) PP T
_n[n; {1+Ci2)\T (J)(ZO)}S ] {nzg()(zi70)g()<zi70) }
Vg0 (Z::0)1%89(Z,:0)
{ ; {1+ cipATgl)(Zy;0)}3 }

2 ¢~ {\"gV)(Z;0)}°
Z {1

3 ¢ +011)\T (7)(Z1,0)}
Define
a={ine <5 1ig<ﬁ<zio ik zg 2080207
3 ni:l ’ mm ) )
18
and | 600 mlaxug )(Z:0)]
=1 2

<%- mm{ Zg (Zi;0)g (ZZ,O)]}

Similar to Lemma 6, we have

exp(—Cn™"), if v3 > 2 and n <

2+’Y3

exp(—Cn+2), if y3 > 2 and n > m;

exp(—Cn™3"

P(A°) <
, if73<2and77§%,

exp(—Cn4), if y3 < 2 and n > %.

Then, following the proof of Proposition 3, we can complete the proof. [
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