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1 The local normalized cross-correlation

In its basic form, the normalised cross-correlation (NCC) between a micrograph (target image), T , and a
template (search image), S, may be calculated as Goshtasby et al. (1984):

NCC(v) =
1

N

∑
x

(S(x)− µS)
σS

(Tv(x)− µTv)

σTv
, (1)

where
∑

x denotes summation over all pixel coordinates x ≡ (x, y), Tv represents a local region of T at a
distance v from the origin having the same size as S, and the quantities µTv , µS , σTv , and σS represent the
mean and standard deviation of Tv and S pixel intensities, respectively.

Because the pixel intensities T (x) and S(x) in this expression are each individually normalised, it can be
seen that the value of NCC(v) is independent of any uniform variations in the brightness and contrast of T
and S. However, in EM particle picking, the size of the template will often be much smaller than the size of
the micrograph. To exploit FFTs in such cases, it is convenient to pad the search image with zeros up to
the same size of the target image, and to define a mask image, M(x), of binary values (zero or one) which
serves to control the extent of the non-trivial range of the summation:

NCC(v) =
1

P

∑
x

(S̃(x)− µS̃)
σS̃

(T̃v(x)− µT̃v)

σT̃v

, (2)

where P denotes the number of non-zero mask elements, S̃(x) = M(x)S(x) and T̃v(x) = M(x)Tv(x)

denote the masked versions of S(x) and Tv(x), respectively. By letting S̃(x) = (S̃(x)− µS̃)/σS̃ denote a
normalised masked template, and by noting that

∑
x S̃(x) = 0 by definition, the above expression reduces to

NCC(v) =
1

P

∑
x

(
S̃(x)T̃v(x)

)
/σT̃v . (3)

However, due to the presence of non-uniform noise in EM micrographs and due to the fact that search objects
often only occupy a sub-region of S, Roseman (2003) proposed that better correlations may be calculated if
the mask array is adapted to match more closely the shape of the search object. For example, a circular
instead of a rectangular mask could be used, or indeed the elements of the mask could be set according to
the individual pixel intensities of the search object. The utility of using a simple circular mask function has
been demonstrated by Rath and Frank (2004).

Clearly, when all of the mask elements are unity, Equation 2 reverts to Equation 1. However, σT̃v in
Equation 2 must be recalculated for each value of the shift v. Nonetheless, the general expression can still
be evaluated using a total of seven FFTs by re-writing it as follows. Firstly, by expanding the denominator we
obtain

NCC(v) =
(∑

x

S̃(x)T̃v(x)
)
/
(
P
∑
x

(T̃v(x)− µT̃v)
2
)1/2

. (4)

Then, using the fact that
∑

x T̃
v(x) = PµT̃v , the denominator may be expressed entirely as sums:

NCC(v) =
(∑

x

S̃(x)T̃v(x)
)
/
(
P
∑
x

T̃v(x)2 − (
∑
x

T̃v(x))2
)1/2

. (5)

Furthermore, because multiplication by a binary mask does not change the template and because the actions
of squaring and translating pixel intensity values obviously commute, this expression may be calculated as

NCC(v) = A(v)/
(
P ×B(v)− C(v)2

)1/2
, (6)
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where

A(v) =
∑
x

S̃(x)× S(v)T (x), (7)

B(v) =
∑
x

M(x)× S(v)T (x)2, (8)

C(v) =
∑
x

M(x)× S(v)T (x), (9)

and where v represents a pixel location and S(v) represents the operation of translation by v. In other
words, the general masked NCC may be calculated for all translational shifts by calculating four forward FFTs
(i.e. of S̃(x), M(x), T (x), and T (x)2), and the three inverse FFTs implied by the products in the above three
expressions.

In the EM particle picking problem, it is common that one target image is correlated with multiple search
images. In such cases, the forward FFTs of T (x) and T (x)2 need only be calculated once for each set of
search images. Hence, when correlating multiple templates, the overall computational cost can be reduced
to essentially that of two forward FFTs and three inverse FFTs per template. Furthermore, if a uniform mask
is used for all search images, the computational cost essentially reverts to only one forward FFT and one
inverse FFT.
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