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Appendix S1: Appendix

Decision trees and the functional responses

Decision trees for functional responses describe predator actions at each decision point. When applied to
functional responses, these trees must have at least two stages. The first stage describes the distribution
of encounter events between predator and prey, (cf. Level 1 in Figure 1). In general, let us denote the
different encounter events by F; and the probability that F; occurs by P (E;). Since we also include
events when the predator does not encounter any prey, » . P(F;) = 1. Furthermore, let oy, give the
predator’s possible actions (i.e. what the predator does) in encounter E; and s(ay, | E;) be the predator’s
conditional strategy of using action «aj when in encounter F;. We stress here that actions oy, are specific
for each encounter event E; and so are more formally denoted as ay;. To simplify notation, the second
index is omitted throughout the article. Then, for each i, P[s(cy, | E;)] 2 0 and ), Pls(o | E;)] =1
where P[s(ay | E;)] is the probability of using conditional strategy s(ay | F;) in event F;. Finally, the
predator’s success at killing its prey may also depend on the encounter event F; and on its action ay.
Let x(ay | F;) denote the probability the predator is successful, which is 0 if «j, is an action that does
not attack a prey and is a number between 0 and 1 otherwise.

For the general modeling approach, we now introduce the “activity distribution” of the predator. An
activity event Ay is given by an encounter event E;, an event specific action oy and whether or not the
predator kills its target (i.e., A¢ = {E;, oy, k(ax | E;)}). Taken together, all such events form a partition
of the total event set. That is, every activity event is included in the union of the A, and two different
Ay and Ay are mutually exclusive. The activity distribution answers the three questions posed at each
stage of the predation process: encounter, predator’s decision, predator’s success.

The probability P, of activity event A, is given through the information above. For example, if A, is
the encounter event F7 combined with action a; and the predator kills the prey, then P, = P (E4) P[s(ay |
E1)]k(aq | Eyp). Since the functional response is based on the number of prey killed by the predator per

unit time, we must also consider the duration 7, of each activity event A,. The activity distribution



together with the duration of these events define one renewal cycle. The result in the following paragraph
from renewal theory (e.g., [1-3]) is essential to calculate the multi-prey functional response in our model.
Suppose that the activity distribution is constant over a given time interval T. Then the average

number of A, activity events per unit time, ¢y, is given by

Py,
Py = ZT@PK' (Sl)

Suppose that the predator chooses a habitat at random and let I be the set of all activity events when
the predator kills a particular prey type. Then, the expected number of this type of prey killed per unit
time (i.e. the functional response to this type of prey) is D ,.; @e.

Predator energy intake rate functions are often generated in optimal foraging theory [2, 3] using
renewal theory. The optimal predator strategy then maximizes the expected energy gain per renewal
cycle divided by the expected time of the renewal cycle. The approach taken above is closer to that
used by Charnov and Orians [4] who also consider the distribution of predator-prey encounter events and
introduce tree diagrams to describe the possible predator activities for each such event. This approach
provides a straightforward procedure to obtain predator functional responses as illustrated by examples
in this article. The renewal theorem used here assumes that the time horizon is infinite. When it is finite,

the precise statement from probability theory is that the expected number of Ay, activity events observed

TPy, and (T4Tmax) Pegy

in a time interval of length 7" is somewhere between S P S, P where Tay 1= max{7}, as

proven by Garay and Mori [5] using Wald’s equation [6]. Thus, the average number of Ay, activity events

per unit time is essentially given by % g 1:;3’32 (i.e. by @y, in (S1) when T is sufficiently large relative to
Tmax-

For both the simultaneous encounter and the classic (i.e. non-simultaneous) models of the main text,
the activity distribution is given at the second level terminal nodes of the two-level decision tree (Figures
1 and 3). The prey recognition game (Figure 6) requires a third level to describe the predator activity
distribution since the predator’s possible actions in a given encounter event depends on its own second
level decision of whether to spend time recognizing the type of prey it encountered before deciding whether
to attack. This decision tree also illustrates a situation where the predator must take the same action at
different encounter events (specifically at the level 2 information set of Figure 6). Both of these properties
of the prey recognition game fit the general framework developed in this Appendix (since the activity
distribution is still given by the terminal nodes of the decision tree) and so the functional response can

be calculated through (S1). Similarly, the decision trees of Figures 1 and 2 can be easily generalized to



multi-prey models by adding more encounter and activity events at levels 1 and 2 respectively.
Although all three examples in the main text assume that the predator is always successful when it
decides to attack a prey in a given encounter event (i.e. k(ay | E;) = 1 if ay is the action to attack a
particular type of prey in encounter event E;), the decision tree approach remains applicable when this
is not the case. For example, if the predator is not always successful when attacking a prey it encounters
of a given type (say, prey A) in Figure 1, another level can be included in the tree to account for this by
replacing the terminal node after g4 by two branches with probabilities k(a1 | F1) and 1 — x(ay | Ey).
In the terminology of extensive form games, the node following ¢4 is now a “move by nature” and, since
there are no predator choices following this node, the tree can be truncated by deleting these two branches
(i.e. by returning to the tree of Figure 1). However, the energy intake and duration time at this truncated
node are altered. For instance, if the predator energy intake corresponding to the two deleted branches
are m4 and 0 respectively with duration times 7, + T4 and 75, then the energy intake of attacking prey A

becomes w4k (ay | Eq) and its duration time (754+7ap) k(a1 | E1)+7s(1—k(a1 | B1)) = s+ Tank(aq | Er).

Zero-one rule and the Nash equilibrium
The predator energy intake f per unit time corresponding to the decision tree approach developed in this
paper is a rational function of the form

P(qi,q2,- - ,qn)
Q((thQv”' ,(IN)

f(Q17q25"' an) =

when there are N information sets in the tree. Here ¢; for fixed 1 < ¢ < N is an element of the set
of mixed strategies A’ (i.e. ¢; is a probability vector whose components are nonnegative and sum to
1) that correspond to the possible choices at information set i. For example, Al = {(x1, 72, -+ ,2m) |
Z;n:l zj = 1,2; > 0} is the m — 1 dimensional strategy simplex when information set 1 has m possible
choices. P and (Q are polynomials that are linear in the components of each ¢; and @ is positive for all
(q1,q2,- ,qn) € A=Al x A% x ... x AN, To ease notational complexities, we will assume that N = 3
in all proofs in this Appendix and write f as f(z,y, z) where z € Al, y € A% and z € A3. Although the
proofs of the results in this Appendix are given for N = 3, they can all be extended to show the results
remain true for arbitrary N.

For all of the decision trees analyzed in the main text of this paper, N < 3. In fact, each reduced tree

in the main text has N < 2 with A! and A? one-dimensional (e.g. A! = {(z,1—2) |0 <z < 1}). In the



decision trees of Figure 1 and Figure 3, the consumer has complete information at each of its decisions
nodes (i.e. the information sets are singleton sets and so the number of information sets coincides with
the number of decision nodes). For example, in the reduced tree of Figure 3, there are two decision
nodes denoted as B and AB. Individuals at each of these two nodes have complete information about the
resources encountered and can make one of two choices based on this knowledge. The situation is different
in the prey recognition game shown in Figure 6. Here, upon encountering a prey, the predator does not
know the prey type. So, the nodes denoted as Prey 1 and Prey 2 combine to form one information set.
The other decision node denoted Recognized Prey 2 in the reduced tree is a singleton information set

with two choices (i.e. whether or not to attack prey type 2).
Theorem 1 Optimal foraging behavior occurs at one of the vertices of A x -+ x AN,

Proof. Assume that N = 3. We need to show that, for some choice of vertices z* € Al, y* € A% and
2* e A3, f(z*,y*, 2%) > f(x,y,2) for all (z,y,2) € Al x A% x A3,

Since f is a continuous function on a compact set, it attains its maximum value at some point
(z*,y*, 2*) € A x A? x A3. Suppose that x* is not a vertex of Al. Then z* = (%, - ,x},) where 0 <
x} < 1for at least two different values of j (say j = 1 and 2). Consider f((z]+e,25—¢, -, 2},),y", 2*) for

—x} <e <uxh. Since (2} +e,x5—¢,--- ,ah) € AL, f((xf+e,25 —e,---,2h,),y", 2*) < f(x*,y*, 2%) and

of (ite,xs—e,,xp,)y",2") _ _ P((zit+e@s—e,yxy)y"2")
50 s 2 Oe - |e:0— 0. But f((xil< + 57553 — & Jﬁfn)ay*, Z*> - Q((I%J’,E’zzis’,,_ ,z}:),y*,z*)
ae+b

where P and @ are polynomials that are linear in e. That is f((z] +¢&,25 —¢, -+ ,27,),y",2") = 25

with ce +d > 0 and % = (‘Zi:s)% =0 for all —z7 < e < a%. Thus f is a constant function of € and so
both f((z7 4+ 5,0,25--- ,z%),y*, 2*) and f((0,z3 + x5, ,2%,),y", 2%) equals f(z*,y*, 2*) (i.e. f has
its maximum at both these points). Thus (z*,y*,2*) can be replaced by either one of these points and
the process continued until one component of * equals 1 and all the others are 0. That is, * is a vertex

of Al. A similar process applied to A? and A3 implies that y* and z* can be taken as vertices of A% and

A3 respectively.
|

By Theorem 1, to determine the optimal foraging outcome, we can evaluate f at all the vertices
of Al x A% x ... x AN and take the largest of these values. In our models, the corresponding vertex
(or each of the vertices) satisfies the zero-one rule (i.e. either always consume the resource of a given

type in all encounters of this type or never consume it) and corresponds to a pure strategy choice for



each agent in the N—player agent normal form game that assigns a separate player to each of the NV
information sets of the decision tree. As we have seen in the main text, optimal foraging behavior
can also occur when agents use mixed strategies (¢1,q2, - ,qn) € Al x A2 x ... x AN, In sections
Decision trees and the functional response for two prey types and Foraging with simultaneous resource
encounters, only pure strategies can correspond to the optimal behavior for generic parameter values;
whereas section Prey recognition effects illustrates a generic game whose optimal behavior may occur
at mixed strategies. The following Theorem relates the optimal foraging behavior to the solution of
the N—player game. The second part of the theorem introduces the concept of a strict equilibrium
set (SES). By definition [7], E is a SES if it is a set of NE (z*,y*,2z*) € Al x A% x A* such that, if
fla,y™,2%) = fla*,y",27) (vespectively, f(z”,y,2") = f(z*,y",2") or f(z",y",2) = f(z",y",2")) for
some (z*,y*,2*) € Al x AZ x A® with x € Al, y € AZ or 2z € A3, then (z,y*,2*) € E (respectively,
(x*,y,2%) € Eor (z*,y*,z) € E). The concept of SES generalizes the idea of a strict NE. In fact, if a SES
is a singleton set (i.e. contains exactly one point), then this point is a strict NE. The general concept is
important for optimal foraging, because it includes the situation where, at a critical population density,
the optimal strategy is not uniquely defined. For example, in the case of the classic diet choice model

this happens when the encounter rate of a searching predator with the more profitable prey type is given

by (2).

Theorem 2 (a) If optimal foraging behavior occurs at (qi,--+ ,qn) € At x -+ x AN then (q1,--+ ,qn)
is a Nash equilibrium of the N —player agent-normal form of the optimal foraging game.
(b) The set E of all strategies (q1,--- ,qn) € Al x --- x AN corresponding to optimal foraging behavior

is a SES of the N—player agent-normal form of the optimal foraging game.

Proof. (a) Assume that N = 3 and optimal foraging occurs at (z*,y*, z*) € Al x A2 x A3. Since the agent-
normal form has payoff f(x,y, z) for each player when the strategy used by players 1, 2 and 3 are z, y and
z respectively, (z*,y*,2*) is a NE if and only if f(z,y*,2*) < f(z*,y*, 2%), f(z*,y,2*) < f(a*,y*, 2%)
and f(x*,y*, 2) < f(a*,y*, 2*) for all (z,y,2) € Al x A% x A3. These inequalities are obvious from
fla*,y*, 2*) > f(x,y,2) for all (x,y,2) € Al x A? x A3,

(b) Tt is obvious that E satisfies the conditions of a SES. For example, (z,y*, z*) € F when f(x,y*, 2*) =

f(z*, y*, z*) since (z,y*,z*) is then an optimal foraging behavior and so in F by its definition.



In all three foraging examples considered in the main text, there is a unique SES for every choice of
model parameters. In particular, the suboptimal NE component E’ in the prey recognition game when
recognition time is short is not a SES since all points on the vertical line with ¢4 = 1 in Figure 7(a)
are best response to points in E’ but not all of them are in E’. Thus, optimal foraging behavior is
characterized either by solving for the SES or by finding the asymptotically stable set of NE under the
evolutionary dynamics. The equivalence between these two game-theoretic techniques is not surprising
here given the fact that they are also equivalent for the standard evolutionary dynamics (i.e. the replicator
equation) used in general multi-player extensive form games [7].

In the special case that all predator information sets are at level 2 in the decision tree (e.g. the two
optimal foraging game of section Decision trees and the functional response for two prey types and the
simultaneaous encounter game of section Foraging with simultaneous resource encounters), the following

theorem gives an even closer connection between optimal foraging behavior and Nash equilibrium.

Theorem 3 Suppose that there are no predator decision points that depend on the outcome of predator
choices at previous predator decision points. Then optimal foraging behavior occurs at (qi,--- ,qn) €
A x - x AN if and only if (q1,--- ,qn) is a Nash equilibrium of the N—player agent-normal form of
the optimal foraging game. Furthermore, a set E is a SES if and only if it is the set of all strategies

(g1, ,qn) € Al x --- x AN corresponding to optimal foraging behavior.

Proof. These statements are straightforward consequences of the fact

P(q1,92,- " ,qn)
Q((I17(I27"' 7CIN)

f(Q17qQ7"' ’qN):

where P and @ are linear polynomials in the components of all the ¢; (e.g., when N = 2, P(z,y)
has no term of the form xyy;). We remark that this contrasts with the prey recognition game of
section Prey recognition effects where such non-linear terms appear (e.g. from (12), P(qa,qa2) =
P11 + Pam2qa + PaTagas — P2Tagagae has the nonlinear term pomagagas). Specifically, from Theo-
rem 2 above, if (q1,¢2, -+ ,qn) is an optimal foraging behavior, it is a NE of the N —player agent-normal
form of the optimal foraging game.

For the converse, assume that (x,y,2) € Al x A2 x A3 is a NE of a three-player agent-normal form

of the optimal foraging game. Then

(=}



for all (2/,y,2") € Al x A? x A3. Thus

P(a' y,2)Q(x,y,2) < Plx,y,2)Q(',y,2),
P(z,y', 2)Q(x,y,2) < Plx,y,2)Q(x,y, 2),

P(z,y,2)Q(x,y,2) < P(x,y,2)Q(x,y,2").
Adding these three inequalities yields

(P(z',y,2) + P(z,y/,2) + P(x,y,2) Q(z,y, 2)

< P(z,y,2) (Q(2',y,2) + Q. ¢/, 2) + Q(z,9,2")) ,
Since P is linear, P(2',y,z) + P(z,y',2) + P(z,y,2') = P(a',y,2) + 2P(x,y, z). Similarly Q(2',y, z) +
Qz,y,2) + Q(z,y,2) = Q(«',y,2") + 2Q(x,y,z). Thus, (1) implies that P(a/,y,2")Q(z,y,2z) <
P(z,y,2)Q(x',y',2"). That is, ggi;gij; < 2853 for (2/,y,2') € Al x A? x A3. That is, (,y, 2)

yields optimal foraging behavior.

The final statement of the theorem is obvious.

Foraging with simultaneous resource encounters.
Nash equilibrium strategy (¢ap,¢5)-

The three-player agent normal form of Figure 3 has strategy set Al x A? x A% where A' = {(qa,1 —
qA) ‘ 0 < qA < 1})7 A2 = {(qABquA;]. — gAB — QBA) | 0 < qAB < 170 < qBA < 1 — qAB}) and
A% ={(gp,1—qB) |0 < gp < 1}).

) o
From (6), 72% and 7—2&1%3 are equal to

PaA[maTs + (paBaBA + PBBYIB) (TATBR — TBTAR)] > 0.

and

PAB [TATs + (PaBYBA +PBBYB) (TATBL — TBTAR)] > 0.

respectively. In particular, both of these partial derivatives are positive since prey A is the most profitable.
From the first displayed inequality, f(1,q48,984,98) > f(qa,948,9B4,qB) for all 0 < g4 < 1. That
is, g4 = 1 strictly dominates all other actions of player 1 and so, at a NE, resource A must be consumed

whenever encountered on its own.



From the second inequality, f(qa,1 — qBa,qB4,98) > f(qa,qaB,984,q5) for all 0 < gap <1 —gpa.
Thus, a strategy of player 2 whereby a resource is not always consumed at its decision node AB (i.e.
gap + qpa < 1) is strictly dominated by the strategy (1 — gpa,qpa,0). It follows from this that
gaB +qpa =1 at any NE.

That is, optimal foraging emerges from the reduced tree of Figure 3. This is the two-player agent
normal form game with strategy set {(gap,1 —qap) | 0 < gap <1} x {(¢B,1—¢p) | 0 < g < 1} and

common payoff function (7) given by

(pa +paBgaB)Ta+ (PaB(l — qaB) + PBYB) B
T

f(QABa QB) =
where
T =T +DpaTan + PaBIABTAL + DaB(1 — qAB)TBL + PBIBTBA-

Thus, 72 3?5 — s equal to

PaB [(ma — 7B) Ts + (pa + PaB +PBYB) (TATBL — TBTAR)]

and this is positive if and only if

(7 —ma)Ts — (DA +PaB)(TATBL — TBTAR)
PB(TATBL — TBTAR) '

4B > qp =

That is, the best response to player 2 is given by (8). Similarly, 7_2% is equal to

PR [™BTs + (DA — PABYAB) (TATBL — TBTAR)]

and this is negative if and only if

« _ TBTs +pa(TaTpn — TBTAR)
dAB > qaB = .
PAB(TATBL — TBTAR)

That is, the best response to player 1 is given by (10).

The optimal strategy (gap,¢p) as a function of energy value 7 of the less profitable prey

type.

When prey A handling time is shorter than prey B handling time (i.e. 7ap < Tpn), % > Th >
The > Tpy > Tpy-
For 0 < mp < gy, ¢hp < 0 and ¢ < 0 and the optimal strategy is (gap,qp) = (1,0) (Figure 4a).

For n}, < mp < Ths, 0 < ¢y 5 < 1 and ¢}; < 0 and the optimal strategy is (gan, ¢s) = (1,0) (Figure 4b).



For m}s < mp < The, 1 < ¢% 5 and ¢5 < 0 and the optimal strategy is (¢gap,¢n) = (1,1) (Figure 4c). For
Thy < T < Thy, 1 < ¢fip and 0 < ¢ < 1 and the optimal strategy is (gap,¢s) = (1,1) (Figure 4d).
For 5, < mp < wATBK/Tan, 1 < ¢lyp and 1 < ¢} and the optimal strategy is (gap,¢s) = (0,1) (Figure
de).

The Nash equilibria of the prey recognition game

From the main text, the energy intake rate in the prey recognition game of Figure 6 is

p171(qa + qrga1) + p2m2(qa + qrqaz)
T

f((qa,qr, qr1), qa1,qa2) =

where 7 = 75 + p1gaTin + P1qr(qA1 TR + ) + D2gaTon + P2qr(qa2Ten + 7). It is straightforward to show
that f((Aga,1 — A\, Aqr), qa1,q42) < f((¢a,0,qRr),qa1,q42) for 0 < XA < 1if g4 + gqg = 1. Thus, any
strategy (Aga,1 — A, Agr) of player 1 with 0 < A < 1 is strictly dominated by (¢a,0,gr) and so gy = 0
at any NE.

Furthermore

-2 Of((qa,anqr), a1, qA2)
0qa1

p2(ga + qazqr)(miTon — TaTin) + P2gamiTs + P2grm (T + Ts))

= p1qr(m1(P1qrTr + Ts + P17s)+

2
T2h

is positive if gg > 0 since T% > . That is, at a NE, the predator never moves immediately to another
patch if it encounters a prey (i.e. ¢y = 0) and, if the predator does spend some recognition time (i.e.
gr > 0), then it must attack any prey 1 that it recognizes (i.e. ga1 = 1).

As in the main text, we now look for the NE of the two-player game corresponding to the reduced
tree of Figure 6. Here,

p171 + pama(qa + (1 — qa)q
f(QA,QAQ): 1711 2 2( A ( A) A2)

-
where 7 = 75 + p171n + p27on(qa + (1 — qa)qaz) + (p1 + p2)7-(1 — ga). For the best response of player 1

to strategy gas of player 2, we calculate the derivative of f with respect to g4 as

p2(1 — qa2)(p1momin — p1miTen + MaTs) + T (p1 + p2) (P11 + P2ma)
5 .

T

Since 7, > 0, % > 0 if mo/7op > p1m1/(p171n + 75) and so any NE then has ¢4 = 1. Furthermore, in
this case, f(1,qa2) = (p1m1 + pama)/(p171n + P2T2n + 7s) does not depend on g42. Thus, every strategy

pair of the form (1,g42) with 0 < gas <1 is a NE.



For the remainder of this Appendix, assume

o/ Ton < p1m1/(P1Tin + Ts)- (52)

Then derivative of f with respect to g4 is positive provided gas > ¢, as in (13). That is, the best
response of player 1 to the strategy qas of player 2 is given by (13).
Similarly, the derivative of f with respect to ga2 is

p2(qa — 1)(p2(ga — 1)mot, + pi(miTon — mo(Tin + Tr — qaTy)) — T2Ts)
T2 '

This derivative equals 0 when either g4 = 1, or

P11, — T2 (Ts + D1T1h)
mo(p1 + p2)7r

qga=qy=1-

Under (S2), 1 > ¢% and for g% < ga < 1 (respectively, 0 < g4 < ¢ ), the best response of player 2 is
gaz = 0 (respectively, gaa = 1) because the derivative is negative (respectively, positive). Finally, when
ga =1 or g4 = ¢}, the derivative of f equals zero and so g42 can be any value between 0 and 1. This

gives (14).
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