Deterministic analysis of a diploid
two-locus continent-island model In
discrete time

n= Needs["PlotLegends™]

General::obspkg :
PlotLegends™ is now obsolete. The legacy version being loaded may conflict with current Mathematica
functionality. See the Compatibility Guide for updating information.

Monomorphic continent

We first study the case where the continent is fixed for the continent haplotype A; By, i.e. c[i] = 0fori #+ 4 and c[i] = 1fori =4. In
terms of alele frequencies, this means that p. =0, gc = 0, where p;and q. are the frequencies of A; andB; on the continent,
respectively.

2= ruleMonomorphContin = {pC -» 0, qC -» 0}

Remarks

e Inthemain text and the supporting information, we use mg, mc and m* for the critical migration rates My », Myir 3 @Nd My 5 Used
in this Mathematica Notebook, respectively.

e Wearethankful to Ada Akerman (personal communication) for sharing an unpublished manuscript relevant for the analyses
performed here. We refer to this manuscript as A2010.

Recursion equations

We focus on a specific fitness scheme, assuming that allelic effects interact additively both within and across loci. Thereis no epistasis
and no dominance. We derive this from amore general parametrisation that allows for dominance.

= Additive fithesses with dominance
The matrix of relative fitnesses of the 16 possible two-locus genotypes, with deme-dependent coefficients of selection and dominance.
m Relativefitnessmatrix

in3= wbom[n_] :=
{{1+a[n] +b[n], 1+a[n] +b[n] o[n], L+b[n] +a[n] z[n], 1+b[n] o[n] +a[n] t[Nn]},
{1+a[n] +b[n] o[n], 1+a[n] -b[n], 1+b[n] o[n] +a[n] t[n], 1-b[n] +a[n] t[n]},
{1+b[n] +a[n] z[n], 1+b[n] o[n] +a[n] t[n], 1-a[n] +b[n], 1-a[n] +b[n] o[Nn]},
{1+b[n] o[n] +a[n] t[n], 1-b[n] +a[n] t[n], 1-a[n] +b[n] o[n], 1-a[n] -b[n]}}

wDom[1] // MatrixForm

1+afl] +b[1] 1+af[l] +b[1] o[1] 1+b[1] +a[l] t[1] 1+b[1] o[1] +a[l]
1+afl] +b[1] o[1] 1+afl] -b[1] 1+b[1] o[1] +a[l] t[l] 1-b[l] +afl] ¢]
1+b[1] +a[l] t[1] 1+b[1] o[1] +a[l] t[l] 1-afl] +b[1] 1-a[l] +b[1] o]
1+b[1] o[1] +a[l] t[l] 1-b[l] +a[l] t[l] 1-af[l] +b[1] o[1] 1-af[l1]-b[1]

For the case of epistasis, see Mathematica Notebook ‘120822_twol ocusContinentlslandDiscrete.nb’ (internal use only).
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= Additive fithess scheme

m Relativefitnessmatrix
in41= assumeNoDom[n_] := {o[n] » 0, t[n] -» 0};
= WAAd[n_] := wDom[n] /. assumeNoDom[n]

wAdd[1] // MatrixForm

l+a[l] +b[1] 1+afl] 1+b[1] 1
l+a[l)] l+a[l] -b[1] 1 1-b[1]
1+b[1] 1 l1-a[l] +b[1] 1-a[l)]

1 1-b[1] 1-a[l] 1-a[l] -b[1]

We simplify the notation to what is necessary for the time being, focussing on deme 1 (theisland) only.
6= assumeOneDeme[x_[n_]1] = {X[n] » X}
wAdd [1]

{{l+a[l] +b[1], 1+a[l], 1+b[1], 1}, {1+a[l], 1+a[l]-b[1], 1, 1-b[1]},
{1+b[1], 1, 1-a[l] +b[1], 1-a[l]}, {1, 1-b[l], 1-afl], 1-a[l]-b[1]1}}

n7= W 2= WAdd[1] /. assumeOneDeme[b[1]] /. assumeOneDeme[a[l]]

w // MatrixForm

lvra+b 1+a 1+b 1
l+a 1l+a-b 1 1-b
1+b 1 l-a+b 1-a

1 1-b l-a 1-a-b

= Marginal and mean fitnesses

ner= (* 12 gamete =)
wMarg[i_] -= Sum[w[i, J1 *X[J]1, {J, 1, 4}]

wl = wMarg[1]
(L+a+b) x[1]+ (1+a) x[2] + (1+b) x[3] +Xx[4]
w2 = wMarg[2]
(1+a)x[1l]+(l+a-b)x[2] +x[3] + (1 -b) x[4]

nor= WMean := Sum[wMarg[i] x[1], {i, 1, 4}]

wMean

X[1] ((1+a+b)x[1]+ (1+a)x[2] + (1+b)Xx[3] +x[4]) +
X[3] ((1+b) x[1] +x[2]+ (1-a+b)x[3]+ (1-a)x[4]) +
X[2] ((1+a) x[1]+(l+a-b)x[2] +x[3] + (1-b) x[4]) +
X[4] (X[1] +(1-b)x[2]+ (1-a)x[3]+(1l-a-b)x[4])

o= simplGamNot[i_] = X[i] » ToExpression[ToString[X] <> ToString[i]]
wbar = wMean /. Table[simplGamNot[i], {i, 1, 4}]

X1 ((l+a+b)xl+ (1+a)x2+ (L+b)x3+x4) +x3 ((1+b)x1l+x2+ (1-a+b)x3+ (1-a)x4)+
X2 ((l+a)xl+ (l+a-b)x2+x3+ (1-b)x4) +x4 (x1+ (1-b)x2+ (1-a)x3+ (l-a-b)x4)

= Migration matrix
na= M 2= {1 -m[1], m[1]}
= Helper variables

{1, -1, -1, 1} (*» Recombination x)
{0, 0, 1, 1} (* Migration %)

inf121= & :
u:
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= Recursions
= Relationship between gamete frequencies and allele frequencies and linkage disequilibrium

na= (* Linkage disequilibrium x)
LD = x[1] X[4] - X[2] X[3]
(» Allele frequency of A; *)
P o= {X[1] +X[2]}
(» Allele frequency of B; )
Q 1= {x[1] +x[31}
nmi71= (* Transformation from haplotype frequencies to allele frequencies and LD x)
toAlFreqRule := {x[1] » pq+DD, xX[2] » p (1-q) -DD, x[3] » (1-p) q-DD,
X[4] » (1-p) (1-qg) +DD, c[1] » 0, c[2] - 0, c[3] »qC, c[4] »1-0C}

m Recursion equationsin terms of haplotype frequencies

w // MatrixForm

lvra+b 1+a 1+b 1
l+a 1l+a-b 1 1-b
1+b 1 l-a+b 1-a

1 1-b l-a 1-a-b

ne= (% 12 gamete x)
recHap[i_] := MI1] » (X[i] *wMarg[i] - S[i] * r » LD * w[1, 4]) / wMean + u[i] = M[2] * C[i]

recHap[#] & /@ {1, 2, 3, 4} // MatrixForm

(1-m(1]) (x[1] ((1+a+b) x[1]+(1+a) x[2]+(1+b) X[3]+x [4])-r (-X[2]:
X[1] ((L+a+b) X [1]+(1+a) X [2]+ (1+b) X [3]+X[4])+X [3] ((1+b) x[1]+X[2]+(1-a+b) X [3]+(1-a) X[4])+X[2] ((1+a) x[1]+(1+a-b)
(1-m(1]) (x[2] ((1+a) x[1]+(1+a-b) x[2]+X [3]+(1-b) x[4])+r (-X[2]
X[1] ((L+a+b) X [1]+(1+a) X [2]+ (1+b) X [3]+X [4])+X [3] ((1+b) x[1]+X[2]+(1-a+b) X [3]+(1-a) x[4])+X[2] ((1+a) x[l] (1+a-b)
c[3] m1] + (1-m(1}) (x[3] ((1+b) x[1]+x[2]+(L1-a+h) X[3]+(1-a) X[4])+r
X[1] ((1+a+b) X [1]+(1+a) X [2]+(1+b) X [3]+x [4])+X [3] ((1+b) X [1]+X[2]+(1-a+b) X [3]+(1-a) X [4]) +X [2] ((1+a) 1]+
cl4] m1] + (1-m[1]) (x[4] (x[1]+(1-b) x[2]+(1-a) X[3]+(1-a-b) x[4 ][i]

x[1] ((1+a+b) x[1]+(1+a) x[2]+(1+b) x[3]+Xx[4])+x[3] ((1+b) x[1]+Xx[2]+(1-a+b) x[3]+(1-a) x[4])+Xx[2] ((l+a) x

The constant c[i] above denotes the constant frequency of haplotypei on the continent.
Comparison to A2010 suggests this implementation is correct.

= Recursion equationsin terms of allele frequencies and linkage disequilibrium

o= simpIMigNot[n_] = {m[n] - m}

o= recP -= recHap[1l] + recHap[2] /. toAlFreqRule /. simpIMigNot[1] // FullSimplify
recQ := recHap[1l] + recHap[3] /. toAlFreqRule /. simpIMigNot[1] // FullSimplify
recD := recHap[1l] * recHap[4] - recHap[2] = recHap[3] /. toAlFreqRule /. simpIMigNot[1] //

FullSimplify
recPQD := {recP, recQ, recD}

recP

(-1+m (p+ap?+b (DD+p (-1+24q)))

l+va(-1+2p)+b(-1+2q)
recQ
(-1+m (g+bg?+a (DD+ (-1+2p)q))

_ +mqC
l+vra(-1+2p)+b (-1+2q)

recD

~((-1+m (abDD? (-1+m) +pq (a®mp (-1+2p) +m(l+bq) (1+b (-1+2q)) +
a (m (71+3p)+b(71+m+p72mp+q72mquq+5mpq)))7
mp (l-b+a(-1+2p)+2bq) (1+ap+b(—1+2q)>qC+DD(1+a2p(—1+p+mp>—r+
a(71+bm(fq+qC)+p(2+m(1+b(71+4q72qC))72r)+r)+b(71+b(1+m)q2+
(-1+b)ymgC+q (2-b+m-2bmqgC-2r) +r)))) /(1+a(-1+2p) +b (-1+2q))?
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recPQD

(-1+m) (q+bg®+a (DD+ (-1+2p)q))

(-1+m (p+ap?+b (DD+p (-1+24q))) c
+ mqg,

{_ lva(-1+2p)+b(-1+20q) lva(-1+2p)+b(-1+20q)

~((-1+m (abDD? (-1+m +pqg (@®>mp (-1+2p) +m(L+bqg) (1+b (-1+2q)) +
am(-1+3p)+b (71+m+p72mp+q72mquq+5mpq))) -
mp(l-b+a(-1+2p)+2bq) (L+ap+b (—1+2q>)qC+DD(1+a2p (-1l+p+mp) -r +
a(-1+bm(-q+qC)+p (2+m(1l+b (-1+49-2qC)) -2r) +r) +b (-1+b (1+m g*+

(-1+b) qu+q(2—b+m—2bqu—2r)+r))))/(1+a(—1+2p)+b(—1+2q))2}

Adgain, the above recursion equations were checked against A2010.

Jacobian matrix
nea= J = Table[Table[D[recPQD[j] /- ruleMonomorphContin, i] // FullSimplify, {i, {p, q, DD}}1,
. {1, 2, 3}}]
J // MatrixForm

(-1+m) (mq (-1+b-2bq)? (1+bq)+a® (DD-2DDmMp+2 m (-1+p) p (-1+2p) q)+a? (-4 b DD? (-1+m)+q (M6 M (-1+p) p+b (1-q+m (-1+2G+2p (

Global assumptions and rules

The following global assumptions apply (on top of the assumption of no dominance and no epistasis):

e Fitnesses must be non-negative, henceO<a, O<b, a+b< 1.
e Selection onthe B locusis at least as strong as selection on the A locus, hence a < b.

e To bebiologicaly meaningful, the migration rate m must fulfil 0 < m< 1.

e The recombination rate r must be positive and its maximum is % henceO<r <0.5.

assumeGlobal := {0<a<b<1l,a+b<1,0<m<1,0<r=< .5}
smallForcesRule := {a»ae,b->Be,M>ve, r->pe}
a b m r

rescaleSmallForcesRule := {a > —,B>—,Vv>—,p> —}
€ € € €

In[25]:=

Equilibria —existence, properties, stability

= Monomorphic equilibria
m E,: Only theisland haplotype A; By is present on theisland (no migration)

Thisimpliesthat there is no migration, m= 0.
The linkage disequilibrium is 0.
LD /. {x[1] » 1, xX[2] » O, X[3] » 0, x[4] » 0}

0
Hence, interms of p, g and D, we have
inzs;= assumeEl := {p>1,9g-1,DD-> 0, m- 0}
pPEI = recP /. ruleMonomorphContin /. assumeEl // FullSimplify

1



gEl = recQ /. ruleMonomorphContin /. assumeEl // FullSimplify
1
DEIl = recD /. ruleMonomorphContin /. assumeEl // FullSimplify
0

El = {pEl, gEI, DEI}
(1, 1, 0}

Eigenvalues of the Jacobian, evaluated at E;.

o= JEI 2= J /. assumeEl // FullSimplify

JEI // MatrixForm

1+b 0 b
1+a+b l+a+b
l+a a
l+a+b  1l+a+b
1-r
0 0

l+a+b

nzop= evalsel = Eigenvalues[JEI] // FullSimplify

l+a 1+b 1-r
OuI\BO]:{ , y }
l+vra+b 1+a+b 1+a+b

All eigenvalues are always positive. The second eigenvalue is aways the leading one, and it is aways smaller than 1. Hence, the

equilibrium E; is asymptotically stable for m= 0.
m Ec: Only the continent haplotype A, B, is present on theisland
The linkage disequilibrium is 0 in this case:
LD /. {X[1] » 0, X[2] » 0, X[3] » 0, x[4] » 1}
0
Hence, interms of p, g and D, we have
1~ assumeEC 1= {p » 0, q - 0, DD - 0}
PEC = recP /. ruleMonomorphContin /. assumeEC // FullSimplify
0
gEC = recQ /. ruleMonomorphContin /. assumeEC // FullSimplify
0
DEC = recD /. ruleMonomorphContin /. assumeEC // FullSimplify
0
EC = {pEC, gEC, DEC}
{0, 0, 0}
Eigenvalues of the Jacobian, evaluated at Ec.
nzr= JEC = J /. assumeEC // FullSimplify

JEC // MatrixForm

_ (-1+b) (-1+m) 0 b (-1+m)
-l+a+b -l+a+b
0 _ (-1+a) (-1+m) a (-1+m
-1+a+b -1+a+b

(-1+m) (-1+r)
0 0 B -l+a+b

3= evalseC = Eigenvalues[JEC] // FullSimplify

{ (-1+a) (-1+m) (-1+b) (-1+m) (-1+m) (—l+l’)}
outf33l= 3 - ;- , -
I -l+a+b -l+a+b -l+a+b

2LocContlsland_Determ_Discr.nb
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The denominators of all eigenvalues are always negative, because we require a + b < 1 for all fitnesses to be non-negative. Moreover,
the products in the numerator of al eigenvalues are always positive, since a, b, m, r < 1. From this, we conclude that all eigenvalues
are always non-negative.

Simplify[Reduce[(-1+a) (-1+m) > (-1+b) (-1+m)], Assumptions - assumeGlobal]
True

We further see that the second eigenvalue can never be the largest (since a < b), which implies that either the first or the third eigen-
valueisthe leading eigenvalue Ag. In the case of a < r, thefirst eigenvalue is the leading eigenvalue; in the case of a > r, the third isthe
leading one, and if a==r, the first and the third eigenval ue are both equal and the leading eigenvalues.

condStabEC1 = Simplify[Reduce[evalsEC[1] < 1&&evalseC[2] < 1 &&evalsEC[3] < 1, m, Reals],
Assumptions - assumeGlobal]

(m>b+am&a<r) || (m+r >a+b+mr &r < a)
Solve[m+r==a+b+mr, m]

-a-b+r

{{m- TH

Thus, we need to distinguish two cases.
e Casea < r: strong recombination relative to selection on the A locus. Then, Ec isstableif and only if
M> Myitp = 7= > Myigg = S
e Casea = r: weak recombination relative to selection on the A locus. Then, Ec isstableif and only if
m> Meit3 = aJ'l—t_’r"' > Mgrit2 = % Notethat if a=r, we have Mgt 2 = Mgt 3.

mCrit3
a+b-r
1-r

If one of the two sets of conditionsis fulfilled, Ec is stable in the two-locus model. In any case, Ec is stable if and only if mislarger
than acritical value.

Next, we test when the equilibrium Ec is non-hyperbolic. Thisisthe case if (the real part of) at least one eigenvalue is equal to 1. In
such cases, the stability of the equilibrium cannot be determined based on the Jacobian (higher-order derivatives are necessary).
Parameter combinations for which A = 1 holds deserve attention, because the equilibrium may change its stability properties, or enter or
leave the state space.
inza:= honHyperBolEC = Simplify[

Solve[evalseC[1l] == 1 || evalsEC[2] == 1 | | evalsEC[3] == 1, m], Assumptions - assumeGlobal]

b a a+b-r

wore {{m= - b {me e e

We may therefore define three critical values of m:

inps= MCritlRule = nonHyperBolEC[2]; mCrit2Rule == nonHyperBolEC[1];
mCrit3Rule := nonHyperBolEC[3]

nE7= MCritl =m /. mCritlRule

a
out[37]= —
-1+b
nEs= MCrit2 =m /. mCrit2Rule
b
Out[38]= —
-l+a

nEe)= MCrit3 =m /. mCrit3Rule
a+b-r

out[39]=

1-r
For these to be biologically meaningful (between 0 and 1), we require:

Simplify[0 < mCritl < 1, Assumptions -» assumeGlobal]

True
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Simplify[0 < mCrit2 < 1, Assumptions - assumeGlobal]
True

Simplify[0 < mCrit3 < 1, Assumptions - assumeGlobal]
r<a+b

That is, given our global assumptions, my;;; and m;; , are aways biologically valid, whereas my;; 5 is biologically valid if and only if
r <a+ b, i.e. if recombination is weak relative to selection at both loci.

Assuming b > a as we do throughout, we may distinguish three subcases (recall from above that mg;; ; < My, holds aways):
Simplify[Reduce[mCritl < mCrit3], Assumptions -» Flatten[{assumeGlobal, {b>a>r}}1]
True
1 b>a
1.1. If r > b> a, there holds Mgt 2 > Myit1 > Myit3
1.2. If b>r > a, there holds Mgt 2 > Mrit 3 > Myt
1.3. If b>a>r, there holds Mgt 3 > Myit 2 > Myt
m Perturbation of eigenvalues of the Jacobian of E, atm =0

Werecall that if m= 0, and if A; and B; are both initially present, E; = {1, 1, 0} is globally attracting (see above). We are interested in
the the elgenval ues of the Jacobian evaluated at Eg as mis perturbed by a small amount from 0, i.e. in the case where m > 0, but small.

First, weredlise that if m= 0, the eilgenvalues become
evalseBLiml1 = FullSimplify[evalsEB /. m » 0, Assumptions -» assumeGlobal]
-1+a 1+b -1+r
{71+a7b' 1-a+b’ 71+a7b}
and that the second oneis larger than 1 independently of m. Therefore, as mincreases from 0, Egstarts out unstable.

FullSimplify[Map[Reduce[# < 1] &, evalsEBLim1], Assumptions -» assumeGlobal]

{True, Fal se, True}

evalsEBPertl =

FullSimplify[Map[Series[#, {m, O, 1}] &, evalsEB], Assumptions - assumeGlobal] // Normal
-l+a (-1+a+2b)m 1+b m(r +br-a(b+2r))

{71+a7b+ “1+a-b 17a+b+ (-1+a-b) (b+r)
1a4r m(-ab+b?+br+ (-1+r)r)

—l+a—b+ (-1l+a-b) (b+r) }

FullSimplify[Map[Reduce[# < 1] &, evalsEBPertl], Assumptions - assumeGlobal]
{a+2b=1||m<b+am+2bm a (b+bm+r +2mr) < (1+b) mr,
ab+r =b%+br+r® || (@a-b)b (1+m+(@+m-b (2+m)r < (L+mr?}
We focus on the second element of the list above, which corresponds to the largest eigenvalue of Eg withm= 0.

FullSimplify[Reduce[a (b+bm+r+2mr) < (L+b) mr&&m< mCrit5, mj],
Assumptions - assumeGlobal]

Fal se

We conclude that as mis slightly perturbed away from 0 into the positive range, the previously dominant eigenvalue > 1 increases
further, implying that Eg stays unstable as mis perturbed away from O by a small amount.

= Marginal one-locus equilibria
m E,: One-locus polymorphism at the A locus

This equilibrium is given by Ea = {pa, 0, 0}, where we exclude the special case of pa = 0 that corresponds to Ec. Notice that in A2010
p4 is used instead of pa. Solving the recursion equations under these restrictions, we have
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o= SOIEA = Solve[{recP /. ruleMonomorphContin /. {q » 0, DD » 0}} = p, p]
a-m+bm

a(l+m }}

nu1= PEA = p /. sOIEA[2]

out[40]= {{p - 0}, {p -

a-m+bm
out4l]s ———
a (1+m
a-m+bm
a(l+m)
a-m+bm
a(l+m
Thisisin agreement with equation (20) in A2010.
in42)= assumeEA = {p » pEA, q - 0, DD -» 0}

a-m+bm
RS
a(l+m

in23:= gEA = recQ /. ruleMonomorphContin /. assumeEA

Out[42]=

, -0, DD—)O}

outas= 0
ini241= DEA = recD /. ruleMonomorphContin /. assumeEA
outaaj= 0
Form- 0, pa— 1.
PEA /.m0
1
We define
nsi- EA = {pEA, QEA, DEA}

a-m+bm
out4s]= {7 0, 0}
a(l+m)

Eigenvalues of the Jacobian, evaluated at Ex.
JEA = J /. assumeEA // FullSimplify;
JEA // MatrixForm

~1+b+2am-(-1+b) n¥ 2bm(a+(-1+b) m b (1+m)
(l+a-b) (-1+m) a (l+a-b) (-1+m) 1+a-b
0 l+a-(l+a-2b) m a (1+m)
l+a-b 1+a-b
0 m(a+ (-1+b) m) (1+m) (-1+r)
a (1+m) -l-a+b

evalsEA = Eigenvalues[JEA] // FullSimplify

-1l+b+2am+ (-1+b) n? 1
{ , - (-2+a(-1+m -2bm+r +mr +
(1+a-b) (-1+m) 2(1l+a-b)
1
V({@+m (@® (1+m -2a (-1+mr+r (r+m(-4+4b+r))))), ——
2 (1l+a-h)

(2+afr -m(@a-2b+r) +\/(1+m) (a2 (L+m -2a (-1+mr +r (r +m(74+4b+r))) )}

Solve[evalsEA[1] =1, m]

[ims -1 {mo )
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Solve[evalsEA[2] == 1, m]

b@-b+r)
[tms -1y, {m- 3
—ab+b?+r +ar -2br
Solve[evalsEA[3] == 1, m]
b@a-b+r)
{{m% -13, {m—> H
~ab+b%2+r +ar -2br
i ici -2 _ ) i — ba-b+r) _ b(a—b+r) o ‘
From the above, we see that E, is not hyperbolicif m= = Mgirq and if m= e = Ehtaran = Myica-

b(a-b+r)

n61= MCritd -= ;
(b-r) (b-a) + r(l-b)

If m=my; 4, wehave Ea = Ec.
EA /. {m->mCritl} // FullSimplify
{0, 0, 0}

If m=my; 4, we have pa = % Given b > a, this pa isin the biologically valid state space if b > r # 0, which corresponds to the
above subcases 1.2 and 1.3.
EA /. {m->mCrit4d} // FullSimplify

(a-b) (b-r)

e

Since we require b > r, the denominator of m,;; 4 is positive. Moreover, the numerator is positive only if b < a + r. See A2010 (p. 9) for
further discussion of this equilibrium and a perturbation anaysis (which we do not need here).

m Eg: One-locus polymorphism at the B locus

This equilibrium is given by Eg = {0, gg, 0}, where we exclude the special case of gg = 0 that corresponds to Ec. Notice that in A2010
s is used instead of gg. Solving the recursion equations under these restrictions, we have

n471= SOIEB = Solve[{recQ /. ruleMonomorphContin /. {p - 0, DD - 0}} == g, q]
b-m+am

b (1+m) }}

nue= qEB = q /. sOolEB[2]

out[47] {{q - 0}, {q -

b-m+am

out[4g) ——————
b (1+m)

Thisisin agreement with equation (22) in A2010.

Inf491= assumeEB = {p » 0, g » qEB, DD - 0}

b-m+am

out[49]= {p -0, g~ , DD > O}

b (1+m)
niso= PEB = recP /. ruleMonomorphContin /. assumeEB
outso)= 0
nis1= DEB = recD /. ruleMonomorphContin /. assumeEB
outs1)= 0
Form—- 0,0g — 1, i.e. Eg mergeswith E;.

gEB /. m -0

1
We define
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nis21= EB = {pEB, QEB, DEB}

b-m+am
out[52]= {0, biv 0}
(1 +m)

FullSimplify[Reduce[O < qEB < 1, m], Assumptions -» assumeGlobal]

m<b+am

Thus, Eg represents a biologically valid one-locus polymorphism if and only if m< mg;;, = %
Eigenvalues of the Jacobian, evaluated at Eg:
3= JEB = J /. assumeEB // FullSimplify;

4= JEB // MatrixForm

Out[54]//MatrixForm=

1+b-(1-2a+b) m 0 b (1+m)

1-a+b 1-a+b

2am(bs(-1+a) m 1-2bmnf-a (1+n?) a (1+m)

" (-1+a-b) b (-1+m) (-1+a-b) (-1+m) 1-a+h
m(b+(-1+a) m) 0 (1+m) (-1+r)

b (1+m) -l+a-b

nss)= evalseEB = Eigenvalues[JEB] // FullSimplify

1—2bm+m’-—a(1+rr?) 1

Out[55]= { ,
(-1l+a-b) (-1+m) 2(-1+a-hb)

[727b+r +m(-2a+b+r)-v1+m \/b2 (1+m -2b (-1+mr +r (r+m(-4+4a+r)) )
1
2 (-1+a-h)

[727b+r +m(-2a+b+r)+vV1+m Jbz (L+m -2b(-1+mr +r (r+m(-4+4da+r)) )}

The third eigenvalue is always smaller than the second one. However, any of these eigenvalues can have an absolute real part larger
than one.

Equilibrium Eg is not hyperbolic (and may therefore change equilibrium properties or enter/leave the state space) if at least one of the
eigenvaluesis 1:

Solve[evalsEB[[1]] =1, m]

{im= 1), fmo )

Solve[evalsEB[[2]] =1, m]

-a’?+ab+ar
{{m%_l}’ {m—> a’?-ab+r-2ar +br}}

Solve[evalsEB[[3]] == 1, m]

-a?+ab+ar
{{ma—l}, {m» }}
a?-ab+r -2ar +br
. .. _ L _ ) . _ a(b-a+r) _ a(b-a+r) . )
From the above, we see that Eg is not hyperbolic if m= 2 = Muit2 and if m= 7 abi_2arbr = b i - Meits: Recall that

Eg existsif and only if m < my;; 5.

, a(b-a+rn)
insel= MCrith == :
(a-r) (a-b) + r(1-a)

If m= mg;,, we have Eg = Ec.
EB /. {m-> mCrit2} // FullSimplify
{0, 0, 0}

If m=mg;s, we have gg = @’b;%’” Given b > a, this gg isin the biologically valid state space if a<r, b, which corresponds to
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subcases 1.1 and 1.2 above.
EB /. {m-> mCrit5} // FullSimplify

(a-b) (a-r)
o, B2 o)
br
(a-b) (a-r)
br

In[57]:= qEBmCrit5 I=

If werequirer > a (and therefore that {O, (a’b;# 0} isabiologically vaid one-locus equilibrium and non-hyperboalic), the denomina-

tor of my;; 5 is positive. Moreover, the numerator is always positive for r > a. We suspect that Eg bifurcates at m= my;; 5, giving rise to
a fully polymorphic (internal) equilibrium E.. that may or may not be asymptotically stable. We perform a perturbation analysis of

Es ={pg, O, Ds} = {0, (a’bg# 0} where the migration rate m slightly deviates from mg;; 5 and is given by m=m; 5 — ¢ v, with
¢ > 0small, and v a constant.
m Perturbation of Eg: approximation of an internal equilibrium E.

We perform a perturbation analysis of Eg assuming that mis close to but smaller than mg;; 5 < Mg ,. We assume m= M5 — £ v with

¢ >0 but small and v a positive constant. We also assume that linkage disequilibrium D is of order £. Note that this is not a regular
perturbation analysis, because for ¢ = 0, the marginal equilibrium Eg is not hyperbolic.

EB

b-m+am
{0’ b (1+m) ’ 0}

gEB
b-m+am
b (1+m)
nse)= rulePerturb2 := {m - mCrits5-¢v}

recP /. ruleMonomorphContin

(-1+m) (p+ap®+b (DD+p (-1+2q)))

l+a(-1+2p)+b(-1+2q)

recQ /. ruleMonomorphContin

(-1+m) (q+bg®+a (DD+ (-1+2p)Qq))

l+va(-1+2p)+b(-1+2q)

recD /. ruleMonomorphContin

~((-1+m (abDD* (-1+m) +pq (a®mp (-1+2p)+m(l+bq) (1+b (-1+2q)) +
a(m(-1+3p)+b (—1+m+p—2mp+q—2mq—pq+5mpq))) +
DD (1+a’p (-1+p+mp) -1 +b (-1+b (1+m g®>+q (2-b+m-2r) +r) +
a(-1-bmg+p (2+m(l+b (-1+4q))-2r)+r))))/(1+a(-1+2p)+b (-1+2q))?

recP /. ruleMonomorphContin /. rulePerturb2 // FullSimplify

(p+ap2+b (DD+p (-1+2q))) (-1+ 7az+ra+gi;b;;12r) -§v)

lva(-1+2p)+b(-1+20q)
recQ /. ruleMonomorphContin /. rulePerturb2 // FullSimplify

(q+bg2+a (DD+ (-1+2p) q)) (71+ 7az+ra+gi;b:;12” —§v)

l+a(-1+2p)+b(-1+20q)
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recD /. ruleMonomorphContin /. rulePerturb2 // FullSimplify

a(-a+b+r
abDDz[—1+ ( o) -Cv| +

aZ+r +br-a(b+2r)

a(-a+b+r)
-1+ -Cv
a?+r +br-a(b+2r)

(l-a+b)pr
DD[l—r+a2p[—1+ —p§v]+
a2+r +br-a(b+2r)
a(-a+b+r)
b[—1+l’+bq2(l+ -Cv +q[2—b—2r+
aZ+r +br-a(b+2r)

a(-a+b+r) a(-a+b+r)

-Cv||+a|-1+r -bq -Cv|+

a?+r +br-a(b+2r)

Ik

—§v)+(1+bq) (1+b (-1+2q))

a?+r +br-a(b+2r)
a(-a+b+r)

p[2—2r+(1+b(—1+4q))

_ng

a2+r +br-a(b+2r)

, a(-a+b+r)
asp (-1+2p)

pq

aZ+r +br-a(b+2r)
a(-a+b+r)

-
a?+r +br-a(b+2r)
(@((1+b)yr (b (-1+p) (-1+q)+ (-1+b+3p-2bp+b (-2+5p)q) Lv) +
a(b-2b*>-3bp+3b°p+3b>q-6b®pg+r-3br-3pr+4bpr +

4bqr -7bpgr - (-1+b+3p-2bp+b (-2+5p)q) (b+2r) Lv)+
a? ((-1+3p) (1+Cv)+b (2-3p-3q+6pqg+(1-2p-2q+5pa)cv))))/

(a2+r+br—a(b+2r))]

L/(l+a(—1+2p)+b(—1+2q)ﬂ

niso= PSer z= p0 + pl & (»x+p2 £2+) ;
neoi= gSer = q0 + ql & (#+02 £%x);
ne1= DDSer = DO + D1 £ (%+D2 £2x) ;
p - recP /. ruleMonomorphContin /. rulePerturb2 /. {p » pSer} /. {q » gSer} /. {DD - DDSer};
(» Remove ";" to display x*)
ine21= Clear [f1]
fl[eg ] :=
Evaluate[p - recP /. ruleMonomorphContin /. rulePerturb2 /. {p » pSer} /. {g > qgSer} /.
{DD - DDSer}]

g - recQ /. ruleMonomorphContin /. rulePerturb2 /. {g » qSer} /. {p » pSer} /. {DD - DDSer};

(» Remove ";" to display =)

inea1= Clear [f2]
21 ] :=
Evaluate[q - recQ /. ruleMonomorphContin /. rulePerturb2 /. {q - gSer} /. {p » pSer} /.
{DD - DDSer}]

DD - recD /. ruleMonomorphContin /. rulePerturb2 /. {DD -» DDSer} /. {p -» pSer} /.
{q - gSer}; (* Remove ";" to display =)

inee)= Clear [F3]
f3[g_ ] :=
Evaluate[ DD - recD /. ruleMonomorphContin /. rulePerturb2 /. {DD - DDSer} /. {p -» pSer} /.
{q - gSer}]

Taylor seriesto the three functions above:
Series[fl[E], {&, 0, 2}] // Simplify; (x Remove ";" to display )
Series[f2[£], {&, 0, 2}] // Simplify; (x Remove ";" to display )
Series[f3[r], {&, 0, 2}] // Simplify; (x Remove ";" to display )
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gEBmMCrit5
(a-b) (a-r)
br
We consider the zeroth order term and check if by plugging in the equilibrium Eg at m;; s we obtain zero.
gEBmCrit5
(a-b) (a-r)

br

SeriesCoefficient[fl[&], {&, 0, 0}] /. {pO - 0O, 9O » gEBmCrit5, DO - 0}
SeriesCoefficient[f2[&], {&, 0, 0}] /- {pO - 0, qO » gEBmCrit5, DO -» 0} // FullSimplify
SeriesCoefficient[f3[&], {&, 0, 0}] /- {pO - 0, qO » gEBmCrit5, DO -» 0} // FullSimplify

0
0
0

We can now consider the coefficients of the second-order terms appearing in the approximationsto f1(¢), f2(£) and f3(¢), after plugging
in the zeroth-order terms (the equilibrium Eg).
SeriesCoefficient[fl[&], {&, 0, 1}] /- {pO - 0, O » gEBmCrit5, DO -» 0} // FullSimplify
SeriesCoefficient[f2[&], {&, 0, 1}] /- {pO - 0, qO » gEBmCrit5, DO -» 0} // FullSimplify
SeriesCoefficient[f3[&], {&, 0, 1}] /- {pO - 0, O » gEBmCrit5, DO -» 0} // FullSimplify

-a’pl+abpl-bDlr

a?+r +br-a(+2r)

(-(-1+a-b) (afb)ql(afr)r2+1/b( (-2a% ( 2pl+2a(a-b) (2apl-b (DL+pl))r -
(b(1-3a+b)Dl+2a (a- I’Z) —r)(a +r+br—a(b+2r))2v))/

(r (2a®-2ab+r -3ar +br) (a? +r+br7a(b+2r)))

(a-r) (-a+b+r) (-a?pl+abpl-bDLr)

br (a2+r +br-a(b+2r))

We are interested in p; and g; such that the two coefficients above are equal to 0, which amounts to solving a two-dimensional system
of equations. In fact, the first coefficient isindependent of q;.
-a?pl+abpl-bDlr

plSol = Solve[ =0, pl]
a2+r+br-am+2r)

bDlr

le*‘m}}

(@-r) (-a+b+r) (-a®?pl+abpl-bD1ir)

D1Sol = Solve[ =0, Dl] /7 FullSimplify

br(a?+r+br-a(b+2r))
a(-a+b)pl

{{oro ————}}

1Sol =
unIISimplify[Solve[(—(—1+a—b) (a-b)ygl(a-r)yr’+1/b(ar(-2a®(a-b)?pl+2a (a-b)
(2apl-b (D1+pl)) r- (b (1-3a+b)Dl+2a (a-b)pl)r?) -
(a-b) (a-r) (a2+r+br-a(b+2r))2v))/
(r(2a®-2ab+r-3ar+br) (a®+r+br-a(b+2r))) =0 /. piSol, qi]]

aDlr (-1-a+b+2r) (az+r+br7a(b+2r))2
{{ql» + }}
(-1+a-b) (a-b) (a-r) b@d-a+b)r?

We develop f1(¢) into a Taylor series up to second order of £, pluging in what we know about pg, qoand Do.
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flSeries2 =
Normal [Series[fl1[&], {&, O, 2}] /. {pO - 0, qO -» gEBmCrit5, DO -» 0}] // FullSimplify

-(c(2a* (p1+plcv) +r? (bDL (1+b-2bql&) + (L+b) (pl+b (DL+pl)) Cv) +

ar (-b (pl+b (2D1+p1) +3D1r) -pl (pl+b (2DL+pl+2ql))r C-
(b(bD1+3( b)pl) +2 (bDL+2 (1+b)pl)r) Cv) -
a®pl (4b (1+§v)+r(3+2p1§+6§v))+a ptﬁ<p1+p1§v>+

br (2 (DL+pl (2+pl&)) + (DL+9pl) Cv) +plr (L+plr &+ (B3+4r)cv))))/
((2a®-2ab+r -3ar +br) (a®+r +br-a (b+2r)))

We also develop () into a Taylor series up to first order of £ in an analogous way.

f2Seriesl =
Normal [Series[f2[&], {&, O, 1}] /. {pO > 0, qO -» gEBmCrit5, DO -» 0}] // FullSimplify
-(c(a®v+a® (2plr -3bv-5rv) +
ar?(b (b (1+b)qgl+ (DL+bDl+ql+2bql)r)- (1+b) (b+3b*+r +5br)v)+
a®(r (2b°pl+b (2DL+6pl+ql)r +2plr?) - (b3+b (4+11b)r +6 (1+3b)r2+4r3) v)+
4( 4plr (b+r)+ (3b%+13br +2r (1+4r1)) v)+
a’r (-br (q1+2b (D1 +pl+ql) + (3DL+2pl+ql)r) +
(3b3+r+4r2+2br (5+4r) +b? (2+l3l’)>v)+b(1+b)l’3 (v+b(—ql+v))>)/
(br (2a®-2ab+r -3ar +br) (a®+r +br -a (b+2r)))
Now, we plug our solution for D, into the term for f1() [to second order of {] and into the term for f,(¢) [to first order of £].

Tl = {flSeries2, f2Seriesl} /. D1Sol 7/ FullSimplify
{{(p1c% (ar (2b (-a+b)qgl+ ((1-a+b) p1+2bq1)r)7(a2+r+brfa(b+2r))2v))/
((2a*-2ab+r -3ar +br) (a®+r +br-a (b+2r))),
7((afb)§(r2 (7a3p1+b(l+b)qlrfabq1 (1+b+r) +a? (bql+pl(—1+b+2l’)))+
(a-r) (a®+r+br —a(b+2r))2v))/
(br (2a®-2ab+r-3ar +br) (a®+r+br-a (b+2r)))}}

We have got two equations [approximations to f1(£) and f2(£)] in p; and g; that we now equate to (0, 0) and solve for p; and q;.

soll = Solve[T1 == 0, {pl, q1}] // FullSimplify

2t

(a—r)(a2+r+br—a(b+2r))2v (az+r+br—a(b+2r))2

(a2+r+br—a(b+2r>)2

le%o’ ot b(l-a+b)r?

{pl - , gl - }}
ar?@a(l+a-b)-(1+a+b)r) br (a(-1-a+b)+(l+a+b)r)
The first solution corresponds to the perturbed marginal equilibrium Eg and the second solution corresponds to the fully polymorphic
(internal) equilibrium E. that enters the state space via Eg at m= my;; 5. We find the first-order term of the linkage disequilibrium
maintained at E.. by plugging p; into ‘D1Sol’.
D1Sol

a(-a+b)pl
(oo =)

D1Sol2 = D1Sol /. soll[2] // FullSimplify

(a-b) (a-r) (az+r+br—a(b+2r))2

o — 3
r3(a(-1-a+b)+(1l+a+b)r)

pSer

pOo+plcg

qSer

q0+qglg
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DDSer
DO +Dlc
Overall, wefind for E,:

ElnternApproxl =
{pSer, gSer, DDSer} /. pO >0 /. qO -» gEBmCrit5 /. DO - O /. sol1[2] /. D1Sol2
(a-r) (a2+r+br—a(b+2r))2§v (a-b) (a-r) (a2+r+br—a(b+2r>)2§v
1 + 1
{{ ar?2 (a(l+a-b)y-(1l+a+b)r) br br (a(-1-a+b)+ (1l+a+b)r)

(a-b) (a-r) (a2+r+br7a(b+2r))2§v

br3(a(-1-a+b)+ (l+a+b)r) }}
which can be rearranged to

ElnternApprox =
(a-r) (a(a-b)y+r (1+b-2a))2ev (a-b) (a-r) (a(a-b)+r(l+b-2a))?cv

. + ,
{ ar?(a(l+a-b)-(1+a+b)r) br br@a(-1-a+b)+(l+a+b)r)

(a-b) (a-r) (a(a-"h) +r(1+b—2a))2§v}
bri(a(-1-a+b)+ (L+a+b)r)
(a-r) (a(a-b)+(1-2a+b)r)2ecv

{ ar2@(l+a-b)y-(@d+a+b)r)
(a-b) (a-r) (a(a-b)+(1-2a+b)r)2cv (a-b) (a-r) (a(a-b)+(1-2a+b)r)2cv

+ 1
br br (a(-1-a+b)+(@+a+b)r) br3(a(-1-a+b)+ (L+a+b)r) }
ElnternApprox - EInternApprox1[1] // FullSimplify

{0, 0, 0}
m Stability analysis of Eg
m Preliminaries
Recall our global assumptions:
assumeGlobal
{0<a<b<1l a+b<1l, 0<m<1, 0<r <0.5}

Throughout, we assume that O<a<b<landa+b<landO<m<landO<r < % Consider the margina one-locus migration-

b-m(1-a)
b(1+m)

selection equilibrium Eg = {0, §g, 0}, withf = . Denote by Jg, the Jacobian matrix belonging to Egunder the two-locus

dynamics. As shown before, Eg is not hyperbolic if mis equal to either —1 (in which case Eg is not defined), mgy;, = Jf_a or

a(b—a+r)

Py — Thisisfound by equating the eigenvalues of Jg, to 1 and solving for m.

Merits =
We distinguish the following four cases:
S
1, -1, -1, 1)
m Caselir=a
Then

. b
1) Myits = Myigz = Myjgo = " and

ii) Eg is never asymptotically stable when it isabiologically valid one-locus polymorphism and hyperbolic.

Moreover, we conjecture that whenever Eg exists and is unstable, there exists a fully-polymorphic (internal) equilibrium E. that is
asymptotically stable.

Proof:

i) Follows trivially frominserting a = r into the expressions for me;; s and my;; 3.
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mCrith

a(-a+b+r)

(a-b) (a-r)y+(1-a)r
mCriths

a(-a+b+r)

(a-b) (a-r)y+(l-ayr

Series[mCrits /. {a»ae,b->Be, r-pe}, {e,0, 1}]1 /.
{a»a/e,B-»>b/e,p>r/e} // Normal
a2 ab

a- —+ —
r r

mCrits /. r-a

b
1-a
mCrit3

a+b-r

1-r
mCrit3 /. r-a

b
l1-a
mCrit2
b
“1+a
ii) Eg represents a biologically valid one-locus polymorphism if 0 < g = b;:;;? < 1. The numerator is always smaller than the

denominator, hence ¢z < 1. The denominator is aways positive. Therefore, 0 < @z if and only if the numerator is positive. The

numerator is positive if and only if m< % Therefore, Eg represents a biologically valid one-locus polymorphism whenever

b
m< = = Mait2-

For 0 < m < my;; », Eg isalways hyperbolic. It remains to show that the leading eigenvalue of Jg, is smaller than 1 awaysif m< mg;;,.
FullSimplify[evalsEB /. m » mCrit2, Assumptions -» Flatten[{assumeGlobal, r == a}]]

-1+b
—1+I’}

{L 1,

Since r = a, the third eigeinvalue is smaller than 1 but positive. We know that for 0 < m < mg;;,, none of the eigenvaluesis equal to
one. Therefore, to show that Eg is not stable for 0 < m < my;; ,, it suffices to show that either the first or the second eigenval ue increases
starting from 1 as mis decreased from my;; ,. We perturb the first and second eigenvalue at m= mg;; , — ¢ v, where £ > 0 but small and
v isapositive constant.

FullSimplify[Normal [Series[evalsEB[1 ;; 2] /- m->mCrit2-¢v, {&, 0, 1}1],
Assumptions -» Flatten[ {assumeGlobal}]]

-1+b (@ (b-2r)+r+b (-b+r)) cv b<r

{1 (-1+a) v 1a | (-1+a-b) (b-r) }
_1+a+b -1+r N (ab+r (-1-b+r)) cv Tr ue
-l+a (-1+a-b) (b-r)

If, in addition, we replacer by a:

FullSimplify[Normal [Series[evalsEB[l ;; 2] /-r->a /.- m->mCrit2-¢v, {&, 0, 1}1],
Assumptions -» Flatten[ {assumeGlobal}]]

(-1+a)cv b+b2+a2(1-Cv)+a(-1-2b+Cv)
{ ~ _1+a+b (-1+a-b) (a-b) }

We have obtained the perturbed eigenvalues and now substract 1 from them.
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FullSimplify[% - 1]

(-1+a) v (-1l+a)acv

{_ _1+a+b  (-1+a-b) (a-b) }
The first difference is always negative, meaning that the first eigenvalue decreases from 1 as m decreases from my;; ,. The second
difference is always positive, meaning that the second eigenvalue increases from 1 as m decreases from m;; ,. Therefore, ii) is proven.

FullSimplify[Map[Reduce[# > 0] &, %],
Assumptions -» Flatten[{assumeGlobal, 0< g < 1, 0<v}]]

{Fal se, True}

a(b—a)

. .
Case2:r < omh

We realise that ﬁgﬁb =a 1}’2’;) is always larger than a, becauseb—-a<1-2a+b < 0< 1 - a holds aways given our assump-
tions. Therefore, case 2 impliesr < a. Then

i) 0 < Mtz < Myigai

ii) mcrit,s <0< mcrit,z;

iii) Eg is never asymptotically stable when it is a biologically valid one-locus polymorphism and hyperbolic.

We conjecture that whenever Eg exists and is unstable, there exists a fully-polymorphic (internal) equilibrium E.. that is asymptotically
stable.

Proof:

i) Recall from case 1 that my;; 3 = My, if r = a. We start with the Ansatz r = a - € p, where e > 0 issmall and p is a positive constant.

a+b-r 1-a-b

Plugging this into mg;;3 = - and expanding Mg 3(¢) around e = O up to first order in e yields M;ji 3 & Myje 2 + ar PE Because
?j;: > 0 always, My 3 > Myt » follows. Given our assumptions, 0 < my;; , holds always, which istrivial to show.
a (b-a)
neg)= rstar -z ———
1-2a+b
mCrit2
b
-l+a
mCrit3
a+b-r
1-r
Series[mCrit3 /. r-a-ep, {e, 0, 1}]
b (-l+a+b)pe
- - +0[e]?
-l+a (-1+a)?
i) 0<myjip = ;—a follows directly from our assumptions. Further, we note that m; 5 is not defined for r = fjg—“:j). To show that

a(b-a+r)
Meits = Gop) @n+ar
numerator is positive and the denominator strictly negative. We note that the numerator is always positive under our assumptions. Some
a(b-a)
1-2a+b

< 0, it suffices to show that either the numerator is negative and the denominator strictly positive, or that the

agebra shows that the denominator is negative if and only if our conditionr <

isfulfilled. Henceii) is proven.
mCrith5

a(-a+b+r)

(a-b) (a-r)y+((1-a)r
FullSimplify[Reduce[a (-a+b+r) > 0], Assumptions - assumeGlobal]
True

FullSimplify[Reduce[(a-b) (a-r) + (1-a) r <0, r], Assumptions -» assumeGlobal]

a’+r+br<a(b+2r)
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Solve[a®+r+br=a(b+2r), r]

a?-ab
{37231
-1+2a-b
iii) We have aready proven for case 1 that Eg is a biologically valid polymorphic one-locus equilibrium if and only if m< my;;, and

we know that Eg is always hyperbolic for 0 < m< mg;;, given my;; 5 < 0. Eg is hyperbolic if m= m; ,. We show that at the absolute
value of at least one eigenvalue of the Jacobian Jg, is never smaller than 1 asmis between 0 and my;; .

FullSimplify[evalsEB /. {m - mCrit2}, Assumptions -» Flatten[ {assumeGlobal}]]

-2+b+r -Abs[b-r] -2+b+r +Abs[b-

]
{1’ 2 (-1+a) 2 (-1+a) }

a(b-a)
1-2a+b

FullSimplify[evalsEB /. {m - mCrit2}, Assumptions -» Flatten[{assumeGlobal, {r <a}}]]

Asweassumer < < a, thissimplifiesto

-1+r -1+b
{1’ 1+a —1+a}

The second eigenvaue is aways larger than 1.
FullSimplify[evalsEB /. {m » 0}, Assumptions -» Flatten[ {assumeGlobal, {r <a}}]]
-1l+a 1+b -1+

{71+a7b' 1-a+b 71+a7b}
Perturbing the second eigenvalue the second eigenvalue at m= m;; ,, assuming m = my;; , — € v, wefind

FullSimplify[Normal [Series[evalsEB[2] /- {m > mCrit2-e v}, {e, 0, 1}]11,
Assumptions -» Flatten[{assumeGlobal, {r < a}}1]
-1+r (ab+r (-1-b+r))ev

+

-l1+a (-1l+a-b) (b-r)
Coefficient[%, €]

(ab+r (-1-b+r)) v

(-1+a-b) (b-r)

FullSimplify[Reduce[% > 0],
Assumptions -» Flatten[{assumeGlobal, {r<a (b-a)/ (1-2a+b)}, {0<v}}]]

Fal se

1+b

The second eigenvalue derceas&from = 1 as m decreases from m;; ,, and as mreaches 0, it is given by 5> 1. AsEg isnever
hyperbolic for 0 < m < my;; ,, it foIIows that the second eigenvalue must never take the value 1, and hence be Iarger than 1 throughout.

This provesiii).

m Case 3: 1a(2 D <r<a
Then
i) 0< mcrit,s;

ii) 0< rr\:rit,z < mcrit,3;

iii) 0< mcrit,2 < n‘:rit,s;

iv) If M= My;;5, then Gg = ¢ (0, 1);

V) Eg isunstable whenever it is b| ologically valid and not hyperboalic.

(a-b) (a-n b) (a-r)

The same conjecture asin case 2 applies.
Proof:

a(b a) a(b-a+r)
(a-b) (a-r)+(1-ayr
numerator and the denominator are strictly posmve, or that both the numerator and the denominator are strictly negative. We note that
the numerator is always positive under our assumptions. Some algebra shows that the denominator is positive if and only if our

a(b a)

i) We note that my; 5 is not defined for r = . To show that M5 = > 0, it suffices to show that either both the

conditionr > |sfulf|IIed Hencei) is proven.
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FullSimplify[Reduce[(a-b) (a-r) + (1-a) r >0],
Assumptions -» Flatten[{assumeGlobal, r>a (b-a)/ (1-2a+b)}1]

True

ii) Thisistrue whenever r < a and has aready been proven for case 2.

mCrit2
mCrit3
b
1:a
a+b-r
1-r
iif) We have aready shown ini) that 0 < my;; s whenever r > ﬁ:‘;’b, anditistrivial to show that 0 < mg;; ,. From case 1, we recall that

Myits = Myt if = a. We perturb myi s at r = a, usingr = a— € p, where e > 0 issmall and p is a positive constant.

mCrits

a(-a+b+r)

(a-b)y (a-r)y+(1-a)r
mCrit2
b

-l+a
mCrith

a(-a+b+r)

(a-b)y (a-r)y+(1-a)r

FullSimplify[Normal [Series[mCrit5 /. {r - a-€p}, {e, 0, 1}11,
Assumptions - Flatten[ {assumeGlobal}]]

-(-1+a)ab+(-1+a-b) (a-b)ep

(-1+a)?a
Collect[%, €]
b (-1l+a-b) (a-b)ep
- +
-l+a (-1+a)?a

It is easily seen that the first-order term of e is always positive, implying that mg; s > My 2 + Ce, where C is a positive constant, as
long ase issmall.
A direct check using Mathematica confirms this:

FullSimplify[Reduce[0 < mCrit2 < mCrit5, r], Assumptions -» assumeGlobal]
a (a-h)

-1+2a-b
We have proveniii)

<r<a

iv) If r < a, the nominator of ¢g = % is negative, which means that § is not biologically valid.

v) Identical to step iii) of the proof for case 2.
m Casedir >a
Then
i) Myit3 < Mo and 0 <mygzifa<r<a+b;
ii) 0< mcrit,s < mcrit,z;
i) 1f m= My 5, then g = @20 ¢ (0, 1y;
iv) Eg isunstable if 0 < m < my;; 5;
v) Eg isasymptotically stable if M5 < M < My 5.
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We conjecture that if m < my;; s, then a fully-polymorphic (internal) equilibrium exists and is asymptotically stable and globally
attracting.

Proof:
i) Recall from case 1 that my;; 3 = My » if r = a. We start with the Ansatz r = a + € p, where e > 0 is small and p is a positive constant.

Plugging this into m;; 3 = Hl—k_’r_r and expanding myg; 5(€) around e = 0 up to first order in e yields Mgy 3 ~ Mo — % p €. Because

1-a-b
(1-a)?

> 0 always, Mg 3 < My » follows. Moreover, trivial algebra shows that my;; 3 > 0 holds whenever r < a + b.
mCrit2
b

-l+a
mCrit3

a+b-r
1-r
Series[mCrit3 /. r>a+ep, {e, 0, 1}]

b (-1l+a+b) pe
+ +0[e]?
-1+a (-1+a)?

FullSimplify[Reduce[mCrit3 > 0], Assumptions -» Flatten[{assumeGlobal, {a<r}}]]

r<a+b

ii) Recall that Mii5 = Myirp = & if r=a. Weperturb my;;s atr = a, usingr = a+ € p, wheree > 0 issmall and p is a positive constant
and find that that for small €, M5 = M2 — C€, where C is a positive constant. This means that M5 < My, 2 for r > a. Moreover,
for r > a, my;; 5 is positive because then both the numerator and denominator are both positive.

mCrit3

a+b-r
1-r

mCrith

a(-a+b+r)

(a-b) (a-r)+((l-a)r

FullSimplify[Normal [Series[mCrit5 /. {r - a+e v}, {e, 0, 1}11,
Assumptions - Flatten[ {assumeGlobal}]]

(-1+a)ab+(-1+a-b) (a-b)ev

(-1+a)?a
Coefficient[%, €]

(-1+a-b) (a-b) v

(-1+a)?a
which is always negative under our assumptions, implying that for small €, my;; 5 = My » — Ce, where C is a positive constant.
FullSimplify[Reduce[0 < mCrit5], Assumptions -» Flatten[{assumeGlobal, r > a}]]

True

iii) Follows trivially from r > a, because then both the numerator and denominator of ¢ = (a’b;# = (b"'ﬁ# are positive (implying

g > 0) and the numerator is smaller than the denominator (implying @z < 1).

iv)
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FullSimplify[evalsEB /. m - mCrit5, Assumptions -» Flatten[{assumeGlobal, r > a}]]

{(Za2 (a-b)2-2a (a-b) (-1+3a-b)r+(l+a(-4+5a-3b)+b)r?)/

a?-ab+r -r?

((2a®-2ab+r -3ar +br) (a®+r +br-a(b+2r))), 1,

}

The second eigenvalue is 1 if m=my; 5. In order to show that Eg is unstable whenever 0 < m < my; s, it suffices to show that the
second eigenvalue increases from 1 as mis perturbed away from my;; 5, using the Ansatz m= my;; 5 — € v, wheree > Oissmall and visa
positive constant.

FullSimplify[Normal [Series[evalsEB[2] /- m-> mCrits-ev, {e, 0, 1}1],
Assumptions -» Flatten[ {assumeGlobal, r > a}]]

a?+r +br-a(b+2r)

a2 (2+ev)+(1+b) (b+r+rev)-a(2+3b+r+ (b+2r)ev)

(-l+a-b) (-2a+b+r)
Collect[%, €]

—2a+2a?-3ab+b (1+b)-ar+ (1+b)r e (a®v+ (l+b)yrv-a(b+2r)v)

(-1l+a-b) (-2a+b+r) (-1l+a-b) (-2a+b+r)
-2a+2a?-3ab+b(l+b)-ar+ (l+b)r
FuIISimpIify[— ]
(-l+a-b) (-2a+b+r)
1

a2+r+br—a(b+2r)
(1-a+b) (2a-b-r)
can be shown (see Mathematica code below) that C < 0 always under our assumptions, which means that the second eigenvalue
increases from 1 as m decreases from my;; 5. This provesiv).

So, we find that the second eigenval ue takes the form 1 — C e as m decreases from m;; 5 and € is small, where C = v. It

a®v+ (L+b)yrv-a(b+2r)v)

constl:FuIISimplify[( Cliab) (2aibin ]
-l+a- - +b+

(@?+r+br-a(b+2r))v

(-1l+a-b) (-2a+b+r)
FullSimplify[Reduce[constl < 0], Assumptions -» Flatten[{assumeGlobal, r > a, 0 < v}]]

True

v) We perturb the eigenvalues of the Jacobian Jg, at m close to mg;; , using the Ansatz m= mg;;, — € v with e > 0 small and v a positive
constant, and we show that all elgenvalues have magnitudes smaller than 1 for € > 0.

The eitenvalues of Jg, at m= my;,, are given by
FullSimplify[evalsEB /. m » mCrit2, Assumptions -» Flatten[{assumeGlobal, r > a}]]
{11 -2+b+r 7Abs[bfr]’ -2+b+r +Abs[bfr]}
2 (-1+a) 2 (-1+a)

It is easily seen that the second and third eigenvalues are positive, but smaller than 1 always under the assumptions of a< banda<r.
All we need to show isthat the first eigenval ue decreases from 1 as we perturb m away from my; , according to m= m; , — € v, where

(1-a)
1-a-b
hence decreasing for small but positive e. It follows that Eg is asymptotically stable for my;, 5 < m < mg;; ,. Note that a fully-polymor-
phic (internal) equilibrium may nevertheless exist and it may even be locally asymptotically stable. However, invasion of A; viaEg is
impossible aslong as Mgt 5 < m.

v >0 and

€ > 0issmal and v is a positive constant. We find that then, the second eigenvalue is given by 1 — Ce, where C =

FullSimplify[Normal [Series[evalsEB[1l] /- m-> mCrit2-ev, {e, 0, 1}1],
Assumptions - Flatten[ {assumeGlobal}]]
(-1+a)ev

1-
-l+a+b
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Coefficient[%, €]

(-1+a) v

-l1+a+b
= Comment on the conjectures

Above, we have stated a number of conjectures concerning existence and (global) stability of a fully-polymorphic internal equilibrium.
We could not prove them in the discrete-time version of the model. Birger and Akerman (2011; additive fitness) and Bank et al. (2012;
epistasis) have proven them for the continuous-time version, which our model convergesto if evolutionary forces are weak. In fact, it
can be shown that there may be up to two fully-polymorphic (internal) equilibria, but only one of them is asymptotically stable. If there
isonly oneinternal equilibrium, it is asymptotically stable. The analogy to the continuous-time model and numerical explorations (not
shown) suggest that, whenever the margina one-locus equilibrium Eg is unstable under the two-locus dynamics, a fully-polymorphic
internal equilibrium existsthat is globally attracting and stable.

= Comment on Cases 1to 3 and simplification of the overall statement

The conditions that define Cases 1 to 3 can be simplified to the condition r < a. As the main result for these three cases is the same,
namely that Eg is dways unstable under the two-locus dynamics when it is a valid one-locus polymorphism, we can simplify our
overall statement as follows:

If r < a, Eg is unstable under the two-locus dynamics whenever it is a polymorphic marginal one-locus equilibrium. If r > a, Eg is
asymptotically stable under the two-locus dynamics if and only if mg;is < m< my; . Then, invasion of A via Eg is excluded. If, in

the case of r > a, it holds that 0 < m < my;; 5, then Eg is unstable under the two-locus dynamics whenever it is a valid marginal one-

locus equilibrium. Based on Burger and Akerman’s (2011) results, we conjecture that whenever Eg exists under the one-locus
dynamics (m < my;; 5), but is unstable under the two-locus dynamics, an internal, fully polymorphic and asymptotically stable

equilibrium exists. Note that in the paper we use m and mg" for m;; , and my;; 5, respectively.

Calculations referring to the stability of Eg

m Recap and parallels to a continuous-time version of the model
mCrit2
b

-1+a
mCrit3

a+b-r
1-r
mCrits

a(-a+b+r)

(a-b) (a-r)y+(1-ayr
Assuming weak evolutionary forces, the critical migration rates my;; o, Myita, Myie 5 CaN be approximated as follows:

FullSimplify[Series[mCrit2 /. {a»ae, b->Be, r-pe}, {e,0, 1}11 /.
{a>a/e,B->b/e,p>r/e} // Normal // FullSimplify

b

FullSimplify[Series[mCrit3 /. {a»ae, b>Be, r->pe}, {e, 0, 1}1] /-
{a»a/e,B>b/e,p>r/e} // Normal // FullSimplify

a+b-r

FullSimplify[Series[mCrits /. {a»ae, b>Be, r-pe}, {e, 0, 1}1] /-
{a»a/e,B->b/e,p>r/e} // Normal // FullSimplify

a(-a+b+r)

r

As expected, these approximations correspond to the critical migration rates 8, mc and mg found previoulsy by Birger and Akerman
(2011) for the continuous-time version of this model.
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FullSimplify[Reduce[0 < mCrit2 < 1], Assumptions -» assumeGlobal]
True

Given our global assumptions, 0 < my;;, < 1 always holds.
mCrit5

a(-a+b+r)

(a-b) (a-r)+ (L-a)r

FullSimplify[Reduce[a (-a+b+r) > 0], Assumptions -» assumeGlobal]

True

FullSimplify[Reduce[(a-b) (a-r) + (1 -a) r > 0], Assumptions -» assumeGlobal]
a=r|la(b+2r)<a’+r+br

a(a—b)
1-2a+b’

The numerator of my; 5 is always positive, but the denominator can be negative. Specifically, my;; 5 is negative if and only if r <
gEB /. m - mCrit3 // FullSimplify
(-1+a+h) (a-r)
b@l+a+b-2r)

(-1+a+b) (a-n)
b(l+a+b-2r)

FullSimpl ify[Reduce[O < < 1] , Assumptions - assumeGlobal]

a<r<a+b
mCrit5 /. {r » a}
b

l1-a
mCrit3 /. {r -» a}
b
1-a
m Case distinctions and numerical exploration of the characteristic polynomial

Inthe case of r = &, My;ji 5 = Myt 3 = Myt = % > 0 holds.
FullSimplify[Reduce[mCrit5 > 0], Assumptions - assumeGlobal]
asr|]a?+r+br>a(b+2r)

It is easy to see that my; 5 + 0 always under our assumptions.
FullSimplify[Reduce[mCrit5 == 0], Assumptions -» assumeGlobal]
Fal se
FullSimplify[Reduce[mCrit5 < 0], Assumptions -» assumeGlobal]

a?+r +br <a(b+2r)

FullSimplify[Reduce[mCrit5 > 0], Assumptions -» assumeGlobal]

asr|]a?+r+br>a(b+2r)

FullSimplify[Reduce[mCrit5 == mCrit2], Assumptions -» assumeGlobal]

a =

FullSimplify[Reduce[mCrit5 < 0 < mCrit2], Assumptions -» assumeGlobal]

a?+r +br <a(b+2r)
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FullSimplify[Reduce[0 < mCrit2 < mCrit5, r], Assumptions -» assumeGlobal]
a(a-h)

-1+2a-b
In the case above, we already know that Mg » < Mgy 3.

<r <a

mCrit3
mCrith

a+b-r
1-r
a(-a+b+r)

(a-b) (a-r)+(1-a)r
FullSimpIify[Reduce[O <mCrits < 1],

a(a-b)

Assumptions -» Flatten [{assumeGlobal , ——————— <« a}]]
-1+2a-b

2ab+3ar <2a?+r +br
gEBmMCrit5
(a-b) (a-r)
br
FullSimplify[Reduce[0 < mCrit5 < mCrit2, r], Assumptions -» assumeGlobal]
r>a
FullSimplify[Reduce[0O < mCrit3 < mCrit2, r], Assumptions -» assumeGlobal]
r>a
EB /. {m-> mCrit5} // FullSimplify

(a-b) (a-r)
fo, 222270 o)
br
In summary, we recall that Eg exists (i.e. is a biologically valid polymorphic one-locus equilibrium) if and only if m < mg;, ,, indepen-
dently of my; 5. Moreover, if m=my;,, Ez = Ec = {0, 0, O} and invasion of A; isimpossible. Further, recall that either the first or
second eigenvalue of the Jacobian belonging to Egis the leading eigenvalue. We distinguish the following four cases and, for some of
them, a number of subcases:
Case 1. r == a= My 5 = Myt 2, Which implies 0 < My, = Myie 5. Then, if 0 < m< my;, = My 5, Eg exists and is unstable. In this case,

we expect afully polymorphic (internal) equilibrium E, to exist and to be asymptotically stable, which implies that A; can invade when
the dynamical system is at Eg. If mg;;, < m, Eg does not exist. A fully polymorphic and (locally) stable equilibrium E, may still exist,

but invasion of A; cannot happen by a single mutation at the A locus via Eg. If m= my;; , = Mg 5, Eg coincides with E¢ and invasion
of A; isimpossible via A; (although afully polymorphic (stable) equilibrium E, may exist).
FullSimplify[evalsEB /. {r » a}, Assumptions -> Flatten[{assumeGlobal, m < mCrit2}]]

{(1-2bm+n?-a(1+rr?))/((-1+a-b) (-1+m)),

1
72< liab) (72+a+b(71+m)—amf\/((l+m) ((a+b)2+(5a2+b272a(2+b))m>)),
1+a-
1
m(—2+a+b(—l+m)—am+\/((1+m) ((a+b)2+(5a2+b2—2a(2+b))m}))}
1l+a-

FullSimplify[Reduce[evalsEB[l] <1 /. r s a],
Assumptions -» Flatten[ {assumeGlobal, m < mCrit2}]]

True

FullSimplify[Reduce[evalsEB[2] <1 /. r »a],
Assumptions -» Flatten[ {assumeGlobal, m < mCrit2}]]

Fal se
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The second eigenvalueislarger than 1, which confirms that Eg isinvadable if m < mg;;» = My;; s.

. ab-a) ; : ’ a(b-a) ab-a) . __ . .
Case2: r< Tonm = Maits < 0 < Mgit. Then, if 0 <m< my;,, Epg exists. Since Tomp <& <1, impliesr <a< b, which

corresponds to case 1.3 from above (see analysis of Ec). In this case, we have my;; 3 > My, and m < Mg, implies m < mg;, 5. In this

case, we expect a fully polymorphic equilibrium E, to exist an to be globally stable. Together, thisimplies that A; can invade. Other-
wise (i.e. if my;;, < m), Eg does not exist and therefore A, cannot invade.

_ ) ) ) a(b-a)
FullSimpl |fy[Reduce[mCr|t5 < 0], Assumptions -> Flatten[{assumeGlobal , r< —b}”
1-2a+

True
FullSimplify[Reduce[evalsEB[1] < 1],

Assumptions -» Flatten[{assumeGlobal, m < mCrit2, r < a}]]
True

The evaluation of the following expression takes more than 10 minutes.
FullSimplify[Reduce[evalsEB[2] < 1],
Assumptions -» Flatten[ {assumeGlobal, m < mCrit2, r < a}]]
$Abort ed

Instead, we investigate the characterstic polynomial.

ineo)= charPolEB =
FullSimpl ify[ (-1)3 CharacteristicPolynomial [JEB, ], Assumptions - assumeGIobal]

1
out[69]= (—1+a+2bm—mz+an?+(—l+a—b) (—1+m)A)
(-1+a-b)3 (-1+m)

(l+b+2am-bm+abm-b*>m+a®nf-abnf-r-br-2amr +nfr -
2anfr+bnfr+ (l-a+h) (-2+b (-1+m -2am+r +mr) x+ (1-a+b)?2?)

o= charPolEBRed = FullSimplify[charPolEB / (A - evalsEB[1]) , Assumptions -» assumeGlobal]

out7oj= 7(1+b+2am—bm+abm—b2m+a2r'r?—abm’-—r ~br -2amr +mtr -
(1-a+h)?
2anfr+bnfr+ (l-a+b) (-2+b (-1+m -2am+r +mr) 1+ (1-a+b)?x?)
charPolEBRedRed =
FullSimplify[charPolEBRed / (A - evalsEB[3]) , Assumptions -» assumeGlobal]
1
B — (2— (L+m)r +
2 (-1+a-h)

\/(l+m> (b2 (L+m) -2b (-1+mr+r (r+m(-4+4a+r))) 721+2a<m+x)7b(71+m+2m)
Collect[charPolEBRedRed, A]
1
2 (-1+a-h)

(2+b+2am-bm- (L+mr ++/((1+m (b (L+m -2b (-1+mr+r (r+m(-4+4a+r)))))+
(-2+2a-2h) x

2 (-1+a-h)

1

charPolEBRedRedFuncfa_, b ,m ,r_,ax ] :z ——
2(-1+a-b)

(2+b+2am-bm- (L+m) r+

(-2+2a-2Db) A

L+m) (b2 (L+m) -2b(-1l+m)r+r (r+m(-4+4a+r
A/ ((L+m) (b (1+m) (-1+m) rer (rem(-4+ +)))))+2(_1+a_b)




26 | 2LocContlsland_Determ_Discr.nb

paramRule := {a»0.02, b 0.04, m- 0.022, r - 0.01}
rvals := {0.0003, 0.0004, 0.0005, 0.01, 0.02, 0.05, 0.4}
a(b-a)
1-2a+b
mCrit2 /. paramRule

mCriths /. {paramRule[l], paramRule[2], r » rVals[7]}

0. 0004

/. paramRule

0. 0408163
0. 021021

FullSimplify[Reduce[0 < mCrit5 < 1], Assumptions -» assumeGlobal]

2asr ||2a’+r+br >2ab+3ar

Plot[ {charPolEBRedRedFunc[a, b, m, rVals[1], A] /. paramRule,
charPolEBRedRedFunc[a, b, m, rVals[2], A] /. paramRule,
charPolEBRedRedFunc[a, b, m, rVals[3], A] /- paramRule,
charPolEBRedRedFuncIa, rVals[4], A] /- paramRule,
charPolEBRedRedFuncIa, rVals[5], A] /- paramRule,
charPolEBRedRedFuncIa, rVals[6], A] /- paramRule,
charPolEBRedRedFuncIa, rVals[7], A] /- paramRule},

{7, -2, 2}, PlotRange -» {{0.95, 1.05}, {-0.02, 0.05}}]

005

b, m,
b, m,
b, m,
b, m,

004}
003}

002}

. I .
0.98

-001f

-0.02C

3 ab-a)
T 1-2a+b
In this case, we expect a fully polymorphic equilibrium E, to exist and to be stable, which implies that A; can invade. If

Mgit, <M< min(mcm’s, mcm‘s), Eg does not exist. A fully polymorphic and stable equilibrium E, may exist, but A; cannot invade via
Es.

Case <r<a=0<my,< min(mcrit,s, mcm‘5). Then, if 0 < m < my; ,, Eg exists, but is unstable because we have m < my;; 5.

mCrit3
a+b-r

1-r
mCrith

a(-a+b+r)

(a-b) (a-r)+(l-a)r
FullSimpl ify[Reduce[mCritZ <mCrit5],

} a (b-a)
Assumptions -» Flatten [{assumeGlobal , —— << a}]]
1-2a+b

True
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FullSimpl ify[Reduce[mCritZ <mCrit3],

) a (b-a)
Assumptions -» Flatten [{assumeGlobal , —b <r< a}”
1-2a+

True

Case4: a<r = 0<Myjs < Myiro- Then, if 0<m< mg < my, Eg exists and is unstable. In this case, we expcet a fully polymorphic
equilibrium E, to exist and to be stable. On the other hand, if 0 < m= mg;; 5 < Mg » then Eg exists but is not hyperbolic. At this point,

we expect a fully polymorphic equilibrium E. to either enter the state state space and immediately be stable, or to branch from and
exchange stability with Eg. Last, if 0 < mg; 5 <M< My ,, Eg exists and is stable, such that A; cannot invade even in cases where a
fully polymorphic locally stable equilibrium E, exists.

The fully polymorphic (internal) equilibria cannot be obtained analytically. Therefore, we cannot proof the conjectures formulated
above (Cases 1 to 4). However, in a continuous-time version of the model we study here, one can obtain the internal equilibria and
proof that the conjectures above hold (Birger and Akerman 2011, Bank et al. 2012). Specifically, it can be shown that

As m increases from 0, an internal fully polymorphic equilibrium E,, exists aslong as mis smaller than a critical value. If m exceeds
this critical value, E; may merge with Eg or with Ec or cease to exist (leave the state space). Moreover, as m increases from 0, the
marginal one-locus polymorphism Egexists as long as m < my;; , and merges with Ec if m= mg;,.

Asm decreases from 1, Eg enters the state space via Ec at m= my;; , and then bifurcates at m = mg;s.

In summary, from our considerations here and by analogy to the continuous-time version of the model, the following statement
about invasion of A; via Eg holds: Whenever Eg exists (m < my;; ») and is unstable in the two-locus dynamics, there exists a fully

polymorphic (internal) globally stable equilibrium E, and A; can invade when initialy rare.

Polymorphic continent

We now study the case where the 8 locus is polymorphic on the island, with allele B; at frequency gc (0 < g < 1).

n711= Needs["'PlotLegends™"']

Recapitulation of dynamical equations

Recursion equationsfor p, qandD.

recPQD

(-1+m (p+ap?+b (DD+p (-1+24q))) (-1+m (g+bg?+a (DD+ (-1+2p) q))
- - mqC,
{ l+a(-1+2p)+b(-1+2q) l+a(-1+2p)+b(-1+2q) +md

-((-1+m (abDD* (-1+m +pq (a®mp (-1+2p) +m(l+bq) (1+b (-1+2q)) +
a(m(-1+3p)+b (—1+m+p—2mp+q—2mq—pq+5mpq))) -
mp(l-b+a(-1+2p)+2bqg) (L+ap+b (71+2q))qC+DD(1+a2p (-1+p+mp) -r +
a(-1+bm(-q+qC)+p (2+m(1l+b (-1+49-2qC)) -2r) +r) +b (-1+b (1+m g*+
(-1+b)ymgC+q (2-b+m-2bmqC-2r) +r)))) /(1+a(-1+2p) +b (71+2q))2}

recPQD[1]

(-1+m (p+ap?+b (DD+p (-1+24q)))

l+vra(-1+2p)+b (-1+2q)
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recPQD[2]

(-1+m (g+bg?+a (DD+ (-1+2p)q))

+mqC
lva(-1+2p)+b(-1+20q)

recPQD[3]

~((-1+m (abDD* (-1+m) +pq (a®mp (-1+2p)+m(l+bq) (1+b (-1+2q)) +
a(m(-1+3p)+b (—1+m+p—2mp+q—2mq—pq+5mpq))) -
mp(l-b+a (-1+2p)+2bq) (L+ap+b (71+2q)>qC+DD(1+a2p (-1+p+mp) -r +
a(-1+bm(-q+qC) +p (2+m(1+b (-1+49-2qC)) -2r) +r) +b (-1+b (L+m g*+

(-1+b)ymgC+q (2-b+m-2bmgC-2r) +r)))) /(1+a (-1+2p) +b (-1+2q))?
recPQD /. {p-»>0, q- 0, DD » 0}

{0, mqC, 0}

Jacobian matrix

In[72]

J1 := Table[Table[D[recPQD[j1, i1 // FullSimplify, {i, {p, g, DD}}1, {J, {1, 2, 3}}]
J1 // MatrixForm

(-1+m) (a3 (DD-2DDmp+2m (-1+p) p (-1+2p) (q-qC))+m (-1+b-2bq)? (q+b g2+ (-1+b) qC-2b qqC)+a® (-4 b DD? (-1+m)+q (M6 m (-1+p) F

J1 /. ruleMonomorphContin // MatrixForm

(-1+m) (a3 (DD-2DDmp+2m (-1+p) p (-1+2p) q)+m (-1+b-2b q)2 (q+b g?)+a? (-4 b DD? (-1+m)+q (M6 m (-1+p) p+b (1-g+m(-1+2q+2p (2

Additional assumptions and rules

The global assumptions so far:

assumeGlobal

{0<a<b<l1l a+b<1l, 0<m<l1, 0<r <0.5}
Update the global assumptions:

1 1
n73:= assumeGloball := {0<m<1, O<a<—,a<b<l-a,0zrs<—, 0<qC<1}
2

Equilibria —existence, properties, stability

= Monomorphic equilibria

m E;: Only theisland haplotype A; B; is present on theisland (no migration)
Thisimpliesthat thereis no migration (m = 0) to start with.
The linkage disequilibriumis 0.

LD /. {x[1] » 1, x[2] » O, X[3] » 0, x[4] » 0}
0
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Hence, interms of p, g and D, we have
inf741= assumeEll := {p>1,9g->1, DD -> 0, m-> 0}
recP /. assumeEll // FullSimplify
1
recQ /. assumeEll // FullSimplify
1
recD /. assumeEll // FullSimplify
0
Eigenvalues of the Jacobian, evaluated at E,.
nzs= JEIL = J1 /. assumeEll // FullSimplify
JEI1 // MatrixForm

1+b b

0

1+a+b 1l+a+b
l+a a
0
l+a+b  1l+a+b
1-r
0 0
l+a+b

n7e;= evalsell = Eigenvalues[JEIL1] // FullSimplify

l+a 1+b 1-r

1+a+b l+a+b 1+a+b}
The second eigenvalue is always the leading one, and it is always smaller than 1. Hence, the equilibrium E; is asymptotically stable for
m=0.

Nothing changed compared to the case of a monomorphic continent. This is not surprising, given that we assumend no migration
(m=0). However, as soon as migration is turned on (m > 0), the equilibrium E; cannot be stable anymore, since migration bringsin
continental haplotypes (A; By, Az By).

m Ec: Only the continent haplotype A, B, is present on theisland

Out[76]= {

Since the B; alele is now continuously introduced by migration, gene flow can not swamp the island with the continental haplotype
A B,. The monomorphic equilibrium Ec = {0, 0, O} leaves the state space as soon as m> 0 and B; is maintained at an intermediate
frequency, aslongasO<m< 1.

in77:= myParams = {a-»0.02, b-»0.04, m-»0.03, r-0.2, qC-» 0.5}

n7el= mya = a /. myParams;
myb = b /. myParams;
mym = m /. myParams;
myr = r /. myParams;
myqc = qC /. myParams;

plnit=0.;
qlnit=0._;
DInit=0.;

inge):= tmax = 100;

ns7:= Clear [pp,qq,DDDD] ;
ppla_,b_,m_,r_,qC_,0]=plnit;
pp[a_,b_,m_,r_,qC_,t_]:=pp[a,b,m,r,qC,t]=—((—1+m) (pp[a,b,m,r,qc,t—l]+a pp[a,b,m,r,qC,t
qqla_,b_,m_,r_,qC_,0]=qlnit(xEvaluate[qEB1] ) ;
aqa_,b_,m_,r_,qC_,t_]:=qq[a,b,m,r,qC,t]=-((-1+m) (qq[a,b,m,r,qC,t-1]+b qgq[a,b,m,r,qC,t
bbbb[a_,b_,m ,r_,qC_,01=DInit;
DDDD[a_,b_,m_,r_,qC_,t_]:=DDDD[a,b,m,r,qC,t]=—((—l+m) (a b DDDD[a,b,m,r,qC,t-1]2 (-1+m)
Clear [recPQDFunc] ;
recPQDFuncfa_,b_,m_,r_,qC_,t_]:={pp[a,b,m,r,qC,t],qq[a,b,m,r,qC,t],DDDD[a,b,m,r,qC,t]}
tablpp = Table[{t, pp[mya, myb, mym, myr, myqc, t1}, {t, O, tmax}];
tablqq = Table[{t, qq[mya, myb, mym, myr, myqc, t1}, {t, O, tmax}];
tablDDDD = Table[{t, DDDD[mya, myb, mym, myr, myqgc, t]}, {t, O, tmax}];
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We expect the B, allele to approach the marginal one-locus selection-migration equilibrium (to be determined further below).
gEB1 /. {a» mya, b » myb, m » mym, gqC » myqc}
0. 744006

ListPlot[{tablpp, tablqq, tablDDDD}, PlotRange -» {{0, tmax}, {O., 1.}},
PlotLegend » {"p(t)", "q(t)", "D(t)"}, LegendPosition - {1, -0.5}, LegendShadow - None]
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m Marginal one-locus equilibria
We proceed directly to the equilibrium that is most relevant for our application:
m Eg: One-locus polymorphism at the B locus

This equilibrium is given by Eg = {0, §g, 0}, where §g > 0, as B; aleles are introduced from the continent at a constant rate mgq. (more
precisely, a proportion mq. of resident allelesis replaced every generation by immigrants carrying the B; alele).

recQ
(-1+m (q+bg?+a (DD+ (-1+2p)q))

_ +mqC
l+va(-1+2p)+b (-1+2q)

inoe)= SOIEBL = FullSimplify[Solve[{recQ /. {p » 0, DD - 0}} == g, q] , Assumptions -» assumeGloball]

1
R o

(b—m+am+2bqu+\/—4b (-1+a+b)m(l+m qC+ (b+ (-1+a) m+2bmqgC)? )} {Qe
1

7(b—m+am+2bmq0—\/—4b (-1+a+b)m(1+m qC+ (b+ (-1 +a) m+2bmqgC)? )}}
2b (1+m

Both solutions are candidates for the equilibrium frequency gs. Next, we check under which conditions they are biologically valid, i.e.
between 0 and 1. We are not interested in the non-generic casesof gg =0and gg = 1.

ne7:= qEBL1 = q /. solEB1[1];
gEB2 = q /. solEB1[2];

condSolEB11 = FullSimplify[Reduce[0 < qEB1 < 1], Assumptions -» assumeGlobal1l]
condSolEB12 = FullSimplify[Reduce[0 < qEB2 < 1], Assumptions -» assumeGlobal1l]

True
Fal se

Thus, the first solution is biologically valid, while the second is not in the state space.
qEB1

1
2b (1+m)

The frequency of B; at the marginal one-locus migration-selection equilibrium Eg is given by

bfm+am+2bqu+\/74b (-1+a+b)m(l+m qC+ (b+ (-1+a) m+2bmqC)?

 b-(d-am+2bmg.+ VR @
= 2b(m+ 1)
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where
R=4b(l-a-bm@+mqg.+((b-(1-aym+2bmagy)?

Collect[-4b (-1+a+b)ym (1+m) qC+ (b+ (-1+a) m+2bmqC)?, {a, b}]

nf+a’nf+b (-2m-4nfqC+4m(1+m qC) +

b?> (1+4mgC-4m(1+m qC+4nfqC) +a (-2nf+b (2m+4nfqC-4m(1+m qC))

am+2bmqgC+b-m+R
2b (m+ 1)
b-m+am+2bmgC+R
2b (1 +m)
infg9}= assumeEB1 := {p » 0, q » qEB1, DD - 0}

Collect[ s {m}]

recP /. assumeEB1
recD /. assumeEB1

0
0
We define
npoo= EB1 = {0, qEB1, 0}
1
O
2b (1+m)

out[100]=

(bfm+am+2bqu+J74b (-1+a+b)m@+m qC+ (b+ (-1+a) m+2bmqgC)? ) 0}

The eigenvalues of the Jacobian, evaluated at Eg:
o= JEBL = FullSimplify[J1 /. assumeEB1, Assumptions - assumeGloball];
MatrixForm[JEB1]

b? (-1+m) - (-1+a) (1+(-1+a) m+abm(-1+2qC)-a \/—4 b (-1+a+b) m(1+m) qC+ (b+ (-1+a) m2 b mqC)?
(-1+a)2-b?

a (-1+m) |-b+m(-1+a+2b (71+qC))+\/74 b (-1+a+b) m(1+m) qC+ (b+(-1+a) m2 b mqC)? ) [bfm\\a m2b qu\/74b (-1+a+b) m(1+m) qC+(

2
2b (1—a+b m(-1+2qC) +/ 4b (-1+asb) m(L+m qC+ (b+(-1:a) m2 b mqC)> ]

m [bfrma m2b qC+J74 b (-1+a+b) m(1+m) qC+ (b+ (-1+a) m2 b mqC)? )

2b (1+m)
mCrit2 ==m
b
- =m
-l+a

MatrixForm[FullSimplify[JEB1 /. {qC -» 0}, Assumptions - assumeGlobal]]

%ﬂ bram<m b (L)
_l:ia+ .
1+b-(1-2a+b) m Tr ue 0 -l+a+b m-Abs [b+(-1+a) m]
1-a+b
-l+a+m-am
{m bramzm | rav bramsm a [-1m)
1-2bmnt-a (1+n? _ 1+
0 Tr ue ( + ) Tr ue 1+a+b m-Abs [b+(-1+a) m]
(-1l+a-b) (-1+m)
m(b+(-1+a) m
{ W b+am=m 0 (-1em?) (-Ler)
0 Tr ue -l+a+b m-Abs [b+ (-1+a) m]
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EB1 /. {qC - O}

{O, b—m+am+J(b+ (-1+a)m? | O}
2b (1+m

FullSimplify[EB1 /. {qC - 0}, Assumptions -» {assumeGlobal, m (1-a) < b}]

b-m+am
el

The condition that appearshere, b+ am=m « m=< % = Myt 2, IS already known for the case of g = O: if it holds, the marginal one-
losus equilibrium (polymorphic B-locus) exists. Otherwise, there is only the monomorphic equilibrium Ec at which gg = 0.

FullSimplify[J1 /. ruleMonomorphContin /. assumeEB1 /. {qC - 0},
Assumptions » (b+ (-1+a) m) > 0] // MatrixForm

1+b-(1-2a+b) m 0 b (1+m)

1-a+b 1-a+b

2am(bs(-1+a) m 1-2bmenf-a (1+n?) a (1+m)

" (“1:a-b) b (-1+m) (-1+a-b) (-1+m) 1-a+b
m(b+(-1+a) m) 0 (L+m) (-1+r)

b (1+m) -l+a-b

We identify aterm that occurs repeatedly as aradicand (we cal it R):

nozi= Rz=4 b (1-a-b) m (1+m) qC+ (b-(1-a) m+2 b m qC)?

Given our global assumptions, R cannot be negative (see below). This is nice, because we then know that the entries in the Jacobian
above are dl real; the root terms are all positive. It also makesit easier to determine whether the Jacobian is non-negative.

FullSimplify[Reduce[R < 0], Assumptions -» assumeGloball]
Fal se

JEB1[2, 3]

(a(71+n'?))/ (71+a+bm72bqu—\/—4b (-1+a+b)m(l+m qC+ (b+ (-1+a) m+2bmqgC)?

FullSimplify[Reduce[JEB1[1, 3] < 0], Assumptions -» Flatten[{assumeGloball, R > 0}]]

1++/(-(-1+a)2+b%) (-1+n?) +bm(-1+2qC) <a

FullSimplify[Reduce[JEB1[2, 3] < 0], Assumptions -» Flatten[{assumeGloball, R > 0}]1]
Fal se

FullSimplify[Reduce[JEB1[3, 3] < 0], Assumptions -» Flatten[{assumeGloball, R > 0}]1]
Fal se

FullSimplify[Reduce[JEB1[3, 1] < 0], Assumptions -» Flatten[{assumeGloball, R > 0}]1]
Fal se

FullSimplify[Reduce[JEB1[2, 1] < 0], Assumptions -» Flatten[{assumeGloball, R > 0}]]

a+\/(_(_1+a)2+b2) (-1+nf) +b (m-2mqC) <1 ||m=b+am

Here, we have found a relatively simple condition (m= b + am) under which the Jacobian is expected to have at least one negative
entry. To check this, we evauate the Jacobian for a parameter combination that fulfills this condition.

JBl1/. {a-»0.2,b>0.4,m>0.51, r-0.1, qC-> 0.2}
{{0. 637969, 0, 0.295938}, {-0.039388, 0.5131, 0.147969}, {0.0652169, 0, 0.66586}}

Hence, we have the proof that the Jacobian above is not non-negative and, according to Otto and Day (2007, Box 8.2, p. 309ff), we
cannot apply the method based on the Routh-Hurwitz conditions.
The eigenvalues can be found explicitly, but the following takes some time to evaluate.

(* Do not run this unless you want to wait for a long time. x)
evalskEB1 = FullSimplify[Eigenvalues[JEB1], Assumptions - assumeGloball];
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Asthe calculation above takes along time, we hard-code it here:

In[103]:= evalsEBl::{-((-1+m) (1+a2 (1+m+m2)+\/ (b+(-1+a) m)?-4 b m (-1l+a+b m) qC+4 b® m? qC? -a (24

Manipulate[Show[ContourPlot[evalsEBlFunc[mya, myb, m, r, myqC],

{m, 0, mMax}, {r, O, rMax}, Contours -» {-20, 1, 20},
ContourShading -» {Blue, RGBColor[0.9, 0.9, 0.9], RGBColor[0.75, 0.75, 0.75], Red},
PlotPoints -» 35, FrameLabel -» {""Migration rate m'", ""Recombination rate r"},
LabelStyle » {Directive[FontSize -» 18], FontFamily -» "Helvetica'}],

Plot[rCritFunc[mya, myb, m, myqC], {m, O, mMax}, PlotStyle -» Black]],

{{mya, 0.01}, 0, 0.5}, {{myb, 0.04}, 0, 0.5}, {{myqC, 0.}, 0, 1},

{{mMax, 0.08}, 0, 0.5}, {{rMax, 0.05}, 0, 0.5}]

3

mya

myb

(]

myqC

mMax U:
rMax O:

0.5- ‘ |

(]

0.4+

0.3+

0.2+

Recombination rate r

0.1+

0.0ﬂ . P M P PR 7
0.0 0.1 0.2 0.3 0.4
Migration rate m

Figure: The dark grey area denotes the state space for which the marginal one-locus migration selection equilibrium Eg is unstable and A; can invade, while in the
light grey area, Eg is asymptotically stable. The black lines show the candidate for the critical recombination rate, as derived and defined later. This function has a
pole at a migration rate of approximately m =a. At and below this point, it seems likely that the critical recombination rate is 0.5.
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Manipulate [Show[ContourPlot[evalsEB1Func[mya, myb, m, myr, qC],

{m, 0, mMax}, {qC, 0, gCMax}, Contours » {-20, 1, 20},
ContourShading -» {Blue, RGBColor[0.9, 0.9, 0.9], RGBColor[0.75, 0.75, 0.75], Red},
PlotPoints -» 35, FrameLabel -» {""Migration rate m", "Allele frequency q."},
LabelStyle » {Directive[FontSize -» 18], FontFamily -» ""Helvetica'}],

Plot[gCCritFunc[mya, myb, m, myr], {m, O, mMax}, PlotStyle - Black]],

{{mya, 0.01}, O, 0.5}, {{myb, 0.04}, 0, 0.5}, {{myr, 0.1}, O, 5},

{{mMax, 0.08}, 0, 0.5}, {{gCMax, 0.06}, O, 1}]

mya D
myb G
myr :D

mMax B

gCMax Dn

© © © =
N (e} (0] (@)
T T T ]

Allele frequency g,

o
N
\

|

00 01 02 03 04
Migration rate m
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Manipulate[Plot[gCCritFunc[mya, myb, m, myr], {m, O, mMax},
PlotRange - {Automatic, {0, 1}}, PlotStyle -» Black], {{mya, 0.01}, O, 0.5},
{{myb, 0.04}, 0, 0.5}, {{myr, 0.1}, O, 0.5}, {{mMax, 0.1}, 0, .5}]

mya
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myb
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"0 evalsEBLFuncla_, b_, m_, r_, qC_] := Module[{evals}, evals =

{-((—1+m) (1+a® (L+m+m?) ++/((b+ (-1+a) mZ-4bm (-1+a+bm) qC+4b*m*qC?) -
a(2++/((b+ (-1+a)m?-4bm(-1+a+bm) qC+4b*m?qC?) +
2m (1+m+b(—l+2qC))) +M (1+m+b2 (-1+4m(-1+q9C) gC) +
b(-1+2qC) (2++/((b+ (-1+a)my?-4bm (-1+a+bm) qC+4b’>m*qc?))))) /
(1-a+bm(-1+2qC) ++/ (-4b (-1+a+b) m (1+m) qC+ (b+ (-1+a) m+2bqu)2))2,

1 2 1
—( - (—bz(—1+m)+m+a2m+
2 {(-1+a)?2-b?® (-1+a)?-b?
v ((b+ (-1+a)m?-4bm(-1+a+bm) qC+4b?m?qC?) +a (2+m (-2+b-2bqC) +
v ((b+(-1+a)m?-4bm(-1+a+bm) qC+4b°m*qC?) -r) +bm (-1 +2qC)
(-1+r) +r-+/((b+ (-1+a)m)?-4bm (-1+a+bm) qC+4b*m?qC?) r) -
\/(((—1+m)2(1+m) (b? (L+m) +2bm (-1+2dC) r+r (24/((b+ (-1+a)m)?-
4bm (-1+a+bm) qC+4b>m*qC?) +r+m (-2+2a+r)))) /(1-a+
bm(-1+2qC)+\/((b+(—1+a) mZ-4bm(-1+a+bm) qC+4b2m2qC2))2) 5
1 2 1
—( - (—bz(—1+m)+m+a2m+
2 \(-1+a)?2-b%® (-1+a)?-b?

v ((b+ (-1+a)m?-4bm(-1+a+bm) qC+4b*m?qC?) +a (2+m (-2+b-2bqC) +
v ((b+(-1+a)m?-4bm (-1+a+bm) qC+4b°m*qC?) -r) +bm (-1 +2qC)
(-1+r) +r-+/((b+ (-1+a)m)?-4bm (-L+a+bm) qC+4b*m?qC?) r) +
\/(((—l+m)2 (L+m) (b® (L+m) +2bm (-1+2qC) r+r (2+/((b+ (-1+a) m?-4
bm(-1+a+bm) qC+4b”>m*qC?) +r+m(-2+2a+r))))/(1-a+bm

(-1+209C) ++/((b+ (-1+a)m?-4bm (-1+a+bm) qC+4b2m2qCZ))2)]};

Return[Max[Chop[Abs[evals]]]]:;

For the equilibrium to be stable, we require that the leading eigenvalue be between —1 and 1. Simplifying this condition isimpossible or
takes avery long time with Mathematica, irrespectively of the reference parameter (below, not run).

FullSimplify[Reduce[-1 < evalsEB1[[1]] <1 && -1 < evalsEB1[[2]] <1 && -1 < evalsEB1[[3]] < 1], Assumptions -> assumeGlobal 1]
$Aborted
FullSimplify[Reduce]-1 < evalsEB1[[1]] < 1 && -1 < evalsEB1[[2]] < 1 && -1 < evalsEB1[[3]] < 1, m], Assumptions ->
assumeGlobal 1]
$Aborted
FullSimplify[Reduce][-1 < evalsEB1[[1]] < 1 && -1 < evasEB1[[2]] < 1 && -1 < evalsEBI1[[3]] < 1, r], Assumptions ->
assumeGlobal 1]
$Aborted
FullSimplify[Reduce]-1 < evalsEB1[[1]] < 1 && -1 < evalsEB1[[2]] < 1 && -1 < evasEB1[[3]] < 1, qC], Assumptions ->
assumeGlobal 1]
$Aborted
FullSimplify[Reduce]-1 < evalsEB1[[1]] < 1 && -1 < evalsEB1[[2]] < 1 && -1 < evalsEB1[[3]] < 1, &, Assumptions ->
assumeGlobal 1]
$Aborted
FullSimplify[Reduce]-1 < evalsEB1[[1]] < 1 && -1 < evalsEB1[[2]] < 1 && -1 < evasEB1|[[3]] < 1, b], Assumptions ->
assumeGlobal 1]

$Abort ed
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Instead, we focus on the characteristic polynomial. This looks ugly and the following takes several minutes to evaluate. Below, we
multiply by (—1)" to make sure the coefficient of A" is positive. In the current case, n = 3.

char Pol EB1 = Ful | Sinplify[(-1)%« CharacteristicPol ynomi al [JEBL, A]];

Thisisthe characteristic polynomial:
In[105]:= charPolEBl::(m6 (1+4 b® (-1+0C) qC) (1+b (-1+2 qC)-2 r)+a® ((-1+m)? m® (L1+m?)+(-1+m)® m |

Verification of the chracteristic polynomial: The following must evaluate to O (which it does).

Simplify[charPolEB1 - (1 - evalsEB1[1]) (A -evalsEB1[2]) (x-evalseEB1[3]),
Assumptions - assumeGloball]

0
To obtain a quadratic equation, we split the first eigenvalue off by dividing by (A — ;) [using the fundamental theorem of algebral:
charPolEB1Red = FullSimplify[charPolEB1/(A - evalsEB1[[1]])];

Again, this takes along time and we hard-code this here:

1
ini0s;- charPolEB1Red: = (a“ (M?+2 m A+2 2%) +a (6 m-m \/ (b+(-1+a) m)?-4 b m (-1l+a+b

2 ((-1+a)2-b?)?
The above should be a quadratic equation, bent upward. As a check, we plot it as a function of A for some arbitrary (but instructive)
parameter combinations:
ino71= charPolEB1RedFuncla_, b_, m_, r_, qC_, A_] := Evaluate[charPolEB1Red]

First with . = 0 and consider increasing migration rates:

o= paramRulel := {a->0.2,b>0.4, m>0.22, r-0.4,9gC->0.};
mvals := {0.22, 0.3, 0.38, 0.45, 0.6, 0.8}

Recall the critical values for mwith respect to stability of the Eg in the case of g = O:
{mCrith5, mCrit2}
% /. paramRulel
a(-a+b+r) b

{(afb) (afr)+(lfa)r’ 71+a}
{0. 333333, 0.5}

Plot[{charPolEB1RedFunc[a, b, mvals[1l], r, qC, A] /. paramRulel,
charPolEB1RedFunc[a, b, mvals[2], r, qC, A] /. paramRulel,
charPolEB1RedFunc[a, b, mvals[3], r, qC, A] /. paramRulel,
charPolEB1RedFunc[a, b, mvals[4], r, qC, A] /. paramRulel,
charPolEB1RedFunc[a, b, mvals[5], r, qC, A] /. paramRulel,
charPolEB1RedFunc[a, b, mvals[6], r, qC, A] /. paramRulel}, {a, -2, 2},
AxesLabel - {A, "P(x)"}, PlotRange » {{-1.5, 1.5}, {-0.1, 0.25}}, PlotLegend -» mvals,
LegendPosition » {-0.75, -0.1}, LegendShadow -» None, LegendLabel - "mig. rate m"]

mig. ratem
— 022
— 03
— 038

— 045

-15 -1.0 -0.5

-0.10b
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As expected from previous results, with gc = 0, at least oneroot is > 1 (and Eg is unstable) as long as m < my;; 5. In this case, the fully
polymorphic internal equilibrium is expected to be asymptotically stable and Ay cannot invade. However, when my;; 5 < m < my;; ,, the
marginal one-locus equilibrium Eg is stable and invasion of A; is not possible (compare to A2010). If mincreases further and reaches
Mgt 2, the marginal one-locus equilibrium Eg merges with the monomorphic equilibrium Ecat which the continent type A, B; is fixed.

Next, we keep g. = 0, but now consider varying recombination rates. We expect that increasing r renders Eg stable and, on the other
hand, makes it harder (eventually impossible) for A; to invade. To see this effect, we change m from 0.22 to 0.38:

paramRulel := {a-»0.2,b->0.4, m->0.38, r-0.4,9gC->0.};
rvals := {0.01, 0.1, 0.2, 0.3, 0.4, 0.5}

Plot[{charPolEB1RedFunc[a, b, m, rvals[1], qC, 1] /. paramRulel,
charPolEB1RedFuncla, b, m, rVals[2], qC, A] /. paramRulel,
charPolEB1RedFuncla, b, m, rVals[3], qC, A] /. paramRulel,
charPolEB1RedFuncla, b, m, rVals[4], qC, A] /. paramRulel,
charPolEB1RedFunc[a, b, m, rVals[5], qC, A] /. paramRulel,
charPolEB1RedFunc[a, b, m, rVals[6], qC, A] /. paramRulel}, {x, -2, 2},
AxesLabel - {aA, "P(x)"}, PlotRange » {{-1.5, 1.5}, {-0.1, 0.25}}, PlotLegend - rVals,
LegendPosition » {-0.75, -0.1}, LegendShadow -» None, LegendLabel - "recomb. rate r'']

recomb. rate r
P(d)
— 001 0.25
— o1 E
0.20F
— 02 r
— 03 0.15F
- 04 010l
— 05
0.05F
L L L L L | L L L L | L
-15 -10 -05
-005f
—0.10b

As expected, with increasing values of r, the equilibrium Eg becomes stable, meaning that A; cannot invade if r > r;;. The critical
recombination rater;; is still to be determined (see below).

Next, we set . = 0.2 and consider again increasing migration rates (keeping r = 0.1 constant):

paramRule2 := {a 0.2, b->0.4, m->0.22, r-0.1, qC > 0.2};
mvals := {0.22, 0.3, 0.38, 0.45, 0.6, 0.8}
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Plot[{charPolEB1RedFunc[a, b, mvals[1], r, qC, 1] /. paramRule2,
charPolEB1RedFunc[a, b, mvals[2], r, qC, A] /. paramRule2,
charPolEB1RedFunc[a, b, mvals[3], r, qC, A] /. paramRule2,
charPolEB1RedFunc[a, b, mvVals[4], r, qC, A] /. paramRule2,
charPolEB1RedFunc[a, b, mvVals[5], r, qC, A] /. paramRule2,
charPolEB1RedFunc[a, b, mvals[6], r, qC, A] /. paramRule2}, {a, -2, 2},
AxesLabel - {A, "P(x)"}, PlotRange -» {{-1.5, 1.5}, {-0.1, 0.25}}, PlotLegend -» mVals,
LegendPosition » {-0.75, -0.1}, LegendShadow -» None, LegendLabel - "mig. rate m"]

mig. ratem

— oz 02;«:1)

— 03 F

— 038

— 045

— 06

— 08

15 10 os

-005f
-0.10:—

Again, for low migration rates, there is one root > 1, indicating that Eg is unstable and A can invade. Increasing m further, thereis a
critical migration rate (still to be determined) beyond which Eg is stable and Ay cannot invade. However, in contrast to the case of
dc = 0, we now do not expect the equilibrium Eg to merge with the monomorphic equilibrium Ec, because some proportion of the
immigrants also carriesthe B; alele.

Last, we consider the case of fixed r and m, but varying qc.

paramRule3 := {a - 0.2, b->0.4, m->0.22, r-0.4, qC > 0.2};
gcvVals := Range[0, 0.5, 0.1]

Plot[{charPolEBl1RedFunc[a, b, m, r, gcVals[1], 1] /. paramRule3,
charPolEB1RedFuncla, b, m, r, qcVals[2], A] /. paramRule3,
charPolEB1RedFuncla, b, m, r, qcVals[3], A] /. paramRule3,
charPolEB1RedFuncla, b, m, r, qcVals[4], A] /. paramRule3,
charPolEB1RedFuncla, b, m, r, qcVals[5], A] /. paramRule3,
charPolEB1RedFunc[a, b, m, r, qcVals[6], A] /. paramRule3}, {A, -2, 2},
AxesLabel - {aA, "P()"}, PlotRange -» {{-0.5, 1.25}, {-0.1, 0.25}}, PlotLegend - qcVals,
LegendPosition » {-0.95, -0.1}, LegendShadow - None, LegendLabel - "qc"']

dc
P)
— 0 0251
— o1 B
020
— 02 r
— 03 0.15F
— 04 00L
— 05
0.05F
‘ A
-05
-005F
-o1o0b

This shows how the value of g affects the stability of Eg for a choice of parameters. Increasing values of g, makesit *harder* for A; to
invade. At first glance, this seems counter-intuitive, because with g > 0 there is more of the good background allele B; on the island.

The critical value of g at which Eg changes from stable to unstable for increasing g still needs to be determined.

We have thus seen that m, r and g are of interest when considering the stability of Eg. Next, we attempt a more systematic analysis,
still based on the characteristic polynomial. Our goal isto find conditions for stability of Eg in terms of m, r and g, or at least critical
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values for these three parameters at which the equilibrium changes its properties (e.g. where it is not hyperbaolic).
Conditionsfor stability of Eg:

Eg isstableif the both roots of the polynomial ‘ charPolEB1’ are between —1 and 1. Thisisthe case if the following two conditions hold
(we use P(1) for the polynomial):

e P(-1)>0AP1)>0
e P'(-1)<OAP' (1)>0

where P' (1) isthe derivative ﬁ P(A) evaluated at A = A. In the following, we test each of these conditions separately.
Condition 1la: P(-1) >0

We first note that there is another radicand that appears often in the characteristic polynomial. We find that this radicand is always
positive given our global restrictions on the parameters.

npiop= R1:=(b+(-1+a) m)?-4 b m (-1+a+b m) gC+4 b? m? qC?
FullSimplify[Reduce[R1l < 0], Assumptions -» assumeGloball]
Fal se

FullSimplify[Reduce[ (charPolEB1Red /. {A > -1}) > 0],
Assumptions -» Flatten[ {assumeGloball, Sqrt[R1] > 0}11]

$Abort ed

FullSimplify[Reduce[ (charPolEB1Red /. {A > -1}) > 0, m],
Assumptions -» Flatten[{assumeGloball, Sqrt[R1] > 0}]11]

$Abort ed

FullSimplify[Reduce[ (charPolEB1Red /. {x -» -1}) >0, r],
Assumptions -» Flatten[{assumeGloball, Sqrt[R1] > 0}]]

$Abort ed

FullSimplify[Reduce[ (charPolEB1Red /. {x » -1}) > 0, qC],
Assumptions -» Flatten[{assumeGloball, Sqrt[R1] > 0}]]

$Abort ed
Condition 1b: P(1) > 0

FullSimplify[Reduce[ (charPolEB1Red /. {A > 1}) > 0],
Assumptions -» Flatten[{assumeGloball, Sqrt[R1] > 0}]1]

$Abort ed

FullSimplify[Reduce[ (charPolEB1Red /. {x » 1}) > 0, m],
Assumptions - Flatten[{assumeGloball, Sqrt[R1] > 0}]11]

$Abort ed

FullSimplify[Reduce[ (charPolEB1Red /. {x > 1}) >0, r],
Assumptions -» Flatten[ {assumeGloball, Sqrt[R1] > 0}11]

$Abort ed

FullSimplify[Reduce[ (charPolEB1Red /. {A - 1}) > 0, qC],
Assumptions -» Flatten[{assumeGloball, Sqrt[R1] > 0}]11]

$Abort ed
We note that none of the inequalities can be solved by Mathematica within reasonable time.

nj111:= DcharPolEB1Red :=
Simplify[D[charPolEB1Red, 1], Assumptions - Flatten[{assumeGloball, Sqrt[R1] > 0}1]
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DcharPolEB1Red

1
- (—2+2a+b2+m—2am+a2m+bm+abm—b2m—
1-2a+a%2-b?

2bqu—2abqu+\/(b+ (-1+a)ym?-4bm(-1l+a+bm qC+4b?n? qC +

a\/(b+ (-1+a)ym?-4bm(-1+a+bm qC+4b?>nfqC +r —ar —bmr +2bmqCr -

\/(b+ (-1+a) m?2-4bm(-1+a+bm qC+4b?>nfqC r +2x-4ax+2a’x-2b%2x
Condition 2a: P'(-1) <0
Simplify[Reduce[ (DcharPolEB1Red /. {A » -1}) < 0],
Assumptions -» Flatten[{assumeGloball, Sqrt[R1] > 0}1]
$Abort ed

Simplify[Reduce[ (DcharPolEB1Red /. {A -» -1}) <0, m],
Assumptions -» Flatten[{assumeGloball, Sqrt[R1] > 0}1]

$Abort ed

Simplify[Reduce[ (DcharPolEB1Red /. {A -» -1}) <0, r],
Assumptions » Flatten[{assumeGloball, Sqrt[R1l] > 0}1]

$Abort ed

Simplify[Reduce[ (DcharPolEB1Red /. {x » -1}) < 0, qC],
Assumptions » Flatten[{assumeGloball, Sqrt[R1] > 0}]]

$Abort ed
Condition 2b: P'(1) >0

Simplify[Reduce[ (DcharPolEB1Red /. {1 -» 1}) > 0],
Assumptions » Flatten[{assumeGloball, Sqrt[R1] > 0}]]

$Abort ed

Simplify[Reduce[ (DcharPolEB1Red /. {x - 1}) > 0, m],
Assumptions -» Flatten[{assumeGloball, Sqrt[R1] > 0}1]

$Abort ed

Simplify[Reduce[ (DcharPolEB1Red /. {x - 1}) >0, r],
Assumptions -» Flatten[{assumeGloball, Sqrt[R1] > 0}1]

$Abort ed

Simplify[Reduce[ (DcharPolEB1Red /. {x - 1}) > 0, C],
Assumptions » Flatten[{assumeGloball, Sqrt[R1] > 0}1]

$Abor t ed
Since the steps above did not provide any progress, we try to split off the second e genval ue from the second-order polynomial,
charPolEB1RedRed = Full Simplify[charPolEB1Red/(A - evalSEB1[[2]]), Assumptions -> Flatten[{ assumeGlobal 1, Sgrt[R1] > 0}]];

The division above takes along time, so we hard-code it below:

In[112):= charPoIEBlRedRed::(a4 (M?+2 m 2+2 2%) +a (6 m-m \/(b+(—l+a) m)2-4 b m (-l+a+b m) qC+4 b? |

in13= charPolEB1RedRedFunc[a_, b_, m_, r_, qC_, x_]1 := Evaluate[charPolEB1RedRed]

paramRule2

{a-0.2, b-0.4, m>0.22, r -0.1, qC~ 0. 2}
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charPolEB1RedRedFunc[a, b, m, r, qC, A] /. paramRule2

1

-0.689178 + &

2.17014 (0. 0016 (0. 0484 +0. 44 X +232) +

0.2 (1.27794 - 0. 509845 A - 2 (0.22 +2 A)% - 0. 008448 (1.22 +22) +4 (-0.9+3 1) -
0.2 (0.7084 +3 1) +0.16 (4.13436 - 0. 22 (4. 11865 -8 ) +0.2 (-2 + 1) - 8. 63731 1+ 822) -

0.0528 (0.310155 +21-0.4 (0.22 +2))) +
0.84 (0.0527366 -2 (0.613212 -0.84 1) (-1 +2) +
0.22 (0.254923 +0.16 (1 -22) +2 (-0.9+ 1) +0.24 (-2.48135+1.8))) +
0.008 (-0.094864 +2 (2.21865 -4 2) 2 +0.22 (2.11865 -8 1+0.24 (1+21))) - 0. 04
(~0.0895206 + 0. 22 (5.78238 12 1 +0.16 (-1 +4 ) - 0.24 (3.31865 -21-0.2 (3+1))) +
2 (-1.31865+0. 1 (1. 31865 - 2. 68135 1) + A (6.31865 -6 1+0.16 (-1+22)))))

We repeat the graphical investigation of ‘charPolEB1Red’ for ‘ charPolEB1RedRed'.

First, we set g. = 0 and consider increasing migration rates.

paramRulel := {a-»0.2,b->0.4, m>0.22, r-0.4,9gC->0.};
mvVals := {0.22, 0.3, 0.38, 0.45, 0.6, 0.8}

Recall the critical values for m with respect to stability of the Eg in the case of g, = 0:

paramRulel

{a-0.2, b-0.4, m>0.22, r -0.4, qC-> 0.}

o)
% /. paramRulel

{mCritS ,

a(-a+b+r) b

{(a—b) (a—r)+(1—a)r' 1—a}
{0. 333333, 0.5}

Plot[ {charPolEB1RedRedFunc[a, b, mVals[1], r, qC, A] /. paramRulel,
charPolEB1RedRedFunc[a, b, mvals[2], r, qC, A] /. paramRulel,
charPolEB1RedRedFunc[a, b, mvals[3], r, qC, A] /. paramRulel,
charPolEB1RedRedFunc[a, b, mvals[4], r, qC, A] /. paramRulel,
charPolEB1RedRedFunc[a, b, mvals[5], r, qC, A] /. paramRulel,

charPolEB1RedRedFunc[a, b, mvals[6], r, qC, A] /. paramRulel}, {x, -2, 2},
AxesLabel - {A, "P(x)"}, PlotRange » {{-1.5, 1.5}, {-0.1, 0.25}}, PlotLegend -» mVals,
LegendPosition » {-0.75, -0.1}, LegendShadow - None, LegendLabel - "mig. rate m"]

mig. ratem
P(d)
— 022 025
— 03 i
0.20f
— 038 [
045 0.15F
- 06 010l
— 08
0.05F
L n n n n n n L n n L J A
-15 -10 -05 05 15
-005f
-0.10b

As expected, theroot is > 1 (and Eg is unstable) as long as m < my;; 5, but when my;; s < m Eg is stable and A; cannot invade anymore.

Next, we consider g. = 0 again, but varying recombination rates. We expect that increasing r makes Eg stable and, on the other hand,
makes it harder for A; to invade. To see this effect, we change m from 0.22 to 0.38:

paramRulel := {a->0.2,b>0.4, m>0.38, r-0.4, gC->0.};
rvals := {0.01, 0.1, 0.2, 0.3, 0.4, 0.5}
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Plot[ {charPolEB1RedRedFunc[a, b, m, rVals[1], qC, A] /. paramRulel,
charPolEB1RedRedFunc[a, b, m, rVals[2], gqC, A] /- paramRulel,
charPolEB1RedRedFunc[a, b, m, rVals[3], qC, A] /- paramRulel,
charPolEB1RedRedFunc[a, b, m, rVals[4], qC, A] /. paramRulel,
charPolEB1RedRedFunc[a, b, m, rVals[5], gqC, A] /. paramRulel,
charPolEB1RedRedFunc[a, b, m, rvVals[6], qC, A] /. paramRulel}, {a, -2, 2},

AxesLabel - {aA, "P(x)"}, PlotRange » {{-1.5, 1.5}, {-0.1, 0.25}}, PlotLegend - rVals,
LegendPosition » {-0.75, -0.1}, LegendShadow -» None, LegendLabel - "recomb. rate r'']

recomb. rate r

P(d)

— 001 025

— o1 E

0.20f

— 02 r

— 03 0.15F

04 0.10F

— 05 r

0.05[

L L L L L | L L L L | L L L L L L L L | L
-15 -1.0 -05 r 05

-005f

—0.10b

As expected, with increasing values of r, the equilibrium Eg becomes stable, meaning that A; cannot invade if r > rg;;.
Next, we set gc = 0.2 > 0 and consider again increasing migration rates (having r = 0.1 constant):

paramRule2 := {a 0.2, b->0.4, m->0.22, r-0.1, qC > 0.2};
mvals := {0.22, 0.3, 0.38, 0.45, 0.6, 0.8}

Plot[ {charPolEB1RedRedFunc[a, b, mvVals[1l], r, qC, A] /. paramRule2,
charPolEB1RedRedFunc[a, b, mvals[2], r, qC, A] /. paramRule2,
charPolEB1RedRedFunc[a, b, mvals[3], r, qC, A] /. paramRule2,
charPolEB1RedRedFunc[a, b, mvals[4], r, qC, A] /. paramRule2,
charPolEB1RedRedFunc[a, b, mvals[5], r, qC, A] /. paramRule2,
charPolEB1RedRedFunc[a, b, mvals[6], r, qC, A] /. paramRule2}, {A, -2, 2},

AxesLabel - {A, "P(x)"}, PlotRange -» {{-1.5, 1.5}, {-0.1, 0.25}}, PlotLegend -» mvals,
LegendPosition » {-0.75, -0.1}, LegendShadow -» None, LegendLabel - "mig. rate m"]

mig. ratem

P(1)

— 02 0251

— 03 i

0.20f

— 038 .

— 045 015}

06 0.0}

— 08 r

0.05f
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-005f

-0.10L

Again, increasing m turns Eg from unstable to stable and, at the same time, makes it impossible for A; to invade (increasing m much
further does not result in absorption of Eg in Ec, compared to the case of q. = 0, however).

Last, we consider the case of fixed r and m, but varying qc.

paramRule3 := {a-0.2,b->0.4, m->0.22, r-0.4,qC > 0.2};
gcVals := Range[0, 0.5, 0.1]
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Plot[ {charPolEB1RedRedFunc[a, b, m, r, qcVals[1l], A] /- paramRule3,
charPolEB1RedRedFunc[a, b, m, r, qcvals[2], A] /- paramRule3,
charPolEB1RedRedFunc[a, b, m, r, qcvals[3], A] /- paramRule3,
charPolEB1RedRedFunc[a, b, m, r, qcvVals[4], A] /- paramRule3,
charPolEB1RedRedFunc[a, b, m, r, qcvals[5], 1] /- paramRule3,
charPolEB1RedRedFunc[a, b, m, r, qcvals[6], A] /- paramRule3}, {a, -2, 2},

AxesLabel - {A, "P(x)"}, PlotRange -» {{-0.5, 1.25}, {-0.1, 0.25}}, PlotLegend -» qcVals,
LegendPosition » {-0.95, -0.1}, LegendShadow - None, LegendLabel - "qc"']

dc

P(d)

— 0 0251
— o1 B
0.20F

— 02 i
— 03 0.5
— 04 o0f
— 05 r
0.05F
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-05 r 05

-005f

-o10b

With increasing g, the equilibrium Eg changes from unstable to stable. If qc is beyond a critical value still to be determined, then Aq
cannot invade anymore.

‘charPolEB1RedRed’ contains the following radicand several times:

In[114]:= R2:=(((—1+m)2 (L1+m) (b2 (1+4m)+2 b m (-1+2 qC) r=+r (2 \/(b+(-1+a) m)2-4 b m (-1+a+b m) qC
R2 /. {R1 - AA}
((71+m>2 (1+m (bz (L+m +2bm(-1+2qC) r +r (Zmu +m(72+2a+r))))/
(17a+M+bm(71+2qC) 2
FullSimplify[Reduce[ (R2 /. {R1 » AA}) < 0],

Assumptions -» Flatten[{Sqrt[AA] > 0, assumeGloball}]]
$Abort ed

FullSimplify[Reduce[ (charPolEB1RedRed /. {x » -1}) < 0],
Assumptions -» Flatten[{assumeGloball, Sqrt[R1] > 0}]]

FullSimplify[Reduce[ (charPolEB1RedRed /. {A » -1}) <0, m],
Assumptions -» Flatten[{assumeGloball, Sqrt[R1] > 0}]]

$Abort ed

FullSimplify[Reduce[ (charPolEB1RedRed /. {x » -1}) <0, r],
Assumptions - Flatten[ {assumeGloball, Sqrt[R1] > 0}]11]

$Abort ed

FullSimplify[Reduce[ (charPolEB1RedRed /. {x » -1}) < 0, C],
Assumptions -» Flatten[ {assumeGloball, Sqrt[R1] > 0}]11]

$Abort ed

FullSimplify[Reduce[ (charPolEB1RedRed /. {1 » 1}) > 0],
Assumptions -» Flatten[ {assumeGloball, Sqrt[R1] > 0}11]

$Abort ed

FullSimplify[Reduce[ (charPolEB1RedRed /. {x » 1}) > 0, m],
Assumptions -» Flatten[{assumeGloball, Sqrt[R1] > 0}]11]

$Abort ed
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FullSimplify[Reduce[ (charPolEB1RedRed /. {x -» 1}) >0, r],
Assumptions -» Flatten[{assumeGloball, Sqrt[R1] > 0}]11]

FullSimplify[Reduce[ (charPolEB1RedRed /. {A » 1}) > 0, C],
Assumptions -» Flatten[ {assumeGloball, Sqrt[R1] > 0}11]

It is not possible within reasonable time to assess whether/when R; is positive. Neither isit possible for Mathematica to find a sufficient
condition for aroot between —1 and 1.

Simplify[(-1+a)?m*-2 (-1+a) bm (-1+2qC) +b? (1+4m? (-1+0C) qC) - R1]
0

mCrith

a(-a+b+r)

(a-b) (a-r)y+(l-a)r

Next, we approximate the characteristic polynomial of the second degree by a Taylor series expansion around ¢ = O, keeping terms up
to thefirst order in g.. We need to tell Mathematica that the radicand below is positive.

Simplify[Series[charPolEB1Red, {qC, O, 1}]] // Normal
s~ assumel 1= (b+ (-1+a) m?2>08& (b-m+am)2>0

1= charPolEB1RedSmallqC = FullSimplify[Series[charPolEB1Red, {qC, O, 1}],
Assumptions -» Flatten[ {assumel, assumeGloball}]] // Normal

[ ﬁ(l+b+2amfbm+abmfb2m+a2m€7abrr?7r ~br -2amr +mr -2anfr + b+am=m
bnfr+ (l-a+b) (-2+b (-1+m -2am+r+mr) i+ (l-a+b)2x?) +
(bm(1+m qC(-2a% (m+2) + (L+b) (b (L+m -2r (M+2) +2 (-1+7 +2)) +a
Oul[L16]= (b (-1+m+23) +2 (-1-m+r +3mr+r 2)))) /((1-a+b)? (b+ (-1+a)m)
((-1+b) (-1+m)+(-1+a+b) X) ((-1+m) (-1+r)+(-1l+a+b) n) . Tr ue
(-1+a+h)?
(b (-2+m mgC (- (-1+m) ((-1+b) (2+b-2r)+a (-2+b+2r)) -
2 (-1+a+h) (L+a-r)x)) /((-1+a+b)2 (b+ (-1+a)m)

We try to obtain acritical value of m based on the approximate polynomial:

First, for thecaseof b+ am= mem=< é = Mg 2-

For g. = 0:

FullSimplify[Solve[ (charPolEB1RedSmallqC[1l, 1, 1] /-qC->0/. x> 1) =0, m],
Assumptions - assumeGloball]

{{m%—l}, {m» a(-a+b+r)

a?+r +br-a(+2r) }}
The second solution is equal to my;; 5, the characteristic polynomial has collapsed to the one belonging to Eg in the case of g. = 0.
For g > 0:
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FullSimplify[Solve[ (charPolEB1RedSmallqC[l, 1, 1] /- A > 1) == 0, m],
Assumptions - assumeGloball]
{tm> -1y,
{me—(a3+b (1+b) (bgC+r) -a? (1+2bqC+r) +a (b? (-1+qC) +r +b (-1+2qC) (-1+271)) +
J(-4ab@-b-r) (a®+ab (L+(-2+b)qC) + (1+b) (bqC(b-2r) -r1) +
a(3+b+6bgC)r-a® (1+b+2bqC+2r))+ (a>+b (1+b) (bqC+r) -
a® (1+2bqgC+r) +a (b? (-1+qC) +r +b (-1+2qC) (-1+2r>))2))/
(2 (a®+ab (1+(-2+b)qC) + (1+b) (bgC(b-2r)-r)+a (3+b+6bqC)r -
a2 (1+b+2qu+2r)))},
{me—(a3+b (1+b) (bqC+r)-a® (1+2bqC+r) +a (b? (-1+qC) +r +b (-1+2qC) (-1+2r)) -
J(-4ab(@-b-r) (@®+ab(1+(-2+b)qC) + (L+b) (bgC(b-2r) -r)+
a(3+b+6bgC)r-a® (1+b+2bqC+2r))+ (a+b (1+b) (bqC+r) -
a® (1+2bqC+r) +a (b? (-1+qC) +r +b (-1+2qC) (—1+2r)))2))/
(2 (a®+ab (1+(-2+b)qC) + (1+b) (bgC(b-2r)-r)+a (3+b+6bqC)r -
a? <1+b+2bq0+2r>))}}

Second, for thecaseof b+ am<mem> lkj—a = Myt 20
Forg.=0:

FullSimplify[Solve[ (charPolEB1RedSmallqC[2] /- 9gC->0/. x> 1) ==0, m],
Assumptions - assumeGloball]
a a+b-r

tm- - b o)

These solutions are equal to my;; ; and my;; 5 already known to be critical values at which the monomorphic equilibrium Ec is hyper-
bolic in the case of . = 0.

For g; > O:
Simplify[Solve[ (charPolEB1RedSmallqC[2] /- A » 1) == 0, m], Assumptions -» assumeGloball]
$Abor t ed

Overall, the first row of ‘charPolEB1RedSmallqC’ applies under the condition that is necessary for Eg to be in the state space in the
case of g =0. Since Eg is also an equilibrium in the case of g > O, the approximate characeristic polynomial in the first row of
‘charPolEB1RedSmallqC’ seems of interest here. On the other hand, the second row of ‘charPolEB1RedSmallqC’ applies under the
condition that is necessary for Eg to have merged with Ecin the case of g; = 0. Since Ec is no longer afix point when g. > 0, the
approximate characteristic polynomial in the second row of ‘charPolEB1RedSmallqC’ is not of interest here. We therefore continue
with the first row only:
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in171= MCrit6ApproxRule = FullSimplify[
Solve[ (charPolEB1RedSmallqC[l, 1, 1] /- A » 1) == 0, m], Assumptions -» assumeGloball]

out[117]= {{m%fl},
{me—(a3+b (1+b) (bgC+r) -a? (1+2bqC+r) +a (b? (-1+qC) +r +b (-1+2qC) (-1+271)) +
J(-4ab@-b-r) (a®+ab (L+(-2+b)qC) + (1+b) (bqC(b-2r) -r1) +
a(3+b+6bgC)r-a® (1+b+2bqC+2r))+ (a>+b (1+b) (bqC+r) -
a® (1+2bqgC+r) +a (b? (-1+qC) +r +b (-1+2qC) (—1+2r)))2))/
(2 (a®+ab (1+(-2+b)qC) + (1+b) (bgC(b-2r)-r)+a (3+b+6bqC)r -
a2 (1+b+2qu+2r)))},
{me—(a3+b (1+b) (bqC+r)-a® (1+2bqC+r) +a (b? (-1+qC) +r +b (-1+2qC) (-1+2r)) -
J(-4ab(@-b-r) (@®+ab(1+(-2+b)qC) + (L+b) (bgC(b-2r) -r)+
a(3+b+6bgC)r-a® (1+b+2bqC+2r))+ (a+b (1+b) (bqC+r) -
a® (1+2bqC+r) +a (b? (-1+qC) +r +b (-1+2qC) (-1+2r>))2))/
(2 (a®+ab (1+(-2+b)qC) + (1+b) (bgC(b-2r)-r)+a (3+b+6bqC)r -
a? <1+b+2bq0+2r>))}}
Length[mCrit6ApproxRule]
3

We note that there is another radicand here and try to establish whether it is always positive.

nuiel=- R3:=(-4 a b (a-b-r) (a’+a b (1+(-2+b) qC)+(1+b) (b qC (b-2 r)-r)+a (3+b+6 b qC) r-a® (1
Simplify[Reduce[R3 < 0], Assumptions -» assumeGlobal1l]
$Abor t ed

The second and third solution in ‘mCrit6ApproxRule’ are of interest. We assess if the coordinates of the marginal one-locus equilib-
rium Eg 1 are biologically valid when the critical values of m are assumed:

If we plug the critical values into the expression for the co-ordinates of Eg 1, as expected, complicated terms are obtained (below, not
run). It seemsimpossible to judge whether/when these correspond to biologically feasible co-ordinates.

Simplify[EB1 /. mCrit6ApproxRul€e[[2]], Assumptions -> assumeGlobal 1]

Simplify[EB1 /. mCrit6ApproxRule[3]], Assumptions -> assumeGlobal 1]

Next, we explore whether we obtain the previously known resultsin the case of g = 0.
9= MCrit6ApproxRuleqCZero =

Simplify[mCrit6ApproxRule /. qC -» 0, Assumptions -» assumeGloball]

b b
— <r —
-1l+a a -1l+a
a (-a+b+r) Tr ue }’ m- a (-a+b+r)
a2+ (1+b) r-a (b+2r) a2+ (1+b) r-a (b+2r)

az=r
out[119]= {{me—l}, {me
True

Simplify[mCrit6ApproxRuleqCZero, Assumptions -» a < r]

b a(-a+b+r)
{{m%_l}’ {m% E} {m—> a2+ (1+b)r —a(b+2r)}}

Simplify[mCrit6ApproxRuleqCZero, Assumptions -» a 2 r]

b

a(-a+b+r)
a2+(1+b)r—a<b+2r)}’ {m—> 17a}}

{{me “13}, {me

mCrits

a(-a+b+r)

(a-b)y (a-r)y+(1-a)r
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N a(-a+b+r) a(-a+b+r)
Slmpllfy[ == ]
(a-b) (a-r)+(1-a)r a2+ (L+b)yr-a(Mb+2r)
True
The result above confirms, for gc = 0, the two critical values we already know: mg;;, and My 5.

We briefly recall when mg;; , and my;; 5 are biologically valid:

Simpl ify[Reduce[O < < 1] , Assumptions - assumeGIoball]

1l-a
True

FullSimplify[Reduce[0 < mCrit5 < 1, r], Assumptions -» assumeGloball]

(2b =18&8&3r >2a) || (2a®+r +br >2ab+3ar &2b ¢ 1)
Solve[mCrit5 = 0, r]

{{r ~a-b}}

Solve[mCrith5 == 1, r]

2 (a?-ab)
W~ gasel)

We aso recall some further properties derived above for the case of a monomorphic continent:
o If m= M2, wehave Eg = Ec.

(a—b) (a-r)

o If m=myiis, wehavegs = —

. Givenb > a, thisgg isin the biologically relevant state spaceif r >a+ 0

o \Whenever myi 5 is biologically meaningful, we have 0 < Myits < Mgit2 < 1. Asm decreases from 1, we expect
that Eg enters the state space via Ec at m= my;t» and then bifurcates at m = my;; 5, Which one branch splitting
of asthe polymorphic internal equilibrium E. . According to Blrger and Akerman (2011), this appliesonly to a
subcase of paraemter combinations, however.

Rather than setting g, = 0 as above, we now expand the more generic solutions for the critical values of m around ¢ = 0 in order to
obtain an approximation to the complicated critical values ‘mCrit6ApproxRul€e’:

Simplify[Series[m /. mCrit6ApproxRule, {qC, O, 1}], Assumptions - assumeGloball] //
Normal // FullSimplify

1 bqC (-2a%+b (1+b-2r)+a (-2+b+4r)
b1 4 ( ) a<r
l-a (-1+a)2 (a-b) (a-r)
{71’ bqC (b+b2-a (2+b-2r) | r f
a (-a+b+r) |a2+r+br-——— .3 (b+2r)]
(a-b) (a-r)
5 True
(a?+r+br-a (b+271))
1 bqC (-2 a2+b (1+b-2r)+a (-2+b+4r)
b |—+ ( ) axr
l-a (-1+a)? (a-b) (a-r)
bqC (b+b?-a (2+b-2r1)|r }
a (-a+b+r) |a?+r+br-———————"—_a (b+2r )]
(a-b) (a-r)
True

(a?+r+br-a (b+2r1) )2

The above syntax means that, in the case of the second element of the output list, if a < r istrue, then the entry in the first row in the
first column isthe answer; otherwise, the entry in the second row in the first column is the answer.
We can simplify this as follows:

0= MCrit6ApproxSeries = Simplify[Series[m /. mCrit6ApproxRule, {qC, 0, 1}],
Assumptions -» Flatten[{assumeGloball, a< r}]] 7/ Normal // FullSimplify

1 qu(—2a2+b(1+b72r)+a(72+b+4r))
n

1-a (-1+a)2 (a-b) (a-r)

out[120]= {—1, b

b qC (b+b2-a (2+b-2r)) r
(a-b) (a-r)

a(—a+b+r)(a2+r+br— —a(b+2r))

J

(az+r+br—a(b+2r>)2
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Comment: A Taylor series expansion up to and including the second-order term of g, does not seem to be computable within reason-
abletime.

Notice that these approximate critical values are twofold approximations: first, they are based on critical values obtained from an
approximation of the characteristic polynomial that is valid for gc close to 0. Second, they are first-order Taylor series approximations
to these critical values, again assuming g closeto O.

In summary, there are three candidates for an approximations of the critical value of m. Surely, the first one (mcm’e =-1) isnot
biologically valid.

Simplify[Reduce[0 < mCrit6ApproxSeries[2]].,
Assumptions -» Flatten[ {assumeGloball, a< r}]]

$Abort ed
If we set gc = 0, do the approximations ‘ mCrit6ApproxRule’ and ‘ mCrit6ApproxSeries’ collapseto ‘mCrit5'?

mCrit6ApproxRule[2 ;; 3]

{{m»—(aSer (1+b) (bgqC+r) -a® (1+2bqC+r) +a (b? (-1+GC) +r +b (-1+2qC) (-1+2r)) +
J(-4ab(@a-b-r) (a®+ab (1+(-2+b)qC) + (1+b) (bgC(b-2r) -r) +
a(3+b+6bgC)r-a® (1+b+2bqC+2r)) + (a®+b (1+b) (bqC+r) -
a® (1+2bqC+r) +a (b?> (-1+qC) +r +b (-1+2qC) (71+2r)))2))/
(2 (a*+ab (1+(-2+b)qC) + (1+b) (bgC(b-2r)-r)+a (3+b+6bqC)r -
a® (1+b+2bqC+2r)))},
{maf(a3+b (1+b) (bqC+r)-a® (1+2bqC+r) +a (b* (-1+qC) +r +b (-1+2qC) (-1+2r)) -
J(-4ab(@a-b-r) (a®+ab (1+(-2+b)qC) + (1+b) (bgC(b-2r) -r) +
a(3+b+6bgC)r-a® (1+b+2bqC+2r))+ (a+b (1+h) (bqC+r) -
a’ (1+2bqgC+r) +a (b® (-1+qC) +r +b (-1+2qC) (71+2r)))2))/
(2 (a®+ab (1+(-2+b)qC) + (1+b) (bgC(b-2r)-r)+a (3+b+6bqC)r -
a? (1+b+2qu+2r))}}}

mCrit6ApproxSeries[2 ;; 31

{b

a(-a+b+r) (a2+r+brf

1 qu(—2a2+b(1+b—2r)+a(—2+b+4r))
+

1-a (-1+a)2 (a-b) (a-r)

b qC (b+b?-a (2+b-2r)) r
(a-b) (a-r)

7a(b+2r))

J

Recall that for ‘mCrit5’ to be valid (i.e. associated with biologically meaningful fix point co-ordinates), we require a < r. With this
assumption, the second entry of ‘mCrit6ApproxRule’ corresponds to my;; , and the third entry to mgq 5.

(a2+r+br7a(b+2r>)2

FuIISimpIify[ (mCrits-m /. mCrit6ApproxRule[2]) /. gqC - O,

Assumptions - Flatten[{ assumeGloball, (-a+a’+b-2ab+ b2)2 >0, (a-r)?>0, a<r}]]

(-1l+a-b) (a-b) (a-r)

(-1+a) (a2+r+brfa(b+2r))

The differenceto 'my;,,’ is zero:

FullSimpIify[[ -m /. mCrit6ApproxRulef2]| /. qC - 0,

l1-a
Assumptions - Flatten[{ assumeGloball, (-a+a’+b-2ab+ b2)2 >0, (a-nN?>0, ax< r}]]

0

For the third element, we expect the differenceto ' m;; ' to be zero:
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FullSimplify[(mCrit5-m /. mCrit6ApproxRule[3]) /. qC - 0,
Assumptions » Flatten[{ assumeGloball, (-a+a’+b-2ab+ b2)2 >0, (a-1r?>0,a<r}]]

0

The same expectations hold for the corresponding Taylor series approximations. The second entry of ‘mCrit6ApproxSeries corre-
sponds to My , and the third entry to mg;; 5.

FullSimplify[ (mCrit5 - mCrit6ApproxSeries[2]) /- qC -» 0O,
Assumptions -» Flatten[{ assumeGloball}]]

b a(-a+b+r)
+

-l+a a?+r+br-a(+2r)

But:
FullSimpl |fy[[ - mCrit6ApproxSeries|I2]]] /-qC-0,
l1-a
Assumptions -» Flatten[{ assumeGloball} ]]
0
And
FullSimplify[ (mCrit5 - mCrit6ApproxSeries[3]) /- qC -» 0,
Assumptions -» Flatten[{ assumeGloball}]]
0
as expected.

np21= R4i=(a-b)? (1-a+b)2+8 a? b (1-a+b) gC+16 a® b? qC?

FullSimplify[Series[m /. mCrit6ApproxRule[2], {r, Infinity, 0}],
Assumptions - Flatten[{assumeGloball}]]

(afaz+b72ab+b2+4aqu+\/(avb)2 (1-a+b)2+8a%b (1-a+b) qC+16 a?b?qC? )/
1.1

-]
FullSimplify[% /. qC » 0, Assumptions - assumeGloball]

(4a®+2 (1+b) (1+2bqC) -2a (3+b+6bqC)) +O

b 1.1
1_a+ohﬁ

FullSimplify[Series[m /. mCrit6ApproxRule[3], {r, Infinity, 0}],
Assumptions - Flatten[{assumeGloball}]]

(2ab)/
141

(a—a2+b—2ab+b2+4aqu+\/(a—b)2 (1-a+b)2+8a’b (1-a+b) qC+16 a%b? qC? ) +O[—}
r

FullSimplify[% /. {qC » 0}, Assumptions - assumeGloball]

a 1.1
TRELE
1-2a+b r
Series[mCrith5, {r, Infinity, 0}]
a 1,1
s aas o]
1-2a+hb r

These calculations suggest that the (approximate) critical values for m make sense, since they collapse to the right values in the
marginal case of ;. = 0 whenr — co.

Next, we plug the approximate critical values of minto the co-ordinates of the marginal one-locus equilibrium and assess when the
resulting co-ordinates are biologicall relevant (i.e. in the state space).



2LocContlsland_Determ_Discr.nb |51

mCrit6ApproxRule

{tm> -1y,
{maf(a3+b (1+b) (bgC+r)-a? (1+2bqC+r) +a (b? (-1+qC) +r +b (-1+2qC) (-1+271)) +
\/(—4ab (a-b-r) (a®+ab (1+(-2+b) qC) + (1+b) (bgC(b-2r) -r) +
a(3+b+6bgC)r-a® (1+b+2bqC+2r)) + (a>+b (1+h) (bqC+r) -
a? (1+2bqgC+r) +a (b? (-1+qC) +1 +b (-1+2qC) (—1+2r)))2))/
(2 (a®+ab (1+(-2+b)qC) + (1+b) (bgC(b-2r)-r)+a (3+b+6bqC)r -
a? (1+b+2qu+2r)))},
{me—(a3+b (1+b) (bgC+r)-a? (1+2bqC+r) +a (b? (-1+qC) +r +b (-1+2qC) (-1+271)) -
\/(74ab (a-b-r) (a®+ab (1+(-2+b) qC) + (1+b) (bgC(b-2r) -r) +
a(3+b+6bgC)r-a® (1+b+2bqC+2r))+ (a+b (1+b) (bqgC+r) -
a? (1+2bqgC+r) +a (b2 (-1+qC) +r +b (-1+2qC) (—1+2r)))2))/
(2 (a®+ab (1+(-2+b)qC) + (1+b) (bgC(b-2r)-r)+a (3+b+6bqC)r -
a2 <1+b+2bq0+2r>))}}

Simplify[mCrit6ApproxRule /. {qC -» 0}, Assumptions -» Flatten[assumeGloball]]

- 71b+a a<r - 71b+a az=r
{{m%’l}v {m% i a (—a+b+r) Tr ue }’ {m% a (-a+b+r) Tr ue }}
a2+ (1+b) r-a (b+2r) a%+(1+b) r-a (b+2r)
mCrit6ApproxSeries
1 qu(—2a2+b(1+b—2r)+a(—2+b+4r))
{—1, b + )
l1-a (-1+a)? (a-b) (a-r)

b qC (b+b?-a (2+b-2r1)) r
(a-b) (a-r)

a(—a+b+r>(a2+r+br— —a(b+2r))

J

Simplify[mCrit6ApproxSeries /. {qC -» 0}, Assumptions -» Flatten[assumeGloball]]

(a""+r+br7a(b+2r>)2

b a(-a+b+r)
v J
l1-a a%+r+br-a(b+2r)

in221= QEBLCritMApprox =
Simplify[gEB1 /. mCrit6ApproxRule[2 ;; 3], Assumptions -» assumeGloball];
(* This returns a list with two equilibrium values Qg;
the first one belongs to the approximate
critical value of m that corresponds to mgri¢,2 Tor gc = O,
and the second one to the approximate critical value
of m that corresponds to Mgrir,s For gc = 0. *)

Simplify[gEBICritMApprox /. {qC - 0},
Flatten[{(a-b)? (1-a+b)? (a-r)? >0, assumeGloball, a < r}]]

(a-b) (a-r)
o ——}
br
The first entry belongs to the critical value m;;, and, as expected, in that case the equilibrium Eg collapses to the monomorphic
equilibrium Ec. The second entry belongs to the critical value my; 5 and is the expression for gg we already know for the case of gc = 0.
Working on the terms in ‘qEB1CritMApprox’ directly to obtain conditions for when they correspond to biologically valid alele

frequencies is too complex. However, we may get an approximation to the equilibrium frequencies by expanding them around g. = 0in
aTaylor series:

Reduce[gEB1CritMApprox < 0] (* Not run. *)
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termla = Simplify[Series[qEB1CritMApprox[1] /. smallForcesRule, {e, 0, 1}],
Assumptions - assumeGloball];

termlb = Simplify[Series[qEB1CritMApprox[2] /. smallForcesRule, {e, 0, 1}],
Assumptions - assumeGloball];

term2a = Simplify[termla /. rescaleSmallForcesRule, assumeGloball];
term2b = Simplify[termlb /. rescaleSmallForcesRule, assumeGloball];

Simplify[Series[Normal [term2a], {qC, O, 1}], Flatten[{assumeGloball}]]

Conpl exI nfinityqC+0O[qC]? a<r
a (-1+2b) (a-b-r) qC 2

T 0[qC] az=r

(a-b) (a-r) . a (a-b-r) (2a-b-r)qC . O[qC}z True

br (a-b) (a-r)r
Simplify[Series[Normal [term2b], {qC, O, 1}], Flatten[{assumeGloball}]]

Conpl exI nfinityqC+0[qC]? a=r

(a-b) (a-r) a (a-b-r) (2a-b-r)qC 2
br (a-b) (a-r)r +O[qC} True

These are rough approximations for gg corresponding to the critical values my;; , and my; 5, respectively, valid if all evolutionary forces

are small and if g is close to zero. Recall that a < r is the condition that must hold for the equilibrium Egto be biologically valid when
M = M5 and gc = 0. Thiswould imply that

-b - -b- 2a-b- C
(a-b) (a r)+a(a ry(2a rq . 0[qC)2
br (a-b) (a-r)r

isof interest. It is supposed to denote afirst order approximation to gg around ¢ = O.

Exponent[charPolEB1Red /. {1 » 1}, r]
1
rCrit =
FullSimplify[Solve[ (charPolEB1Red /. A - 1) == 0, r]];
rCrit

{{ro-(a%@-(-2+mm+ (-1+b) (1+b)n?
(m+b (-1+2qC) +\/<(b+ (-1l+a)m?-4bm(-1+a+bm qC+4b2m’-qC2)) +

a’ (-2+/((b+(-1+a)m?-4bm(-1+a+bm qC+4b?nf qC) +

m(-4+ (-4+mm+b (-3+ (-3+mm) (-1+2qC) -/ ((b+ (-1+a) m?-
4bm(-1+a+bm qC+4b?nfqC®))) +am(b® (-1+m(l+m (1-2qC)?) +
3 ((b+(-1+a)m?-4bm(-1+a+bm qC+4b?nfqC?) +
m(3+2m++/((b+ (-1+a) m?-4bm(-1+a+bm qC+4b’nfqC?)) +
b (-1+2qC) (l+\/<(b+ (-1l+a)m?2-4bm(-1+a+bm qC+4b2n'?qCZ) +
m(2+3m++/((b+ (-1+a) m?-4bm(-1+a+bm qC+4b*n?qC)))))/
(2(-1+m (-(-1+b*)nf+a® (1+2m -2am(l+m-bm+2bmgC)))}}

Sqrt[R] —\/(b+ (-1l+a) m)2-4bm(-1+a+bm)gC+4b>m?qC? // FullSimplify
0
rCritSimpl := —(a3 (2-(-2+m)m) + (-1+b) (L+b) m? (m+b (-1+2qC) +«/ﬁ) +
a2 (—2ﬁ+m(—4+ (-4+mym+b (-3+ (-3+m) m) (-1+2qC) -«/ﬁ)) +
am(b2 (-1+m (1+m) (1-2qC)%) +3VRR +m (3+2m+«/ﬁ) +
b (-1+2qC) (1+«/ﬁ+m(2+3m+«/ﬁ))))/

(2(-1+m) (-(-1+b*)m?+a® (1+2m) -2am (L+m-bm+2bmqC)))



2LocContlsland_Determ_Discr.nb |53

Collect[rCritSimpl, {a, b, m}]

(7a3 (2-(-2+m m - a2 (m(74+ (-4+mm+b (-3+ (-3+mm) (-1+2qC) f\/RR)fz\/RR)f
(-1+b) (1+b)n? (m+b (-1+2qC) +\/RR) 7am(b2 (-1+m@+m (1-29C)2?) +

3+2m+w/RR) b (-1+2qC) (1+m(2+3m+x/RR) +x/RR) +3x/RR))/
(2 (-1+m ((1-b*)nf+a® (1+2m -2am(l+m-bm+2bmqC)))

m

rCritSimpll := (a3 (2+(2-mym) - (1-b) (1+b)m? (m_b (1-2qC) +\/RR)
-a? (ZVRR +m (4+ (4-mym-b (3+ (3-m) m) (1L-2qC) +«/RR))

_am(b2 (L-m(1+m) (1-2qC)2) -3VRR -
m(3+2m+«/ﬁ)+b(1-2q0) (1+«/ﬁ+m(2+3m+«/ﬁ)))

)/ (2(1-m ((1-b?)m*+a? (L+2m) -2am (L+m-bm+2bmqC)))
rCritSimpl - rCritSimpll // Simplify
0

We define the following function of mthat will be useful below:

f*(m):(a3((2—m)m+2)—az(m(—b((s—m)m+3)(1—2qc)+(4—m)m+\/E+4)+2\/E)—
am(bz(l—m(m+ 1)(1—2qc)2)+b(1—2qc)(m(3m+\/E+2)+\/E+1)—m(2m+\/3+3)—3\/3)—
(1—b)(b+1)mz(—b(1—2qc)+m+\/E))/

(2a-m(a?@m+1) - 2am@bmge — bm+ m+ 1) + (1 - b?) n?)),

©)

where Ris as defined abovein eqg. (1).
am (b2 (-1+m (L+m) (1-2qC)?) +3VRR +
m (3+2m+«/ﬁ) +b (-1+2qC) (1+«/ﬁ+m (2+3m+«/ﬁ)))
am(b2 (-1+m@+m (1-2qC)2?) +
3+2m+ﬁ) +b (-1+2qC) (1+m(2+3m+ﬁ) +ﬁ) +3ﬁ)

Solve[r =0 /. rCrit, m]

m

$Abort ed

" reritFuncia_, b, m_, qC_] :=

Chop[-(a® (2- (-2+m)ym) + (-1+b) (L+b) m* (m+b (-1+2qC) +
v ((b+ (-1+a)m?-4bm (-1+a+bm) qC+4b>m*>qC?)) +
a® (-24/((b+ (-1+a)m)?-4bm (-1+a+bm) qC+4b?m?qC?) +
m(-4+ (-4+m)ym+b (-3+ (-3+m)ym) (-1+2qC) -
v ((b+ (-1+a)m?-4bm (-1+a+bm) qC+4b’m*qC?))) +
am (b? (=1+m (1+m) (1-20C)?) +3+/((b+ (-1+a)m?>-4bm(-1+a+bm) qC+4b?
m?qC?) +m (3+2m++/((b+ (-1+a)my?-4bm (-1+a+bm) qC+4b’>m?qC?)) +
b(-1+2qC) (1++/((b+ (-1+a)m)?-4bm (-1+a+bm) qC+4b*m?qC?) +
m(2+3m++/((b+ (-1+a)m?-4bm(-1+a+bm) qC+4b*m?qC?)))))/
(2(-1+m) (-(-1+b*)m?+a® (1+2m) -2am (1+m-bm+2bmqC)))]
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" reritFunclgnoringPolefa_, b, m_, qC_, rMax_] :=

Module[{rCrit, mCritSol, mm}, rCrit = Chop[- (a® (2- (-2 +mm) mm) + (-1 +b) (1+b) mm?
(Mm+b (-1+20C) ++/ ((b+ (-1+a) mm)?-4bmm (-1 +a+bmm) qC+4b?mm?qC?)) +
a? (-2+4/((b+ (-1+a) mm)®-4bmm (-1+a+bmm) qC+4 b?mm? qC?) +
mm (-4 + (-4+mm) mm+b (-3+ (-3 +mm) mm) (-1+2qC) -
v ((b+ (-1+a) mm)?-4bmm (-1+a+bmm) qC+4b*mm*qC?))) +
amm (b? (-1+mm (L+mm) (1-2qC)?) +3+/((b+ (-1+a)mm)?-4b
mm (-1 +a+bmm) qC + 4 b? mm? qC?) +
mm (3+2mm++/((b+ (-1+a)mm)?-4bmm (-1+a+bmm) qC+4b?mm*qC?)) +
b(-1+2qC) (1++/((b+ (-1+a) mm)?-4bmm (-1+a+bmm) qC+4b?mm? qC?) +mm
(2+3mm++/ ((b+ (-1+a) nmm)?-4bmm (-1+a+bmm) qC+4b*mm*qc?))))) /
(2(-1+mm) (- (-1+b%) mm*+a® (1+2mm) -2amm (L+mm-bmm+2bmmqC)))];

mCritSol = NSolve[rCrit == rMax, mm] ;
Return[If[m <mm /. mCritSol[1], 0.5, rCrit /. {mm - m}]]

]

Manipulate[
Plot[rCritFunc[mya, myb, m, mygC], {m, O, 1}, PlotRange -» {Automatic, {-0.5, 0.5}},
(xEpilog-{Line[{{mya,0},{mya,1}}]},*)PlotStyle » Blue, Frame -» True,
LabelStyle » {Directive[FontSize -» 16], FontFamily - "Helvetica"},
FrameLabel » {"Migration rate m", "Candidates for the critical r"}],
{{mya, 0.2}, 0, 1}, {{myb, 0.4}, 0, 1}, {{myqC, 0.1}, 0, 1}]
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Manipulate[Plot[rCritFunclgnoringPole[mya, myb, m, myqC, 0.5],
{m, 0, 1}, PlotRange -» {Automatic, {-0.5, 0.5}},
(xEpilog-{Line[{{mya,0},{mya,1}}]1},*)PlotStyle -» Blue, Frame - True,
LabelStyle » {Directive[FontSize -» 16], FontFamily - "Helvetica"},
FrameLabel - {"'Migration rate m", "Candidates for the critical r"}],
{{mya, 0.2}, O, 1}, {{myb, 0.4}, O, 1}, {{myqC, 0.1}, 0, 1}]
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We conjecture that the marginal one-locus migration-selection equilibrium Eg is unstable and A; can invade whenever r < r*, where r*
isacritical migration rate defined as

*:{0.5 ms<m: @

F'(m) else
where m.- is the migration rate at which the function f*(m) has a pole. In practice, my- is not easily determined, though.
Approximating the critical value of r, F*, around g. = 0 in a Taylor series:

FullSimplify[Series[r /. rCrit, {qC, 0, 1}], Assumptions » Flatten[{assumeGloball}]]

_ b (-1+a+b) m(2 a+b-2 mb n?) qC
ab-m ( g +0[gC] 2 b+am<m
{ 1-m (-1+m) (b+(-1+a) m) (a+(-1+b) m)
_ (-1+a-b) bm(1+m) (b (1+b) m:2 a2 (1+m)-a (b+2 (1+b) m)) qC
a(a-h) (1.m : i) 1 - 2@ M 56c12 True
a+2am- (1+b) m (b+(-1+a) m) (a+2am- (1+b) m)2

In[125]:=

rCritFuncSmallgC[a_, b _, m_, qC_] := If[b+am <m,

a+b-m b(-l+a+b)m(2a+b-2m+bm2)qC a(a-b) (1+m)
Chop[ + ],Chop[ +
1-m (-1+m) (b+ (-1+a)m) (a+ (-1+b) m a+2am-(l+b)m

((-1+a-bybm(1+m) (b (1+b)ym+2a® (1+m) -a (b+2 (1+b)m)qC)/
((b+ (-1+a)m) (a+2am- (1+b) m)z)]]

The condition b + am < mis equivalent to m> % = Myt 2. Whenever it is true, the marginal one-locus equilibrium Eg does not exist

in the case of a monomorphic continent. This means no B, allele is present on the island. However, this cannot occur in the case of a
polymorphic continent. Therefore, both approximations above might be of interest.
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Manipulate[Plot[{rCritFunc[mya, myb, m, mygC], rCritFuncSmallqC[mya, myb, m, myqC]l},

e O e

PlotRange » {Automatic, {0, 0.5}}, PlotStyle » {Blue, {Red, Thick, Dashed}},
Frame -» True, LabelStyle » {Directive[FontSize » 16], FontFamily -» ""Helvetica"},

myb myb

{m, 0, 1}, Epilog » {Black, Dashed, Line[{{

FrameLabel - {"Migration rate m", "Candidates for the critical r"}] ,

{{mya, 0.2}, 0, 1}, {{myb, 0.4}, 0, 1}, {{myqC, 0.1}, 0, 0.5} ]
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Figure: The red dased line is the approximation to the blue line, valid for small g.. For very small g, the approximation has an inconsistency at m=mg;, = P the
-a

critical migration rate above which Eg leaves the state space in the case of a monomorphic continent (q. =0). This makes the approxmation not very useful, as the
crucial feature of the dynamics with g, > 0 is the fact that Eg does not leave the state space, independently of m.

Approximating the critical value of r, F*, around . = 1 in a Taylor series:
FullSimplify[Series[r /. rCrit, {qC, 1, 1}], Assumptions -» Flatten[{assumeGloball}]]
~a+b+m (-l+a-b)bm(2a-2m-b (1+n?)) (qC-1)

{ ) +O[qC—1]2}
-1+m (-1+m (b+m-am) (-a+m+bm)

izl rCritFuncLargeqCla_, b_, m_, qC_] :=

~a+b+m (-l1+a-b)ybm(2a-2m-b (1+m?)) (qC-1)
+

Chop[ ]

-1+m (-1+m) (b+m-am) (-a+m+bm)
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Manipulate[Plot[{rCritFunc[mya, myb, m, mygC], rCritFuncLargeqC[mya, myb, m, myqC]},
{m, 0, 1}, PlotRange -» {Automatic, {0, 0.5}}, PlotStyle » {Blue, {Red, Thick, Dashed}},
Frame -» True, LabelStyle » {Directive[FontSize » 16], FontFamily -» ""Helvetica"},
FrameLabel - {"'"Migration rate m", "Candidates for the critical r"}],

{{mya, 0.2}, O, 1}, {{myb, 0.4}, O, 1}, {{myqC, 0.1}, 0, 0.5}]
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Figure: The red dased line is the approximation to the blue line, valid for large q. compared to a, b and m. The approximation is rather sensitive to violations of the
assumption.

Finding a critical value of qc:
Exponent[charPolEB1Red /. {Ax - 1}, C]
2
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qCCrit = FullSimplify[Solve[ (charPolEB1Red /. A » 1) == 0, C]]

{{qce (—2 a® (1+m +

(-1+b?) m(b+bm72r 7Jb2 (L+m?+4ar+4m(-l+a+m(-1+r))r | -2a

[—bz (A+m +r —bm@+m (-1+2r) +\/b2 (1+m?+4ar +4m(-l+a+m(-1+r))r -

r\/b2 (+m?+4ar +4m(-1l+a+m(-1+r))r +

mr \/b2 (I+m?+4ar+4dm(-1l+a+m(-1+r))r +

m (-1+ (3-2r)r)+m(-1+2r (1+r)))+a2 (—2+6r+

m[meb (L+m +6r -2mr +\/b2 (I1+m?+4ar +4m(-L+a+m(-1+r))r ])]/

(2bm(1+m (—1+b2—a(2+a—4r>))}, {qce

{—Za3 (L+m + (-1+b?) m(b+bm—2r +Jb2 (A+m?+4ar +4m(-1+a+m(-1+r))r ]+

2a(m+b2 (L+m -r +bm(l+m (-1+2r) +

Jbz (1+m?+4ar +4m(-1l+a+m(-1+r))r -

rvb2 A+m?+4ar +4m(-l+a+m(-1+r))r +

mr \/b2 (I+m2+4ar+4dm(-1l+a+m(-1+r))r +

m(-2r (L+r) +m(-1+r) (71+2r)))7a2 [276r+

m[b72m+bmf6r +2mr +\/b2 (1+m?+4ar +4m(-l+a+m(-1+r))r )]]/

(2bm(1+m (—1+b2—a(2+a—4r>))}}
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In[127]:=

gCCritFuncfa_, b , m_, r ] := Chop[{[-z a® (1+m) +

(-1+b%)m [b+bm—2r—'\/b2 (L+my?2+dar+4m(-1+a+m(-1+r))r |-2a

(—bz (L+m)y+r-bm(L+m) (-1+2r) +\/b2 (L+my2+dar+4m(-1+a+m(-1+r)) r -

r\/b2 (L+m2+dar+4m(-1+a+m(-1+r)) r +

mr\/b2 (L+my2+4ar+4m(-1+a+m(-1+r)) r +

m?2 (-1+(3-2r) r)+m(—1+2r(1+r))]+a2 (—2+6r+

m (2m—b(1+m) +6r—2mr+\/b2 (L+m2+4ar+4m(-1+a+m(-1+r)) r))]/

(2bm (1+m) (-1+b”*-a (2+a-4rn))), (—Za3 (L+m) +

(-1+06%) m [b+bm—2r+\/b2 (L+my2+dar+4m(-1+a+m(-1+r)) r]+

2a(m+b2 (L+m) —r+bm(L+m) (-1+2r) +

\/b2 (1+m?+dar+4m(-1+a+m(-1+r)) r -

r\/b2 (L+m?+dar+4m (-1+a+m(-1+r)) r +

mr‘\/b2 (1+m)2+4ar+4m (-l+a+m(-1+r)) r +

m(-2r (L+r)+m(-1+r) (—1+2r)))—a2 (2—6r+

m (b—2m+bm—6r+2mr+\/b2 (L+m2+dar+4dm (-1+a+m (-1+r)) r]))/

(2bm (1 +m) (—1+b2—a(2+a—4r)))}]
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Manipulate[Plot[gCCritFunc[mya, myb, m, myr], {m, O, 0.5},
PlotRange -» {Automatic, {-0.1, 1}}, PlotStyle -» {Blue}, Frame - True,
LabelStyle » {Directive[FontSize -» 16], FontFamily - "Helvetica"},
FrameLabel - {"'Migration rate m", "Candidates for the critical q."}],
{{mya, 0.2}, O, 1}, {{myb, 0.4}, O, 1}, {{myr, 0.1}, O, 0.5}]
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Approximating the critical value of g; around r = 0 in a Taylor series:

Fullsimplify[Series[qC /. qCCrit, {r, O, 1}], Assumptions » Flatten[{assumeGloball}]]

a(a+b-m (-a+m+bm) (2a+b+ab+b2—(1+b+a(a+b))m}r
{ - +0[r 12,
b((l+a+b)m b2 (1+a+b)2m(1+m
(-a+b) (a+ (-1+bym (@+ (-1+b)m (b+m+a?m-b (b+m +a (-2+b-bm)r
. +O[r]2}
b(-1-a+b)m (1+a-b)2b?m(1+m

" gecritFunclowrfa_, b_, m_, r_] :=

a(a+b-m (-a+m+bm) (Za+b+ab+b2— (1+b+a(a+b))m) r

Chop - c
[{b(l+a+b)m b2 (L+a+b)2m (1+m)

(-a+b) (a+ (-1+b)m)

+

b(-1-a+b)m
((@+ (-1+b)ym) (b+m+a’?m-b (b+m) +a(-2+b-bm))r)/((1+a-b)?b’*m (1+m))}]
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Manipulate[Plot[{qCCritFunc[mya, myb, m, myr], qCCritFuncLowr[mya, myb, m, myr]},
{m, 0, 0.5}, PlotRange -» {Automatic, {0, 1}}, PlotStyle » {Blue, {Red, Thick, Dashed}},
Frame -» True, LabelStyle » {Directive[FontSize » 16], FontFamily -» ""Helvetica"},
FrameLabel - {"'Migration rate m", "Candidates for the critical q."}],
{{mya, 0.2}, 0, 1}, {{myb, 0.4}, 0, 1}, {{myr, 0.1}, 0, 0.5}]
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Figure: This approximation for low recombination rates (red dashed) seems very good, even for moderately large values of r. We note that there may be up to two
critical values of g, in the valid state space (between 0 and 1) at the same time.

Approximating the critical value of gc around r = 0.5in a Taylor series:

FullSimplify[Series[qC /. qCCrit, {r, 1/2, 1}], Assumptions -» Flatten[{assumeGloball}]]

{(72a3 (L+m + (-1+b?) m[fl+b+bme2a(1+m) +b2 (L+m?2-m@2+m ]7

(1+m (1 2b%+ \/Za (1+m +b?2 1+m?2-m(2+m

+

(1+m(3+m b (1+m) \/Za (1+m +b?2 (1+m2-m@2+m )]]/
(2b(-1-a%+b*)m(1+m) +

[7a5m(1+m) - (71+b2)2m(7m+J2a(1+m) +b2 (1+m?2-m@2+m jf

S (1+m) (74—m(3+m>+b2 (1+n?) +\/2a(l+m) +b2 (1+m?2-m@2+m +

m\/Za(1+m) +b2 (L+m?2-m@2+m ]+a(—1+b2) (1+m) [bz (1+m+n’?) -

+

\/2a(1+m) +b2 (1+m2-m2+m -m

m+\/2a(1+m)+b2 (L+m?2-m(2+m )

4 [7l+\/2a(1+m)+b2 (1+m2-m@2+m +

m(—2+\/2a(1+m) +b% (1+m?2-m(2+m +m\/2a(l+m) +b%2 (1+m?2-m(2+m )] -

2 [1+\/2a(1+m) +b2@+m2-m@2+m +

m(m[5+2m7\/2a(1+m) +b2 (L+m?2-m(2+m )+
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2

3+\/2a(1+m) +b%2 (1+m2-m2+m ]] +

b? [73+\/2a(l+m) +b2 (1+m?2-m@2+m +
1
m(—8+m(—5—2m+\/2a(1+m) +b2 (1+m?2-m@2+m ])])] [r —fJ]/

(b (1+a27b2)2m(1+m) \/Za(1+m) +0%2 (1+m?2-m(2+m) )+

olr 51"

[—2&3 (L+m +a (l+m) (—1+2b2+\/2a(1+m) +b2 1+m2-m2+m j+

+

(—1+b2) m[fl+b+bm+\/2a(l+m) +b?2 (1+m2-m2+m

a? (17m(73+b7m+bm+J2a(1+m) +b2 (1+m?2-m@2+m ]])/
(2b (-1-a%+b*)m(1+m) +

[asm(1+m) - (—1+b2)2m[m+\/2a(1+m) +b?2 (1+m?2-m@2+m )_

a(—1+b2) (L+m) (bz (1+m+rr?) +\/2a(1+m) +b2 (l+m?2-m@2+m +

m(—m+\/2a(1+m) +b2 @+m2-m@2+m j) ~a® (1+m (4—b2 (1+nf) +

\/Za(l+m>+b2 (1+m2-m2+m +m[3+m+\/2a(l+m) +b2 (L+m?2-m(2+m )] +

at [1+\/2a(1+m) +b2 @+m?2-m@2+m +m[2+\/2a(1+m) +b2 @d+m?2-m@2+m +

my2a (1+m +b? (1+m? -m2+m ]] -a?

(7l+\/2a(1+m) +b2 (L+m?2-m(2+m 7m[672\/2a(1+m) +b2 (1+m?2-m@2+m +

m(5+2m+J2a(1+m) +b2 (L+m?2-m@2+m ]] +

b2 [3+\/2a(1+m) +b2@+m2-m@2+m +
1
m(8+m(5+2m+\/2a(1+m) +b2 (L+m?2-m(2+m ]])]) [r 77]J/

(b (1+a2—b2)2m(1+m) \/Za(1+m) +b%2 (1+m?2-m(2+m )+

o 3/

Approximating the critical value of gc around r = oo in @ Taylor series (this means we assume selection and migration to be weak
compared to recombination):
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FullSimplify[Series[qC /. qCCrit, {r, o, 1}], Assumptions - Flatten[{assumeGloball}]]

(a+ (-1+b)m (a+2am- (1+b) m)

{ +
4abnt
;(aJr(—ler) m (a- (1+b)m) (7a2+(1+2(71+a)a7b2>m">+0[£r
16 a?bnfr r
(-1+mr 2 (-1+b)ynf-a(l+(-4+mm)
" _
b (1+m) 4 bnt
1 1-2
— (1+m) (—2(—1+b2)n?+a2 (—1+m+mz+n?)—2am(—1+m(2+m}))+o[f}}
16 (brrf‘)r r
(a+ (-1+b)ym) (a+2am- (1+b) m)
gqCCritFuncHighr[a_, b_, m_, r_] :={ +
4 abm?
1

————— (a+ (-1+b)m) (a- (L+b)ym) (-a®+ (1+2 (-1+a) a-b%) m?),
16a?bm*r
(-1+m)r 2 (-1+b)ym?-a (l+ (-4+m)m)

" -

b (1+m) 4 b m?
1
t—————— (L+m) (-2 (-1+b*)m*+a® (-L+m+m®>+m3) -2am (-1+m (2+m)))}
16 (bm*) r

Manipulate[Plot[{gCCritFunc[mya, myb, m, myr], qCCritFuncHighr[mya, myb, m, myr]},
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{m, 0, 0.5}, PlotRange -» {Automatic, {0, 1}}, PlotStyle » {Blue, {Red, Thick, Dashed}},

Frame -» True, LabelStyle » {Directive[FontSize » 16], FontFamily - ""Helvetica"},
FrameLabel - {"'"Migration rate m", "Candidates for the critical q."}],
{{mya, 0.2}, 0, 1}, {{myb, 0.4}, 0, 1}, {{myr, 0.1}, O, 0.5}]
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Migration rate m

Figure: This approximation for high recombination rates is not useful at all.

Finding a critical value of m:
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Exponent[charPolEB1Red /. {1 » 1}, r]
1

mCrit =
Simplify[Solve[ (charPolEB1Red /. A » 1) == 0, m], Assumptions -» Flatten[{assumeGloball}]]

$Abort ed

When isthefirst eigenvalue on the unit cycle?
FullSimplify[Solve[evalsEB1[1l] == 1, m], Assumptions -» Flatten[ {assumeGloball}]]

[{m- g

)

1-a+2(-1+a)qC+2+/((-1+a)?-b2) (-1+qC) qC
b

{m%_

o me-)

~1+a+2qC-2aqC+2+/((-1+a)2-b?) (-1+qC) qC
FullSimplify[Solve[evalsEB1[1] == -1, m], Assumptions -» Flatten[{assumeGloball}]]
$Abort ed

FullSimplify[Solve[evalsEB1[1] == 1, qC], Assumptions -» Flatten[{assumeGloball}]]

—1+a+bm—\/(—(—l+a)2+b2) (71+n'?)

H{ac- 2bm }
71+a+bm+\/(7(71+a)2+b2) (71+m’-)
{ac- - 3

FullSimplify[Solve[evalsEB1[1] == -1, qC], Assumptions -» Flatten[{assumeGloball}]]

{{qu—ﬁ (-3+\/—(<—1+a>2—b2) (-3+m) (-1+m3 +m- (-3+m) (a+bm>)},
(-3 +m m

{qu (3+J7((71+a>27b2) (-3+m) (-1+m3 —m+ (-3+m) (a+bm>)}}

2b (-3+m m
When isthe second eigenvalue on the unit cycle?

FullSimplify[Solve[ (evalsEB1[2] /- {qC -» 0}) =1, m],
Assumptions -» Flatten[{assumeGloball, R1 > 0}]]

$Abor t ed
FullSimplify[Solve[evalsEB1[2] == -1, m], Assumptions -» Flatten[{assumeGloball, R1 > 0}]]
$Abort ed
FullSimplify[Solve[evalsEB1[2] == 1, qC], Assumptions -» Flatten[{assumeGloball, R1 > 0}]1]
$Abort ed

FullSimplify[Solve[evalsEB1[2] == -1, QC],
Assumptions -» Flatten[ {assumeGloball, R1 > 0}]1]

$Abort ed

FullSimplify[Solve[evalsEB1[2] == 1, r], Assumptions -» Flatten[{assumeGloball, R1 > 0}1]
$Abort ed

FullSimplify[Solve[evalsEB1[2] == -1, r], Assumptions - Flatten[{assumeGloball, R1 > 0}]1]
$Abort ed

FullSimplify[Solve[ (charPolEBl1 /. {x > -1}) == 0, r],
Assumptions -» Flatten[{assumeGloball, R1 > 0}]]
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FullSimplify[Solve[ (charPolEBl /. {x » 1}) == 0, m],
Assumptions -» Flatten[{assumeGloball, R1 > 0}]]

$Abort ed

Solve[ (charPolEB1 /. {x > 1}) =0, m]
$Abort ed

R1

(b+ (-1+a)m?-4bm(-1+a+bm qC+4b?nf qC
R2

((71+m>2 (1+m) (bz (1+m +2bm(-1+2qC) r +

r (2\/(b+ (-1+a)ym?-4bm(-1+a+bm qC+4b?nfqC +r +m(72+2a+r))))/

(17a+bm(71+2qC) +\/(b+ (-1+a)m?2-4bm(-1+a+bm qC+4b?n? qC )2
Rl==-4b (-1+a+b)ym(1+m)qC+ (b+ (-1+a) m+2bmqC)? 7/ FullSimplify
True
R1
(b+ (-1+a) m2-4bm(-1+a+bm qC+4b?n?qC
Rl= ((b+ (-1+a)m) -2bmqC)? // FullSimplify
b(l-a+b) (-1+m mgC=0
Solve[b (1-a+b) (-1+m) mqC == 0, m]

{{m-0}, {m-1}}



66 | 2LocContlsland_Determ_Discr.nb

Factor[charPolEB1Red /. X » 1]
1

2(-1+a-b)2 (-1+a+h)?
2a’-4a%+2a*+4ab?-2a’b?’-2am+6am-6am+2a*m-bm-3abm+a’bm+3abm-

b?>m+4ab®m-3a?b?m+b®m-3ab®m+b*m+nf-2anf+2a?nf-2anf+a*nf+bnf-abnf-
a’bnf+albnf-b?>nf+4ab?nf-a?b?nf-b3nf-ab®nf+2bmgC+6abmqC-2a?bmqC-
6abmgC-2b®mgC+6ab3mqC-2bnfqC+2abnfqC+2a?bnfqC-2a%bnfqC-4b?nfqC-
8ab’nfqC-4a?b?nfqC+2b3nfgC+2ab®nfqC+4b*nfqC+4b2nfqC+8ab?nfqC +

4a2b2mzq02—4b4n?qC2—2a\/(b+ (-1+a)ym?2-4bm(-1l+a+bm qC+4b?n? qC +

2a3\/(b+ (-1+a)ym?-4bm(-1+a+bm qC+4b?n?f qC -

2ab2J b+ (-1+a)m?2-4bm(-1+a+bm qC+4b?>nf qC +

m\/ b+ (-1+a)m?-4bm(-1+a+bm qC+4b?nfqc -

am\/ b+ (-1+a)m?-4bm(-1+a+bm qC+4b?nfqC -

a mJ b+ (-1+a)m?-4bm(-1+a+bm qC+4b?n?f qC +

am\/ b+ (-1+a)m?-4bm(-1+a+bm qC+4b?nfqC +

bm\/ b+ (-1+a)m?-4bm(-1+a+bm qC+4b?n?qC +

2abm\/(b+ (-1+a)m?-4bm(-1+a+bm qC+4b?nf qC +

azbm\/ b+ (-1+a)m?-4bm(-1+a+bm qC+4b?nf qC -

m\/ b+ (-1+a)m?-4bm(-1+a+bm qC+4b?nfqC -

m\/ b+ (-1+a)m?-4bm(-1+a+bm qC+4b?nf qC -

mJ b+ (-1+a)m?-4bm(-1+a+bm qC+4b?nfqC -

2bqu\/(b+ (-1+a)ym?-4bm(-1+a+bm qC+4b?nf qC -

4abquJ(b+ (-1+a)ym?2-4bm(-1+a+bm qC+4b?n? qC -

2a2bquJ(b+ (-1+a)ym?2-4bm(-1+a+bm qC+4b?nf qC +

2b3quJ(bJr (-1+a)m?2-4bm(-1+a+bm qC+4b?>nfqC -2ar +4a%r -2a°r -
2ab’r+2mr -6amr +6a’mr -2a®mr +8abmr -8a’bmr -2b?mr +2ab?mr -
2anfr +4a’nfr -2anfr-2bnfr +4abnfr -2a?bnfr -2ab?nfr +2b3nfr -
16abmqgCr +16a2bmqCr +4bnfqCr -8abnfqCr +4a’2bnfqCr +16ab?nf qCr -

4b3nfqCr -16ab?nf qCr +4a\/(b+(—1+a) m?2-4bm(-1+a+bm qC+4b?nfqC r -

4a2\/ b+ (-1+a)m?-4bm(-1+a+bm qC+4b?>n?qC r -

2m\/ b+ (-1+a)m?-4bm(-1+a+bm qC+4b?nfqC r +

4am\/(b+ (-1+a)m?-4bm(-1+a+bm qC+4b?>n?qC r -

2a2m\/(b+ (-1+a)ym?2-4bm(-1+a+bm qC+4b?nfqC r -

4abm\/(b+ (-1+a)m?-4bm(-1+a+bm qC+4b?>n?qC r +

2b2m\/(b+ (-1+aym?2-4bm(-1+a+bm qC+4b?n? qC r +

8abquJ(b+ (-1+a)m?2-4bm(-1+a+bm qC+4b?>n? qC r
Factor [charPolEB1]

(72+2a+2m74am+2a2m+5bm74abm+a2bm+3b2mfab2m+nf-+3arr?—5a2rr?+a3nf'—

11bnf+14abnf-3a?bnf-8b%nf+4ab?nf-2b8nf+2nm-6anf+6am-2a°n +
6bn’-16abnm+6a’bm+8b%n? -8ab’nm +4b3m -4nf+8anf-6anf+2asnf+
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8abnf-8a’bnf-4b2nf+8ab?nf-2b3nf-2anm+4a?m-2a8m+bnP-4abn?+
5a’bn?+b?m-3ab?nm+nf-anf-a?nf+a®nf-bnf+2abnf-a2bnf-10bmqgC+
8abmgC-2a?bmqC+22bnfqC-28abnfqC+6a’bnfqC+16b%n?fqC-8ab?n?qC+
4b°nfqC-12bnmqC+32abnfqC-12a2bnf qC-44b%2n’ qC+28ab?nf qC-12b%n? qC-
16abnfqC+16a?bnfqC+36b%2nfqC-36ab?nfqC+16b3nfqC-2bn?qC+8abn? qC-
10a°bnP qC-4b?nmP qC+20ab?nPqC-12b°mP qC+2bnfqC-4abnfqC+2a?bnf qC-
4b°nfqC-4ab?nfqC+4b3nfqC-16b2nf qC?+8ab?nf qC +44b%nf qC -28ab?n’ qC +
12b3 P qC? -36 b2 nf qC +36 ab? nf qC? - 36 b3 nf qC? + 4 b2 P qC? - 20 a b? n? qC° +

3603 qC +4b2nfqC +4ab?nfqC-12b3nf qC -8b3n? qC® + 24 b3 nf qC° -

2403 qC +8b3nPqC® -2~/ 4b (-1+a+b)m(L+m qC+ (b+ (-1+a) ms2bmqC)2 +

Za\/74b (-1+a+b)m@+m qC+ (b+ (-1+a) m+2bmqgC)? +

5m\/—4b (-l+a+b)ym((1+m qC+ (b+ (-1+a) m+«2bmqgC)? -

4am\/74b (-1+a+b)ym(1+m gC+ (b+ (-1+a) m+2bmgC)? +

azm\/—4b (-1+a+b)m(l+m gC+ (b+ (-1+a) m+2bmqgC)? +

3bm\/74b (-1+a+b)ym(1+m gqC+ (b+ (-1+a) m+2bmqgC)? -

abm\/—4b (-1+a+b)ym(l+m qC+ (b+ (-1+a) m+2bmqC)? -

2”?%—4b (-1+a+b)ym(1+m qC+ (b+ (-1+a) m+2bmqgC)? +

4arr?\/—4b (-1+a+b)m(l+m gqC+ (b+ (-1+a) m+2bmqgC)? -

2a2m’-J74b (-1+a+b)ym(1+m qC+ (b+ (-1+a) m+2bmqgC)? -

8bI’T12\/—4b (-1+a+b)m(l+m gqC+ (b+ (-1+a) m+2bmqgC)? +

d4abn?~/-4b (-1+a+b)m(L+mqC+ (b+ (-1+a)ms2bmqC)2 -

2b2nf~/ 4b (-1+a+bym(1+mqC+ (b+ (-1+a) mi2bmqC)? -

2n13\/—4b (-1+a+b)ym(1+m qC+ (b+ (-1+a) m+2bmqgC)? -

4am?\/74b (-1+a+b)m(l+m gqC+ (b+ (-1+a) m+2bmqgC)? +

2a2n?\/—4b (-1+a+b)ym(1+m qC+ (b+ (-1+a) m+2bmqgC)? +

6bm?\/74b (-1+a+b)m(l+m gqC+ (b+ (-1+a) m+2bmqgC)? -

6abm°’\/—4b (-1+a+b)ym(1+m qC+ (b+ (-1+a) m+2bmqgC)? +

4b2r‘r?\/—4b (-1+a+b)m(l+m qC+ (b+ (-1+a) m+2bmqgC)? +

2arrf‘\/—4b (-1+a+b)ym(1+m qC+ (b+ (-1+a) m+2bmqgC)? -

ZaanJ74b (-1+a+b)m(1+m qC+ (b+ (-1+a) m+2bmqgC)? +

4abrrf‘\/—4b (-l+a+b)ym(1+m qC+ (b+ (-1+a) m+«2bmqgC)? -

2b2n‘f1\/—4b (-1+a+b)m(1+m qC+ (b+ (-1+a) m+2bmqgC)? +

nf’\/—4b (-1+a+b)m(l+m gC+ (b+ (-1+a) m+2bmqgC)? +

azmr’J74b (-1+a+b)m(1+m qC+ (b+ (-1+a) m+2bmqgC)? -

bms\/—4b (-1+a+b)m(l+m gC+ (b+ (-1+a) m+2bmqgC)? -

abrr?\/74b (-1+a+b)ym(1+m qC+ (b+ (-1+a) m+2bmqgC)? -

6bqu\/—4b (-1+a+b)m(l+m gC+ (b+ (-1+a) m+2bmqgC)? +

2abquJ74b (-1+a+b)ym(1+m qC+ (b+ (-1+a) m+2bmqgC)? +

16bn?qC+/-4b (-1+a+b)m(1+m qC+ (b+ (-1+a) m:2bmqC)? -

8abm2qCJ74b (-1+a+b)ym(1+m qC+ (b+ (-1+a) m+2bmqgC)? +
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4b2rrFqCJ74b (-1+a+b)m@™+m qC+ (b+ (-1+a) m+2bmqgC)? -

12bn?qC+/ 4b (-1+a+b)ym(1+m qC+ (b+ (-1+a) m:2bmqC)? -

12abn?qC\/—4b (-1+a+b)m(@™+m gC+ (b+ (-1+a) m+2bmqgC)? -

12b2n? qC~/ - 4b (‘1+a+b)m(1+m qC+ (b+ (-1+a) m+2bmqC)2 -

8abrﬁ‘qCJ74b (-1+a+b)ym(1+m qC+ (b+ (-1+a) m+2bmqgC)? +

12b2nf qC~/ - 4b (‘1+a+b)m(L+m qC+ (b+ (-1+a) ms2bmqC)2 +

2brr?qC\/74b (-1+a+b)ym(1+m qC+ (b+ (-1+a) m+2bmqgC)? +

2abm'5qC\/74b (-1+a+b)ym(l+m qC+ (b+ (-1+a) m+2bmqC)? -

4b2nf’qC\/—4b (-1+a+b)m@+m qC+ (b+ (-1+a) m:+2bmqgC)? -

4b2mqu2\/74b (-1l+a+b)m(L1+m qC+ (b+ (-1+a) m+2bmqgC)? +

12b2m"qcz\/—4b (-1+a+b)ym(1+m qC+ (b+ (-1+a) m+2bmqgC)? -

12b2rrf‘qC2\/74b (-1+a+b)m(l+m qC+ (b+ (-1+a) m+2bmqgC)? +

4b2nf’qcz\/—4b (-l+a+b)m@+m qC+ (b+ (-1+a) m+2bmgC)2 +2r -2ar -2mr +
4amr -2a?mr -4bmr +2abmr -2b2mr -2nfr +2a?nfr +8bnfr -8abnfr +4b%nfr +
4abnmr +2nfr-2anfr-8bnfr+8abnfr -4b?nfr+2nmr-4anfr +2a?nPr +4bnPr -
6abnPr +2b2nPr -2nfr +4anfr-2a?nfr +8bmqCr -4abmqgCr -16 bnf qCr ~+
16abnfqCr -8b?nfqCr -8abn?qCr +16b>n* qCr +16bnf qCr -16abnf qCr -
8bnPqCr +12abnP qCr -16b?n? qCr +8b?nP qCr +8b?nf qCr -16 b2 P qCr +

16 b% P qCr -8b%nf qCr +2\/—4b (-1+a+b)m(l+m gC+ (b+ (-1+a) m+2bmqC)? r -

2aJ74b (-1l+a+b)m@+m qC+ (b+ (-1+a) m+2bmqgC)? r -

4m\/—4b (-1+a+b)ym(l+m qC+ (b+ (-1+a) m+2bmqgC)? r +

2am\/—4b (-1+a+b)m(1+m gC+ (b+ (-1+a) m+2bmqC)? r -

2bm\/—4b (-1l+a+b)ym(l+m qC+ (b+ (-1+a) m+2bmqC)? r +

4bm2\/74b (-1l+a+b)m(1+m gC+ (b+ (-1+a) m+2bmqgC)? r +

4m’3\/74b (-1+a+b)m(l+m qC+ (b+ (-1+a) m+2bmqgC)? r -

2rrf‘\/74b (-1+a+b)ym(1+m gqC+ (b+ (-1+a) m+2bmqgC)? r +

2anf‘\/74b (-1+a+b)m(l+m qC+ (b+ (-1+a) m+2bmqgC)? r -

4brrf‘\/—4b (-1+a+b)m(1+m qC+ (b+ (-1+a) m+2bmqgC)? r -

2am5\/74b (-1+a+b)m(l+m gqC+ (b+ (-1+a) m+2bmqgC)? r +

2brr?\/—4b (-1l+a+b)ym(1+m gC+ (b+ (-1+a) m+2bmqgC)? r +

4bqu\/74b (-1+a+b)m(l+m gC+ (b+ (-1+a) m+2bmqgC)? r -

8bm’-qC\/—4b (-1+a+b)ym(1+m qC+ (b+ (-1+a) m+2bmqgC)? r +

8bnf‘qCJ74b (-1+a+b)ym(l+m gqC+ (b+ (-1+a) m+2bmqgC)? r -

AbnPqC~/-4b (-1+a+b)m@L+mqC+ (b+ (-1+a)m+2bmqC)? r +61-10ax+

422 x+4b?1-2ab?rx-4mr+10amr-8a?mi+2aima-23bmxr+28abmi-7a’2bmx-
12b°ma+6ab?mi-3bma+nfa-1lanfa+15a°nmax-5a°nmfA+35bnmfA-54abnfa+
19a°bnfa+23b°nmPA-19ab?nmfA+9b3nfa-11nmfr+29anmf x-25a2nPx+7a°nf x-
7bma+34abnma-23a?bnma-25b2m A+29ab?mA-9b3n A +5nf x-15anf x+
17a?nfa-7anfa+bnfax-18abnfax+17a?bnf x+9b2nf x-15ab?nf XA +3b3nf A+
3mMa-3ami-3a?mar+3anr-6bnmPa+10abnma-6a’bnma+b2mP x+ab?n? A+
46bmgCr-56abmgCir+14a?bmgCar+6b3mqCA-70bnfqCa+108abn?fqCax-
38a’bnfqCar-88b%2nfqCar+56ab?nfqCar-18b3nfqCa+14bnfqCar-68abn?qCxr+
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46a’bnP qCA+160b?nPqCr-128ab?nf qCA+42b3nfqCr-2bnfqCx+36abnfqCx-
34a%bnfqCr-56b%nfqCr+88ab?®nfqCr-54b3nfqCr+12bnPqCr-20abn?qCx+
12a°bnP qCA-16b%nP qCr-16ab?nP qCA+24 b3 nP qCx+88b%n? qC A -56ab?nf qC x-
160b% NP qC? A+ 128 ab? P qC A-72b3nf qC 1+ 56 b? nf qC? A -88ab?nf qC X+

14403 nf qCP A +16b° P qC A +16ab?> P qC A -72b3 P qC A + 48 b3 n? qC° A - 96 b® nf qC® A +

48b°nPqC® A +10+/ 4b (-1+a+b)m(1+mqC+ (b+ (-1+a)m+2bmqC)2 -

lOa\/74b (-1+a+b)m(1+m gC+ (b+ (-1+a) m+2bmqgC)? x+

2a2\/74b (-1+a+b)ym(l1+m qC+ (b+ (-1+a) m+2bmqgC)? x-

l3m\/—4b (-1+a+b)ym(1+m gqC+ (b+ (-1+a) m+2bmqgC)2 X+

18am\/74b (-1+a+b)m(l+m gqC+ (b+ (-1+a) m+2bmqgC)% x-

5a2m\/—4b (-1+a+b)ym(1+m gqC+ (b+ (-1+a) m+2bmqgC)2 x-

16bm\/74b (-1+a+b)m(l+m gC+ (b+ (-1+a) m+2bmqgC)% x+

8abm\/—4b (-1l+a+b)m(1+m gqC+ (b+ (-1+a) m+2bmqgC)?2 x-

3b2m¢74b (-1+a+b)m(l+m qC+ (b+ (-1+a) m+2bmqgC)? x-

n?\/—4b (-l+a+b)ym@d+m qC+ (b+ (-1+a) m«2bmgC)? X -

10an’?\/74b (-1l+a+b)m@+m qC+ (b+ (-1+a) m+2bmqgC)2 X+

7a2n12\/—4b (-1+a+b)m(l+m gqC+ (b+ (-1+a) m+2bmqgC)% x+

28bn’?J74b (-1l+a+b)m@+m qC+ (b+ (-1+a) m+2bmqgC)% x-

20abm?J—4b (-1+a+b)m(l+m gC+ (b+ (-1+a) m+2bmqgC)% x+

9b2sz74b (-1+a+b)m(l+m gC+ (b+ (-1+a) m+2bmqgC)2 x+

n?\/—4b (-1+a+b)m(l+m gqC+ (b+ (-1+a) m+2bmqgC)2 x+

6am’5\/74b (-1+a+b)m(l+m gqC+ (b+ (-1+a) m+2bmqgC)?2 x-

7a2n?\/—4b (-1+a+b)m(l+m gqC+ (b+ (-1+a) m+2bmqgC)% x-

8bﬁ?\/—4b (-1+a+b)m(1+m gC+ (b+ (-1+a) m+2bmqgC)2 x+

16abm’5\/74b (-1+a+b)m(l+m gC+ (b+ (-1+a) m+2bmqgC)% x-

9b2an74b (-1+a+b)ym(1+m gC+ (b+ (-1+a) m+2bmqgC)2 X+

3rrf‘\/—4b (-1+a+b)m(l+m qC+ (b+ (-1+a) m+2bmqgC)% x-

4arrf‘\/—4b (-1+a+b)m(1+m qC+ (b+ (-1+a) m+2bmqgC)2 x+

3a2nf‘\/74b (-1+a+b)m(l+m gqC+ (b+ (-1+a) m+2bmqgC)% x-

4brrf‘\/—4b (-1+a+b)m(1+m gC+ (b+ (-1+a) m+2bmqgC)2 x-

4abnf‘\/74b (-1+a+b)m(l+m qC+ (b+ (-1+a) m+2bmqgC)? x+

3b2nf'\/—4b (-1+a+b)ym(1+m gC+ (b+ (-1+a) m+2bmqgC)2 X+

32bqu\/74b (-1l+a+b)m(@L+m qC+ (b+ (-1+a) m+2bmqgC)% x-

16abqu\/—4b (-1l+a+b)m(@1+m qC+ (b+ (-1+a) m+2bmgC)? x-

56bmqu\/74b (-1+a+b)ym(@L+m gqC+ (b+ (-1+a) m+2bmqgC)% X+

40abn?qC\/—4b (-1+a+b)m(@™+m qC+ (b+ (-1+a) m+2bmqC)? x-

24b2m°-qC\/74b (-1+a+b)m(l+m qC+ (b+ (-1+a) m+2bmqgC)? x+

16bn?qC+/ 4b (-1+a+b)m(1+m qC+ (b+ (-1+a) m:2bmqC)2 i -

32abn?qc\/74b (-1l+a+b)ym@L+m qC+ (b+ (-1+a) m+2bmgC)% X+



70| 2LocContlsland_Determ_Discr.nb

48b2m°‘qC\/74b (-1+a+b)m(l+m qC+ (b+ (-1+a) m+2bmqgC)? x+

8bm“qCJ—4b (-1+a+b)m(l+m gC+ (b+ (-1+a) m+2bmqgC)% x+

8abrrf‘qCJ74b (-1+a+b)ym(l+m gC+ (b+ (-1+a) m+2bmqgC)2 x-

24b2nf qC~/-4b (-1+a+b)m(1+m qC+ (b+ (-1+a) m+2bmqC)? A+

24b2nf qC%+/-4b (-1+a+b)m(1+m qC+ (b+ (-1+a) m:+2bmqC)2 A -

48b2m'3q02\/74b (-1+a+b)m(l+m qC+ (b+ (-1+a) m+2bmqgC)2 x+

24b2rrf‘qcz\/74b (-1+a+b)ym(1+m gC+ (b+ (-1+a) m+2bmqgC)2 x-4r x+6ar A-
2a’r x-2b%rx+2mr x-4amr x+2a’mr A+12bmr x-10abmr x+4b%®mr x+
2mfra-2a?nfr a-12bnfr x+12abnfr x-2b?nfr x+2mrx-4amr a+2a’ntr x-
12bnPr x+8abnfra-2b?nfr a+2nfrx-6anfrx+4a?nfra+12bnfr a-

12abnfr x+4b?nfrx-4nr x+8anfr x-4anmr x+2abnmPrax-2b2nPr a-
24bmqgCr A+20abmqgCr x+24bnfqCr x-24abnfqCr x+240b2nf qCr X+24bn? qCr X -
16abnfqCr x-24b2mP qCr A-24bnfqCr A +24abnfqCr x-24b%nfqCr a-
4abnmPqCr A +24b2nmPqCr 1-24b2n?P qCr A+24b2 P qCr A +24b%nfqCr A -

24b2n?qczr}—6\/—4b (-1+a+b)ym(1+m qC+ (b+ (-1+a) m+2bmqgC)2 r A+

4a\/74b (-1+a+b)ym@+m qC+ (b+ (-1+a) m+2bmqgC)? r x+

6m\/—4b (-1l+a+b)ym(1+m qC+ (b+ (-1+a) m+2bmqgC)2 r x-

6am\/74b (-1+a+b)m(L+m qC+ (b+ (-1+a) m+2bmqgC)? r x+

6bm\/—4b (-1l+a+b)ym(1+m gC+ (b+ (-1+a) m+2bmqgC)2 r 1+

6n?J74b (-1+a+b)m(l+m gC+ (b+ (-1+a) m+2bmqgC)2 r x-

2am’-\/—4b (-1+a+b)ym(1+m gC+ (b+ (-1+a) m+2bmqgC)2 r x-

6brr?¢74b (-1+a+b)ym(l+m gC+ (b+ (-1+a) m+2bmqgC)2 r x-

Gn?\/—4b (-1l+a+b)ym@+m gC+ (b+ (-1+a) m+2bmqC)? r X+

6am?\/74b (-1+a+b)ym(1+m gC+ (b+ (-1+a) m+2bmqgC)% r x-

6brr?\/—4b (-1+a+b)m(l+m qC+ (b+ (-1+a) m+2bmqgC)% r x-

2anf‘J74b (-1+a+b)ym(1+m gC+ (b+ (-1+a) m+2bmqgC)2 r X+

6bm‘\/—4b (-1+a+b)m(l+m qC+ (b+ (-1+a) m+2bmqgC)2 r x-

12bqu\/74b (-1+a+b)m@+m qC+ (b+ (-1+a) m+2bmqC)? r x+

12bn12qC\/—4b (-1+a+b)m(™+m qC+ (b+ (-1+a)m+2bmqC)? r x+

12bn?qC\/—4b (-1+a+b)m(@™+m qC+ (b+ (-1+a) m+2bmqgC)? r x-

12bnf‘qc\/—4b (-1l+a+b)m(l+m qC+ (b+ (-1+a)m+2bmqC)? r x-
62%2+14a2?>-10a%22+2a%x?2-10b%x2+6ab??>+2mi2-6amx®>+6a’mi’ -
2a®ma2+36bmia2-56abmi?+20a’bmi?2+10b®>mi?-10ab?mx®+8b3mi? -
8nf a2 +24anfi?-24a’nt?+8anfA?-26bnfA°+52abnf2-26a%bnfi?-
28b%nf A2 +28ab?nf 22-10b%nf A2 +10nP X2 -30ant 22 +30a?nf A2-10a°nt A% -
16abm 2+16a°bnfa2+260b2nmP a2 -26ab?nmF 22 +4b3m 22 +2nf 22-2anf 2% -
2a?nfX?+2anfX?2-10bnf 22+20abnfx®-10a2bnfA2+2b%nf X2+2ab?nf 22 -
2b8nf A2 -72bmqCA? +112abmqgCi%-40a?bmgCi% - 16 b® mqCA? + 52 b n? qC A2 -
104abnfqCx?+52a%2bnf qCi%+160b%nf qCA% -128 ab?n? qCA% + 20 b® nf qC A2 +
32abnfqCi?-32a%2bn? qCa%-144b%n? qCA% + 144 ab? n? qC A% -56 b3 n? qC A% +
20bnfqCi?-40abnfqCa?+20a?bnfqCi?-16b%nf qCr%2-16ab?nfqCi?+

52 b® nf qC A% - 160 b? n? qC? A2 + 128 a b? n? qC? X2 + 144 b? n? qC? A2 - 144 a b? n? qC* A2 +
14463 mP qC A2+ 16 b2 nf qC? A2 + 16 ab? nf qC? 2% - 144 b3 nf qC 22 - 96 b3 P qC° 22 +

96 b3nf qC3 22 14/ -4b (-1+a+b)m(1+m qC+ (b+ (-1+a) m:2bmqC)2 -
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20a\/74b (-1+a+b)ym(@L+m gC+ (b+ (-1+a) m+2bmgC)2 1?-

6a2\/—4b (-1+a+b)ym(L+m qC+ (b+ (-1+a) m+2bmqgC)2 »?-

2b2\/—4b (-1+a+b)m(@L+m qC+ (b+ (-1+a) m+2bmqgC)2 1+

8m\/—4b (-1+a+b)m(l+m qC+ (b+ (-1+a) m+2bmqgC)2 A®-

16amJ74b (-1+a+b)ym(1+m qC+ (b+ (-1+a) m+2bmqgC)? A%+

8a2m\/74b (-1+a+b)m(l+m qC+ (b+ (-1+a) m+2bmqgC)2 A®+

28bmJ74b (-1+a+b)ym(1+m qC+ (b+ (-1+a) m+2bmqgC)? A% -

20abm\/74b (-1+a+b)m(l+m qC+ (b+ (-1+a) m+2bmqC)2 A®+

4b2m\/—4b (-1+a+b)ym(1+m qC+ (b+ (-1+a) m+2bmqgC)? A?+

2n'?\/—4b (-1+a+b)m(l+m qC+ (b+ (-1+a) m+2bmqC)2 A®+

4am’-\/—4b (-1+a+b)ym(1+m qC+ (b+ (-1+a) m+2bmqgC)? A?-

6a2mz\/74b (-1+a+b)m(l+m qC+ (b+ (-1+a) m+2bmqgC)2 A°-

24bn?~/-4b (-1+a+b)m(1+mqC+ (b+ (-1+a) m+2bmqC)? A2+

24absz74b (-1+a+b)ym(1+m qC+ (b+ (-1+a) m+2bmqC)? A°-

10b2n?~/ - 4b (-1+a+b)m(L+m qC+ (b+ (-1+a) ms2bmqC)2 22+

4m?J74b (-1+a+b)m(1+m qC+ (b+ (-1+a) m+2bmqgC)? A?-

8an?\/—4b (-1l+a+b)ym@+m qC+ (b+ (-1+a) m+2bmgC)2 »*+

4a2ng74b (-1+a+b)ym(1+m qC+ (b+ (-1+a) m+2bmqgC)? A?-

4brr?\/—4b (-1+a+b)m(l+m gqC+ (b+ (-1+a) m+2bmqgC)2 A®-

4abnr?\/74b (-1+a+b)ym(1+m qC+ (b+ (-1+a) m+2bmgC)2 1+

8b2n?\/—4b (-1+a+b)m(l+m gC+ (b+ (-1+a) m+2bmqgC)2 A°-

56bqu\/—4b (-1+a+b)m(@™L+m qC+ (b+ (-1+a) m+2bmqgC)2 1 +

40abquJ—4b (-l+a+b)ym@+m qC+ (b+ (-1+a) m+2bmqgC)2 22+

48bn?qc\/74b (-1+a+b)m@L+m qC+ (b+ (-1+a) m+2bmqgC)? 1?-

48abn12qc\/—4b (-1+a+b)ym(l+m qC+ (b+ (-1+a) m+2bmqgC)2 12+

48b2quC\/74b (-1+a+b)ym(1+m qC+ (b+ (-1+a) m+2bmgC)% 1+

8bnfqC~/-4b (-1+a+b)m(L+m qC+ (b+ (-1+a) ms2bmqC)2 22+

8abm°’qCJ—4b (-1+a+b)ym(1+m qC+ (b+ (-1+a) m+2bmqgC)? A% -

48b2n‘?qc\/74b (-1+a+b)ym(l+m qC+ (b+ (-1+a) m+2bmqgC)2 A?-

48b2n?qcz\/—4b (-1+a+b)ym(1+m qC+ (b+ (-1+a) m+2bmqgC)? A?+

48b2m3qC2\/74b (-1+a+b)m(l+m gC+ (b+ (-1+a) m+2bmqgC)2 X2 +2r A% -
dar ®+2a’r A%+2b%r 22-8bmr X>+8abmr 22+8bnfr x>2-8abnfr A?-
2nfr2+4anfra?-2a2nfrX2-2b2nfr A2+16bmqCr X2-16abmqCr A2 -
16b2nfqCr A2-16bnfqCr X2 +16abnf qCr X%+ 16 b2 nf qCr 22 +16 b2 nf qCr A% -

16b2rrf‘qC2r)a2+4J—4b (-1+a+b)m(l+m gqC+ (b+ (-1+a) m+2bmqgC)2 r A? -

4a\/—4b (-1l+a+b)ym@+m qC+ (b+ (-1+a) m+2bmqgC)2 r A® -

4bm\/—4b (-1+a+b)m(1+m gC+ (b+ (-1+a) m+2bmqgC)2 r X? -

4mz\/74b (-1+a+b)m(l+m qC+ (b+ (-1+a) m+2bmqgC)2 r A%+
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4am7-\/74b (-1+a+b)m(l+m gC+ (b+ (-1+a) m+2bmqgC)2 r A+

4bm?\/—4b (-1+a+b)ym(l+m qC+ (b+ (-1+a) m+2bmqgC)2 r A® +

8bquJ—4b (-1+a+b)m(l+m gC+ (b+ (-1+a) m+2bmqgC)2 r A? -

8bn?qCJ—4b (-1+a+b)m(l+m gC+ (b+ (-1+a)m+2bmgC)2 r 22+223-6ax+
6ax®-2a®%+6b2°%-6ab>x®-18bma®+36abma®-18a?2bma®-6b3mid+

6nt 8 -18anf A°+18a’nf x°-6a°nf A% +18b%nf A°-18ab?nf a8 -6bn? A%+
12abm®-6a’bnm 23-2b3m 23 +36bmgCA®-72abmqgCi®+36a%bmgCa®+
12b°mgCA®-96b?>nf qCa®+96ab?nfqCA®+12bnPqCa®-24abn? qCas+

12a°bnf qCA® +36b3nP qCA% +96 b2 nf qC A% -96ab2nf qC 2% -96 b3 qC* A% +

64b3n‘?q0313+6\/—4b (-1+a+b)m(l+m qC+ (b+ (-1+a) m+2bmqC)? A°-

12a\/—4b (-1l+a+b)ym@+m qC+ (b+ (-1+a) m+2bmqgC)? A%+

6a2\/74b (-1+a+b)m(@L+m qC+ (b+ (-1+a) m+2bmqgC)2 2%+

2b2\/—4b (-1l+a+b)m@+m qC+ (b+ (-1+a) m+2bmqgC)? X°-

16bmJ74b (-1+a+b)ym(1+m qC+ (b+ (-1+a) m+2bmqgC)2 A%+

16abm\/—4b (-1l+a+b)ym@d+m qC+ (b+ (-1+a) m«2bmqgC)? 13+

2n'?vf4b (-1+a+b)ym(1+m qC+ (b+ (-1+a) m+2bmqgC)? A°-

4amz\/—4b (-1+a+b)m(l+m gqC+ (b+ (-1+a) m+2bmqgC)2 A%+

2a2sz74b (-1+a+b)ym(1+m qC+ (b+ (-1+a) m+2bmqgC)% A%+

6b2n12\/—4b (-1+a+b)m(l+m gC+ (b+ (-1+a) m+2bmqgC)2 A%+

32bch\/74b (-1+a+b)m(@™L+m qC+ (b+ (-1+a) m+2bmqgC)2 23 -

32abquJ—4b (-1l+a+b)ym@+m qC+ (b+ (-1+a) m+2bmqC)2 23 -

32b2rr?qC\/74b (-1+a+b)ym(@L+m qC+ (b+ (-1+a) m+2bmgC)2 A%+

32b2m7-qC2\/—4b (-1+a+b)m(l+m gqC+ (b+ (-1+a) m+2bmqgC)? 13)/

3
[2 (lfafbm+2bqu+J74b (-1l+a+b)ym@+m gC+ (b+ (-1 +a) m+2bqu)2) )

-b
mGuessl :

m-

-1+a’
a(-a+b+r)

mGuess2 :=m »

(a-b) (a-ry+(1-a)r’
FullSimplify[ (charPolEB1 /. mGuess2) , Assumptions -» Flatten[{assumeGloball}]]

$Abor t ed
FullSimplify[ (charPolEB1 /. mGuessl), Assumptions -» Flatten[{assumeGloball}]]
$Abor t ed

We assess the characteristic polynomial for the specia case g, = 0.

Factor [FullSimplify[charPolEB1 /. ruleMonomorphContin, Assumptions - assumeGloball]]

1
(-1+a+b)3
((~1+b) (<1+m + (-1+a+b)A) ((<1+m) (-1+r)+ (-1+a+b) )

%(—1+a+2bm—m’-+am?+(—1+a—b) (-1+m) ) True
(-1+a-b)3 (-1+m)

(1+b+2am—bm+abm—b2m+a2m?—abm’-—r ~-br -2amr +nfr -
2anfr+bnfr+ (l-a+b) (-2+b (-1+m -2am+r +mr) A+ (l-a+b)2%)

((-1+a) (-1+m) + (-1+a+b) ) b+am<m
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1
Solve[[— ((-1+a) (-1+m) + (-1+a+b) Q)
(-1+a+b)s

((-1+b) (-2+m) + (-1+a+b) ) ((-1+m) (-1+r)+(-1+a+b)r) /. {A-)l]-] =0, m]

(o h fmo - (o )

We know these critical migration rates already. They occured in the stability analysis of the equilibrium Ec in the case of g = 0.

1
-l+a+2bm-m?+am’+ (-1+a-b) (-1+m) 1)

Solve[[
(-1+a-b)3 (-1+m)

(l+b+2am—bm+abm—b2m+a2m2—abm2—r—br—2amr+m2r—2am2r+bm2r+

(L-a+b) (-2+b (-1+m) -2am+r+mr) x+ (L-a+b)?a%) /. {141}] =0, m]

b -a2+ab+ar
71+a}' {m% az—ab+r—2ar+br}}

Again, we aready know these critical values (appart from the biologically non-relevant one m= —1). In particular, the fourth one is
equal to ‘mCrit5’:

{{me “1}, {m> -1}, {m» -

-a2+ab+ar
mCrits == // FullSimplify
a?-ab+r-2ar+br

True

Implementation of functions

Implementation of numerical iterations of (p, q, D) and plotting
functions

m Recursions

n130:= (* This works for t < ~2000 on a Mac mini with 4GB. «x)
recFuncSmallTimes: :usage =
"recFuncSmallTimes[a, b, y11, y12, ¥21, ¥22, m, r, qC, pO, DO, t] iterates the

invasion dynamics of allele frequencies and linkage disequilibrium over
t generations with given parameters and initial values of p0O and DO for
p and D. It is assumed that g starts at an initial value g0 equal to the
value attained at the marginel one-locus selection-migration equilibrium
if It exists or equal to zero otherwise. Returns the number of generations
simulated, the final values of p, q and D, and the full trajectories
of these. Importantly, this function should only be used for t < ~2000
generations because it uses dynamic programming that is fast but requires
a lot of memory. For larger t, use "recFuncLargTimes[]" instead. ";

recFuncSmallTimes[a_, b_, ¥11_, ¥12_, ¥21 ,¥22 ,m _,r_,qC_, pO_,DO_, t ] :=

Module[{pp, g, DDDD, 0},

Clear[pp, qq, DDDD] ;
b b-m+am

qo = |f[m< , ,o]-
l1-a b@d+m)

DDDD[O] := DO;
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pp[tt_] o=
PPItt] = - ((-1+m) (b (DD+p (-1+20)) +DD ((-1-2DD+2q) y11+¥12-qy12+DD (y12+2

¥21-%22)) +p? (a+ (-1+Q) (-¥12+Q (-2 ¥11 +y12 + 2421 - ¥22) +¥22)) -
P(-1+¥12+q (-2 (-1+q) y11+ (-2+q) ¥12) +2DD ((-1+2Qq) y11+
¥12-qy12+¥21-2q¥21+ (-1+q) ¥22)))) /
(1+a(—1+2p)+b(—1+2q)+2(—DD (-1+2p) (-¥y11+29gyll+y12-qyl2) +
DDp (-1+2q) ¥21 +DD? (-2 y11 + ¥12 + ¥21) +
P(-1+0) (-(-1+p) (2q¥1l+¥12-qy12) +pqy21)) - (DD+p (-1+0))*¥22) /.
{p->pp[tt-1],9g->qq[tt-1], DD - DDDD[tt-1]};

qq[tt_] :=
qq[tt] = (q-a(-l+m) (DD+ (-1+2p)q)+am(-1+2p)gC+DD (-1-2DD+2p) y11 +

q(bg+2 (DD-2DDp+p (-1+p+qg-pq)) yll) + (DD+p (-1+0q)) (DD+pq) ¥21 -
m (DD (-1-2DD+2p) y11 +DD (DD - p) ¥21 +
qC (-1+b+2DD (¥11-2pyll -¥12 + p (2 ¥12 + ¥21 - ¥22)) + DD?
(A¥11-2 (y12 +¥21) +¥22) +p (-2 (-1 +p) 712+p722)) +
q2 (b+p (2 (-1+p) (-1+29C) ¥y11+p¥21+qC (2¥12-2pyl2-2py2l+p¥22))) +
q(1-2bqgC+2DD ((-1+2p) (-1+29C) y11l+py21l+
qC (¥12-2pyl2-2p¥21+p¥22)) -p (2 (-1+p) (-1+2qC) y11l+

P¥21+0C (4¥12-4p¥12-2p¥21+2p¥22)))))/
(1+a(-1+2p)+b(-1+2q)+2(-DD (-1+2p) (-¥y11+2qyll+y1l2-qyl2) +
DDp (-1+2(q) ¥21 +DD? (-2 ¥11 + ¥12 + y21) +
P(-1+0) (-(-1+p) (2q¥11l+¥12-qy12) +pqy21)) - (DD+p (-1+0))%¥22) /.
{p->pp[tt-1],9g->qq[tt-1], DD - DDDD[tt-1]};

DDDD[tt_] :=
DDDD[tt] = ((1-m) ((DD (1+ap+bg-r-y11+(q+r) yll-p (-1+20q) (y11-y21)) +
DD? (-y11+%21) +pq (l+ap+bg-(-1+q) ((-1+p) 711—p721)))
(m-maC+ ((-1+m) (1+DD-p+a(-1+p) (DD+ (-1+p) (-1+Q)) +
b @D+ (-1+p) (-1+q)) (-1+q)-q+pq+DDpyll+DDqvyll-
pPqyll-2DDpqyll+p?gyll+pq?yll-p?g?¥ll+DDryll -
DD (r+y11+DD¥11) + (DD+ (-1+p) (-1+q)) (DD+p (-1+0)) ¥12)) /
(—1+a+b—2ap—2bq+2 (DD (-1+2p) (-¥11+29v¥ll+yl2-qyl2) +
DD? (2 ¥11-¥12-%21) +DDp (1-2q) ¥21+p (-1+Q)
((-1+p) (29¥11+¥12-q¥12) -pqy21)) + (DD+p (-1+0q))?¥22)) -
(MgC- ((-1+m) (DD y1l+ (-1+p) g (l+a(-1+p) +bg+p (-1+q) ¥11) +
DD (1+a (-1+p) +bg-r+ (-p-g+2pg+r) yll)))/
(—1+a+b—2ap—2bq+2 (DD (-1+2p) (-¥11+29v¥l1ll+y¥1l2-qyl2) +
DD? (2411 -y12-%21) +DDp (L-2q) ¥21+p (-1 +qQ)
((-1+p) (29¥11+¥12-q¥12) -pqy21)) + (DD +p (-1+q))? ¥22))
(-DDr (-1+vy11l) - DD+p (-1+q)) (L+ap+b (-1+q) -¥12+qg ((-1+p) y11l+
¥12 - p (¥12 + ¥21 - ¥22)) +p (¥1l2 - ¥22) + DD (711—712—721+722)))))/
(1+a(—1+2p) +b (-1+2q) +2(—DD (-1+2p) (-¥11+2qyll+y1l2-qyl2) +
DDp (-1+2q) ¥21 +DD? (-2 y11 +¥12 +¥21) +
P(-1+0) ((1-p) (20¥1l+¥12-q¥12) +pqgy21)) - (DD+p (-1+0))*¥22) /.
{p - pp[tt-1], g-qq[tt-1], DD - DDDD[tt -1]};

Return[{t, {pp[t], qq[t], DDDD[t]}}]
nz2)= reckFuncLargeTimes: :usage =

"recFuncLargeTimes[a, b, y11, 12, ¥21, ¥22, m, r, qC, pO, DO, t] iterates the
invasion dynamics of allele frequencies and linkage disequilibrium over
t generations with given parameters and initial values of p0O and DO for
p and D. It is assumed that q starts at an initial value g0 equal to the
value attained at the marginel one-locus selection-migration equilibrium
if it exists or equal to zero otherwise. Returns the number of generations
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simulated, the final values of p, q and D, and the full trajectories of these.";
recFuncLargeTimes[a_, b_, ¥11_, ¥12_, ¥21_, ¥22_,m_, r_, qC_, pO_, DO_, t_] :=

Module[{pp, qq, DDDD, delta, res, n, g0},

(» Return the time iIn generations when the equilibrium is reached,

the equilibrium values of {p,q,D},

and the trajectories of p, q and D. Strictly speaking,

we assume that the equilibrium has been reached if (Ffj[t] - fi[t-1])/F; (t-1) <
6i holds for all functions f;, where 6 € R* is a small positive

tolerance determined by the system®s numerical precision. =)

b b-m+am

. . 0];
l1-a b (1l+m)
pp = Table[-9, {i, 0, t}];
qq = Table[-9, {i, 0, t}];
DDDD = Table[-9, {i, 0, t}];

q0 = If[m <

delta[x_, n_] z= ITf[Chop[Xx[n-1]] =0,
Chop[x[n]1 - Chop[X[n - 111, (Chop[x[n]] - Chop[x[n -1]]) / Chop[x[n-1]]];

ppI1] = pO;
qqrl] = q0;
DDDD[1] = DO;

ppI2] =
-((-1+m) (b (DD+p (-1+20)) +DD ((-1-2DD+2q) y11l+y12-qy12+DD (y12+2y21 -

¥22)) +p2 (a+ (-1+09) (-¥12+9 (-2¥1l +y12 + 2¥21 - ¥22) +¥22)) -
P(-1+¥12+q9 (-2 (-1+q) y11+ (-2+qQ) ¥12) +2DD ((-1+2q) y11+
¥12-qyl2+¥21-2q¥21+ (-1+q) ¥22)))) / (L+a (-1+2p) +
b(—1+2q)+2(—DD (-1+2p) (-¥11+2qy¥ll+y¥1l2-qyl2) +DDp (-1+2qQ) ¥21 +
DD? (-2 ¥11l+¥12+¥21) +p (-1+q) (- (-1+p) (2g¥ll+¥l2-qyl2) +pq721)) -
(DD +p (-1+0))?¥22) /. {p - ppPI1l. q - qq[l], DD » DDDD[1]};

qq2] = (q-a(-1+m) (DD+ (-1+2p) g) +am (-1+2p) qC+
DD (-1-2DD+2p) ¥y11+q(bgq+2 (DD-2DDp+p (-1+p+g-pq)) ¥11) +
(DD+p (-1+q)) (DD+pq) y21-m (DD (-1 -2DD+2p) ¥11+DD (DD - p) ¥21 +
qC (—1+b+2DD (¥11-2pyll-v12+p (2¥12 +y21 -¥22)) +
DD? (4y11 -2 (y12+%21) +¥22) +p (-2 (-1+p) ¥12+p¥22)) +
P (b+p (2 (-1+p) (-1+29C) ¥y11+p¥21+qC (2¥12-2p¥l2-2py21l+p¥22))) +
q(1l-2bqC+2DD ((-1+2p) (-1+2qC) y11+
P¥21+qC (¥12-2pyl2-2py2l+p¥22)) -
P(2(-1+p) (-1+209C) ¥y11+p¥21+qC (4¥12-4p¥12-2p¥21+2p¥22)))))/
(l+a(—1+2p)+b(—1+2q)+2(—DD (-1+2p) (-¥11+29y¥ll+y¥1l2-qyl2) +
DDp (-1+2q) ¥21 +DD? (-2 y11 + ¥12 + ¥21) +
P(-1+0q) (-(-1+p) (2q¥11+y12-q¥12) +pgy2l)) -
(DD +p (-1+0))?¥22) /. {p - ppPI1l. q - qq[l], DD » DDDD[1]};

DDDD[2] =
((1-m) ((DD (L+ap+bg-r-y1l+ (q+r)yll-p (-1+2q) (y11-¥21)) +DD? (-y1l+¥21) +
pPg(l+ap+bg-(-1+0q) ((-1+p)¥1l-py21)))
(m-maC+ ((-1+m) (1+DD-p+a(-1+p) (DD+ (-1+p) (-1+Q)) +
b @D+ (-1+p) (-1+Qq)) (-1+9)-g+pg+DDpyll+DDqyll-
pPqyll-2DDpqgyll+p?qyll+pqg®yll-p?q?yll+DDryll -
DD (r+¥11+DD¥11) + (DD+ (-1+p) (-1+q)) (DD+p (-1+q)) ¥12)) /
(—1+a+b—2ap—2bq+2(DD (-1+2p) (-¥11l+2qyll+yl2-qgyl2) +
DD? (211 -%12-%21) +DDp (1-2q) ¥21+p (-1+Q)
((-1+p) (29¥11+¥12-q¥12) -pqy21)) + (DD +p (-1+0q))?¥22)) -
(mgC- ((-1+m) (DD?y1l+ (-1+p) g (L+a(-1+p) +bg+p (-1+q) ¥11) +

75
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DD (1+a (-1+p)+bqg-r+ (-p-q+2pg+r) ¥ll))) /
(-1+a+b-2ap-2bq+2(DD (-1+2p) (-¥11l+2qyll+yl2-qgyl2) +
DD? (211 -%12-%21) +DDp (1-2q) ¥21+p (-1+qQ)
((-1+p) (2q¥1l+¥12-q¥12) -pq¥21)) + (DD+p (-1+0q))*¥22))
(-DDr (-1+y11) - (DD+p (-1+q)) (L+ap+b (-1+q9) -¥12+9 ((-1+p) y1l+
Y12 -p (¥12 + ¥21 - ¥22)) +p (y1l2 - ¥22) + DD (711—712-721+722)))))/
(1+a(—1+2p) +b(-1+20q) +2 (—DD (-1+2p) (-¥11+29¥1ll+¥12-qyl2) +
DDp (-1+20Q) ¥21 +DD? (-2 ¥11 + y12 + y21) +
P(-1+Q) (-(-1+p) (2q¥11+¥12-q¥12) +pq¥21)) -

(DD +p (-1+0))?¥22) /. {p - ppILl, q - qq[1], DD - DDDD[
11};

n=2;
While[And[TotaI[Boole[Chop[delta[u, n] //N] ==0&/e{pp, qq, DDDD}]] <3, n < t],
n=n+1;
ppln] =
-((-1+m) (b (DD+p (-1+2q)) +DD ((-1-2DD+2q) y11+y12-0¥12+DD (¥12+2y21-
¥22)) +p2 (a+ (-1+Q) (-v12+9 (-2¥11 +¥12 + 2 %21 - ¥22) +¥22)) -
P(-1+¥12+q9 (-2 (-1+q9) ¥y11+ (-2+Q) ¥12) +2DD ((-1+2q) y11l+
¥12 -g¥1l2+¥21-2q¥21+ (-1+Q) 722))))/(1+a(—1+2p)+
b(-1+20q) +2 (-DD (-1+2p) (-¥11+2qy1l+y12-qy12) +DDp (-1+20q) ¥21+
DD? (-2 y11l+¥12 +%21) +p (-1+Q) (- (-1+p) (2gy1ll+yl2-qyl2) +pq721)) -
(DD +p (-1+0))?¥22) /. {p - pplIn-11, q - qqn - 1], DD - DDDD[N - 11} ;

qqIn] = (q-a(-1+m) (DD+ (-1+2p) q) +am (-1+2p) qC+
DD (-1-2DD+2p) yll+q (bgq+2 (DD-2DDp+p (-L+p+qg-pq)) ¥1ll) +
(DD+p (-1+0)) (DD+pq) ¥21-m (DD (-1-2DD+2p) y11+DD (DD - p) ¥21 +
qC (-1+b+2DD (y11-2pyll-¥12+p (2¥12+¥21-%22)) +
DD? (4y11-2 (¥12+%21) +¥22) +p (-2 (-1+p) ¥12+p¥22)) +
P (b+p (2 (-1+p) (-1+2qC) ¥11+p¥21+qC (2¥12-2p¥l2-2p¥21+p¥22))) +
q(1-2bgC+2DD ((-1+2p) (-1+29C) y11+
P¥21+qC (¥12-2pyl2-2py21l+p¥22)) -
P(2(-1+p) (-1+20C) y11+py21+qC (4¥12-4p¥12-2p¥21+2p¥22)))))/
(1+a(—1+2p) +b(-1+2q) +2 (—DD (-1+2p) (-¥11+29¥ll+y12-qyl2) +
DDp (-1+20q) ¥21 +DD? (-2 y11 +¥12 + ¥21) +
P(-1+0) (-(-1+p) (2q¥1l+¥12-q¥12) +pqy21)) - (DD+p (-1+0q))?¥22) /.
{p->ppIn-11, - qqIn-1], DD » DDDD[Nn - 17} ;

DDDDN] =

((1-m) ((DD (L+ap+bqg-r-y1l+ (q+r)¥ll-p (-1+20q) (¥11l-%21)) +DD? (-y11+v21) +
pa(l+ap+bg-(-1+0q) ((-1+p) ¥1l-p¥21)))
(m-maC+ ((-1+m) (1+DD-p+a(-1+p) (DD+ (-1+p) (-1+Q)) +
b@OD+ (-1+p) (-1+Q)) (-1+q) -g+pqg+DDpyll+DDqvyll-
pPqyll-2DDpqgyll+p®qyll+pg?®¥ll-p?g®¥11l+DDryll -
DD (r +y11 +DDy11) + (DD+ (-1+p) (-1+q)) (DD+p (—1+q))712))/
(—1+a+b—2ap—2bq+2 (DD (-1+2p) (-¥11+2qgyll+y12-qvyl2) +
DD? (2 ¥11-%12-%21) +DDp (1-2q) ¥21+p (-1+Qq)
((-1+p) (29¥11+¥12-q¥12) -pqy21)) + (DD+p (-1+0q))? ¥22)) -
(mgC- ((-1+m) (DD*y1l+ (-1+p) g (L+a(-1+p) +bg+p (-1+q) ¥11) +
DD (1+a (-1+p) +bqg-r+ (-p-q+2pqg+r) yl1))) /
(—1+a+b-2ap-2bq+2 (DD (-1+2p) (-¥11+2qyll+yl2-qyl2) +
DD? (2 ¥11-¥12-v%21) +DDp (1-2q) ¥21+p (-1+Qq)
((-1+p) (29¥11+¥12-q¥12) -pq¥21)) + (DD +p (-1 +0q))*¥22))
(-DDr (-1+%11) - (DD+p (-1+q)) (L+ap+b (-1+Qq) -¥12+q9 ((-1+p) y11l+
Y12 -p (¥12 + ¥21 - ¥22) ) +p (y1l2 - ¥22) + DD (711—712—721+722)))))/
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(1+a(—1+2p)+b(—l+2q)+2(—DD (-1+2p) (-¥11+2gv¥ll+y¥l2-qyl2) +
DDp (-1+2q) ¥21+DD? (-2 y11 + ¥12 + y21) +
P(-1+0) (-(-1+p) (2q¥1l+y12-q¥12) +pqy2l)) -
(DD +p (-1+0))%¥22) /. {p > ppIn-11, g - qq[n - 1], DD » DDDD[
n-11};

l:
Return[If[t <1, {t, Chop /e {pp[t+ 1], qq[t+ 1], DDDD[t + 1]},
{ppl1 ;; t+17, qq[l ;; t+ 1], DDDD[1 ;; €+10}},
{n-1, Chop /@ {pp[nl, qqInl, DDDDIN]}, {ppll ;; nl, qqll ;; nl, DDDDM1 ;; nI}}11;

]

nz3= (* Works for tEnd - t0 < ~ 3000 on a Mac with 4GB RAM. =)
recursivelListSmallTimes: :usage =
“recursiveListSmallTimes[a, b, ¥11, ¥12, ¥21, ¥22, m, r, qC, pO, qO, DO, tO,

End] iterates the invasion dynamics of allele frequencies and linkage
disequilibrium over tEnd - tO generations with given parameters and initial
values of p0, g0 and DO for p, g and D. Returns trajectories of p, q and
D between tO and tEnd. Importantly, this function should only be used for
t < ~3000 generations because it uses dynamic programming that is fast but
requires a lot of memory. For larger t, use "recFuncLargTimes[]" instead. ";

recursiveListSmallTimes[a_, b_, ¥11_, ¥12 , ¥21 , %22 ,m ,r_, qC_,

po_, DO_, t0_, tEnd_] := Module[{pp, qq, DDDD, gO},

Clear[pp, qq, DDDD] ;
b b-m+am

. . 0];
l1-a b@d+m)

qo = If[m<

DDDD[0] := DO;
ppltt_] :=
pp[tt] = - ((-1+m) (b (DD+p (-1+2Q)) +DD ((-1-2DD+2q) y11l+y12-q¥12+DD (¥12+2
¥21-%22)) +p? (a+ (-1+Q) (-¥12+Q (-2 ¥11l+¥12 + 2 ¥21 - ¥22) +¥22)) -
P(-1+¥12+q (-2 (-1+q) y11+ (-2+q) ¥12) +2DD ((-1+2Qq) y11+
¥12-qyl2+¥21-2q¥21+ (-1+0) ¥22)))) /
(1+a(—1+2p)+b(—1+2q)+2(—DD (-1+2p) (-¥11+2q9yll +y1l2-qvyl2) +
DDp (-1+2q) ¥21 +DD? (-2 11 +y12 + y21) +
P(-1+0) (-(-1+p) (29¥11+y12-q¥12) +pqy21)) - (DD+p (-1+0))*¥22) /.
{p->pp[tt-1]1, g-»qq[tt-1], DD -» DDDD[tt -11};

[tt_] :=
q2q[tt]=(q-a(—l+m)(DD+(-1+2p)q)+am(-1+2p)qC+DD(—1-2DD+2p)711+
q(bg+2(DD-2DDp+p (-1+p+q-pq)) ¥y11) + (DD+p (-1+0)) (DD +pq) ¥21 -
m (DD (-1-2DD+2p) y11+DD (DD - p) ¥21 +
gC (-1+b+2DD (y11-2py1l-¥12+p (2¥12+¥21-¥22)) + DD?
(A¥11-2 (v12 +¥21) +¥22) +p (-2 (-1 +p) 712+p722))+
P (b+p (2 (-1+p) (-1+2qC) ¥11+p¥21l+qC (2¥12-2p¥l2-2p¥21+p¥22))) +
q(1-2bqC+2DD ((-1+2p) (-1+20qC) yll+py2l+
qC (¥12-2p¥12-2p¥21+p¥22)) -p (2 (-1+p) (-1+2qC) y11+
P¥21+0C (4¥12-4p¥12-2py21+2p¥22))))) /
(1+a(—1+2p)+b(—1+2q)+2(—DD (-1+2p) (-¥11+2qyll+y1l2-qyl2) +
DDp (-1+2q) ¥21 +DD? (-2 y11 + y12 + y21) +
P(-1+q) (-(-1+p) (2q¥11+¥12-q¥12) +pgy21)) - (DD+p (-1+0))?¥22) /.
{p->pp[tt-1],9g->qq[tt-1], DD -» DDDD[tt-1]};

DDDD[tt_] :=
DDDD[tt] = ((1-m) ((DD (1+ap+bqg-r-y11+(q+r) yll-p (-1+20q) (y11-y21)) +
DD? (-y11+¥21) +pq (L+ap+bg- (-1+q) ((—1+p)*{11—p7(21)))
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(m-maC+ ((-1+m) (1+DD-p+a(-1+p) (DD+ (-1+p) (-1+Q)) +
b @D+ (-1+p) (-1+Qq)) (-1+q)-q+pq+DDpyll+DDqyll-
pPqyll-2DDpqyll+p?gyll+pq?yll-p?g2¥ll+DDryll -
DD (r+y11+DD¥11) + (DD+ (-1+p) (-1+q)) (DD+p (-1+q)) ¥12)) /
(—1+a+b—2ap—2bq+2 (DD (-1+2p) (-¥11+29v¥ll+yl2-qyl2) +
DD? (2 ¥11-%12-%21) +DDp (1-2q) ¥21+p (-1+Q)
((-1+p) (29¥11+¥12-q¥12) -pq¥21)) + (DD+p (-1+0))?¥22)) -
(MqC- ((-1+m) (DD*y1l+ (-1+p) g (l+a (-1+p) +bg+p (-1+q) ¥11) +
DD (1+a (-1+p)+bg-r+ (-p-g+2pg+r) yll)))/
(-1+a+b-2ap-2bq+2 (DD (-1+2p) (-¥11+29g¥ll+y12-qyl2) +
DD? (2 y11-¥12-%21) +DDp (1-2q) ¥21+p (-1+0Q)
((-1+p) (2q¥11+¥12-q¥12) -pq¥21)) + (DD+p (-1+q))*¥22))
(-DDr (-1+y11l) - DD+p (-1+q)) (L+ap+b (-1+q) -¥12+qg ((-1+p) y11l+
¥12-p (¥12 +¥21 -¥22)) +p (y12-¥22) + DD (y11-¥12-¥21+%22))))) /
(1+a(—1+2p) +b (-1+20q) +2(-DD (-1+2p) (-¥11+2qyll +yl2-qyl2) +
DDp (-1+2q) ¥21 +DD? (-2 ¥11 + y¥12 + y21) +
P(-1+0) (-(-1+p) (2q¥11l+¥12-qy12) +pqy21)) - (DD+p (-1+0))%¥22) /.
{p-ppltt-1], g-qq[tt-1], DD » DDDD[tt - 1]};

Return[{Table[pp[time], {time, t0, tEnd}],
Table[qq[time], {time, t0, tEnd}], Table[DDDD[time], {time, t0, tEnd}]1}];

b
nzs;= mCrit2Funcla_, b_] :=
1-a
a+b-r
n3e= mCrit3Funcfa _, b _,r ] :z ———
1-r
) a(b-a+rn)
nz7= mCritSFuncla_, b_, r_] :=
(a-b) (a-rnN+@1-a)r
a(b-a)
np3s= rStarFuncfa_, b ] := ——
1-2a+b

= Plotting functions

in139)= minMcritFuncla_, b _, r ] := Module[{rStar, m2, m5},

a(-a+b)
rStar = ——;
1-2a+b
b
m2 =
l1-a
a(-a+b+n
m5 =

(a-b) (a-r +@1-ayr.
Return[If[r < rStar, Max[m2, m5], Min[m2, m5]]]

]

npa0r= classifyEquilFunclequil_List] := If[MatchQ[equil, {0, 0, 0}1, "C",
If[MatchQ[equil, {0, _Real, 0}], "B", If[MatchQ[equil, {_Real, _Real, 0}],
"1, If[MatchQ[equil, { Real, Real, Real}], ", "Error"]1]]

in41= toNumericCodeFunc[char_] :=
If[char = "C", 0, If[char == "B", 1, If[char == "1", 2, If[char = "+", 3, -9]1111]
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In[142]

Stability of Eg and invasion of A;
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figPath := ""/Users/Simon/Documents/LocAdD/results/130526/stabilityEB/"
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= Additive fitnesses and monomorphic continent

m Preliminaries

In[143]:=

(» Parameter values =)

mya = 0.02;
myb = 0.04;
mygll = O;
mygl2 = 0;
myg2l = 0;
myg22 = 0;
mym = 0.03;
myr = 0.01;
myqC = 0;

(» Initial
pO = 0.0001;

values «x)

q0 =qgEB /. {a-» mya, b - myb, m- mym};

DO = 0;

(» Times (start and end) =)

mytO = O;

mytl = 1000000;
(» 3000 is about the maximum for which this works with 4GB of RAM. x)

(» Critical migration rates x)
{mCrit2, mCrit3, mCrit5} /. {a-»>mya, b > myb, m- mym, r - myr}

{0. 0408163, 0. 0505051, 0.0625}

(» Evaluation for "arbitrary® times. Returns the number

of generations after which an equilibrium has been reached,

and the coordinates of the equilibrium {p,q,D}. =)

finalState = Block[ {$RecursionLimit = Infinity},
recFuncLargeTimes[mya, myb, mygll, mygl2, myg21l, myg22, mym, myr, myqC, pO, DO, mytl]];

finalState[l ;; 2]

{2210, {0.363498, 0.425964, 0.162172}}

step = 20;

ListPlot[ (xPart[#,1;;Length[#];;step]&/ex) FinalState[3],
PlotRange » {{0, Length[FfinalState[3, 111}, {0, 2% q0}},

PlotStyle » {PointSize[1/300], PointSize[l/300], PointSize[l/300]}]
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rStar
a(-a+b)
1-2a+b

rStar /. {a-» 0.02, b 0.04}
0. 0004
Plot[rStarFunc[a, myb], {a, O, myb}, PlotRange -» Full]

0.0004 -
0.0003 -

0.0002 -

0.0001

S S S E S S
0.01 0.02 0.03 0.04

rStarFunc[mya, myb]

0. 0004

myr

0.01

mCrit5 /. {a->mya, bs>myb, r>myr} // N
0. 0625



2LocContlsland_Determ_Discr.nb |81

[ Casel:a<g

(» Parameter values x)

mya = 0.01;
myb = 0.04;
mygll = O;
mygl2 = 0;
myg21 = 0;
myg22 = 0;
mym = 0.03;
myr = mya;
myqC = O;
rmin = 0;
rmax = 0.05;
mmin = 0;

mmax = 0.08;
myMCrit2 = mCrit2 /. {a - mya, b » myb};
myMCrit3 =mCrit3 /. {a->mya, b > myb, r » 0.045};
myMCrit5 = mCrit5 /. {a->mya, b »> myb, r » 0.045};
myRStar = rStar /. {a » mya, b - myb};
plotl = Plot[{mCrit2Func[mya, myb], minMcritFunc[mya, myb, r],
mCrit2Func[mya, myb], mCrit3Func[mya, myb, r], mCrit5Func[mya, myb, rl},
{r, rmin, rmax}, PlotRange -» {{rmin, rmax}, {mmin, mmax}}, AspectRatio-»1/1,
Epilog -» {{Dashed, Black, Line[{{rStarFunc[mya, myb], 0}, {rStarFunc[mya, myb], 1}}1},
{Dashed, Black, Line[{{mya, O}, {mya, 1}}]1},
{Text[Style["mg", Directive[FontSize » 16], FontFamily - "Helvetica"],
{0.045, myMCrit2 + 0.005}1}, {Text[Style["mc", Directive[FontSize » 16],
FontFamily -» "Helvetica"], {0.045, myMCrit3 +0.005}]},
{Text[Style["m*", Directive[FontSize » 16], FontFamily - ""Helvetica"],
{0.045, myMCrit5 +0.005}]1}, {Text[Style[a, Directive[FontSize -» 16],
FontFamily - "Helvetica"], {mya+0.0025, 0.07}1}, (*{PointSize[Small],
Point[Flatten[Table[{i,j},{i,0,0.05,0.0025},{j,0,0.08,0.0025}],111}},%)
(xFrame-True,FrameLabel-{""Recombination rate r","Migration rate m"},
LabelStyle-{Directive[FontSize-16],FontFamily-"Helvetica'}, )
Frame -» True, FrameLabel - {"*", """}, LabelStyle »
{Directive[FontSize -» 16], FontFamily -» "Helvetica"},

ImageSize » 3. {100, 100},

PlotStyle » {{White, Thin}, {White, Thin},
{Black, Dashed, Thick}, {Black, Dotted, Thick}, {Black, Thick}}, Filling -»
{1 -» {Axis, RGBColor[0.9, 0.9, 0.9]}, 2 » {Axis, RGBColor[0.75, 0.75, 0.751}},
AxesLabel -» {r, m}, AxesStyle - Directive[FontSize -» 16]]
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Figure 6: Critical migration rates determining the stability of the marginal one-locus equilibrium Eg and invasion of A;, as a function of the recombination rate. Dark
grey: invasion of A; via the unstable marginal equilibrium Eg; light grey: no invasion of A;, stable marginal equilibrium Eg; white: no invasion, fixation of continental
haplotype A, B, and realisation of equilibrium Ec. Parameter values are a=0.01, b= 0.04.

Recall that Myt 2 = Mg, Meir3 = Mc and Mg s = M.
inpasi- coordl = Table[{r, m}, {r, 0.0001, 0.0499, 0.0021}, {m, 0.0002, 0.0799, 0.0042}];

Timing[FfinalStateEncoded = Block[ {$RecursionLimit = Infinity},
valsl = Table[recFuncLargeTimes[mya, myb, mygll, mygl2, myg2l, myg22, m, r, myqC,
pO, DO, myt1][2], {r, 0.0001, 0.0499, 0.0021}, {m, 0.0002, 0.0799, 0.0042}]
1
1;
The computation above takes about 24 minutes on a Mac mini 2.3 GHz Intel Core i5 with 4 GB of RAM. Below is a hard-coded
version of the result.

inae)= valsl={{{0.9957674114680289",0.9957987214067316",0.004173063541507617 "}, {0.907322241228

patternl = Map[classifyEquilFunc, valsl, {2}]

{({#, #, + =+ + =+ =+ +, + + C C C C C C C C C},
{+, +, +, + =+ =+ =+ =+ + + C C C C C C C C Cj,
£ 0+, o+, £ % + + + + =+ C C C C C C C C C},
£ 0+ 0+, £ % + + + + =+ C C C C C C C C C},
£ 0+, 0+, £ % + + + + =+ C C C C C C C C C},
£ 0+ o+, £ % + + + + =+ C C C C C C C C C},
+ + + £ + =+ + +, B B C C C C C C C C C},
+ + + + + + + +, B B C C C C C C C C C},
+ + + + + + + B B B C C C C C C C C C},
+ + + + + + + B B B C C C C C C C C C},
£ + + + + + B B B B C C C C C C C C Cj
£ + + + =+ + B B, B B C C C C C C C C Cj
£ + + + + + B B, B B C C C C C C C C Cj
£+ + + + + B B B B B C C C C C C C C Cj
£+ + + + + B B B B B C C C C C C C C Cj
£« + + + + B B B B B C C C C C C C C Cj
£ + + + % B B B B B C C C C C C C C Cj
£« + + + + B B B B B C C C C C C C C Cj
£+ + + + + B B B B B C C C C C C C C Cj
£+ + + + + B B B B B C C C C C C C C Cj
+ + + + B B B B B B C C C C C C C C Cj
+ + + + B, B B B B B C C C C C C C C Cj
+ + + + B, B B B B B C C C C C C C C Cj

+ + + B B, B, B B B C C C C C C C C C}}
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(* Ec: continent haplotype fixed =)
pll = ListPlot[Pick[Flatten[coordl, 1], Map[# == "'C" &, Flatten[patternl]]],
PlotMarkers - o, PlotStyle - Gray] ;

(» Egz marginal one-locus polymorphism at the B locus x)
pl2 = ListPlot[Pick[Flatten[coordl, 1], Map[# == "B" &, Flatten[patternl]]],
PlotMarkers - o, PlotStyle - Gray] ;

(» E: island hapl otype fixed x)
pl 3 =ListPlot [Pick[Flatten[coordl, 1], Map[=="1" & Flatten[patternl]]], Pl ot Markers - x];

(» E.z fully-polymorphic equilibrium =)
pl4 = ListPlot[Pick[Flatten[coordl, 1], Map[# == ""+" &, Flatten[patternl]]],
PlotMarkers - o, PlotStyle » Gray] ;

plotStabilityEBMonoml = Show[ {plotl, pl1, pl2, pl4}]
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Figure 7: Critical migration rates determining the stability of the marginal one-locus equilibrium Eg and invasion of Ay, as a function of the recombination rate. Dark

grey: invasion of A; via the unstable marginal equilibrium Eg; light grey: no invasion of A, stable marginal equilibrium Eg; white: no invasion, fixation of continental

haplotype A, B, and realisation of equilibrium Ec. Numerical iterations of invasion dynamics where performed at coordinates indicated by grey symbols. Different

symbols indicate which equilibrium is reached:  E, ; o Eg; o E¢. Initial values for iterations were {pg, qo, Do} :{0, dB, O}, where dB is the frequency of B, at the

marginal one-locus migration-selection equilibrium. Iterations were stopped when changes in each coordinate from one time step to the next were smaller than the
a(b-a)

numerical precision. The thick, almost-vertical line close to r =0 belongs to the critical migration rate m*. This curve crosses the r axis atr* = ot which is
1-2a+l

denoted by a vertical dashed line that can hardly be seen. The second vertical dashed line corresponds to r = a. Selection coefficients are a=0.01, b= 0.04.
Recall that Myt = Me, Myitg = Mc and Mg s = M.
figPathl = figPath <> ""'stabilityEBMonomCont_1.eps";
Export[figPathl, plotStabilityEBMonoml, "EPS™]

/Users/Si non/Docunent s/LocAdD/resul t s/130526/st abi | i t yEB/st abi | i t yEBMononCont _1. eps
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[ Case2:a=§

(» Parameter values x)

mya = 0.02;
myb = 0.04;
mygll = O;
mygl2 = 0;
myg21 = 0;
myg22 = 0;
mym = 0.03;
myr = mya;
myqC = 0;
rmin = 0;
rmax = 0.05;
mmin = 0;

mmax = 0.08;
myMCrit2 = mCrit2 /. {a -» mya, b » myb};
myMCrit3 = mCrit3 /. {a-»mya, b » myb, r - 0.045};
myMCrit5 = mCrit5 /. {a-»mya, b » myb, r - 0.045};
myRStar = rStar /. {a -» mya, b - myb};
plot2 = Plot[{mCrit2Func[mya, myb], minMcritFunc[mya, myb, r],
mCrit2Func[mya, myb], mCrit3Func[mya, myb, r], mCritSFunc[mya, myb, r]},
{r, rmin, rmax}, PlotRange -» {{rmin, rmax}, {mmin, mmax}}, AspectRatio-»1/1,
Epilog -» {{Dashed, Black, Line[{{rStarFunc[mya, myb], 0}, {rStarFunc[mya, myb], 1}}1},
{Dashed, Black, Line[{{mya, 0}, {mya, 1}}]},
{Text[Style["mg", Directive[FontSize » 16], FontFamily » "Helvetica"],
{0.045, myMCrit2 +0.005}1}, {Text[Style['"mc", Directive[FontSize » 16],
FontFamily -» "Helvetica"], {0.045, myMCrit3 + 0.005}]},
{Text[Style["m*", Directive[FontSize » 16], FontFamily -» ""Helvetica"],
{0.045, myMCrit5 +0.005}]1}, {Text[Style[a, Directive[FontSize -» 16],
FontFamily - "Helvetica"], {mya+0.0025, 0.07}1}, (*{PointSize[Small],
Point[Flatten[Table[{i,j},{i,0,0.05,0.0025},{j,0,0.08,0.0025}1,111}*)},

(xFrame-True,FrameLabel-{''"Recombination rate r","Migration rate m"},
LabelStyle-{Directive[FontSize-16],FontFamily-"Helvetica"}, )

Frame -» True, FrameLabel -» {"", "'},
LabelStyle » {Directive[FontSize -» 16], FontFamily - "Helvetica"},

ImageSize » 3. {100, 100},

PlotStyle » {{White, Thin}, {White, Thin},

{Black, Dashed, Thick}, {Black, Dotted, Thick}, {Black, Thick}},
Filling » {1 » {Axis, RGBColor[0.9, 0.9, 0.9]}, 2 » {Axis, RGBColor[0.75, 0.75, 0.751}},
AxesLabel -» {r, m}, AxesStyle - Directive[FontSize -» 16]]
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Figure 8: Critical migration rates determining the stability of the marginal one-locus equilibrium Eg and invasion of A;, as a function of the recombination rate. Dark
grey: invasion of A; via the unstable marginal equilibrium Eg; light grey: no invasion of A;, stable marginal equilibrium Eg; white: no invasion, fixation of continental
haplotype A, B, and realisation of equilibrium Ec. Parameter values are a=0.02, b= 0.04.

Recall that Myt 2 = Mg, Meir3 = Mc and Mg s = M.
npa7p= coord2 = Table[{r, m}, {r, 0.0001, 0.0499, 0.0021}, {m, 0.0002, 0.0799, 0.0042}];

Timing[FfinalStateEncoded = Block[ {$RecursionLimit = Infinity},
vals2 = Table[recFuncLargeTimes[mya, myb, mygll, mygl2, myg2l, myg22, m, r, myqC,
pO, DO, myt1][2], {r, 0.0001, 0.0499, 0.0021}, {m, 0.0002, 0.0799, 0.0042}]
1
1;
The computation above takes about 10 minutes on a Mac mini 2.3 GHz Intel Core i5 with 4 GB of RAM. Below is a hard-coded
version of the result.

inag)= vals2={{{0.9964556351799856 " ,0.9964644261795321",0.003514256737671211"}, {0.922360663937

pattern2 = Map[classifyEquilFunc, vals2, {2}]

{({#, #, + =+ + =+ =+ +, + + C C C C C C C C C},
{+, +, +, + =+ =+ =+ =+ + + C C C C C C C C Cj,
£ 0+, o+, £ % + + + + =+ C C C C C C C C C},
£ 0+ 0+, £ % + + + + =+ C C C C C C C C C},
£ 0+, 0+, £ % + + + + =+ C C C C C C C C C},
£ 0+ o+, £ % + + + + =+ C C C C C C C C C},
£ 0+, +, £ % + + + + =+ C C C C C C C C C},
£ 0+, 0+, £ % + + + + =+ C C C C C C C C C},
£ 0+ 0+, £ % + + + + =+ C C C C C C C C C},
£ 0+, 0+, £ % + + + + =+ C C C C C C C C C},
£ 0+ o+, £ % + + + + =+ C C C C C C C C C},
£ + +, £ % + + + + B C C C C C C C C C},
£ + +, + + + + + + B C C C C C C C C C},
£ + +, + + + + + + B C C C C C C C C C},
+ + +, + + + + + + B C C C C C C C C C},
+ + + + + + + + B B C C C C C C C C C},
+ + + £ + + + +, B B C C C C C C C C C},
+ + + + + + + +, B B C C C C C C C C C},
+ + + £ + + + +, B B C C C C C C C C C},
+ + + + + + + +, B B C C C C C C C C C},
+ + + + + + + + B B C C C C C C C C C},
+ + + + + + + B B B C C C C C C C C C},
+ + + + + + + B B B C C C C C C C C C},

+ + + + + + B B B C C C C C C C C C}}
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(* Ec: continent haplotype fixed =)
pll = ListPlot[Pick[Flatten[coord2, 1], Map[# == ""C" &, Flatten[pattern2]]],
PlotMarkers - o, PlotStyle - Gray] ;

(» Egz marginal one-locus polymorphism at the B locus x)
pl2 = ListPlot[Pick[Flatten[coord2, 1], Map[# == "B" &, Flatten[pattern2]]],
PlotMarkers - o, PlotStyle - Gray] ;

(» E: island hapl otype fixed x)
pl 3 =ListPlot [Pick[Flatten[coord2, 1], Map[=="1" & Flatten[pattern2]]], Pl ot Markers - x];
(» E.z fully-polymorphic equilibrium =)
pl4 = ListPlot[Pick[Flatten[coord2, 1], Map[# == "'+ &, Flatten[pattern2]]],
PlotMarkers - o, PlotStyle » Gray] ;

plotStabilityEBMonom2 = Show[ {plot2, pl1, pl2, pl4}]
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Figure 9: Critical migration rates determining the stability of the marginal one-locus equilibrium Eg and invasion of Ay, as a function of the recombination rate. Dark

grey: invasion of A; via the unstable marginal equilibrium Eg; light grey: no invasion of A, stable marginal equilibrium Eg; white: no invasion, fixation of continental

haplotype A, B, and realisation of equilibrium Ec. Numerical iterations of invasion dynamics where performed at coordinates indicated by grey symbols. Different

symbols indicate which equilibrium is reached:  E, ; o Eg; o E¢. Initial values for iterations were {pg, qo, Do} :{0, dB, O}, where dB is the frequency of B, at the

marginal one-locus migration-selection equilibrium. Iterations were stopped when changes in each coordinate from one time step to the next were smaller than the
a(b-a)

numerical precision. The thick, almost-vertical line close to r =0 belongs to the critical migration rate m*. This curve crosses the r axis atr* = ot which is
—2a+l

denoted by a vertical dashed line that can hardly be seen. The second vertical dashed line corresponds to r = a. Selection coefficients are a=0.02, b= 0.04.
Recall that Myt = Me, Myitg = Mc and Mg s = M.
figPath2 = figPath <> ""'stabilityEBMonomCont_2.eps";
Export[figPath2, plotStabilityEBMonom2, "EPS™]

/Users/Si non/Docunent s/LocAdD/resul t s/130526/st abi | i t yEB/st abi | i t yEBMononTCont _2. eps
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[ Case3:a>g

(» Parameter values x)

mya = 0.03;
myb = 0.04;
mygll = O;
mygl2 = 0;
myg21 = 0;
myg22 = 0;
mym = 0.03;
myr = mya;
myqC = 0;
rmin = 0;
rmax = 0.05;
mmin = 0;

mmax = 0.08;
myMCrit2 = mCrit2 /. {a -» mya, b » myb};
myMCrit3 = mCrit3 /. {a-»mya, b » myb, r - 0.045};
myMCrit5 = mCrit5 /. {a-»mya, b » myb, r - 0.045};
myRStar = rStar /. {a -» mya, b - myb};
plot3 = Plot[{mCrit2Func[mya, myb], minMcritFunc[mya, myb, r],
mCrit2Func[mya, myb], mCrit3Func[mya, myb, r], mCritSFunc[mya, myb, r]},
{r, rmin, rmax}, PlotRange -» {{rmin, rmax}, {mmin, mmax}}, AspectRatio-»1/1,
Epilog -» {{Dashed, Black, Line[{{rStarFunc[mya, myb], 0}, {rStarFunc[mya, myb], 1}}1},
{Dashed, Black, Line[{{mya, 0}, {mya, 1}}]},
{Text[Style["mg", Directive[FontSize » 16], FontFamily » "Helvetica"],
{0.045, myMCrit2 +0.005}1}, {Text[Style['"mc", Directive[FontSize » 16],
FontFamily -» "Helvetica"], {0.045, myMCrit3 -0.003}]},
{Text[Style["m*", Directive[FontSize » 16], FontFamily -» ""Helvetica"],
{0.045, myMCrit5-0.003}]1}, {Text[Style[a, Directive[FontSize -» 16],
FontFamily - "Helvetica"], {mya+0.0025, 0.07}1}, (*{PointSize[Small],
Point[Flatten[Table[{i,j},{i,0,0.05,0.0025},{j,0,0.08,0.0025}1,111}*)},

(xFrame-True,FrameLabel-{"'"Recombination rate r","Migration rate m"},
LabelStyle-{Directive[FontSize-16],FontFamily-"Helvetica"}, )

Frame -» True, FrameLabel -» {"", "'},
LabelStyle » {Directive[FontSize -» 16], FontFamily » "Helvetica"},

ImageSize » 3. {100, 100},

PlotStyle » {{White, Thin}, {White, Thin},

{Black, Dashed, Thick}, {Black, Dotted, Thick}, {Black, Thick}},
Filling » {1 » {Axis, RGBColor[0.9, 0.9, 0.9]}, 2 » {Axis, RGBColor[0.75, 0.75, 0.751}},
AxesLabel -» {r, m}, AxesStyle - Directive[FontSize - 16]
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Figure 10: Critical migration rates determining the stability of the marginal one-locus equilibrium Eg and invasion of A;, as a function of the recombination rate. Dark
grey: invasion of A; via the unstable marginal equilibrium Eg; light grey: no invasion of A;, stable marginal equilibrium Eg; white: no invasion, fixation of continental
haplotype A, B, and realisation of equilibrium Ec. Parameter values are a=0.03, b= 0.04.

Recall that Myt 2 = Mg, Meir3 = Mc and Mg s = M.
na9p= coord3 = Table[{r, m}, {r, 0.0001, 0.0499, 0.0021}, {m, 0.0002, 0.0799, 0.0042}];

Timing[FfinalStateEncoded = Block[ {$RecursionLimit = Infinity},
vals3 = Table[recFuncLargeTimes[mya, myb, mygll, mygl2, myg2l, myg22, m, r, myqC,
pO, DO, myt1][2], {r, 0.0001, 0.0499, 0.0021}, {m, 0.0002, 0.0799, 0.0042}]
1
1;
The computation above takes about 23 minutes on a Mac mini 2.3 GHz Intel Core i5 with 4 GB of RAM. Below is a hard-coded
version of the result.

npsop= vals3 = {{{0.9969376575117761",0.9969401966488133",0.003042826062126498" } , {0.9329130675

pattern3 = Map[classifyEquilFunc, vals3, {2}]

{({#, #, + =+ + =+ =+ +, + + C C C C C C C C C},
{+, +, +, + =+ =+ =+ =+ + + C C C C C C C C Cj,
£ 0+, o+, £ % + + + + =+ C C C C C C C C C},
£ 0+ 0+, £ % + + + + =+ C C C C C C C C C},
£ 0+, 0+, £ % + + + + =+ C C C C C C C C C},
£ 0+ o+, £ % + + + + =+ C C C C C C C C C},
£ 0+, +, £ % + + + + =+ C C C C C C C C C},
£ 0+, 0+, £ % + + + + =+ C C C C C C C C C},
£ 0+ 0+, £ % + + + + =+ C C C C C C C C C},
£ 0+, 0+, £ % + + + + =+ C C C C C C C C C},
£ 0+ o+, £ % + + + + =+ C C C C C C C C C},
£ 0+, +, £ % + + + + + C C C C C C C C C},
£ 0+ o+, £ % + + + + =+ C C C C C C C C C},
£ 0+ 0+, £ % + + + + =+ C C C C C C C C C},
£ 0+ o+, £ % + + + + + C C C C C C C C C},
£ 0+ o+, £ % + + + + =+ C C C C C C C C C},
£ o+, +, £ % + + + + =+ C C C C C C C C C},
£ 0+ o+, £ % + + + + =+ C C C C C C C C C},
£ 0+ 0+, £ % + + + + =+ C C C C C C C C C},
£ 0+ o+, £ % + + + + =+ C C C C C C C C C},
£ 0+ o+, £ % + + + + =+ C C C C C C C C C},
£ + +, £ + + + + + B C C C C C C C C C},
£ + +, £ + + + + + B C C C C C C C C C},
£ + +, + +, + =+ + + B C C C C C C C C C}}
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(* Ec: continent haplotype fixed =)
pll = ListPlot[Pick[Flatten[coord3, 1], Map[# == "'C" &, Flatten[pattern3]]],
PlotMarkers - o, PlotStyle - Gray] ;

(» Egz marginal one-locus polymorphism at the B locus x)
pl2 = ListPlot[Pick[Flatten[coord3, 1], Map[# == "B" &, Flatten[pattern3]]],
PlotMarkers - o, PlotStyle - Gray] ;

(» E: island hapl otype fixed x)
pl 3 =ListPlot [Pick[Flatten[coord3, 1], Map[=="1" & Flatten[pattern3]]], Pl ot Markers - x];

(» E.z fully-polymorphic equilibrium =)
pl4 = ListPlot[Pick[Flatten[coord3, 1], Map[# == "'+ &, Flatten[pattern3]]],
PlotMarkers - o, PlotStyle » Gray] ;

plotStabilityEBMonom3 = Show[ {plot3, pl1, pl2, pl4}]
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Figure 11: Critical migration rates determining the stability of the marginal one-locus equilibrium Eg and invasion of A;, as a function of the recombination rate. Dark

grey: invasion of A; via the unstable marginal equilibrium Eg; light grey: no invasion of A, stable marginal equilibrium Eg; white: no invasion, fixation of continental

haplotype A, B, and realisation of equilibrium Ec. Numerical iterations of invasion dynamics where performed at coordinates indicated by grey symbols. Different

symbols indicate which equilibrium is reached:  E, ; o Eg; o E¢. Initial values for iterations were {pg, qo, Do} :{0, dB, O}, where dB is the frequency of B, at the

marginal one-locus migration-selection equilibrium. Iterations were stopped when changes in each coordinate from one time step to the next were smaller than the
a(b-a)

numerical precision. The thick, almost-vertical line close to r =0 belongs to the critical migration rate m*. This curve crosses the r axis atr* = ot which is
1-2a+l

denoted by a vertical dashed line that can hardly be seen. The second vertical dashed line corresponds to r = a. Selection coefficients are a=0.03, b= 0.04.
Recall that Myt = Me, Myitg = Mc and Mg s = M.
figPath3 = figPath <> ""'stabilityEBMonomCont_3.eps";
Export[figPath3, plotStabilityEBMonom3, "EPS™]

/Users/Si non/Docunent s/LocAdD/resul t s/130526/st abi | i t yEB/st abi | i t yEBMononTCont _3. eps
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= Combined plot

plotStabilityEBMonomComb = Labeled [GraphicsRow[
MapThread[Labeled[#1, #2, {{Top, Left}}, LabelStyle » {Directive[FontSize -» 22, Bold],
FontFamily - ""Helvetica"}, FrameMargins -» {{-5, 0}, {-35, 0}}] &,

{{plotStabilityEBMonoml, plotStabilityEBMonom2, plotStabilityEBMonom3},
CharacterRange["A", "C"]1}], ImageSize » 3.6 {280, 90}, AspectRatio -» 0.45],

{""Recombination rate r', "Migration rate m"}, {Bottom, Left},

RotatelLabel - True,

LabelStyle -» {Directive[FontSize -» 24], FontFamily -» "Helvetica'"},

FrameMargins -» {{0, 0}, {0, 0}}1]
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Figure 12: Critical migration rates determining the stability of the marginal one-locus equilibrium Eg and invasion of A;, as a function of the recombination rate. Dark
grey: invasion of A; via the unstable marginal equilibrium Eg; light grey: no invasion of A;, stable marginal equilibrium Eg; white: no invasion, fixation of continental
haplotype A, B, and realisation of equilibrium Ec. Numerical iterations of invasion dynamics where performed at coordinates indicated by grey symbols. Different
symbols indicate which equilibrium is reached:  E,; o Eg; o E¢. Initial values for iterations were {pg, qo, Do} ={0, dB, 0}, where ciB is the frequency of B, at the
marginal one-locus migration-selection equilibrium. Iterations were stopped when changes in each coordinate between successive time steps were smaller than the
[

numerical precision. The thick, almost-vertical line close to r =0 belongs to the critical migration rate m*. This curve crosses the r axis at r* = % which is

—2a+
denoted by a vertical dashed line that can hardly be seen. The second vertical dashed line corresponds tor =a. A) a=0.01, b=0.04. B) a=0.02, b =0.04. C)
a=0.03, b=0.04.

figPath4 = figPath <> ""'stabi lityEBMonomCont_comb.eps™;
Export[figPath4, plotStabilityEBMonomComb, "EPS™]
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= Arbitrary afor agiven b

Manipulate[
(» Parameter values )

(mya = 0.01;
myb = 0.04;
mygll = O;
mygl2 = 0;
myg21 = 0;
myg22 = 0;
mym = 0.03;
myr = mya;
myqC = 0;
rmin = 0;
rmax = 0.05;
mmin = 0;

mmax = 0.08;
myMCrit2 = mCrit2 /. {a -» aa, b » myb};
myMCrit3 = mCrit3 /. {a-aa, b->myb, r-» 0.045};
myMCrit5 = mCrits /. {a-aa, b-»myb, r - 0.045};
myRStar = rStar /. {a-» aa, b - myb};
Plot[{mCrit2Func[aa, myb], minMcritFunc[aa, myb, r],
mCrit2Func[aa, myb], mCrit3Func[aa, myb, r], mCritSFunc[aa, myb, r]},
{r, rmin, rmax}, PlotRange -» {{rmin, rmax}, {mmin, mmax}}, AspectRatio-»1/1,
Epilog -» {{Dashed, Black, Line[{{rStarFunc[aa, myb], 0}, {rStarFunc[aa, myb], 1}}1},
{Dashed, Black, Line[{{aa, 0}, {aa, 1}}1},
{Text[Style["ms", Directive[FontSize » 16], FontFamily -» ""Helvetica'"],
{0.045, myMCrit2 +0.005}1}, {Text[Style['"m:", Directive[FontSize -» 16],
FontFamily - "Helvetica'"], {0.045, myMCrit3 + 0.005}1},
{Text[Style["m*", Directive[FontSize -» 16], FontFamily - "Helvetica"],
{0.045, myMCrit5 +0.005}]1}, {Text[Style[a, Directive[FontSize -» 16],
FontFamily - "Helvetica"], {aa+0.0025, 0.07}]1}},

Frame -» True, FrameLabel - {"'Recombination rate r', "Migration rate m"},
LabelStyle » {Directive[FontSize » 16], FontFamily -» ""Helvetica'},

PlotStyle » {{White, Thin}, {White, Thin},
{Black, Dashed, Thick}, {Black, Dotted, Thick}, {Black, Thick}}, Filling »
{1 » {Axis, RGBColor[0.9, 0.9, 0.9]}, 2 » {Axis, RGBColor[0.75, 0.75, 0.751}},
AxesLabel -» {r, m}, AxesStyle - Directive[FontSize -» 16]]),
{{aa, mya}, O, Min[myb, 1-myb]}
1
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$Abor t ed
Recall that Myt 2 = Mg, Mtz = Mc and Mg s = M.
= Additive fitnesses and polymorphic continent
m Casel:a< gand g = 0.01

nsi= (+ Initial values x)
pO = 0.0001;
qOPolym = qEB1 /. {a » mya, b - myb, m -» mym, qC -» myqC};
DO = 0;
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mya = 0.01;
myb = 0.04;
mygll = O;
mygl2 = 0;
myg21 = 0;
myg22 = 0;
mym = 0.03;
myr = mya;
myqC = 0.01;
rmin = 0;
rmax = 0.05;
mmin = 0;

mmax = 0.08;
myMCrit2 = mCrit2 /. {a-> mya, b - myb};
myMCrit3 = mCrit3 /. {a-»mya, b » myb, r - 0.045};
myMCrit5 = mCrit5 /. {a-»mya, b » myb, r - 0.045};
myRStar = rStar /. {a » mya, b » myb};
plot4 =
Plot[{1, rCritFunclgnoringPole[mya, myb, m, mygC, rmax], rCritFunc[mya, myb, m, myqC]},
{m, mmin, mmax}, PlotRange -» {{mmin, mmax}, {rmin, rmax}}, AspectRatio-» 1/1,
Epilog » {Text[Style["r*", Directive[FontSize » 16],
FontFamily - "Helvetica"], {0.03, 0.02}1},

Frame -» True, FrameLabel -» {*'", "'},
LabelStyle » {Directive[FontSize -» 16], FontFamily - "Helvetica"},

ImageSize » 3. {100, 100},
PlotStyle » {{White}, {Black, Thick}, {Black, Dashed}},

Filling » {1 » {Axis, RGBColor[0.9, 0.9, 0.9]}, 2 » {Axis, RGBColor[0.75, 0.75, 0.75]}},
AxesLabel -» {r, m}, AxesStyle - Directive[FontSize - 16]]

0.05;
0.04}
0.03}

0.02}

7000 002 004 006 0.08

nis4= coord4 = Table[{m, r}, {m, 0.0002, 0.0799, 0.0042}, {r, 0.0001, 0.0499, 0.0021}];

Timing[FfinalStateEncoded = Block[ {$RecursionLimit = Infinity},
vals4 = Table[recFuncLargeTimes[mya, myb, mygll, mygl2, myg21l, myg22, m, r, myqC,
pO, DO, mytl][2], {m, 0.0002, 0.0799, 0.0042}, {r, 0.0001, 0.0499, 0.0021}]
1
1;
The computation above takes about 24 minutes on a Mac mini 2.3 GHz Intel Core i5 with 4 GB of RAM. Below is a hard-coded
version of the result.

inss)= valsd={{{0.9955997766412134",0.9958407348564504",0.004130636748916976"}, {0.994933945998
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pattern4d = Map[classifyEquilFunc, vals4, {2}];
patternd // TableForm

+ + + + + + + + + + + + + + + + + + +
+ e * + + + e * + + + e * + + + e * +
* + * + + * + * + + * + * + + * + * +
+ + + + + + + + + + + + + + + + + + +
+ + + + + + + + + + + + + + + + + + +
+ e * + + + e * + + + e * B B B B B B
+ + * + + + + * + B B B B B B B B B B
+ + + + + + + B B B B B B B B B B B B
+ + * + + + B B B B B B B B B B B B B
£ e * + B B B B B B B B B B B B B B B
+ + * B B B B B B B B B B B B B B B B
+ B B B B B B B B B B B B B B B B B B
B B B B B B B B B B B B B B B B B B B
B B B B B B B B B B B B B B B B B B B
B B B B B B B B B B B B B B B B B B B
B B B B B B B B B B B B B B B B B B B
B B B B B B B B B B B B B B B B B B B
B B B B B B B B B B B B B B B B B B B
B B B B B B B B B B B B B B B B B B B

(» Egz marginal one-locus polymorphism at the B locus x)

pl2 = ListPlot[Pick[Flatten[coord4, 1], Map[# == "B" &, Flatten[pattern4]]],
PlotMarkers - o, PlotStyle - Gray] ;

(» E.: fully-polymorphic equilibrium x)

pl4 = ListPlot[Pick[Flatten[coord4, 1], Map[# == ""+" &, Flatten[pattern4]]],
PlotMarkers - o, PlotStyle - Gray] ;

plotStabilityEBPolyml = Show[{plot4, pl2, pl4}]
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Figure 13: Critical recombination rate determining the stability of the marginal one-locus equilibrium Eg and invasion of A; for a polymorphic continent, as a function
of the migration rate. Dark grey: invasion of A; via the unstable marginal equilibrium Eg; light grey: no invasion of A;, stable marginal equilibrium Eg. Numerical
iterations of invasion dynamics where performed at coordinates indicated by grey symbols. Different symbols indicate which equilibrium is reached: e E, ; o Eg. Initial

values for iterations were {py, o, Do} :{0, dB, O}, where dB is the frequency of B, at the marginal one-locus migration-selection equilibrium. Iterations were stopped
when changes in each coordinate from one time step to the next were smaller than the numerical precision. The vertical dashed line indicates the pole of the
function r"(m). Parameters are a=0.01, b= 0.04 and q. =0.01.

m Case2:a< gand g.=0.2

(» Initial values x)

pO = 0.0001;

qOPolym = gqEB1 /. {a » mya, b - myb, m -» mym, qC -» myqC};
DO = 0;
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mya = 0.01;
myb = 0.04;
mygll = O;
mygl2 = 0;
myg21 = 0;
myg22 = 0;
mym = 0.03;
myr = mya;
myqC = 0.2;
rmin = 0;
rmax = 0.05;
mmin = 0;

mmax = 0.08;
myMCrit2 = mCrit2 /. {a-> mya, b - myb};
myMCrit3 = mCrit3 /. {a-»mya, b » myb, r - 0.045};
myMCrit5 = mCrit5 /. {a-»mya, b » myb, r - 0.045};
myRStar = rStar /. {a » mya, b » myb};
plot5 =
Plot[{1, rCritFunclgnoringPole[mya, myb, m, mygC, rmax], rCritFunc[mya, myb, m, myqC]},
{m, mmin, mmax}, PlotRange -» {{mmin, mmax}, {rmin, rmax}}, AspectRatio-» 1/1,
Epilog » {Text[Style["r*", Directive[FontSize » 16],
FontFamily - "Helvetica"], {0.023, 0.02}1},

Frame -» True, FrameLabel -» {*'", "'},
LabelStyle » {Directive[FontSize -» 16], FontFamily - "Helvetica"},

ImageSize » 3. {100, 100},
PlotStyle » {{White}, {Black, Thick}, {Black, Dashed}},

Filling » {1 » {Axis, RGBColor[0.9, 0.9, 0.9]}, 2 » {Axis, RGBColor[0.75, 0.75, 0.75]}},
AxesLabel -» {r, m}, AxesStyle - Directive[FontSize - 16]]

0.05;
0.04}
0.03}

0.02}

7000 002 004 006 0.08

nise)= coord5 = Table[{m, r}, {m, 0.0002, 0.0799, 0.0042}, {r, 0.0001, 0.0499, 0.0021}];

Timing[FfinalStateEncoded = Block[ {$RecursionLimit = Infinity},
vals5 = Table[recFuncLargeTimes[mya, myb, mygll, mygl2, myg21l, myg22, m, r, myqC,
pO, DO, mytl][2], {m, 0.0002, 0.0799, 0.0042}, {r, 0.0001, 0.0499, 0.0021}]
1
1;
The computation above takes about 24 minutes on a Mac mini 2.3 GHz Intel Core i5 with 4 GB of RAM. Below is a hard-coded
version of the result.

nns7)= vals5={{{0.9924147241897633",0.996638987852479",0.003327199873970181 "}, {0.9918759314373
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pattern5 = Map[classifyEquilFunc, vals5, {2}];
pattern5 // TableForm

+ + + + + + + + + + + + + + + + + + +
+ + + + + + + + + + + + + + + + + + +
+ + + + + + + + + + + + + + + + + + +
+ + * + + + + * + + + + * + + + + * +
+ + + + + + + + + + + + B B B B B B B
+ + + + + B B B B B B B B B B B B B B
+ + B B B B B B B B B B B B B B B B B
B B B B B B B B B B B B B B B B B B B
B B B B B B B B B B B B B B B B B B B
B B B B B B B B B B B B B B B B B B B
B B B B B B B B B B B B B B B B B B B
B B B B B B B B B B B B B B B B B B B
B B B B B B B B B B B B B B B B B B B
B B B B B B B B B B B B B B B B B B B
B B B B B B B B B B B B B B B B B B B
B B B B B B B B B B B B B B B B B B B
B B B B B B B B B B B B B B B B B B B
B B B B B B B B B B B B B B B B B B B
B B B B B B B B B B B B B B B B B B B

(» Egz marginal one-locus polymorphism at the B locus x)

pl2 = ListPlot[Pick[Flatten[coord5, 1], Map[# == "B" &, Flatten[pattern5]]],
PlotMarkers - o, PlotStyle - Gray] ;

(» E.: fully-polymorphic equilibrium x)

pl4 = ListPlot[Pick[Flatten[coord5, 1], Map[# == ""+'" &, Flatten[pattern5]]1],
PlotMarkers - o, PlotStyle - Gray] ;

plotStabilityEBPolym2 = Show[ {plot5, pl2, pl4}]
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Figure 14: Critical recombination rate determining the stability of the marginal one-locus equilibrium Eg and invasion of A; for a polymorphic continent, as a function
of the migration rate. Dark grey: invasion of A; via the unstable marginal equilibrium Eg; light grey: no invasion of A;, stable marginal equilibrium Eg. Numerical
iterations of invasion dynamics where performed at coordinates indicated by grey symbols. Different symbols indicate which equilibrium is reached: e E, ; o Eg. Initial

values for iterations were {py, o, Do} :{0, dB, O}, where dB is the frequency of B, at the marginal one-locus migration-selection equilibrium. Iterations were stopped
when changes in each coordinate from one time step to the next were smaller than the numerical precision. The vertical dashed line indicates the pole of the
function r"(m). Parameters are a=0.01, b= 0.04 and qc=0.2.

m Case3:a< gand g. =05

(» Initial values x)

pO = 0.0001;

qOPolym = gqEB1 /. {a » mya, b - myb, m -» mym, qC -» myqC};
DO = 0;
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mya = 0.01;
myb = 0.04;
mygll = O;
mygl2 = 0;
myg21 = 0;
myg22 = 0;
mym = 0.03;
myr = mya;
myqC = 0.5;
rmin = 0;
rmax = 0.05;
mmin = 0;

mmax = 0.08;
myMCrit2 = mCrit2 /. {a-> mya, b - myb};
myMCrit3 = mCrit3 /. {a-»mya, b » myb, r - 0.045};
myMCrit5 = mCrit5 /. {a-»mya, b » myb, r - 0.045};
myRStar = rStar /. {a » mya, b » myb};
plot6 =
Plot[{1, rCritFunclgnoringPole[mya, myb, m, mygC, rmax], rCritFunc[mya, myb, m, myqC]},
{m, mmin, mmax}, PlotRange -» {{mmin, mmax}, {rmin, rmax}}, AspectRatio-» 1/1,
Epilog » {Text[Style["r*", Directive[FontSize » 16],
FontFamily - "Helvetica'], {0.018, 0.02}1},

Frame -» True, FrameLabel -» {*'", "'},
LabelStyle » {Directive[FontSize -» 16], FontFamily - "Helvetica"},

ImageSize » 3. {100, 100},
PlotStyle » {{White}, {Black, Thick}, {Black, Dashed}},

Filling » {1 » {Axis, RGBColor[0.9, 0.9, 0.9]}, 2 » {Axis, RGBColor[0.75, 0.75, 0.75]}},
AxesLabel -» {r, m}, AxesStyle - Directive[FontSize - 16]]
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inisg= coord6 = Table[{m, r}, {m, 0.0002, 0.0799, 0.0042}, {r, 0.0001, 0.0499, 0.0021}];

Timing[FfinalStateEncoded = Block[ {$RecursionLimit = Infinity},
vals6 = Table[recFuncLargeTimes[mya, myb, mygll, mygl2, myg21l, myg22, m, r, myqC,
pO, DO, mytl][2], {m, 0.0002, 0.0799, 0.0042}, {r, 0.0001, 0.0499, 0.0021}]
1
1;
The computation above takes about 24 minutes on a Mac mini 2.3 GHz Intel Core i5 with 4 GB of RAM. Below is a hard-coded
version of the result.

inpsg)= vals6={{{0.9873857333706446 ,0.9978993774642507",0.0020689523151086356"}, {0.98704825016
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pattern6é = Map[classifyEquilFunc, vals6, {2}];
pattern6 // TableForm

+ + + + + + + + + + + + + + + + + + +
+ + + + + + + + + + + + + + + + + + +
+ + + + + + + + + + + + + + + + + + +
+ + + + + + + + + + + + + + B B B B B
B B B B B B B B B B B B B B B B B B B
B B B B B B B B B B B B B B B B B B B
B B B B B B B B B B B B B B B B B B B
B B B B B B B B B B B B B B B B B B B
B B B B B B B B B B B B B B B B B B B
B B B B B B B B B B B B B B B B B B B
B B B B B B B B B B B B B B B B B B B
B B B B B B B B B B B B B B B B B B B
B B B B B B B B B B B B B B B B B B B
B B B B B B B B B B B B B B B B B B B
B B B B B B B B B B B B B B B B B B B
B B B B B B B B B B B B B B B B B B B
B B B B B B B B B B B B B B B B B B B
B B B B B B B B B B B B B B B B B B B
B B B B B B B B B B B B B B B B B B B

(» Egz marginal one-locus polymorphism at the B locus x)
pl2 = ListPlot[Pick[Flatten[coord6, 1], Map[# == "B" &, Flatten[pattern6]]],
PlotMarkers - o, PlotStyle - Gray] ;

(» E.: fully-polymorphic equilibrium x)
pl4 = ListPlot[Pick[Flatten[coord6, 1], Map[# == ""+'" &, Flatten[pattern6]]],
PlotMarkers - o, PlotStyle - Gray] ;

plotStabilityEBPolym3 = Show[{plot6, pl2, pl4}]
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Figure 15: Critical recombination rate determining the stability of the marginal one-locus equilibrium Eg and invasion of A; for a polymorphic continent, as a function
of the migration rate. Dark grey: invasion of A; via the unstable marginal equilibrium Eg; light grey: no invasion of A;, stable marginal equilibrium Eg. Numerical
iterations of invasion dynamics where performed at coordinates indicated by grey symbols. Different symbols indicate which equilibrium is reached: e E, ; o Eg. Initial

values for iterations were {py, o, Do} :{0, dB, O}, where dB is the frequency of B, at the marginal one-locus migration-selection equilibrium. Iterations were stopped
when changes in each coordinate from one time step to the next were smaller than the numerical precision. The vertical dashed line indicates the pole of the
function r"(m). Parameters are a=0.01, b= 0.04 and q.=0.5.

m Cased a< gand g.=0.8

(» Initial values x)

pO = 0.0001;

qOPolym = gqEB1 /. {a » mya, b - myb, m -» mym, qC -» myqC};
DO = 0;
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mya = 0.01;
myb = 0.04;
mygll = O;
mygl2 = 0;
myg21 = 0;
myg22 = 0;
mym = 0.03;
myr = mya;
myqC = 0.8;
rmin = 0;
rmax = 0.05;
mmin = 0;

mmax = 0.08;
myMCrit2 = mCrit2 /. {a-> mya, b - myb};
myMCrit3 = mCrit3 /. {a-»mya, b » myb, r - 0.045};
myMCrit5 = mCrit5 /. {a-»mya, b » myb, r - 0.045};
myRStar = rStar /. {a » mya, b » myb};
plot7 =
Plot[{1, rCritFunclgnoringPole[mya, myb, m, mygC, rmax], rCritFunc[mya, myb, m, myqC]},
{m, mmin, mmax}, PlotRange -» {{mmin, mmax}, {rmin, rmax}}, AspectRatio-» 1/1,
Epilog » {Text[Style["r*", Directive[FontSize » 16],
FontFamily - "Helvetica'], {0.015, 0.02}1},

Frame -» True, FrameLabel -» {*'", "'},
LabelStyle » {Directive[FontSize -» 16], FontFamily - "Helvetica"},

ImageSize » 3. {100, 100},
PlotStyle » {{White}, {Black, Thick}, {Black, Dashed}},

Filling » {1 » {Axis, RGBColor[0.9, 0.9, 0.9]}, 2 » {Axis, RGBColor[0.75, 0.75, 0.75]}},
AxesLabel -» {r, m}, AxesStyle - Directive[FontSize - 16]]
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neoj= coord? = Table[{m, r}, {m, 0.0002, 0.0799, 0.0042}, {r, 0.0001, 0.0499, 0.0021}];

Timing[FfinalStateEncoded = Block[ {$RecursionLimit = Infinity},
vals7 = Table[recFuncLargeTimes[mya, myb, mygll, mygl2, myg21l, myg22, m, r, myqC,
pO, DO, mytl][2], {m, 0.0002, 0.0799, 0.0042}, {r, 0.0001, 0.0499, 0.0021}]
1
1;
The computation above takes about 24 minutes on a Mac mini 2.3 GHz Intel Core i5 with 4 GB of RAM. Below is a hard-coded
version of the result.

npe= vals7={{{0.9823567906084528",0.9991597550081732",0.0008233619642697345"}, {0.98222150241
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pattern? = Map[classifyEquilFunc, vals7, {2}];
pattern? // TableForm

+ + + + + + + + + + + + + + + + + + +
+ + + + + + + + + + + + + + + + + + +
+ + + + + + + + + + + + + + + + + + +
B B B B B B B B B B B B B B B B B B B
B B B B B B B B B B B B B B B B B B B
B B B B B B B B B B B B B B B B B B B
B B B B B B B B B B B B B B B B B B B
B B B B B B B B B B B B B B B B B B B
B B B B B B B B B B B B B B B B B B B
B B B B B B B B B B B B B B B B B B B
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(» Egz marginal one-locus polymorphism at the B locus x)

pl2 = ListPlot[Pick[Flatten[coord7, 1], Map[# == "B" &, Flatten[pattern7]]],
PlotMarkers - o, PlotStyle - Gray] ;

(» E.: fully-polymorphic equilibrium x)

pl4 = ListPlot[Pick[Flatten[coord7, 1], Map[# == ""+" &, Flatten[pattern7]]],
PlotMarkers - o, PlotStyle - Gray] ;

plotStabilityEBPolym4 = Show[ {plot7, pl2, pl4}]
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Figure 16: Critical recombination rate determining the stability of the marginal one-locus equilibrium Eg and invasion of A; for a polymorphic continent, as a function
of the migration rate. Dark grey: invasion of A; via the unstable marginal equilibrium Eg; light grey: no invasion of A;, stable marginal equilibrium Eg. Numerical
iterations of invasion dynamics where performed at coordinates indicated by grey symbols. Different symbols indicate which equilibrium is reached: e E, ; o Eg. Initial

values for iterations were {py, o, Do} :{0, dB, O}, where dB is the frequency of B, at the marginal one-locus migration-selection equilibrium. Iterations were stopped
when changes in each coordinate from one time step to the next were smaller than the numerical precision. The vertical dashed line indicates the pole of the
function r"(m). Parameters are a=0.01, b= 0.04 and q.=0.8.

m Caseb a= gand gc = 0.01

(» Initial values x)

pO = 0.0001;

qOPolym = gqEB1 /. {a » mya, b - myb, m -» mym, qC -» myqC};
DO = 0;
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mya = 0.02;
myb = 0.04;
mygll = O;
mygl2 = 0;
myg21 = 0;
myg22 = 0;
mym = 0.03;
myr = mya;
myqC = 0.01;
rmin = 0;
rmax = 0.05;
mmin = 0;

mmax = 0.08;
myMCrit2 = mCrit2 /. {a-> mya, b - myb};
myMCrit3 = mCrit3 /. {a-»mya, b » myb, r - 0.045};
myMCrit5 = mCrit5 /. {a-»mya, b » myb, r - 0.045};
myRStar = rStar /. {a » mya, b » myb};
plot8 =
Plot[{1, rCritFunclgnoringPole[mya, myb, m, mygC, rmax], rCritFunc[mya, myb, m, myqC]},
{m, mmin, mmax}, PlotRange -» {{mmin, mmax}, {rmin, rmax}}, AspectRatio-» 1/1,
Epilog » {Text[Style["r*", Directive[FontSize » 16],
FontFamily - "Helvetica"], {0.046, 0.02}1},

Frame -» True, FrameLabel -» {*'", "'},
LabelStyle » {Directive[FontSize -» 16], FontFamily - "Helvetica"},

ImageSize » 3. {100, 100},
PlotStyle » {{White}, {Black, Thick}, {Black, Dashed}},

Filling » {1 » {Axis, RGBColor[0.9, 0.9, 0.9]}, 2 » {Axis, RGBColor[0.75, 0.75, 0.75]}},
AxesLabel -» {r, m}, AxesStyle - Directive[FontSize - 16]]

0.05;
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0.00 002 004 006 008

niez)= coord8 = Table[{m, r}, {m, 0.0002, 0.0799, 0.0042}, {r, 0.0001, 0.0499, 0.0021}];

Timing[FfinalStateEncoded = Block[ {$RecursionLimit = Infinity},
vals8 = Table[recFuncLargeTimes[mya, myb, mygll, mygl2, myg21l, myg22, m, r, myqC,
pO, DO, mytl][2], {m, 0.0002, 0.0799, 0.0042}, {r, 0.0001, 0.0499, 0.0021}]
1
1;
The computation above takes about 24 minutes on a Mac mini 2.3 GHz Intel Core i5 with 4 GB of RAM. Below is a hard-coded
version of the result.

ines)= vals8={{{0.9963850991854859",0.9964997823060009,0.003478867509496358"}, {0.996149717787



102 | 2LocContlsland_Determ_Discr.nb

pattern8 = Map[classifyEquilFunc, vals8, {2}];
pattern8 // TableForm

+ + + + H+ + H+
+ + + + H+ + H+ I+

+ + + + + + + + H+ + +

0000 O W H H H W H
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000000000 W W@ H H H K H H+ H H H H+ H
00000000 W@ H H H H H+ + H+ H+ H H+ H H
0000 00 0 W W H H H H H+ H H H H+ H
00000000000 W WH H H K+ + H+ H H H+ H H
0000 0 0 0 W WWH H H H+ H H H H+ H
00 00 0000000 W W WH H H + H+ H H H+ H
00U 00 00 000000 WWWH + + + H+ H H+ H H
0000 00 000 WWWWH H+ H H H H H+ H
0000 00 00000 W WWH H+ + H+ H H H+ H H
0000 0 00 0 W WW@WWWH H+ + H H H H+ H 1
WU W WWWwWwwwwmww
00U 00 00 0000000 W W WWH + + H+ H H+ H H
WU W W0WWWwWwwwmWm
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@
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W
vy}
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(» Egz marginal one-locus polymorphism at the B locus x)
pl2 = ListPlot[Pick[Flatten[coord8, 1], Map[# == "B" &, Flatten[pattern8]]],
PlotMarkers - o, PlotStyle - Gray] ;

(» E.: fully-polymorphic equilibrium x)
pl4 = ListPlot[Pick[Flatten[coord8, 1], Map[# == ""+'" &, Flatten[pattern8]]],
PlotMarkers - o, PlotStyle - Gray] ;

plotStabilityEBPolym5 = Show[ {plot8, pl2, pl4}]
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Figure 17: Critical recombination rate determining the stability of the marginal one-locus equilibrium Eg and invasion of A; for a polymorphic continent, as a function
of the migration rate. Dark grey: invasion of A; via the unstable marginal equilibrium Eg; light grey: no invasion of A;, stable marginal equilibrium Eg. Numerical
iterations of invasion dynamics where performed at coordinates indicated by grey symbols. Different symbols indicate which equilibrium is reached: e E, ; o Eg. Initial

values for iterations were {py, o, Do} :{0, dB, O}, where dB is the frequency of B, at the marginal one-locus migration-selection equilibrium. Iterations were stopped
when changes in each coordinate from one time step to the next were smaller than the numerical precision. The vertical dashed line indicates the pole of the
function r"(m). Parameters are a=0.02, b= 0.04 and q. =0.01.

m Case6: a= gand . = 0.2

(» Initial values x)

pO = 0.0001;

qOPolym = gqEB1 /. {a » mya, b - myb, m -» mym, qC -» myqC};
DO = 0;
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mya = 0.02;
myb = 0.04;
mygll = O;
mygl2 = 0;
myg21 = 0;
myg22 = 0;
mym = 0.03;
myr = mya;
myqC = 0.2;
rmin = 0;
rmax = 0.05;
mmin = 0;

mmax = 0.08;
myMCrit2 = mCrit2 /. {a-> mya, b - myb};
myMCrit3 = mCrit3 /. {a-»mya, b » myb, r - 0.045};
myMCrit5 = mCrit5 /. {a-»mya, b » myb, r - 0.045};
myRStar = rStar /. {a » mya, b » myb};
plot9 =
Plot[{1, rCritFunclgnoringPole[mya, myb, m, mygC, rmax], rCritFunc[mya, myb, m, myqC]},
{m, mmin, mmax}, PlotRange -» {{mmin, mmax}, {rmin, rmax}}, AspectRatio-» 1/1,
Epilog » {Text[Style["r*", Directive[FontSize » 16],
FontFamily - "Helvetica"], {0.037, 0.02}1},

Frame -» True, FrameLabel -» {*'", "'},
LabelStyle » {Directive[FontSize -» 16], FontFamily - "Helvetica"},

ImageSize » 3. {100, 100},
PlotStyle » {{White}, {Black, Thick}, {Black, Dashed}},

Filling » {1 » {Axis, RGBColor[0.9, 0.9, 0.9]}, 2 » {Axis, RGBColor[0.75, 0.75, 0.75]}},
AxesLabel -» {r, m}, AxesStyle - Directive[FontSize - 16]]
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0.02}

0.04 006 0.8

npes= coord9 = Table[{m, r}, {m, 0.0002, 0.0799, 0.0042}, {r, 0.0001, 0.0499, 0.0021}];

Timing[FfinalStateEncoded = Block[ {$RecursionLimit = Infinity},
vals9 = Table[recFuncLargeTimes[mya, myb, mygll, mygl2, myg21l, myg22, m, r, myqC,
p0, DO, mytl][2], {m, 0.0002, 0.0799, 0.0042}, {r, 0.0001, 0.0499, 0.0021}]
1
1;

The computation above takes about 24 minutes on a Mac mini 2.3 GHz Intel Core i5 with 4 GB of RAM. Below is a hard-coded
version of the result.

ines)= vals9={{{0.99504491855092~,0.9971715472189118",0.002807418970236513" } , {0.99485448796827
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pattern9 = Map[classifyEquilFunc, vals9, {2}];
pattern9 // TableForm

+ + + + + + + + + + + + + + + + + + +
+ e * + + + e * + + + e * + + + e * +
* + * + + * + * + + * + * + + * + * +
+ + + + + + + + + + + + + + + + + + +
+ + + + + + + + + + + + + + + + + + +
+ e * + + + e * + + + e * + + + e * +
+ + * + + + + * + + + + * + + + + * +
+ + + + + + + + + + + + + + B B B B B
+ + * + + + + B B B B B B B B B B B B
£ e * B B B B B B B B B B B B B B B B
B B B B B B B B B B B B B B B B B B B
B B B B B B B B B B B B B B B B B B B
B B B B B B B B B B B B B B B B B B B
B B B B B B B B B B B B B B B B B B B
B B B B B B B B B B B B B B B B B B B
B B B B B B B B B B B B B B B B B B B
B B B B B B B B B B B B B B B B B B B
B B B B B B B B B B B B B B B B B B B
B B B B B B B B B B B B B B B B B B B

(» Egz marginal one-locus polymorphism at the B locus x)

pl2 = ListPlot[Pick[Flatten[coord9, 1], Map[# == "B" &, Flatten[pattern9]]],
PlotMarkers - o, PlotStyle - Gray] ;

(» E.: fully-polymorphic equilibrium x)

pl4 = ListPlot[Pick[Flatten[coord9, 1], Map[# == ""+'" &, Flatten[pattern9]]],
PlotMarkers - o, PlotStyle - Gray] ;

plotStabilityEBPolym6 = Show[ {plot9, pl2, pl4}]
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Figure 18: Critical recombination rate determining the stability of the marginal one-locus equilibrium Eg and invasion of A; for a polymorphic continent, as a function
of the migration rate. Dark grey: invasion of A; via the unstable marginal equilibrium Eg; light grey: no invasion of A;, stable marginal equilibrium Eg. Numerical
iterations of invasion dynamics where performed at coordinates indicated by grey symbols. Different symbols indicate which equilibrium is reached: e E, ; o Eg. Initial

values for iterations were {py, o, Do} :{0, dB, O}, where dB is the frequency of B, at the marginal one-locus migration-selection equilibrium. Iterations were stopped
when changes in each coordinate from one time step to the next were smaller than the numerical precision. The vertical dashed line indicates the pole of the
function r"(m). Parameters are a=0.02, b= 0.04 and qc=0.2.

m Case7:a= gand g. =05

(» Initial values x)

pO = 0.0001;

qOPolym = gqEB1 /. {a » mya, b - myb, m -» mym, qC -» myqC};
DO = 0;
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mya = 0.02;
myb = 0.04;
mygll = O;
mygl2 = 0;
myg21 = 0;
myg22 = 0;
mym = 0.03;
myr = mya;
myqC = 0.5;
rmin = 0;
rmax = 0.05;
mmin = 0;

mmax = 0.08;
myMCrit2 = mCrit2 /. {a-> mya, b - myb};
myMCrit3 = mCrit3 /. {a-»mya, b » myb, r - 0.045};
myMCrit5 = mCrit5 /. {a-»mya, b » myb, r - 0.045};
myRStar = rStar /. {a » mya, b » myb};
plotl0 =
Plot[{1, rCritFunclgnoringPole[mya, myb, m, mygC, rmax], rCritFunc[mya, myb, m, myqC]},
{m, mmin, mmax}, PlotRange -» {{mmin, mmax}, {rmin, rmax}}, AspectRatio-» 1/1,
Epilog » {Text[Style["r*", Directive[FontSize » 16],
FontFamily - "Helvetica"], {0.03, 0.02}1},

Frame -» True, FrameLabel -» {*'", "'},
LabelStyle » {Directive[FontSize -» 16], FontFamily - "Helvetica"},

ImageSize » 3. {100, 100},
PlotStyle » {{White}, {Black, Thick}, {Black, Dashed}},

Filling » {1 » {Axis, RGBColor[0.9, 0.9, 0.9]}, 2 » {Axis, RGBColor[0.75, 0.75, 0.75]}},
AxesLabel -» {r, m}, AxesStyle - Directive[FontSize - 16]]
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inies)= coordl0 = Table[{m, r}, {m, 0.0002, 0.0799, 0.0042}, {r, 0.0001, 0.0499, 0.0021}];

Timing[FfinalStateEncoded = Block[ {$RecursionLimit = Infinity},
valsl0 = Table[recFuncLargeTimes[mya, myb, mygll, mygl2, myg21l, myg22, m, r, myqC,
pO, DO, mytl][2], {m, 0.0002, 0.0799, 0.0042}, {r, 0.0001, 0.0499, 0.0021}]
1
1;
The computation above takes about 24 minutes on a Mac mini 2.3 GHz Intel Core i5 with 4 GB of RAM. Below is a hard-coded
version of the result.

ne7)= valsl0={{{0.9929288552712007",0.9982322228947664" ,0.001750899629094998" }, {0.99280961585
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patternl0O = Map[classifyEquilFunc, valsl1l0, {2}1];
patternl0 // TableForm

+ + + + + + + + + + + + + + + + + + +
+ + + + + + + + + + + + + + + + + + +
+ + + + + + + + + + + + + + + + + + +
+ + * + + + + * + + + + * + + + + * +
+ + + + + + + + + + + + + + + + + + +
+ + + + + + + + + + + + + + + + + + +
+ + * + + + + * + B B B B B B B B B B
B B B B B B B B B B B B B B B B B B B
B B B B B B B B B B B B B B B B B B B
B B B B B B B B B B B B B B B B B B B
B B B B B B B B B B B B B B B B B B B
B B B B B B B B B B B B B B B B B B B
B B B B B B B B B B B B B B B B B B B
B B B B B B B B B B B B B B B B B B B
B B B B B B B B B B B B B B B B B B B
B B B B B B B B B B B B B B B B B B B
B B B B B B B B B B B B B B B B B B B
B B B B B B B B B B B B B B B B B B B
B B B B B B B B B B B B B B B B B B B

(» Egz marginal one-locus polymorphism at the B locus x)

pl2 = ListPlot[Pick[Flatten[coordl0, 1], Map[# == "'B" &, Flatten[patternl0]]],
PlotMarkers - o, PlotStyle - Gray] ;

(» E.: fully-polymorphic equilibrium x)

pl4 = ListPlot[Pick[Flatten[coordl0, 1], Map[# == ""+" &, Flatten[patternl0]]],
PlotMarkers - o, PlotStyle - Gray] ;

plotStabi lityEBPolym7 = Show[{plotl10, pl2, pl4}]
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Figure 19: Critical recombination rate determining the stability of the marginal one-locus equilibrium Eg and invasion of A; for a polymorphic continent, as a function
of the migration rate. Dark grey: invasion of A; via the unstable marginal equilibrium Eg; light grey: no invasion of A;, stable marginal equilibrium Eg. Numerical
iterations of invasion dynamics where performed at coordinates indicated by grey symbols. Different symbols indicate which equilibrium is reached: e E, ; o Eg. Initial

values for iterations were {py, o, Do} :{0, dB, O}, where dB is the frequency of B, at the marginal one-locus migration-selection equilibrium. Iterations were stopped
when changes in each coordinate from one time step to the next were smaller than the numerical precision. The vertical dashed line indicates the pole of the
function r"(m). Parameters are a=0.02, b= 0.04 and q.=0.5.

m Case8 a= gand g. = 0.8

(» Initial values x)

pO = 0.0001;

qOPolym = gqEB1 /. {a » mya, b - myb, m -» mym, qC -» myqC};
DO = 0;
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mya = 0.02;
myb = 0.04;
mygll = O;
mygl2 = 0;
myg21 = 0;
myg22 = 0;
mym = 0.03;
myr = mya;
myqC = 0.8;
rmin = 0;
rmax = 0.05;
mmin = 0;

mmax = 0.08;
myMCrit2 = mCrit2 /. {a-> mya, b - myb};
myMCrit3 = mCrit3 /. {a-»mya, b » myb, r - 0.045};
myMCrit5 = mCrit5 /. {a-»mya, b » myb, r - 0.045};
myRStar = rStar /. {a » mya, b » myb};
plotll =
Plot[{1, rCritFunclgnoringPole[mya, myb, m, mygC, rmax], rCritFunc[mya, myb, m, myqC]},
{m, mmin, mmax}, PlotRange -» {{mmin, mmax}, {rmin, rmax}}, AspectRatio-» 1/1,
Epilog » {Text[Style["r*", Directive[FontSize » 16],
FontFamily - "Helvetica'"], {0.025, 0.02}1},

Frame -» True, FrameLabel -» {*'", "'},
LabelStyle » {Directive[FontSize -» 16], FontFamily - "Helvetica"},

ImageSize » 3. {100, 100},
PlotStyle » {{White}, {Black, Thick}, {Black, Dashed}},

Filling » {1 » {Axis, RGBColor[0.9, 0.9, 0.9]}, 2 » {Axis, RGBColor[0.75, 0.75, 0.75]}},
AxesLabel -» {r, m}, AxesStyle - Directive[FontSize - 16]]
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npes)= coordll = Table[{m, r}, {m, 0.0002, 0.0799, 0.0042}, {r, 0.0001, 0.0499, 0.0021}];

Timing[FfinalStateEncoded = Block[ {$RecursionLimit = Infinity},
valsll = Table[recFuncLargeTimes[mya, myb, mygll, mygl2, myg21l, myg22, m, r, myqC,
pO, DO, mytl][2], {m, 0.0002, 0.0799, 0.0042}, {r, 0.0001, 0.0499, 0.0021}]
1
1;

The computation above takes about 24 minutes on a Mac mini 2.3 GHz Intel Core i5 with 4 GB of RAM. Below is a hard-coded
version of the result.

neg)= valsll={{{0.9908128060462564",0.9992928915110391",0.0006988649805891363" }, {0.9907650222
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patternll = Map[classifyEquilFunc, valsll, {2}];
patternll // TableForm
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(» Egz marginal one-locus polymorphism at the B locus x)

pl2 = ListPlot[Pick[Flatten[coordll, 1], Map[# == "'B" &, Flatten[patternll]]],
PlotMarkers - o, PlotStyle - Gray] ;

(» E.: fully-polymorphic equilibrium x)

pl4 = ListPlot[Pick[Flatten[coordll, 1], Map[# == "'+" &, Flatten[patternll]]],
PlotMarkers - o, PlotStyle - Gray] ;

plotStabi lityEBPolym8 = Show[{plotll, pl2, pl4}]
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Figure 20: Critical recombination rate determining the stability of the marginal one-locus equilibrium Eg and invasion of A; for a polymorphic continent, as a function
of the migration rate. Dark grey: invasion of A; via the unstable marginal equilibrium Eg; light grey: no invasion of A;, stable marginal equilibrium Eg. Numerical
iterations of invasion dynamics where performed at coordinates indicated by grey symbols. Different symbols indicate which equilibrium is reached: e E, ; o Eg. Initial

values for iterations were {py, o, Do} :{0, dB, O}, where dB is the frequency of B, at the marginal one-locus migration-selection equilibrium. Iterations were stopped
when changes in each coordinate from one time step to the next were smaller than the numerical precision. The vertical dashed line indicates the pole of the
function r"(m). Parameters are a=0.02, b= 0.04 and q.=0.8.

m Case9: a> gand gc = 0.01

(» Initial values x)

pO = 0.0001;

qOPolym = gqEB1 /. {a » mya, b - myb, m -» mym, qC -» myqC};
DO = 0;
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mya = 0.03;
myb = 0.04;
mygll = O;
mygl2 = 0;
myg21 = 0;
myg22 = 0;
mym = 0.03;
myr = mya;
myqC = 0.01;
rmin = 0;
rmax = 0.05;
mmin = 0;

mmax = 0.08;
myMCrit2 = mCrit2 /. {a-> mya, b - myb};
myMCrit3 = mCrit3 /. {a-»mya, b » myb, r - 0.045};
myMCrit5 = mCrit5 /. {a-»mya, b » myb, r - 0.045};
myRStar = rStar /. {a » mya, b » myb};
plotl2 =
Plot[{1, rCritFunclgnoringPole[mya, myb, m, mygC, rmax], rCritFunc[mya, myb, m, myqC]},
{m, mmin, mmax}, PlotRange -» {{mmin, mmax}, {rmin, rmax}}, AspectRatio-» 1/1,
Epilog » {Text[Style["r*", Directive[FontSize » 16],
FontFamily - "Helvetica"], {0.057, 0.02}1},

Frame -» True, FrameLabel -» {*'", "'},
LabelStyle » {Directive[FontSize -» 16], FontFamily - "Helvetica"},

ImageSize » 3. {100, 100},
PlotStyle » {{White}, {Black, Thick}, {Black, Dashed}},

Filling » {1 » {Axis, RGBColor[0.9, 0.9, 0.9]}, 2 » {Axis, RGBColor[0.75, 0.75, 0.75]}},
AxesLabel -» {r, m}, AxesStyle - Directive[FontSize - 16]]
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ni70p= coordl2 = Table[{m, r}, {m, 0.0002, 0.0799, 0.0042}, {r, 0.0001, 0.0499, 0.0021}];

Timing[FfinalStateEncoded = Block[ {$RecursionLimit = Infinity},
valsl2 = Table[recFuncLargeTimes[mya, myb, mygll, mygl2, myg21l, myg22, m, r, myqC,
pO, DO, mytl][2], {m, 0.0002, 0.0799, 0.0042}, {r, 0.0001, 0.0499, 0.0021}]
1
1;
The computation above takes about 24 minutes on a Mac mini 2.3 GHz Intel Core i5 with 4 GB of RAM. Below is a hard-coded
version of the result.

7= valsl2={{{0.9968969614989158",0.9969707949293976",0.003012274587233875"}, {0.99677987332
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patternl2 = Map[classifyEquilFunc, valsl2, {2}];
patternl2 // TableForm

+ + + + + + + + + + + + + + + + + + +
+ + + + + + + + + + + + + + + + + + +
+ + + + + + + + + + + + + + + + + + +
+ + * + + + + * + + + + * + + + + * +
+ + + + + + + + + + + + + + + + + + +
+ + + + + + + + + + + + + + + + + + +
+ + * + + + + * + + + + * + + + + * +
+ + + + + + + + + + + + + + + + + + +
+ + + + + + + + + + + + + + + + + + +
+ + + + + + + + + + + + + + + + + + +
+ + * + + + + * + + + + * + + + B B B
+ + + + + + + + + + + + + B B B B B B
+ + * + + + + * + + B B B B B B B B B
* + * + + * + * B B B B B B B B B B B
+ + + + + + B B B B B B B B B B B B B
+ + + B B B B B B B B B B B B B B B B
+ B B B B B B B B B B B B B B B B B B
B B B B B B B B B B B B B B B B B B B
B B B B B B B B B B B B B B B B B B B

(» Egz marginal one-locus polymorphism at the B locus x)
pl2 = ListPlot[Pick[Flatten[coordl2, 1], Map[# == "'B" &, Flatten[patternl2]]],
PlotMarkers - o, PlotStyle - Gray] ;

(» E.: fully-polymorphic equilibrium x)
pl4 = ListPlot[Pick[Flatten[coordl2, 1], Map[# == ""+" &, Flatten[patternl2]]],
PlotMarkers - o, PlotStyle - Gray] ;

plotStabilityEBPolym9 = Show[{plotl2, pl2, pl4}]
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Figure 21: Critical recombination rate determining the stability of the marginal one-locus equilibrium Eg and invasion of A; for a polymorphic continent, as a function
of the migration rate. Dark grey: invasion of A; via the unstable marginal equilibrium Eg; light grey: no invasion of A;, stable marginal equilibrium Eg. Numerical
iterations of invasion dynamics where performed at coordinates indicated by grey symbols. Different symbols indicate which equilibrium is reached: e E, ; o Eg. Initial

values for iterations were {py, o, Do} :{0, dB, O}, where dB is the frequency of B, at the marginal one-locus migration-selection equilibrium. Iterations were stopped
when changes in each coordinate from one time step to the next were smaller than the numerical precision. The vertical dashed line indicates the pole of the
function r”(m). Parameters are a=0.03, b= 0.04 and q. =0.01.

m Case10: a > gand g. =02

(» Initial values x)

pO = 0.0001;

qOPolym = gqEB1 /. {a » mya, b - myb, m -» mym, qC -» myqC};
DO = 0;
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mya = 0.03;
myb = 0.04;
mygll = O;
mygl2 = 0;
myg21 = 0;
myg22 = 0;
mym = 0.03;
myr = mya;
myqC = 0.2;
rmin = 0;
rmax = 0.05;
mmin = 0;

mmax = 0.08;
myMCrit2 = mCrit2 /. {a-> mya, b - myb};
myMCrit3 = mCrit3 /. {a-»mya, b » myb, r - 0.045};
myMCrit5 = mCrit5 /. {a-»mya, b » myb, r - 0.045};
myRStar = rStar /. {a » mya, b » myb};
plotl3 =
Plot[{1, rCritFunclgnoringPole[mya, myb, m, mygC, rmax], rCritFunc[mya, myb, m, myqC]},
{m, mmin, mmax}, PlotRange -» {{mmin, mmax}, {rmin, rmax}}, AspectRatio-» 1/1,
Epilog » {Text[Style["r*", Directive[FontSize » 16],
FontFamily - "Helvetica"], {0.05, 0.02}1},

Frame -» True, FrameLabel -» {*'", "'},
LabelStyle » {Directive[FontSize -» 16], FontFamily - "Helvetica"},

ImageSize » 3. {100, 100},
PlotStyle » {{White}, {Black, Thick}, {Black, Dashed}},

Filling » {1 » {Axis, RGBColor[0.9, 0.9, 0.9]}, 2 » {Axis, RGBColor[0.75, 0.75, 0.75]}},
AxesLabel -» {r, m}, AxesStyle - Directive[FontSize - 16]]

0.05;
0.04}
0.03}

0.02}

7000 002 004 006 008

n172)= coordl3 = Table[{m, r}, {m, 0.0002, 0.0799, 0.0042}, {r, 0.0001, 0.0499, 0.0021}];

Timing[FfinalStateEncoded = Block[ {$RecursionLimit = Infinity},
valsl3 = Table[recFuncLargeTimes[mya, myb, mygll, mygl2, myg21l, myg22, m, r, myqC,
pO, DO, mytl][2], {m, 0.0002, 0.0799, 0.0042}, {r, 0.0001, 0.0499, 0.0021}]
1
1;
The computation above takes about 24 minutes on a Mac mini 2.3 GHz Intel Core i5 with 4 GB of RAM. Below is a hard-coded
version of the result.

np7a)= valsl3={{{0.9961237386100369,0.997552161312273",0.0024322695141881967 "}, {0.99602902586
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patternl3 = Map[classifyEquilFunc, valsl13, {2}1];
patternl3 // TableForm

+ + + + + + + + H+ + +

O wWwWwwwH+ + + + + + + H+ + + + H
o wwwmwH+ + + = + + + H+ + + H+ H

0000 00 0 W H W W H H H H+ H H H H+
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0000 00 W0 @ H H H H H H H+ H H H+
000000000 W W@ H H H K H H+ H H H H+ H
0000 0 0 0 W W H H H H + H H H+ H+ H
00000000000 W WH H H K+ + H+ H H H+ H H
0000 0 0 W0 W WH H H H H+ H H H H+ H
0000 000000 W0 W W H H H H H+ H H H H+ H
0000 00000000 W WH H H H+ + + H+ H H+ H H
000000000 W WWH H H H+ H H H H+ H 1
0000 0000000 W W WH H H+ + H+ H H H+ H H
0000 0 00 W0 WWW@WWH H H H+ H H H H+ H H
00 00 00000000 W W WH H H + H H H H+ H
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000000000 WWWH H H H H H H H+ H
0000 0000000 W W WH H H+ + H+ H H H+ H H
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uy]
@
@
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W
vy}
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(» Egz marginal one-locus polymorphism at the B locus x)

pl2 = ListPlot[Pick[Flatten[coordl3, 1], Map[# == ""'B" &, Flatten[patternl3]]],
PlotMarkers - o, PlotStyle - Gray] ;

(» E.: fully-polymorphic equilibrium x)

pl4 = ListPlot[Pick[Flatten[coordl3, 1], Map[# == ""+" &, Flatten[patternl3]]],
PlotMarkers - o, PlotStyle - Gray] ;

plotStabilityEBPolyml0 = Show[{plotl3, pl2, pl4}]
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Figure 22: Critical recombination rate determining the stability of the marginal one-locus equilibrium Eg and invasion of A; for a polymorphic continent, as a function
of the migration rate. Dark grey: invasion of A; via the unstable marginal equilibrium Eg; light grey: no invasion of A;, stable marginal equilibrium Eg. Numerical
iterations of invasion dynamics where performed at coordinates indicated by grey symbols. Different symbols indicate which equilibrium is reached: e E, ; o Eg. Initial

values for iterations were {py, o, Do} :{0, dB, O}, where dB is the frequency of B, at the marginal one-locus migration-selection equilibrium. Iterations were stopped
when changes in each coordinate from one time step to the next were smaller than the numerical precision. The vertical dashed line indicates the pole of the
function r”(m). Parameters are a=0.03, b= 0.04 and qc=0.2.

m Casell: a> gand g. =05

(» Initial values x)

pO = 0.0001;

qOPolym = gqEB1 /. {a » mya, b - myb, m -» mym, qC -» myqC};
DO = 0;
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mya = 0.03;
myb = 0.04;
mygll = O;
mygl2 = 0;
myg21 = 0;
myg22 = 0;
mym = 0.03;
myr = mya;
myqC = 0.5;
rmin = 0;
rmax = 0.05;
mmin = 0;

mmax = 0.08;
myMCrit2 = mCrit2 /. {a-> mya, b - myb};
myMCrit3 = mCrit3 /. {a-»mya, b » myb, r - 0.045};
myMCrit5 = mCrit5 /. {a-»mya, b » myb, r - 0.045};
myRStar = rStar /. {a » mya, b » myb};
plotl4 =
Plot[{1, rCritFunclgnoringPole[mya, myb, m, mygC, rmax], rCritFunc[mya, myb, m, myqC]},
{m, mmin, mmax}, PlotRange -» {{mmin, mmax}, {rmin, rmax}}, AspectRatio-» 1/1,
Epilog » {Text[Style["r*", Directive[FontSize » 16],
FontFamily - "Helvetica'], {0.041, 0.02}1},

Frame -» True, FrameLabel -» {*'", "'},
LabelStyle » {Directive[FontSize -» 16], FontFamily - "Helvetica"},

ImageSize » 3. {100, 100},
PlotStyle » {{White}, {Black, Thick}, {Black, Dashed}},

Filling » {1 » {Axis, RGBColor[0.9, 0.9, 0.9]}, 2 » {Axis, RGBColor[0.75, 0.75, 0.75]}},
AxesLabel -» {r, m}, AxesStyle - Directive[FontSize - 16]]
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n174p= coordl4 = Table[{m, r}, {m, 0.0002, 0.0799, 0.0042}, {r, 0.0001, 0.0499, 0.0021}];

Timing[FfinalStateEncoded = Block[ {$RecursionLimit = Infinity},
valsl4 = Table[recFuncLargeTimes[mya, myb, mygll, mygl2, myg21l, myg22, m, r, myqC,
pO, DO, mytl][2], {m, 0.0002, 0.0799, 0.0042}, {r, 0.0001, 0.0499, 0.0021}]
1
1;
The computation above takes about 24 minutes on a Mac mini 2.3 GHz Intel Core i5 with 4 GB of RAM. Below is a hard-coded
version of the result.

nn7s)= valsl4={{{0.9949028652735226,0.9984701045638185,0.001518301584557664 "} , {0.99484357489
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patternl4 = Map[classifyEquilFunc, valsl4, {2}];
patternl4 // TableForm

W WwWwWwWwwH+ + + + + + + + +
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(» Egz marginal one-locus polymorphism at the B locus x)

pl2 = ListPlot[Pick[Flatten[coordl4, 1], Map[# == "'B" &, Flatten[patternl4]]],
PlotMarkers - o, PlotStyle - Gray] ;

(» E.: fully-polymorphic equilibrium x)

pl4 = ListPlot[Pick[Flatten[coordl4, 1], Map[# == "'+ &, Flatten[patternl4]]],
PlotMarkers - o, PlotStyle - Gray] ;

plotStabilityEBPolymll = Show[{plotl4, pl2, pl4}]
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Figure 23: Critical recombination rate determining the stability of the marginal one-locus equilibrium Eg and invasion of A; for a polymorphic continent, as a function
of the migration rate. Dark grey: invasion of A; via the unstable marginal equilibrium Eg; light grey: no invasion of A;, stable marginal equilibrium Eg. Numerical
iterations of invasion dynamics where performed at coordinates indicated by grey symbols. Different symbols indicate which equilibrium is reached: e E, ; o Eg. Initial

values for iterations were {py, o, Do} :{0, dB, O}, where dB is the frequency of B, at the marginal one-locus migration-selection equilibrium. Iterations were stopped
when changes in each coordinate from one time step to the next were smaller than the numerical precision. The vertical dashed line indicates the pole of the
function r”(m). Parameters are a=0.03, b= 0.04 and q.=0.5.

m Casel12: a> gand g. =08

(» Initial values x)

pO = 0.0001;

qOPolym = gqEB1 /. {a » mya, b - myb, m -» mym, qC -» myqC};
DO = 0;
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mya = 0.03;
myb = 0.04;
mygll = O;
mygl2 = 0;
myg21 = 0;
myg22 = 0;
mym = 0.03;
myr = mya;
myqC = 0.8;
rmin = 0;
rmax = 0.05;
mmin = 0;

mmax = 0.08;
myMCrit2 = mCrit2 /. {a-> mya, b - myb};
myMCrit3 = mCrit3 /. {a-»mya, b » myb, r - 0.045};
myMCrit5 = mCrit5 /. {a-»mya, b » myb, r - 0.045};
myRStar = rStar /. {a » mya, b » myb};
plotl5 =
Plot[{1, rCritFunclgnoringPole[mya, myb, m, mygC, rmax], rCritFunc[mya, myb, m, myqC]},
{m, mmin, mmax}, PlotRange -» {{mmin, mmax}, {rmin, rmax}}, AspectRatio-» 1/1,
Epilog » {Text[Style["r*", Directive[FontSize » 16],
FontFamily - "Helvetica"], {0.037, 0.02}1},

Frame -» True, FrameLabel -» {*'", "'},
LabelStyle » {Directive[FontSize -» 16], FontFamily - "Helvetica"},

ImageSize » 3. {100, 100},
PlotStyle » {{White}, {Black, Thick}, {Black, Dashed}},

Filling » {1 » {Axis, RGBColor[0.9, 0.9, 0.9]}, 2 » {Axis, RGBColor[0.75, 0.75, 0.75]}},
AxesLabel -» {r, m}, AxesStyle - Directive[FontSize - 16]]
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ni7e)= coordl5 = Table[{m, r}, {m, 0.0002, 0.0799, 0.0042}, {r, 0.0001, 0.0499, 0.0021}];

Timing[FfinalStateEncoded = Block[ {$RecursionLimit = Infinity},
valsl5 = Table[recFuncLargeTimes[mya, myb, mygll, mygl2, myg21l, myg22, m, r, myqC,
pO, DO, mytl][2], {m, 0.0002, 0.0799, 0.0042}, {r, 0.0001, 0.0499, 0.0021}]
1
1;
$Abort ed

The computation above takes about 24 minutes on a Mac mini 2.3 GHz Intel Core i5 with 4 GB of RAM. Below is a hard-coded
version of the result.
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n77)= valsl5={{{0.9936819978977282",0.9993880433229645",0.0006065738963986862" } , {0.9936582438

patternl5 = Map[classifyEquilFunc, valsl5, {2}];
patternl5 // TableForm

+ + + + + + + + + + + + + + + + + + +
+ + + + + + + + + + + + + + + + + + +
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+ + + + + + + + + + + + + + + + + + +
+ + + + + + + + + + + + + + + + + + +
+ + + + + + + + + + + + + + + + + + +
+ + + + + + + + + + + + + + + + + + +
B B B B B B B B B B B B B B B B B B B
B B B B B B B B B B B B B B B B B B B
B B B B B B B B B B B B B B B B B B B
B B B B B B B B B B B B B B B B B B B
B B B B B B B B B B B B B B B B B B B
B B B B B B B B B B B B B B B B B B B
B B B B B B B B B B B B B B B B B B B
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B B B B B B B B B B B B B B B B B B B
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B B B B B B B B B B B B B B B B B B B

(» Egz marginal one-locus polymorphism at the B locus x)
pl2 = ListPlot[Pick[Flatten[coordl5, 1], Map[# == "'B" &, Flatten[patternl5]]],
PlotMarkers - o, PlotStyle - Gray] ;

(» E.: fully-polymorphic equilibrium x)
pl4 = ListPlot[Pick[Flatten[coordl5, 1], Map[# == ""+" &, Flatten[patternl5]]],
PlotMarkers - o, PlotStyle - Gray] ;

plotStabilityEBPolyml2 = Show[{plotl5, pl2, pl4}]
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Figure 24: Critical recombination rate determining the stability of the marginal one-locus equilibrium Eg and invasion of A; for a polymorphic continent, as a function
of the migration rate. Dark grey: invasion of A; via the unstable marginal equilibrium Eg; light grey: no invasion of A;, stable marginal equilibrium Eg. Numerical
iterations of invasion dynamics where performed at coordinates indicated by grey symbols. Different symbols indicate which equilibrium is reached: e E, ; o Eg. Initial
values for iterations were {py, o, Do} :{0, dB, O}, where dB is the frequency of B, at the marginal one-locus migration-selection equilibrium. Iterations were stopped
when changes in each coordinate from one time step to the next were smaller than the numerical precision. The vertical dashed line indicates the pole of the
function r"(m). Parameters are a=0.03, b= 0.04 and q.=0.8.
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= Combined plot

tyEBPolymComb =
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MapThread[Labeled[#1, #2, {{Top, Left}},

LabelStyle » {Directive[FontSize - 22, Bold], FontFamily - "Helvetica"},
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Figure 25: Critical recombination rate determining the stability of the marginal one-locus equilibrium Eg and invasion of A; for a polymorphic continent, as a function
of the migration rate. Dark grey: invasion of A; via the unstable marginal equilibrium Eg; light grey: no invasion of A;, stable marginal equilibrium Eg. Numerical
iterations of invasion dynamics where performed at coordinates indicated by grey symbols. Different symbols indicate which equilibrium is reached: e E, ; o Eg. Initial

values for iterations were {py, o, Do} ={0, dB, O}, where qu is the frequency of B, at the marginal one-locus migration-selection equilibrium. Iterations were stopped
when changes in each coordinate between successive time steps were smaller than the numerical precision. The vertical dashed line indicates the pole of the

function r”(m). In the left column (A), D), G), J)), the selection coefficients are a=0.01, b=0.04 (a<b/2), in the middle column (B), E), H), K)) they are a=0.02,
b=0.04 (a=b/2), and in the right column (C), F), 1), L)) they are a=0.03, b=0.04 (a>b/2), From top to bottom, the continental frequency of B; increases and
takes values of g. =0.01 (A) - C)), q. =0.2 (D) - F)), 9. =0.5 (G) — 1)) and q. =0.8 (J) — L)).
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