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ABSTRACT A solution of the problem of calculating car-
tesian coordinates from a matrix of interpoint distances (the
embedding problem) is reported. An efficient and numerically
stable algorithm for the transformation of distances to coordi-
nates is then obtained. It is shown that the embedding problem
is intimately related to the theory of symmetric matrices, since
every symmetric matrix is related to a general distance matrix
by a one-to-one transformation. Embedding of a distance ma-
trix yields a decomposition of the associated symmetric. matrix
in the form of a sum over outer products of a linear indepen-
dent system of coordinate vectors. It is shown that such a de-
composition exists for every symmetric matrix and that it is
numerically stable. From this decomposition, the rank and the
numbers of positive, negative, and zero eigenvalues of the sym-
metric matrix are obtained directly.

The embedding problem can be stated as follows: Given a
complete set of distances between points of known connex-
ity, calculate cartesian coordinates for the associated set of
points. A solution to the embedding problem would also
yield the dimension—i.e., the number of coordinate axes—
occupied by the system of points. In addition to theoretical
interest in the embedding problem, procedures for its solu-
tion have important applications in various fields of applied
mathematics. In the field of molecular structure, for exam-
ple, a number of experimental procedures yield interatomic
distances as primary data.

The origin of distance geometry dates back to the work of
Menger (1), who coined the term metric geometry. He pro-
posed that geometry should be studied in terms of distances,
in addition to the more traditional approaches of axiomatic
and analytical geometry. This branch of geometry rapidly
expanded, especially as a consequence of the work of Blu-
menthal (2).

A useful theorem in distance geometry was proven by
Schoenberg (3):

THEOREM 1: A necessary and sufficient condition that the
matrix D = {d;;} represents the distances of a system of N +
1 points Py, Py, ..., Py in euclidian space EM but not in EM
is that the quadratzc form

A Z (d0| + d0_| dl])xx_]

l_’l

F(X1, X2, «ees xN)

= z v,Jxxj—xVx

iLj=1

(1]

be positive and of rank M where V = {v;;} is a symmetrlc
matrix, with vi; = (d; + d§; — d?)/2. The special point Py is
at the origin. All vectors are column vectors unless their
transpose is indicated.

Schoenberg showed that the actual construction of the co-
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ordinates of the N + 1 points is equivalent to reducing F to
its canonical form

M
F(Xl, X2y eeey xN) = 'Zl yﬁ. [2]
-
Then the elements of an M X N matrix C such that
y =Cx [31
represent the coordinates of the points Py, P, ..., Py— i.e.,

P; = (cyj, €2y +ve» M ;) is identical to the jth column of C, and
Py = (0,0, ..., 0) is at the origin. The vectors c,L (Cu1s Cu2,
ey CuN) formed by the rows of C represent the coordinates
of all points along the dimension pn.

Schoenberg also investigated the case in which F is indefi-
nite. In this case F can always be reduced to

= =+
€y =

F(xy, 2 ey X0) = 2 67} L@
u= .

The points Py, Py, ..., Py are then embeddable in a pseudo-
euclidian space y,, with p real and g imaginary dimensions,
where p and q are equal to the numbers of positive and nega-
tive ¢'s, respectively, in Eq. 4 (3). The case of positive F is
then the special one with g = 0. In the pseudo-euclidian
space, the calculation of coordinates is again reduced to the
problem of finding a linear transformation y = C x such that
F is in the canonical form (Eq. 4).

Such a transformation C is obtained with the help of Lem-
ma l. .

LEMMA 1: F(X;, X2, ..., Xn) is reduced to its canonical
form (Eq. 4) if the matrix V of coefficients vi; of F is decom-
posed to the outer product form

M
V=2 geul (51
p=1
Making use of Eqgs. 1 and 5, thé proof is
M M M
Fx) = x" 2 £,C,C0x = 21 euclx)? = Zl e ya. 6]
u=1 sl u=

From Eq. 6, we immediately find the transformation C, since
the rows of C are the (g,)'? ¢f in Eq. 6.

.In this paper, we present an algorlthm for the calculation
of coordinates for the general pseudo-euchdnan embedding
problem and for the decomposition of V in the form of Eq. 5.
The algorithm will decompose a matrix D? of squared dis-

tances d;; to the form
M

2
dij - Z[ ep.(cip, -
u=

2
Cjw)

P M
= Z (Cip. - ij.)z - z (Ciy. - ij.)zv [7]
u=1 u=p+1

#Present address: Baker Laboratory of Chemlstry, Cornell Univer-
sity, Ithaca, NY 14853.
To whom reprint requests should be addressed.



2198  Applied Physical and Mathematical Sciences: Sippl and Scheraga

where ¥, is the space of smallest dimension in which the
points Py, Py, ..., Py are embeddable and the c;, are their
cartesian coordinates.

Embedding of D? immediately yields the decomposition of
Vin the form of Eq. 5. Since any decomposition (Eq. 5) of V
is equivalent to a factorization of V in the form

M
V=2 geul = CTC, (8]
n=1

where v;; = 2, £,c,c;, and the rows of C are the vectors
(e,)"2c, we can factor every symmetric matrix by embed-
ding. If V is the matrix of coefficients of Schoenberg’s qua-
dratic form F, then the embedding algorithm yields a canoni-
cal transformation y = C x. In most cases, we are able to
obtain C in lower triangular form. In fact, a variant of the
embedding algorithm is identical to the Cholesky factoriza-
tion of V. The Cholesky factorization does not exist if the
diagonal elements of V are zero, or it is unstable if these
elements are very small. We shall show that we can always
obtain a stable factorization of V in the form of Eq. 8 by
embedding, although the factors are generally not triangular.

The Embedding Procedure

We now develop an algorithm for the embedding of a dis-
tance matrix whose associated quadratic form (Eq. 1) is posi-
tive definite. The solution for the pseudo-euclidian problem
will then follow from a generalization of the euclidian em-
bedding.

From Schoenberg’s theorem 1, it follows that every (N +
1) X (N + 1) distance matrix with positive quadratic form F,
with matrix of coefficients V = {v;}, corresponds to an N +
1 simplex with vertices Py, Py, ..., Py and edges d;; = |P; —
P;|, which is embeddable in euclidian space EM where M <
N. Therefore, there exists a representation of D (in fact infi-
nitely many) of the form

M
di; = Zl € —c)?  5,j=0,1,.,N 9]
=

and we shall now derive such a decomposition (i.e., Eq. 9).

The three distances d;;, di, and dj; define a triangle with
vertices P;, P;, and P, (Fig. 14). These distances are related
by the cosine law

COSB,‘ = (d%, + d,zk - dﬁ)/Zd,Id,k [10]

We therefore are able to calculate the projection d;; of d;; on
the axis defined by dj

d;; = dij(cosB;) = (d} + di — df)i2d. [11]

Since
< 0for B; > w/2
cosB;i=0 Bi=m/2
>0 Bi< m/2

the projection d; . on dy has the sign of cosp; and therefore
has magnitude and direction. Forming all possible triangles
with the distance dy, we calculate the projections d;; of all
distances d;; forj = 0, 1, 2, ..., N on dj. Specifically,

di = (d:+di — di)/2dy = 0 [12]

with (0 = B; = =),

and

dy = (d} + di — di)/2dy = di. [13]
As shown in Fig. 1B, the projections of all remaining dis-
tances dj (I, j # i, k) on d; are obtained by

dj = (dy - dy) [(14]
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Fi1G.1. Geometric relationships involved in the resolution of dis-
tances into parallel and orthogonal components relative to a generat-
ing distance dj. (A) Resolution of distances d;; and dj, into parallel
components d;; and dj, respectively, and orthogonal components

% = d5, along the generating distance d. See Eq. 11. (B) Projec-
tion of distance d; (which is not directly connected to the generating
distance d;) on dj. It should be noted that the four points P;, P;, Py,
and P, generally are not in a plane. See Egs. 14 and 15.

Eq. 14 defines the parallel components of any distance dj
along dj. The orthogonal component d§ of dj; relative to dy
is defined by

@)? = d} - (dp* = dj — @y — d)* [15]
Comparison of Egs. 9 and 15 yields
d} = (dy — ;) + (@)

M
= (cn — ) + 22 (c = ) (6]

and it follows that Eq. 16 is satisfied if we set
j=0,1,2,...,N. [17]

We therefore obtain the vector ¢; = (co1, €11, €215 ---5 CN1) Of
cartesian coordinates of the N + 1 points along the axis de-
fined by di. Note that we can choose any dj, # 0 to generate
a vector ¢;. For further reference, we use the term generat-
ing distance for dy. From Eq. 11, it follows that only col-
umns (or rows) i and k of the matrix D are needed to calcu-
late ¢;.

Obviously, the matrix with the orthogonal components d}
(,1=0,1, ..., N)is either a distance matrix or all of its
elements are zero. In the latter case, the system of points is
embeddable along dix—i.e., in a space of dimension M = 1—
and the embedding is completed. Otherwise, we can treat the
orthogonal matrix as described above.

We observe that d% = 0. Geometrically, this means that
the points i and k have fused upon the projection along djx so
thatdy = dj(j=0,1,2,...,N) (Fig. 14); i.e., the rows (and
columns) i and k of D° are identical. This follows from -

@p? = dj — @’ = di — @y — 3y
=d} - d} — d% + 2d;dy [18]
since dix = di. Insertion of Eq. 11 for d;; then yields
d%)? = d% — @ — di + d} + di — dj
=d} - d} = @)~ [19]

We use the following notation: d;; = d;;(1), d;; = d;;(1),
and df; = d;;(2), where the integer in parentheses refers to
the number of projections. D(1) = {d;;(1)} is the original dis-
tance matrix D, used for the first projection. D(2) = {d{}} =
{d;;(2)} is used in the second projection, and so on.

1= 3,~
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The resolution of the distances d;;(2) into orthogonal and
parallel components along a generating distance di(2)
(which must not be zero) yields a vector of coordinates ¢,
and the (N — 1) X (N — 1) matrix D(3). The process can be
repeated until all elements of the matrix D(M + 1) are zero.
This yields a solution of the embedding problem in terms of
M vectors cy, ..., ¢y and the dimension M of the space. The
elements d;;(1) are now expressed as

M
dQ) = Z (Ciw — ) 0,j=0,1,...,N. [20]
Eq. 20 thus provudes cartesian coordinates c;, and c;, from
the distances d? 7i(1).

Embedding in Pseudo-euclidian Spaces

In the euclidian problem the ¢,’s in
M

dlgj = Z eu(Ciw — Cju)z

p=1

g, = =1 [21]

are all positive, and hence the squared distances d ;are also
positive. If some or all of the ¢,s are equal to l then d

may be or has to be negative and the distances d;; themselves
are imaginary. Therefore, if we take a negative d%(m) as the
mth generating distance, the coordinates obtained from Egs.
11 and 17 will be imaginary. The generalization of Egs. 11
and 17 to the pseudo-euclidian problem therefore leads to

= (em)*?d;;(m)
= [d}(m) + di(m) — dk(m))/2(ld%(m))*?, [22]

where Em = S|gn[d x(m)] and m is the projection number (i.e.,
=1, 2, ... in the first, second, etc., projection); similarly
Eqs. 15 and 17 lead to

d¥(m + 1) = d}(m) = enlCim — Cim)*- [23]
Eqgs. 22and 23 yleld a decomposmon of any matrix D? whose
elements satisfy d2 = 0 and d, L =d}, i,j=0,1,
Therefore, every such matrix is embeddable in ¢, with )4 +
q = M = N. The coordinate vectors, ¢, (u = 1, 2, ..., M),
form a basis set of s, that is generally not orthogonal.

Embedding is not unique because different choices of gen-
erating distances yield different sets of coordinates. Howev-
er, we shall show that the vectors ¢, obtained from the em-
bedding algorithm (Egs. 22 and 23 are linearly independent
so that the dimension M and the numbers p and q of real and
imaginary axes, respectively, are invariants of the embed-
ding. _

THEOREM 2: The vectors ¢, = (Coyu, Cps +-v5 ONy)s = 1,2,

, M, obtained from the embedding algonthm are lmearly
mdependent

To show this we need Lemma 2.

LEMMA 2: Let di(m) be the generating distance in step m.
Then c;, = cy,, p > m. From Eq. 19, which also holds for
the pseudo-euclidian case, we have, after including the step
parameter m,

di(m + 1) = d};(m + 1) di(m + 1)
j=0,1,...,N, [24]

where d;(m) is the generator in step m. Let di,(m + 1) be the
generating distance in step m + 1. Then, from Eq. 22,

ci,m+l = (8m+1)1/2 asi(m + 1)

_ldhm 4 )+ din D —dim + D)
2ds(m + D) (251
and
Cikm+1 = ('€m+1)l/2 ask(m + 1)
[d Wm + 1) + di(m + 1) — di(m + 1)]

2(ds,(m + D)2
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so that, from Eq. 24, ¢; m+1 = Crm+1- Since (from Eqgs. 23

and 24)
d,?j(m +2) =dim+ 1) = eme1(Cimer — Cjm+1)?
=d}jm + 1) = eme1(Chomer = Cim+1)’
= di;j(m +2) 126]
forj=0,1, ..., N, we have ¢; n+2 = Ck m+2 and generally
Cip = Chp p=m+1lm+2,... M
and

d(w) = di;(w
p=m+1lm+2, .., Mj=01 ., ,N. 27

We can now prove Theorem 2. For this purpose we as-
sume the opposite—i.e., that ¢; can be expressed as a linear
combination

M
=2 ac,. 28]
un=2

Then ¢, is generated by di(1) and, from Egs. 13, 21, and 22,
M

2(1) = & d%(1) = &| O - ’
dlk(l) & Ik(l) €1 =, ap,(cm cku)

M
+ Z £u(Cip = Ch) [29]

But Ciuw = Cheps B = 2,3, ..., M, from Lemma 2, so that d;(1)
= 0, in contradiction to our assumption that dj(1) is the gen-
erator of ¢;. This also proves Theorem 3.

THEOREM 3: Different sequences of generating distances
yield the same number M of independent coordinate vectors.
Otherwise, the coordinate vectors ¢, would be linearily de-
pendent. Also, from the linear independence, M is the small-
est possible number of such vectors.

To show that the nature of the space ¥, is invariant under
embedding, we prove Theorem 4.

THEOREM 4: The numbers p and q of real and imaginary
axes are invariants of the embedding procedure—i.e., they
are independent of the specific sequence of generators.

Assume that two different decompositions yield

p

d¥=2 (ciu -

p=1
=Zm—whﬁhm—mi [30]

p=1 p=r+l

where the b’s are a second set of coordmates From Eq. 1,

we form the matrix v;; = (d3; + d}; — d7)/2. From Eq. 30,

this becomes

c,#) - Z (Ciw — Cjn)z

w=p+l

_ 2
Vij = zl (€O — CiuCop — CjuCop t+ CiuCju)
-

M
Z (C(z)u -

= CiuCou ~ CjuCou + CinCju)
wl

M-

= ® gm - biﬂ-bO# - b.i#boﬂ + binbj#)

1

m

M
2 (bbe — bubo. — bubo, + buby).  [31)

u=r+
Set's, = (s34, S2u, ---» Sn.) Where s, = (co, — cj) and t, =
(t15 tops ---» INy) Where ¢, = (bg, — b;,). Then, from Eq. 31,

M

P r
Vij = > SipSju — > SipSjp = 2 Liply, —
n=1 u=p+1 n=1

M
z ’ip.tjp. [32]
p=r+l
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and, from Eq. 8,

.
V= Zl SuSE — Z SuSL = Z t,tT — Z t,th.  [33]
e

p=p+1 p=r+l

Hence, the quadratic form F(x), w1th V as coefficient matrix,
is in its canonical form since it follows from Lemma 1 that

Tyy = «7
x'Vx = x z s.six — x7 Z $,S7x
p=p+1

, .
=2 (Ts,)? - Z xTs,)?
w=1 pn=p+1
r M
=2 &) - 2 (It (34]
u=1 u=p+l

From Sylvester’s law of inertia (see, for example, ref. 4), the
numbers of positive and negative squares in the canonical
representation (Eq. 34) of a quadratic form are invariant;
i.e., two different canonical forms of F(x) necessarily have
the same numbers of positive and negatlve squares. Hence,
p = r; i.e., any decomposition of D? necessarily yields the
same numbers p and g of real and i 1magmary dlmenswns of

Yq-
Decomposition of Symmetric Matrices

The embedding algorithm yields a decomposition of D%
M

dlzl = Z &u(Cip — cju)z

n=1

M M
g sﬂcm + Z sucm

Each term on the right-hand side of Eq. 35 is of the form
. M N
Vij = Z EuCinCip 5 [36]

p=1

M

2 Z Ui [35]

which may be regarded as the elements of a symmetnc ma-
trix V; i.e., we have started with a matrix D?> and obtained
the symmetnc matrix V. It is tempting to try to reverse the
process, to obtain a decomposition of any symmetric matrix
U in the form of Eq. 36 by transforming U to the associated
matrix of squared distances D? (U) with

d2 = U + Uj; — 214,'1' [37]
and applying the embeddmg algonthm to D2 (U), u;; is the
analog of v;; of Eq. 36

Egs. 1 and 37 lead to the transformation
w; = (d§ + d§ — d})/2, (38]

in which it can be seen that uq; is equal to zero forj = 0, 1,
., N. From this, we see that, if the transformation of an
arbltrary symmetric N X N matrix U with elements ui; (i,j =
1,2, ..., N) to its associated distance matrix D? (U) is to be
mvemble in a unique way, we must border U by a Oth row
and 0th column of zeros. Then the elements d3; = up + u;; —
2ug; = w;; (j = 0, 1, ..., N) are the diagonal elements of U.
Their geometric meamng is that they:represent the squared
distances of the points Py, ..., Py (associated with U) to the
ongm P,. Hence, for every symmetnc matrix, we have a
unique origin defined by the diagonal elements of U.

The decomposmon of D? (U) then ylelds the coordinates
Top Of the origin of U. But, generally, Ty, # 0; i.e., the sys-
temrepresented by U generally will be translated by the em-
bedding procedure so that

M. B
o = Zl £l 70  (i=0,1,..,N) [39]
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and U # U. We then obtain a decomposition of U by translat-
ing the coordinates so that

Ciu = Eiu - _C-Ou. (”’ = 1’ 2’ eeey M) [40]
and U is decomposed to U = 3., ¢,c,cl or, equivalently,
M
ui; = Zl i j=1,2,..,N).  [41]
s
The embedding procedure therefore yields a decomposition
of every symmetric matrix U.
Several additional points follow from this result. First,
consider the eigenvalue decomposition of U and Eq. 41:
M

M M
U= Z \x,xT = Zl PR Z eucucl,  [42]
s e =
where the \,’s are the nonzero elgenvalues of U with eigen-
vectors x,,, y,L = (N\u))'*x,, and &, = sign (A,). Then, from
Sylvester’s law of inertia (4), we have Corollary 1.
COROLLARY 1: The numbers of positive and negative ei-
genvalues of U are equal to the numbers p and q of ysq 0b-
tained from embedding of DX(U), M — (p + q) is the number
of zero eigenvalues of U, and p + q is the rank of U.
As a second point, Eq. 8 indicates that the decomposition
of U (Eq. 41) is equivalent to a factorization of U:

U = CC. [43]

If U is a nonsingular matrix in the system of linear equations,
Ux =y, a well-known procedure to solve for x in terms of y
is to factor U so that the factors in Eq. 43 are upper and
lower triangular. Under certain circumstances, embodied in
Theorem 5, embedding can produce triangular factors.
THEOREM S: If the sequence of generatmg distances in the
embedding of D*(U) is do 1(1), d12(2), ..., dm—1.m(m), ... then
the factor C is upper trzangular, i.e., c.il 0,i<mu
From Eq. 22, we have cp—1.m = (€m)"? dm-1.m- l(m)
and, from Lemma 2, cy—1, = Cppp for p=m + 1, M
Hence, Co,l = c0;2'= €12 =¢o3=...,and Igenerally Cm 0 i
<'m, u=1,.., M But, then C and C7 are the Cholesky
factors of U (for a definition see, for example ref. 5).
COROLLARY 2: Embedding of D*(U), using the specific se-
quence dy—1 m(m) of generators, is identical to the Cholesky
factorization of U.
Hence, the Cholesky factorization is a special case of em-
bedding.

Numencal Performance of the Embedding Algonthm and
Examples -

01
As an example, we decompose the matrix U = (l 0),
000
which, when bordered by zeroes, becomes |1 ]. The
010
use of Eq. 37 to obtain the elements of D,(1) yields
0 0 O
DXU)=D*1) = |0 0-=2]. [44]
0-2 0

Using d, as the only possible (i.e., nonzero) generator, em-
beddang (with Eq. 22) yields ¢; = (cm, ¢, ca1) = [-1/ )12

0, —(2)'?] and e, = —1; Eq. 23 leads to the matrix
01/21/2
1_)2(2) = 1/200 [45]
1/200
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and the vector ¢; = (co, €12, €22) = [0, (1/2)*2, (1/2)"2), &, =
+1. Translation of the origin Py, whose coordinates are (cq;,
co2) = [—(1/2)2, 0], to the point (0, 0) is accomplished by a
translation of (1{2)1’2 applied to ¢;, and we obtain ¢; = [0,
(1/2)1/29 _(1/2)1/ ]9 = [09 (1/2)1/2’ (1/2)1/2]‘ and &g = _19 &=
+1. Thus, we have obtained a decomposition of U in the
form of Eq. 41. Hence, p = ¢ = 1, and U has rank 2 and one
negative and one positive eigenvalue. In this example, ¢; =
[(1/2)Y2, —(1/2)"?] and ¢, = [(1/2)Y?, (1/2)"?], being the rows
of C, are the eigenvectors of U.

We chose the above example to demonstrate an important
fact. From Theorem 5, it follows that the sequence of genera-
tors dp,—1 »(m) yields the factor C in triangular form, and the
decomposition is equivalent to a Cholesky factorization of
U. However, in this example, U cannot be factored by means
of the Cholesky method because all diagonal elements are
equal to zero. Nevertheless, the matrix U can be factored by
the embedding of D*(U), but C is not triangular.

Generally, if the diagonal elements of U are very small
with respect to unity, then the Cholesky factorization cannot
be guaranteed to be stable, as discussed by Gill et al. (6). For
such matrices, the embedding of D*(U) still produces a stable
factorization. Consider the matrix (6)

1
V= (i ) with e close to zero. (46]
e

Embedding of

0 e e
D(V)= |e 0 2e — 1) [47]
e 20e—-1) 0

using do; as the first generator, yields the vectors (e;)"%¢; =
(e'2, 1/€1?) and (£2)"%c, = (0, [(e? — 1)/e]"?). The factor C is
triangular but the decomposition is very unstable. We obtain
a stable factorization by using d;; as the generator in step 1;
ie, ¢ = (=[(e — 1)/2]"% [(e — 1)/2]*, and ¢; = ([(e +
1/21"2, [e + 1)/2)*?).

Stability of the embedding algorithm is ensured if, in each
step, m, the maximal element d%(m) = max{|d3,j, [ =0, 1,
..., N}, is used as the generator. Then

cjm| = |di;(m)|
= \d}(m) + dhom) = 3|/ 2datm] = 3 dytm)] 48]

and the magnitude of c;,, as well as the growth of di(m + 1)
is bounded in each step.

Embedding can be carried out very rapidly. The numbers
of arithmetic operations required are (N3/6) + (N?/2) +
(N/3) multiplications, (N3/3) + N? + (2N/3) additions, and
N s%uare roots so that the computational complexity is
O(N*), where N is the dimension of D2.

To evaluate the performance of the algorithm on a larger
matrix, we calculated the embedding of the 58 x 58 distance
matrix of the C “atoms of the BPTI molecule. First, the ma-
trix was generated using the coordinates obtained from the
Protein Data Bank (7). Embedding of this distance matrix
stopped correctly after three projections, yielding three co-
ordinate vectors, with 58 components each. Recalculation of
the distance matrix from these vectors showed no detectable
error; i.e., [d " — d 7| was zero within the precision of the
original coordinates (<0.001 A). The execution time on a
Prime 550 computer was 0.4 sec. For comparison, the em-
bedding of an arbitrary 58 x 58 matrix D? with full rank M =
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57 (with its elements, between 0 and 1, generated randomly)
took 7.1 sec for the 57 projections.f

Conclusion

Recently, interest in the embedding problem has arisen from
experimental techniques, especially in the field of two-di-
mensional NMR of biological macromolecules (8). Experi-
mental techniques usually yield only partial information
about the distances between atoms of a molecule, so that the
distance matrices obtained are incomplete and the measured
distances are known to lie in a certain range. A review of the
recently developed techniques to solve the embedding of
such matrices in euclidian three-dimensional space has been
presented in ref. 9. Generally, one tries to derive a complete-
ly specified matrix that is consistent with the measured dis-
tances, by applying triangle and higher order inequalities
[see also Braun et al. (10)]. The procedures used so far to
obtain such a matrix do not guarantee that the matrix is em-
beddable in euclidian three-dimensional space. Two meth-
ods have been proposed to calculate coordinates from such
matrices. MacKay (11) used the Cholesky factorization of
the matrix V of Schoenberg’s quadratic form (he and others
use the term metric matrix for V). Since the Cholesky factor-
ization may be unstable for indefinite matrices, he recom-
mended the method only for positive V (11). Havel et al. (9)
used the spectral decomposition of the matrix V. As stated
by Schoenberg (3), the problem of finding a canonical repre-
sentation of V is a problem of second degree because the
coordinate vectors are not required to be orthogonal; hence,
the embedding problem can be solved by more efficient
techniques than by spectral decomposition. However, the
spectral decomposition seems to be useful in reducing the
dimensionality of V to obtain a three-dimensional structure.

The problem of calculating coordinates from an incom-
pletely defined distance matrix involves the recovering or
prediction of the missing or weakly defined elements of D.
This problem, therefore, cannot be treated directly by the
embedding procedure, but we hope that this problem will
become more tractable through the analysis presented here.
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