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$1. Model Description

Intercell Cycle Transformation. Our model describes the dynamics
of resting phase stem cell population N,, and the distribution
density of cell epigenetic states f;(x). Here x is a variable repre-
senting the epigenetic state of a cell, and subscript ¢ indicates the
tth cell cycle. At each cell cycle, cells undergo proliferation [with
a probability f,(x)], apoptosis [with a probability y,(x)], and dif-
ferentiation [with a probability & (x)], so that (N;,f;(x)) changes
from one cell cycle to the next:

(N, 1)) > (Nig1, fi (x))- [S1]

During each cell cycle, N, [ f;(x)8;(x)dx cells leave the resting
phase due to differentiation, and N; [f;(x)B,(x)dx cells enter the
proliferation phase. Each cell in the proliferation phase either
goes through apoptosis with a probability y,(x) or produces two
daughter cells. Here we omit the transitions between resting and
quiescent phase. Hence, the cell population after mitosis is

Now =N, =N, / £0)8 ()N, / £, B, (x)dx
/ £ 008,00 (1 = py 1)l
_N, (1+ / f:(X)[ﬁt(X)(l—2ut(X))—5r(X)]dX>-

+2N;

The integrals are taken over all possible epigenetic states. Define
the observed proliferation probability as

Brons =1+ / £ (1 - 2(0)) - @), [S2]

then

Nt+1 =Nzﬂt,obs- [S3]

Here f, o is the ratio of cell population numbers between two
consecutive cell cycles.

To obtain the transformation of f;(x), we introduce a transition
probability p(x,y), representing the probability that a daughter
cell of state x comes from a mother cell of state y. Then

/ px,y)de=1 [S4]

for all y.

Similarly to the above argument, at each cell cycle, the
number of cells with state x is Nif;(x). After a cell division,
Nifi(x)(5:(x) + B, (x)) cells with state x are removed from the
resting phase due to differentiation and proliferation, and
2N, [fi(»)B:(y)(1 = p,(y))p(x,y)dy cells of state x are produced
after mitosis. Thus, after mitosis, the number of cells with
state x becomes

Nz+Lft+1 (x) ZNLft(x) _Ntft(x) (5;()6) +ﬂt(x))
12N, / £V = (9D p (e, y)dy,

which gives
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ﬂ t.0bs

frn®) [ﬁ(x)(l —(6,) +5))

+2 /fz(y)/)’,(y)(l—ﬂt(y))p(w)dy . Iss]

Eqgs. S2, S3, and S5 together define transformation S1.

Evolutionary Fitness Function. To define an evolutionary fitness
function akin to natural selection, we first introduce a tissue
performance function Q, which depends on the cell population
through a function ¢(x) and the distribution density f;(x) through
a cell performance function y(x):

QN i) = p(N,) / 2 (). [S6]

At each cell cycle, (Ny1,fi+1(x)) changes according to [S3] and
[S5], and depends on the quantities {5, (x), 7,(x), & (x)}. Thus, given
(N, fi(x)), we have

OWNes1. i1 (0)) = p(Nex1) / 2001 ()

z(ﬂ(Nlﬂt,obS) /){(x) ﬂtibs [ft(x) (1 - (5t(x) +ﬂt(x)))
26 A0 (1= (7))l y)dy
_ (ﬂ(Ntﬁt,obs)

2 ) [ [ 015160+, 6

+2 [ [wnmsma —m(y))p(x,y)dxdy]

where S, is defined by [S2]. Let

Q(Ntvft(x)wt(x)v/‘t(x)v 5;()6))

J(];ﬁb) { | 00t (1= (60 + ) )

+2 [ [wnmnmo _,,,<y)>p<x,y)dxdy],
[S7]

then

O(Nuv1 fin @) =Q(Ne iIA (). (), 5x) ), I8

which depends on f,(x), p,(x) and &(x).

In [S7], the proliferation probability g,(x) varies at each
cell cycle by epigenetic regulation; the apoptosis probability
u(x) =fg(x) + i, (x) in which fg(x) is the average probability at
homeostasis and is selected through genetic mutations and f, (x)
is random at each cell cycle due to epigenetic modulations.
Similarly, the differentiation probability takes the form &, (x) =
8G(x) 4+ &(x) in which §¢(x) is the average probability at ho-
meostasis and &(x) represents the epigenetic uncertainty.

At each cell cycle, the proliferation f,(x) is controlled to
achieve maximum tissue performance in Q after one cell division
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in the face of uncertainties in apoptosis x,(x) and differentiation
8¢ (x). This leads to solving the corresponding Bellman condition
for Q(Net1,fr+1(x)):

E,wa maXQ(N,,ﬁ () |8, (x), 1y (x), 84 (x )) [S9]

where E, ) 5,4 18 the expectation with respect to apoptosis and
differentiation probabilities during cell division.

The procedure of solving [S9] is given below. At each cell cycle,
the expectations of y,(x) and &(x) are given as

Ep,(x) =01 (x).

The proliferation rate f,(x) is obtained by solving the Bellman
condition:

=p-1(¥),  Eéx)

max EQ (N ,(x) ()

x).(x))
~ max % {/;{(x) r(x)(l — (6-1(x) +ﬂ,(x)))dx

+2 [ [ —ut_1<y>)p<x,y>dxdy]

where Ep, . is the expectation of the observed proliferation
probability

Efom =1+ fi0)|(x) (1 - 24 (x)) — B8, (x) | dx
=1 [ £ [0 (1 = 2120 (x)) = 6101 ()] .

After B,(x) is solved by the Bellman condition, stochastic pertur-
bations for u,(x) and & (x) are introduced, resulting in

1 (x) =l (x) + 1, (x),  3(x) =6 (x) +0i(x). [S10]
Hence, the observed proliferation probability becomes
fw=14 [£@[p0)(1-200) ~500]ax 511

with g, (x) and &(x) given by [S10]. Consequently, the tissue state
(Nes1,fi1(x)) becomes

Nt+1 = Ntﬁt,obs [512]
fir) =5 50) (1= (360415
+2 [10)A0)0 —u,<y>)p<x,y>dy} . [S13]

Given (fig(x),dc(x)) that are selected through genetic mutations
in long time, [S12] and [S13] define a lifespan dynamics of (N, f; (x)).

The evolutionary fitness function is defined as the performance
at homeostasis after many cell divisions (i.e.,  » ):

W = lim O(N.fi(x)). [S14]

The fitness W is dependent on the probabilities fg (x) and ¢ (x)
that are selected through genetic mutations.
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S2. Homeostasis State

Nonlinear Integral Equations. During the development and matu-
ration of an organism, (N,,f;(x)) evolves following [S3] and [S5].
At homeostasis, (N, f;(x)) approaches an equilibrium state, which
is represented as the limit as # — oo (it may be more accurate to be
referred to as the average of the limits when there are stochastic
fluctuations).

Let (N,f(x),A(x),lg(x),56(x)) be averages of the limits
(N1, fi(x), B (x), p,(x), 6;(x)) when  — co. At homeostasis, the stem
cell population reaches equilibrium and therefore f, ,,, — 1 as
t — o0, which yields

/f(x) [ﬁ(x)(l—ZﬁG(x)) —d6(x)|dx=0. [S15]

Furthermore, from [S5] the homeostasis tissue epigenetics f(x)
satisfies integral equation

fO)=f@) (1= (56 (x) +5x)))

+2 [ FIB0)1 =R 0)ple )i, (5161
or equivalently,
/ F0)80) (1~ TG )P (.y)dy
, S17
1w 5 )+ A0 (17
with a normalization condition
/ fe)de=1. [S18]

Thus, for given functions fi;(x), 86 (x), and p(x,y), the prolifera-
tion f(x) and distribution density f(x) are given by nonnegative
solutions of the nonlinear integral Egs. S15, S17, and S18.

The mathematical questions related to the existence and
uniqueness of nonnegative solutions of [S15], [S17], and [S18] are
left for future study. Here, we only investigate a simple case for
illustration.

Heterogeneous Apoptosis Can Improve the Maintenance of Tissue

Epigenetics. We assume all cells are homogeneous in proliferation
so that f(x) is independent of x. Consequently, [S15] gives

/ £ )56 (x)dx

— , [S19]
/ F ) (1= 215())dx

and [S17] can be rewritten as a nonlinear integral equation

//f )(1=Fg(y)plx,

/ 70 (360 (1~ 276(3) +86(5) )dy

v)dydz
[S20]

Next we show that if fi;(x) is independent of x, the tissue
epigenetics at homeostasis is abnormal. We consider a specific
situation in which each cell only takes one of the two discrete
epigenetic states, with x € Q; implying a defective cell and x €
a normal cell. The functions 8¢ (x) and p(x,y) are given by piece-
wise constant functions:

< o1, xe
EG(X)Z{ﬁz, X €Ly,
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and
plx y) — pl(x)v yEL
’ p2(x), yE,
and let
p= [p@wds Gi=1.2). [s21]

xXEQ;

Furthermore, we make the following assumptions to induce nor-
mal differentiated cells and reduce defective cells number:

1. Defective cells have smaller differentiation probabilities than
normal cells (6; <62).

2. The transition rate from defective to normal cells is smaller
than that of the reverse transition (p21 < p12).

Denoting

fi= / fO)dy, fo= / FO)dy. [s22]

YEQ YEQ

and taking x€Q, [S20] becomes [we note fi;(y)=p being
a constant]

_ 2(f161 +£282) (1 = p) (fip1 (x) +f2P2(x))_

X S23
fe) 81(1=2u) +£161 +/262 5231
Integrating [S23] over x € Q;, we obtain
f _ 2181 +£282) (1= 1) (fipr1 +f2p12) (5241
o1 (1 - 2}4) +f1 o1 +f252
Since f, =1—f1, [S24] is an equation of f; in the form
Fi(fi)=F(f1), [S25]

where

Fi(fi)=fi(61(1-2u) + 82 = (52 = 61)f1),

Fr(fi) =2(1=p) (82— (82 = 81)f1) (fi (P11 —p12) +P12)-
We note that both Fi(f;) and F,(fi) are quadratic functions of
fi. There are two roots of Fi(f;)=0 (O and W), and two

roots of F>(f}) =0(—pupfm(<0) and 2 (< M)) Then

Fyr 5251
the equation Fi(fi1) =F>(fi) has a unique solution f]" in the in-
terval (O,%) (Fig. S1). Here f; gives the percentage of de-

fective cells. Furthermore, if F(z) <F,(z) then f;' >z (see Fig. S1
for an illustration).
Now, from the above two assumptions,

Fy G) =% ((1 —2u)61 +%(61 + 62))

(1=p)(81+82) —% (52 +u(82-61))

NSTR SRR

<5 (L=p)(61+62),
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and

(1=p)(61+62) (P11 +p12)

f)-

\'%
NS S S T

(1=p)(61+62) (P11 +p21)

(1=p)(61+62).

Thus, F;(3) <F»(3) and hence f; >31. This result indicates that
more than half of the cells are defective at homeostasis, an
abnormal or a disease state for a tissue.

S3. Optimal Control Strategies

The Problem of Variation. At each cell cycle, the proliferation
probability f,(x) is determined by Bellman condition S9. From
[S9], the function p,(x) is taken so that the expectation of
O(Ni41,fi+1(x)) reaches the maximum, with (Ni11,fi+1(x)) given
by (N..fi(x)) through [S2], [S3], and [S5].

First, we show that Bellman condition S9 alone is not sufficient
to determine the function f,(x), and thus additional restrictions
are required for a well-posed problem.

We assume that in the tissue 4, (x) and &(x) are known before
the proliferation g,(x) is chosen. Define a functional

A= OWNoat fir1 () = 9 (Nesr) / 2@ . [S26]

Here Ny and fi41(x) depend on p, through [S2], [S3], and [S5].
If A[p,] attains its local minimum at f, and #(x) is an arbitrary
function,

A[fo] < A[py +en] [S27]
for any small number ¢. Therefore, the variation of A at g, =
must vanish,

W S=0= |:§0/(Nt+1) /;((x)ftﬂ (x)dxdl;f:l
[S28]
d / 241 (x)d
+@(Ni+1) ds:| =0
e=0

A direct calculation yields

dNt+1
de

_N, / D) (1 - 20, (x)dx

e=0

and

d / 7)o ()
de

=0

=ﬁft+l (x) < n(Ofi(x) (1 - Zﬂt(x))dx>

1
ﬂt,obs

x (—n(x)fz(x) +2 (a0 —ut(y))p(w)dy)

+
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Here f, o and fi41(x) are given by [S2] and [S5], respectively, but
with g, =p,. Thus, Eq. S28 yields, for an arbitrary function #(x),

0=¢'(Nex1)Nevt
x ( [t <x>dx) ( [ —2u,<x>)dx)

+2p(Nowr) / ) (1= 1 (7)), y)dy [529]

+ (Nt i () / V) (1= 20,0y
_¢(Nt+l)’7(x)ft(x)~

It is impossible to find a function f,(x) that solves [S29] with
arbitrary x and function 7(x).

The above argument shows that Bellman condition S9 does not
have a solution for a general function f,(x), and thus additional
conditions are required.

For a particular biological system, there are additional restric-
tions to the proliferation. We consider two types of stem cells often
seen in biological systems, namely either homogeneous or het-
erogeneous in their proliferation. For stem cells homogenous in
their proliferation, the function f,(x) is independent of x (but may
change with ¢); for stem cells heterogeneous in proliferation, the
function g, (x) varies with x.

Homogeneous in Proliferation (Strategy A). Formulation of the proliferation
probability. For cells homogeneous in their proliferation, the pro-
liferation probability f, is independent of the epigenetic state x. It is
implicitly assumed that cells know the expected apoptosis proba-
bility 4,(x) and the differentiation probability & (x) before deter-
mining the proliferation probability 3,. For example, a simple
strategy is to assume the expectations of these two probabilities
equal the current values while determining f,, i.e., assuming
Ep, () =p,_1(x) and Ed(x) = 61 (x).

Since g, is a constant, the optimal value is given by
0Q(Ni41,fi41(x))/0p, =0, which yields

a;V/;jl / 20 ()

+o(Nw) / ) df’g;t(x)dx.

0= ¢/(Nt+1)
[S30]

Let

= / O dr, 5= / £ 08,

7= / fr@de,  d= / £ ()8, (o),

S =p(y)e(y)dy
o(y)= / x)p(x,y)dx, 6t=/ = .

- — M

then we have
oN, t+1

=N;(1-2g,
a/}t NZ( ”t)a
W) _ _frr () ONews  No
0ﬁt Nt+1 0ﬁt Nt+1

x [—ﬁ<x>+2 5000 -t
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Thus, [S30] becomes

=A;, [S31]
@ (Ntﬁl,obs) '
where
5[ Et _)_(t
A=l
' Tent (1 =20)71
— _)_(t _Et +ﬂz(2(1 _/_41)51 _)_(t)
X1 =
ﬂt,obs
and

Provs =1+ 5,(1=21) =0, [S32]
The theoretical optimal strategy f, is obtained from a solution of
[S31] and [S32]. In addition, we note a biologically acceptable
proliferation probability is always nonnegative, and must be less
than a maximum value f,,, that is limited by its biological capabil-
ity. Thus, the possible proliferation probability takes values within
the interval [0, f,.]- We set the probability g, = 0 if the j, obtained
above is less than 0, and set f, = f,, if it is larger than ..

Assume the population performance ¢(N) is maximum at
N=N,, ie., ¢'(N.)=0 and ¢"(N.) <0. Here N, is by definition
the fittest cell population of the tissue. In [S31], if 4, is close to 0,
we have approximately

1 Aip(Ne
ﬂt,obs zﬁ (M + M)7

S33
MR (5331

or equivalently,

Awp(Ne) <
+M¢1”(M) 1+

T2 [S34]

Therefore,

A A
Ny =N + M

N.g"(N.)’

which yields N, % N. when A, is close to 0. Thus, [S34] indicates
a negative feedback when the cell population is close to the value
of the fittest population (Fig. S24).

Tissue dynamics based on strategy A. Fig. S2 shows numerical
simulations obtained from the above control strategy. Fig. S24
plots the decreasing dependence of proliferation probability on
cell population. Fig. S2B shows the time course of the perfor-
mance Q(N,,f;(x)) in a simulation of 5,000 cell cycles. Fig. S2C
gives f;(x) at the early, intermediate, and later temporal points in
the simulation.

Epigenetic dependences are required for robust development and evolution.
In this study, the dependences of &, u, ¥ on the epigenetic state are
significant in regulation. Here we study the importance of epigenetic
dependence in robust development and evolution.

From [S3] and [S5], the dynamics of population and average
cell performance (N, ,) are given by

N tﬂ t,0bs

Nt —
L_(t ]H X —di+B,2(1 =)o = 7)
ﬁttobs

[S35]

[S36]
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Here

_ﬁt,obs -1+ St

b="% [S37]

Eqgs. S5, 831, S36, and S37 together define a dynamical system
for (Ny,7,). This dynamical system reaches a statistical equilibrium
state when ¢ — oo. Thus, the expectation Ef, ,,, — 1 and the limits

N = tlim EN,, Jy= llim Ez,
are well defined. In this case, we have

Ng'(N)

= lim E4, [S38]
p(N) 1=
and

Eqgs. S38 and S39 give the population N and average perfor-
mance ¥ at homeostasis.

If the performance function y is independent of the state x
(ie., y,=0:=y for any ), we have N=N. and therefore the
evolutionary fitness W =y¢(N.) is independent of the apoptosis
probability x(x). Hence, the apoptosis response fails to evolve
based on the evolutionary fitness W. This result suggests that
variability in cell performance is necessary for successful natural
selection for apoptosis.

When the cell fitness y(x) varies with x, [S35] indicates N # N,
i.e., the cell population at homeostasis differs from the value of
the fittest population, and the difference AN =|N —N.| is pro-
portional to Ay =|o —y|. We note that Ay measures the differ-
ence between the performance of mother cells and their
daughter cells, and is in turn determined by p(x,y)—the variation
between daughter cells and the mother cell due to epigenetic
state transition in cell division. Simulations show that if the
daughter cells are identical to their mother cells, i.e.,

1 =
pley)= { 0 ;;yy

then N=N., and the tissue epigenetics f(x) at homeostasis is
dependent on the initial cell distributions (Fig. S3). We note that
changes in cell distributions during a lifetime can be induced by
accidental injury. Thus, the above analysis suggest that the tran-
sition of epigenetic state in cell division is necessary for a robust
tissue epigenetics at homeostasis with respect to accidental
changes in life span, but can shift the stem cell population away
from the value of the fittest population.

[S40]

Heterogeneous in Proliferation (Strategy B). Formulation of the
proliferation probability. For stem cells heterogeneous in pro-
liferation, f,(x) varies with the epigenetic state x. Here we study
a simple situation in which cells take two distinct proliferation
probabilities.

We divide all stem cells into two phenotypes by their epigenetic
state x, with xeQ; for type I cells, and x € Q, for type II cells.
Proliferation probabilities are the same for cells of the same type:

ﬂ[(x)={ﬂ“’ o

B et [S41]

We assume that the proliferation of type II cells is modulated such
that 8, , changes at each cell cycle, while the proliferation of type

Lei et al. www.pnas.org/cgi/content/short/1324267111

I cells is unmodulated over the lifetime (8, =p, ; is genetically
regulated).

Based on the above assumptions, the proliferation f, ,, for given
Pi1= PG> mx) and 6(x), is determined by 0Q(Ny1,fir1(x))/
aﬂtvz = 0, i.e.,

_ 0N sl _
Xi+1P (Nit1) aﬂz,z +@(Nis1) aﬂm =0, [S42]
which gives
(p/(NtH)
N,
o (P(NIH)
2 A Ji) A =u(y))oi(y)dy — A fi)y (x)dx [843]
=1—- 2 2 .

ot | Je@) (1= 2u,(x) )

with Nep1 =NiBs ops-

At each cell cycle, the optimal proliferation probability S, , is
obtained based on Eq. S43.

To solve Eq. S43, we denote

fuu= [ o= [feas
Q Q)

= [fom@d, o= [feum 0,
/ /

/ 1,000 (1 = ) (x)ex
0 ds, 5= ,

Hia = Q Jia —Hi
Ji@) (1 =, (x))o(x)dx
Xip= filo)x (x)dx, 010 = 2 f—g
Q) 12— M2
Then,
Brovs=1+Pic (J?m - Zﬁu) +Bi2 (ft,Z - 2/7t.,2> -4, [S44]
and
Fin = /ﬁ [ xi0(1-50) = s
2
1- d)
t [FORO =)oty
1 - _
zﬂz,obs [()?z _d)t _ﬂLG)_(ttl —ﬁz,z)?z,z
+2B16 (]7;4,1 —Hi1 o1+ 2B, (fz.z - /7:2)7&2]
zﬁtﬁobs [()_(t _E), _ﬁl,G ()71,1 - 2(]_2‘1 _ﬁz,l)at,l)
b2 (2 =2(Fio=m2)312) | (8451
Thus, we can rewrite [S43] as
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@' (NiB1.ons)

N, gy ti0bs
1/tobs @ (Ntﬁtobs)

=A, [S46]

with

—1— 012 fi262=Xi2

. [S47]
Hes1 vt (ftﬂ - 2ﬁt,2>

The proliferation f,, is obtained from the positive solution of

Eqs. S44-S47.
Similarly to the previous argument, when N, ~ N, and A; ~ 0, we
have
1 ;. Aig(N:)
Br.obs ( . W’(N») , [S48]
and hence
NL,( & +1\/JLZ ) -1- ﬁ1€(fz1 274[,1) +6
Pam . [S49]

ft,2 - 2.“1:,2

Tissue dynamics based on strategy B. Based on the previous
arguments, the proliferation probability of type II cells at ho-
meostasis, denoted as f3,, is dependent on the probability of type
I cells f; ;. Fig. S44 shows the dependences of 3, and the evo-
lutionary fitness W on f, ; (varying from 0 to 0.1). Simulations
suggest that the proper value of the unmodulated proliferation
probability #, ; can improve the evolutionary fitness compared
with the case of homogeneous proliferation (the corresponding
evolutionary fitness is shown by the red dashed line in Fig. S44).
We also note that if f, ; is too large (f; ;>0.08 in the current
simulation), it is possible to induce uncontrolled growth such that
the fitness decreases to 0. Fig. S4B shows tissue epigenetics f(x) at
homeostasis with f; ; =0.02 and f; ; =0.06, respectively. When
B1.6="0.02, the tissue epigenetics has the same profile as in the
case of homogenous proliferation (Fig. S2C), and when ;  =0.06
(with better fitness), the epigenetic distribution shows apparent
shift to the region of better performance (corresponding to the
region of larger x).

Robust recovery after sudden changes. Fig. S5 shows tissue response
(cell population, differentiated cell population, and cell dis-
tributions) to temporal changes in differentiation. In simulations,
the immigration of dormant cells from the quiescent phase to the
resting phase is taken into account in a simple way by introducing
a sudden increase (10%) of the resting phase cell population at
the time point (¢=1,000) along with an increase in the differ-
entiation probability. We observe a transient rise and fall of cell
populations in the resting phase due to the addition of resting-
phase cells to the model, however, with similar long-time dy-
namics shown in Fig. 4. The overall features are found to be
similar to those obtained without considering the effect of the
quiescent phase.

Fig. S6 shows cell population dynamics, under three different
strategies, when there are temporary changes in the apoptosis
probability. The results indicate that heterogeneity in proliferation
induces less changes in cell populations than the cases of homo-
geneous proliferation.

S4. Evolution

The evolutionary fitness W defined by [S14] is a function of 7 (x)
and 8¢ (x). Here we keep 8¢ (x) unchanged and study the evolution
of the apoptosis probability 7i;(x) via the fitness function W.
Fig. S7 shows a numerical simulation for the evolution of 7 (x)
when the cells are homogeneous in proliferation. In the simulation,
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the apoptosis fig(x) starts from a constant function (fig (x) =0.07)
with a low fitness (W =0.18), and automatically evolves to yield
a high fitness (W =1.8) at the end of the simulation. The resulting
apoptosis is taken such that cells with lower performance (cells with
x < 60) have larger apoptosis probability. Consequently, the tissue
epigenetics f(x) at homeostasis shifts from the profile of low-
performance cells being dominant to that of high-performance cells
being dominant (Fig. S7B). Furthermore, simulations show that the
evolution obviously increases the average cell fitness (7 increases
from 0.10 to 0.98 in the simulation), but only results in small
changes in the cell population N. Further simulations show that the
results are robust and insensitive to the choices of initial apoptosis
probability (Fig. S8).

We also test our results using different functions for the dif-
ferentiation ¢ (x) (Fig. S9). Simulations suggest that different
differentiation probabilities can give the same value of evolu-
tionary fitness after a number of mutations, and the resulting apo-
ptosis probability and tissue epigenetics at homeostasis are in-
sensitive to 8¢ (x).

S5. Details for Numerical Simulations

Parameter Values and Choices of Functions in the Model. In simu-
lating the model, we need to specify the five functions p(x,y),
ﬁG(x)? 5G(x)a }((X), and (p(N)

For simplicity, we assume the epigenetic state can be represented
as a scalar variable x € [0, Xp, . For example, x can be the ex-
pression level of one gene, or the number of nucleosome mod-
ifications of a DNA region. In general, x represents an intrinsic
cellular state that may change after each cell division. Without loss
of generality, the four functions y(x), 5 (x), fig(x), and p(x,y) are
chosen in a consistent way, as seen in Fig. S10. In particular, be-
cause x can be transformed into different values by shifting and
reflecting its values, without loss of generality, the region of small
values of x corresponds to the low value of the performance
function y (x). Together, we assume the following characteristics of
the five functions:

i) A cell has low performance (low capability of accomplishing
its physiological function) when x <60, and it has high per-
formance when 100 <x < Xpax =300.

ii) Cells defined in the region of 100 <x < 140 at resting phase
have larger differentiation probability (6 (x)) than the other
cells.

iii) Cells with 80 <x < 160 at the proliferative phase have smaller
apoptosis probability (7 (x)), as they have larger differentia-
tion probability.

iv) The transition probability p(x,y) is taken in a form such that
only local changes in the epigenetic state are allowed in each
cell division.

v) Function ¢(N) is concave with a maximum value at N=1
since we normalize the fittest population to N. = 1.

All simulation codes are written in MATLAB (MathWorks)
(available upon request). Those functions, as plotted in Fig. S10,
then take the following forms in MATLAB:

x(®)=0.1+0.9 x gamcdf(x, 40, 2),
56(x) =0.01+0.4 x normpdf (x, 120, 20),

#c(x) =0.35 — 27 x normpdf (x, 120, 40),

c=<\/§+1)/2,

9(N) = (eN)Pe V=1,
and for (x,y) €[0,300] % [0,300]
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Here the functions gamcdf and normpdf are taken for the conve-
nience of programming. The values of 0.9, 0.4, and 27 in y(x),
86 (x) and Ji; (x) can be changed to adjust the difference between
the maximum and minimum of these functions. We take the
initial population Ny=0.8 and the initial distribution density
fo(x) =1/300.

For the simple feedback (strategy C), a standard Hill function is
used for the feedback function:

L+ p(N,/K)"

ﬁtzﬂO 1+ (Nt/K)m ) [SSO]

in which g, =0.25, p=0.05, K=0.2, and m varies from 1 to 10.
Proliferation at Each Cell Cycle. At each step, N, and f;(x) are
known. We first solve [S31] (or [S46] for cells heterogeneous in
proliferation) for g, [let u,(x)=p,_;(x) and &(x)=351(x) while
solving these equations]. Next, we apply random perturbations to

the average probabilities fii; (x) and ¢ (x) to obtain g, (x) and &, (x)
at the current step:

H(X) =i (x) +0.081, 1 +0.04, ; (x),

and

8:(x) =56 (x) +0.0067, , +0.0008Z, 5 (x).

Fy(f1)

Here #,; represent the external noise to the whole population
and are independent random values uniformly distributed in
[-1, 1] and & ;(x) represent the intrinsic noise to each individual
cell and are independent uniform distribution random values in
[-1, 1] for each value of x. The observed proliferations f, ,, is
calculated from the calculated g, y,(x) and &(x). Finally, N
and f;41(x) are obtained from [S3] and [S5]. The procedure is
repeated for 5x 10* steps until the stationary state is reached.
Then calculation of the evolutionary fitness W is carried out.

In mimicking the cells heterogeneous in proliferation, we take
Q; =(200,300] and therefore Q,=][0,200]. At each cell cycle,
after obtaining f,, from [S46], the proliferation probability is
given as

1

1+ (x/200)'% (5511

B (x) ZZLG + (ﬁt,2 —BLG)

to smooth out f,(x) at x=200.

Evolution of the Apoptosis. To study the evolution of apoptosis
probability z;(x) akin to natural selection, we start from an
initial 7i;(x), and apply a small change to generate a new func-
tion p,.,,. We ask whether the change increases the fitness W. If
it does increase the fitness, then it survives, and otherwise, it only
survives with a probability exp[(Wyew — Woia)/T| with a constant
T. In simulations, 6G(x) remains unchanged. The simulation
procedure is given below:

1. Start from an initial function 7 (x).

2. Calculate the evolutionary fitness Woq =W (g (x)) following
the above procedure.

3. Perform a mutation [perturb the function j;(x) at a randomly
selected x] to obtain a new function fig ., (¥) (for heteroge-
neous cells, we perturb B; as well), and calculate the corre-
sponding evolutionary fitness Wyew = W (ig new)-

4. Accept the new function with a probability exp[(Wyew — Woud) /T
(T'=0.01 in simulations) and let W = Whey, i (X) = G new (¥)-

5. Go to step 3 or stop the simulation.

Fig. S1. lllustration of functions F;(f;) and F,(f;).
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Fig. $3. Simulations with different partition functions p(x,y). (A) Distributions of cell populations at homeostasis for identical cell division (p(x,y) given by
[S40]) and nonidentical cell division [p(x,y) as in Fig. S2], respectively. (B) Distributions of epigenetic states obtained from identical cell division but with

different initial states (shown by dashed curves of the same color). Inset shows distributions obtained from nonidentical cell division but with different initial
distributions (the two resulting curves are indistinguishable).
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Fig. S4. Numerical simulations for heterogenous stem cells. (A) The fitness (W, left-hand ordinate and blue squares) as well as proliferation probability of type
Il cells (8, right-hand ordinate and green triangles) at homeostasis as functions of proliferation probability of type I cells #; 5. The red dashed line shows the
evolutionary fitness W at homeostasis when we assume homogeneous proliferation (strategy A). (B) Tissue epigenetics f(x) at homeostasis with 4, 5 =0.02
(blue) and f; s =0.06 (green), respectively. The dashed vertical line indicates the separation of type | and Il cells. In simulations, all functions are the same as
those used in Fig. S2, type | cells are those with 200 < x <300, and type Il cells are those with 0 <x <200.
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ferent control strategies for proliferation. The red dashed line represents strategy A, the green solid line strategy B, and the blue dashed/dotted line strategy C.
The shadow region indicates the time window of increasing the apoptosis probability [fig(x)=0.35 — 22 x normpdf(x,120,40) in the shadow region].
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Fig. S7. Evolution of apoptosis probability 7is(x) of homogenous cells. (A) The function fig(x) at different times, with an initial constant function 7 (x) =0.07.
(B) Tissue genetics f(x), evolutionary fitness W, average cell fitness ¥, and population number N at two temporal points (indicated by arrows, early and later in
the evolution, respectively). See S/ Text, section S5 for simulation details.
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Fig. S8. Evolution of the apoptosis probability starting from different initial functions. (A) Dependence of the evolutionary fitness W on the number of
mutations. (B) Apoptosis probability function at the end of the simulation. (C) Tissue epigenetics f(x) at the end of simulation. Blue circles are obtained from
the initial ig(x) =0.07, and red triangles from the initial zzg(x) =0.01+0.03 X chi2pdf(x,200).
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Fig. S9. Evolution of the apoptosis probability 7g(x) with different forms of 5g(x). (A) The function 5g(x) used in simulations. We take §g(x)=
0.01+r x normpdf(x,120,20) with r=0.1 (blue circles), 0.2 (green up triangles), 0.3 (red down triangles), and 0.4 (black asterisks). (B) Apoptosis probability at
the end of simulation. (C) Tissue epigenetics f(x) at the end of simulation.
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Fig. $10. The functions y(x), 5g(x), 7¢(x), and p(x,y) (contour plot) used in the simulations.
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