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Web Appendix A: Asymptotic expression for
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Calculations, similar to those presented in Appendix B of Lakhal-Chaieb et al.
(2009), show that B is asymptotically equivalent to
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n
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Standard theory of U-statistics shows that the distribution of
√
n{γ̂−γ} is asymptot-

ically normal with mean zero and variance equal to V ar(A)+V ar(B)+2Cov(A,B).

The first term A is a U-statistics of order 2. Thus, its asymptotic variance is equal
to
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On the other hand, standard martingale variance calculation yields

V ar(B) =
∫ ∞

0

q2(u)

Pr(X̃ + Ỹ > u)
dΛc(u).
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To compute Cov(A,B), we follow the lines of Cheng et al. (1995) and write

Lij = δYjI(Ỹi > Ỹj) + δYiI(Ỹi < Ỹj).

Hence, one has:
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Calculations similar to those presented in Appendices 1 & 2 of Cheng et al. (1995)
yield the following expression for Cov(A,B):
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which converges to
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Putting all these pieces together leads to the asymptotic variance of
√
n(γ̂ − γ).

Web Appendix B: Asymptotic presentation of
√
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τ}

One has:
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Web Appendix C: Expression of τA

Let (U, V ) be a pair of random variables following the Clayton copula with
uniform marginals and a parameter θ > 1. For (u, v) ∈ [0, 1]2, one has

Pr(U ≤ u;V ≤ v) = Cθ(u, v) =
[
u−(θ−1) + v−(θ−1) − 1

]−1/(θ−1)
.

Kendall’s tau restricted toA = {a ≤ U ≤ b} is equal to τA = 4
∫ 1
0

∫ b
a HA(u, v)hA(u, v)dudv−

1, where HA and hA are the cumulative distribution and the density functions of
(U, V |a ≤ U ≤ b), respectively. On the other side, for (u, v) ∈ [a, b]× [0, 1], one has

HA(u, v) = P (U ≤ u;V ≤ v|a ≤ U ≤ b) =
P (a ≤ U ≤ u;V ≤ v)

P (a ≤ U ≤ b)
=
Cθ(u, v)− Cθ(a, v)

b− a

and hence hA(u, v) = C11
θ (u, v)/(b− a) where Cij

θ (u, v) = ∂i+jCθ(u, v)/∂
iu∂jv. So
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4
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Tedious but straightforward computations show that I1 = θ(b2−a2)/{2(θ+1)} and
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1
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2
.

The expression of τA when θ > 1 is obtained by putting together I1 and I2. Ex-
pression for τA when θ < 1 is obtained by similar computations.
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