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Derivation of the variance of the sample allele frequency

Consider a population of M diploid individuals, from which N individuals are randomly
sampled. Let the locus of interest have n>1 alleles, denoted by A,, i € {1, 2, ,n} . Also, let

P, be the frequency of individuals in the population with alleles A; and A, with

i,jE {1, 2,.. .,n} . Thus, MP, is the number of individuals in the population with alleles A
and A;. The frequency of allele A, in the population is denoted by p,, whereas that in the
sample is denoted by p,, (arandom variable). p,, =Y,/ (2N ) , where Y, is the number of

copies of allele i in the sample of size N. Y, , =2X,, + E . X, » where X, is the number of
J=Ll.j=i

ij *
individuals in the sample with alleles A; and A;. Y, can be written as Y, , = E a,X; ,

where a; =2 for i=j and a; =1 for i = j . Using the formula for the variance of a sum of

dependent variables, the variance of Y, is equal to:

o’ [Vin]= Y ao’[X;]+ Y, Y a,aCov[X;, X, ], (S1)

Jj j=k k

where o> and Cov denote the variance and covariance respectively. The X,;’s, with
i,jE {1, 2,.. .,n} , follow a multivariate hypergeometric distribution with parameters M, N
and MP, . Thus,

M-N
Oz[Xij]=(ﬁ)NRj(l_Ry‘)’ (82)
and
M-N
Cov[X;, X, ]= (W)N@Ek (S3)
[1]. Thus
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+E . P /2 and thus 2Fj.,.+E P, =2p,. In addition, using the multinomial
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series [2]:

E S+2Y (2P)P+2Y Y PP, (S5)
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Thus, (S4) can be simplified to

o [KN] B (%)N(zpi - 4pi2 + 2Pii) . (S6)

Hence

)0 (=N )-2 o) -
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which is equivalent to equation (11).
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