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Step 3. of sampling algorithm: Sampling (FMl,la FM1707 FM0717 FM(LO’ T1,M; s 7T07M0)

1. Generate L sets (M, My ). This requires sampling from fas, ar, (m., m.) = far, (mz|m.r) far, (m.).
Note that in the TOURS trial, M, is actually discrete (taking integer values 0 to 350), so we

compute fys. (m,) as follows,
far,(my) = Far,(m, +0.5) — Fp.(m, —0.5);2=0,1

where FMZ = FMZ,I X T1,My +FMZ,O X (1 —7T1’M1).

We sample M. using Fy;,(M./) ~ Unif(0,1). Then, given M./, we obtain M, using the
conditional CDF

F]V[Z(mz‘mz’) = Zsz(t’mZ/)
t=0

Z;n:zo sz,MZr (t7 mz’)
far, (M)
Faroar, (me 4 0.5, mz +0.5) — Fig, ar, (me +0.5,m. — 0.5)
Fy, (my 4 0.5) — Fiyy, (my — 0.5)

using the fact Fyy, (M,|m.) ~ Unif(0,1).
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The densities faz, ar, (m., m,) can be computed in the same manner with Assumption 4.

. Compute f; r,(y) via Monte Carlo integration using the L sets (M, M;) as follows

f1,M0(y) = /f1,M0(y|m0,m1)fMo,M1(m0,m1)dmodm1

- —0(910 3 /exp{sgn(d) log xyI(|d| > €)} fran, (Wlmo, my) Fagonn (Mo, my) dmodmy (A 2)
1

- 0 /exp{sgn(d) log xyI(|d| > €)} f1.am (y]mo) fare.nr, (Mo, m1) dmodma (A 3),

where *A’ corresponds to *Assumption” and C/(x, €) denotes a normalizing constant which

can be obtained as
1
Clx.e) =3 [ exp{sen(d)logxyl(d = ) fuan(vlmo) fusan (mo. ms) diods.
y=0

To compute [y, (y|mo),

T o, (U= 7000) 7Y far, v (M = mo| Y1, = )

fan (My = my) ’

fl,Ml (y\mo) =

where
fany vy (My = mo|Yia, =y) = Fary y(mo +0.5) — Fay, y(mo — 0.5)

and
far, (M1 =mg) = far, i (My = mo|Yim, = 1) Xm0 an, +fan va (My = mol Y, = 0) X (1—m1 a1, )-

. Compute the direct and indirect effects using 7y s, — 7o, a1, and my ar, — 71 01,, Where w1 g, =

fl,Mo(l)'

Implementation of Dirichlet process priors for the TOURS data in WinBUGS (Step 2 of the

sampling algorithm in Section 3)

We use the following construction of the Dirichlet process parameters for implementation in Win-

BUGS,

i—1

vi ~ Beta(1, K,), m = %H(l - M),
=1



0; ~ W. x Betajg ss0) (12, f12) + (1 — W) x Betajg ss0 (22, f2:),

M
Gz = Zﬂ'l'dgi and sz,y(mz|YZ’Mz = y) ~ Gz
=1

where the precision parameter ', has a uniform prior, DiscUni f[1,20].

Since the mediator takes values in [0,350], we specify

M
A =Q(6;) and G. =) _mdy,

i=1

where function @ : (0,350) — (—0.5,350 + 0.5).

We then specify

ot y(me|Yo p, = y) ~ Poisson(Ag),
where S ~ categorical (7, 7o, -+ , Tk).

Comparison of posterior variances with and without Assumption 5

a) Without Assumption 5

First note that

EY1 Y1 M) = /p(Yn = 1,Y10 = 1lmg, mq) f(mo, m1)dmodm,

where p(Y11 = 1, Y10 = 1/mg, m1) = p(Yio = 1|Y11 = 1,mg, mq)p(Y11 = 1|mo, mq).

Now, assume p(Yy; = 1|mg,m;) > 0 and a non-negative correlation between Y7; and Y,

given mg and m;. Then the correlation between Y;; and Y7, conditional on (M7, M), 0, is

E(YioY11|mo, m1) — E(Yio|mo, m1) E(Y11|mg, mq)

0 —
Vp(Y10 = 1|mg, m1)(1 — p(Yio = 1lmo, m1))\/p(Yi1 = 1|mo,m1)(1 — p(Yi1 = 1|mg, m1))
_ p(Yio = 1, Y11 = 1img, m1) — p(Yio = 1|mg, m1)p(Yi1 = 1jmg, mq)
Vp(Y10 = 1mo,m1)(1 — p(Yio = 1lmo, m1))\/p(Yi1 = 1|mo,m1)(1 — p(Yi1 = 1|mog, m1))
>



Note that

p(Yio = 1,Y11 = 1ymg, my) = p(Yio = 1jmo, m1)p(Y11 = 1lmg,m1) + 0 x s.d.(Y10)s.d.(Y11),

where s.d.(Y19) = \/p(Yio = 1|mo, m1)(1 — p(Yio = 1|mg, m;)) and

s.d.(Yn) = \/p(Yn = 1|mo,m1)(1 — p(Y11 = 1imog, m1)).

This can be re-expressed as

p(YIO =1, = 1|m0,m1)

= exp{sgn(d)log xI(|d| > e)}p(Y11 = 1|My = mo)p(Y11 = 1|M; =my) + 0 x s.d.(Yip)s.d.(Y11)

by Assumption 2 and 3.

Using these results, the variance of the NIE without assumption 5 is

Var(NIE) = E(Yy,) = 2E(YVianYi) + E(Vey,) = {E(Vian) — EViag)}

= E(Y?y)+EX ) —{EVim) — EMiag)} — C1L, (1)
where C'1 = 2fexp{sgn(d) log xI(|d| > €)}p(Y11 = 1| My = mg)p(Y11 = 1My = my) f(mo, mq)dmodm,

+2f9 X s.d.(Ym)s.d.(YH)f(mo,ml)dmodml.

b) Under Assumption 5

Note that
EY1 Y1) = /p(Yll = 1,Y10 = 1lmg, my) f(mo, m1)dmodm,
where

p(Yi1 = 1,Y19 = 1ymo,m1) = p(Yio = 1mo, m1)p(Y1 = 1lmo, ma)

= exp{sgn(d) log X](|d| Z E)}p(Yil = ]_|M1 = mo)p(Yn = 1|M1 = ml)



since = 0.
Using this result, the variance of the NIE with assumption 5 is

Var(NIE,) = E(Yy,) = 2B(YianYin) + E(Va,) — {E(Vir) — E(Yiag)}

= B + E(Y2y,) — {E(Vian) — E(Yig)} - C2. @

where C2 = 2fexp{sgn(d) log xI(|d| > €)}p(Y11 = 1| My = mg)p(Y11 = 1| My = my) f(mo, mq)dmodm,

¢) Comparison of Var(NIE) with and without Assumption 5

Comparing (2) and (1), the difference is C1 - C2,

Cl = 2/exp{sgn(d) log xI(|d| > €)}p(Y11 = 1| My = mo)p(Y11 = 1| My = my) f(mo, mq)dmedm,
+29/s.d.(Yw)s.d.(Yn)f(mo,ml)dmodml

> 2/exp{sgn(d) log xI(|d| > €)}p(Y11 = 1| My = mg)p(Y11 = 1|{My = my) f(mo, m1)dmodm,

= (2
which is non-negative. Thus, variance of NIE without Assumption 5 has a smaller variance;
Var(NIE) < Var(NIEy),

where Var(NIFE) denotes the variance of NIE with Assumption 5 and Var(NIE,) denotes the

variance of NIE without Assumption 5.

The difference in the variances, A, is given as

A= 2/0 X s.d.(Ylo)s.d.(Yn)f(mo,ml)dmodml,



where 6 is bounded as below (since binary responses),

E(Yloylllmmml) - E(Ym’mo’ml)E(Yll’mO,ml)
Sd(leo)Sd(lel)
V E(Yi|moe, mi) E(YA|mo, mi) — E(Yio|mo, m1) E(Yii|me, m1)
- S.d.(}q0>8.d.(yll)
Vp(Yio = 1|mg, m1)p(Yi1 = 1{mo, my) — p(Yio = 1mo, m1)p(Y11 = 1|mg, my)
Sd(Yw)Sd(lel)
vexp{sgn(d)log xI(|d] > )}p(Yi = 1M = mo)p(Yi1 = 1[My = my)
Sd(}/lo)Sd(ifll)
_exp{sgn(d) log xI(|d] > €)}p(Yi1 = 1|My = mg)p(Y11 = 1{My = mq)
Sd(Yio)Sd(Yil) ’

Cauchy-Schwarz inequality

where the last equality is from Assumption 2 and 3.

Thus, the difference in the variances, A is bounded by

AL 2/(\/F—p*)f(mo,m1)dmodm1,

where p* = exp{sgn(d)log xI(|d| > €)}p(Y11 = 1|M; = mg)p(Y11 = 1|M; = my).



x=1

e =50 e="175 e = 100
NIE s.d. NIE s.d. NIE s.d.
By =0 Our Approach | 0.024 | (0.036) | 0.033 | (0.040) | 0.038 | (0.039)
2 Truth 0.024 | (0.036) | 0.033 | (0.040) | 0.038 | (0.039)
B, =128 Our Approach | 0.004 | (0.044) | -0.0008 | (0.045) | 0.004 | (0.041)
2 ' Truth 0.001 | (0.043) | -0.004 | (0.045) | 0.001 | (0.041)
B, = 2.56 Our Approach | -0.017 | (0.042) | -0.017 | (0.033) | -0.028 | (0.040)
2 ' Truth 0.003 | (0.038) | 0.006 | (0.031) | -0.006 | (0.038)
B, =512 Our Approach | -0.059 | (0.037) | -0.065 | (0.035) | -0.063 | (0.033)
2 ' Truth 0.002 | (0.027) | -0.001 | (0.028) | 0.0007 | (0.025)
x = 1.15
e =50 e=175 e =100
NIE s.d. NIE s.d. NIE s.d.
By =0 Our Approach | 0.014 | (0.037) | 0.022 | (0.048) | 0.018 | (0.040)
27 Truth 0.014 | (0.037) | 0.022 | (0.048) | 0.018 | (0.040)
B, = 1.28 Our Approach | -0.0002 | (0.038) | 0.001 | (0.045) | -0.0001 | (0.042)
2 ' Truth -0.002 | (0.038) | -0.001 | (0.046) | -0.003 | (0.041)
B, = 2.56 Our Approach | -0.016 | (0.039) | -0.018 | (0.039) | -0.010 | (0.037)
2 ’ Truth 0.003 | (0.036) | 0.002 | (0.036) | 0.008 | (0.036)
By = 5.12 Our Approach | -0.051 | (0.039) | -0.049 | (0.032) | -0.059 | (0.037)
2 ' Truth 0.009 | (0.029) | 0.006 | (0.026) | 0.003 | (0.028)
x =13
e =50 €e=175 e =100
NIE s.d. NIE s.d. NIE s.d.
By =0 Our Approach | 0.021 | (0.038) | 0.025 | (0.038) | 0.019 | (0.041)
2 Truth 0.021 | (0.038) | 0.025 | (0.038) | 0.019 | (0.041)
B, = 1.28 Our Approach | 0.004 | (0.038) | 0.004 | (0.036) | 0.002 | (0.040)
2 ' Truth 0.002 | (0.037) | 0.001 | (0.036) | 0.0003 | (0.039)
B, = 2.56 Our Approach | -0.014 | (0.037) | -0.011 | (0.039) | -0.019 | (0.038)
2 ' Truth 0.0007 | (0.034) | 0.005 | (0.037) | -0.003 | (0.035)
B, =512 Our Approach | -0.044 | (0.037) | -0.050 | (0.039) | -0.051 | (0.036)
2 ' Truth 0.011 | (0.027) | 0.006 | (0.027) | 0.003 | (0.027)
X =2
e =50 e=175 e = 100
NIE s.d. NIE s.d. NIE s.d.
By =0 Our Approach | 0.012 | (0.041) | 0.008 | (0.037) | 0.005 | (0.041)
2 Truth 0.012 | (0.041) | 0.008 | (0.037) | 0.005 | (0.041)
B, =198 Our Approach | 0.007 | (0.039) | 0.003 | (0.042) | 0.004 | (0.039)
2 ' Truth 0.006 | (0.039) | 0.001 | (0.043) | 0.002 | (0.039)
B, = 2.56 Our Approach | 0.008 | (0.038) | 0.008 | (0.036) | -0.001 | (0.046)
2 ' Truth 0.014 | (0.034) |;0.016 | (0.036) | 0.008 | (0.042)
By = 5.12 Our Approach | -0.005 | (0.041) [-0.010 | (0.041) | -0.014 | (0.038)
2 ' Truth 0.025 | (0.031) | 0.026 | (0.028) | 0.019 | (0.027)

Table 1: Simulations to assess sensitivity of estimate of NIE to violations in Assumption 3: n=120




