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the invasion probability of a weakly
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General fitness model

Set up and initialisation

= Rules and definitions

nzi= ruleWeakForces := {a»ae, b->Be, M>puue, r->pe, yll - glle, y12 » gl2e}
rescaleWeakForces := {a»a/€e, B->b/e,uu-m/e,p>r/e, gll»>yll/e, gl2 » ¥12/ €}

na= ruleSimplifyNotation 1= xX_[_] » X
= Implementation of relative fithesses and assumptions

Clear[M, m]
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nsi= (#% Relative Fitnesses of genotypes xx)

(*» n=1,2 index of deme (for the time being, i.e. for the ClI model, 2 is the continent a
(» 1=1,2,3,4 index of haplotypes (gametes) =)

(» A, B the two loci with alleles A;, A, and B; and By, respectively x)

(» We assume that there is no position effect, i.e. wjj=wjj, and Wpz=Wi4. *)

w23:=wl4; w21l:=wl2; w31l:=wl3; w32:=w23;w4l:=wl4; wl2:=w24; wa3:=w34;
wln_]:={{wll[n],wl2[n],wl3[n],wl4[n]},{w21[n],w22[n],w23[Nn],w24[n]},{w31[n],w32[n],w33]|

(» Marginal relative gamete fitnesses x)
wMarg[i_,n_]:=Sum[w[n][i,jI*x[J.n],{J,.1,4}]

(» Mean relative fitness x)
wMean[n_]:=Sum[wMarg[i,n]*Xx[i,n],{i,1,4}]

(* Migration matrix =)
M={{1-m[1],m[1]},{m[2],1-m[2]}};

(» Linkage disequilibrium x)
LDRule[n_]1:={LD[Nn]-»X[1,n]1X[4,n]1-X[2,n]1X[3,Nn]}

(*!! Assumptions !!=x)

(*» Continent-island context (still allowing for the B-locus to be polymorphic on the co
assumeCl :={x[1,2]1-0,x[2,2]1-0,x[3,2]1-9C,Xx[4,2]-1-9C,m[2]-0,p[2]1-0,q[2]-»9C,LD[2]-0}; (* (
(» Assume that the continent is monomorphic, i.e. that qc = X[4,2] = q[2] = 1. =*)
assumeMonomorphContin:={qC-0}

assumeGenericAdditiveFitness[n_]:={
wll[n]-vl[n]+vl[n],wl2[n]-v1l[n]+v2[n],wl3[n]-Vvl[n]+v3[n],wl4[n]-vl[n]+v4[n],
w22[n]-v2[n]+v2[n],w24[n]-v2[n]+v2[n],

w33[n]-»v3[n]+v3[n], w34[n]-»v3[n]+v4[n],

w44 [n]-v4[n]+v4[n]}

(» Generic fitness interaction between alleles within a gamete, multiplicative fitness
assumeGenericMultiplicFitness[n_]:={
wll[n]-vl[n]*vl[n],wl2[n]-v1[n]*v2[n],wl3[n]-v1l[n]*v3[n],wl4[n]-vl[n]*v4[n],
w22[n]-v2[n]*v2[n],w24[n]-v2[n]*v2[n],

w33[n]-v3[n]*v3[n], w34[n]-»v3[n]*v4[n],

w44 [n]-v4[n]*v4[n]}

(» Additive fitness interactions between alleles within a gamete, multiplicative fitnes
assumeAdditiveMultiplicFitness[n_]:={
wll[n]-(1l+a[n])*(1+b[n]),wl2[n]> (1+a[n]) ,wl3[n]-(1+b[n]),wl4[n]-1,

w22[n]- (1l+a[n]) *(1-b[n]) ,w24[n]->(1-b[n]),

w33[n]-(1-a[n])*(1+b[n]), w34[n]-(1-a[n]),

wa4[n]-(l-a[n])*(1l-b[n])}

(» Additive fitness interactions between alleles within a gamete, multiplicative fitnes
assumeAdditiveMultiplicApproxFitness[n_]:={
wll[n]-(1l+a[n]l+b[n]),wl2[n]-(1+a[n]),wl3[n]->(1+b[n]),wld4[n]-1,
w22[n]-(1l+a[n]-b[n]),w24[n]-»(1-b[Nn]),

w33[n]-(1l-a[n]l+b[n]), w34[n]-(1l-a[n]),

wd4[n]-(1l-a[n]-b[n])}

(» Additive fitness interactions between alleles within a gamete, multiplicative fitnes
(» The interpretation of the coefficients of epistasis, y, is as follows: yx is the epi
assumeAdditiveMultiplicEpistaticFitness[n_]:={

wll[n]- (l+a[n])*(1l+b[n]),wl2[n]>(1+a[n])*(1-¥21[n]),wl3[n]~>(1+b[n]),wl4[n]-(1-¥11l[n]),
w22[n]- (l+a[n]) * (1-b[n]) * (1-¥22[n]) ,w24[n]- (1-b[n]) * (1-¥12[n]),
w33[n]-(1-a[n])*(1+b[n]), w34[n]-(1-a[n]),

wa4[n]-(l-a[n])*(1l-b[n])}

(» Additive fitness interactions between alleles within a gamete, multiplicative fitnes
(» Details of epistasis are as in the previous case x)
assumeAdditiveMultiplicEpistaticApproxFitness[n_]:={
wll[n]-(1l+a[n]+b[n]),wl2[n]-(1+a[n]-¥21[n]),wl3[n]-»(1+b[n]),wl4[n]->(1-y11[n]),
w22[n]-(1l+a[n]-b[n]-¥22[n]) ,w24[n]-> (1-b[n]-¥12[n]),

w33[n]-(1l-a[n]l+b[n]), w34[n]-(1-a[n]),

wd4[n]-(1l-a[n]-b[n])}



= Relative fitness matrices under specific assumptions
= Fully generic regime

MatrixForm[w[1]]

Wil[1] wi2([1] wi3[1] wl4[1]
Wi2[1] w22([1] wid[1] wR4[1]
WI3[1] wi4[1] we3[1] wa4[1]
WI4[1] w24[1] w34[1] wd4[1]

= Regimeswithout epistasis
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Below, we introduce the following specific schemes of relative fitness (the subscript n denotes the deme; n =1 applied for the island

deme):

e Generic additive: This means generic fitness interaction between alleles within a gamete, and additive fitness interaction between

gametes. W , = Vin + Vjn, Wherei, j denote the gametes.

e Generic multiplicative: This means generic fitness interaction between alleles within a gamete, and multiplicative fitness

interaction between gametes. Wi , = Vi n Vj n, Wherei, j denote the gametes.

e Additive multiplicative: This means additive fitness interaction between aleles within a gamete, and multiplicative fitness

interaction between gametes. In the following matrix, the rows correspond to the A-locus configurations Ay Ay, A1 Az, Az A, from

top to bottom, and the columns correspond to the B-locus configurations B; By, B; By, B, B, from left to right.

Wiin Wizn Wa2n

b, +1 1 1-by
(l-a)br+1) 1-a, (1-a)(d-hy

Wp =

@+1Mr+1) an+1 (@ +1)(1-by
Wizn Wign Waan

Wazn Wagn Wasn

)

e  Additive multiplicative approximated (or, simply ‘Additive’): This means additive fitness interaction between alleles within a
gamete, and multiplicative fitness interaction between gametes. In addition, we assume that selection isweak, so that higher order

and interaction terms of the selection coefficients can be ignored. In the following matrix, the rows correspond to the A-locus
configurations A; Ag, Ay Ao, Az A, from top to bottom, and the columns correspond to the B-locus configurations

B1 B;, B1 By, B2B> from left to rlght

by +1 1 1-by
-a,+b,+1 1-a, -a,-by,+1

Wiin Wizn Wa2n
Wp = [ Wizn Wign Waan

an+by+1 as+1 a,—-b,+1 ]

W33n Wagn Wasn

Checking the implementation:

MatrixForm[w[1]] /. assumeGenericAdditiveFitness[1]

2v1[1] v1i[1l] +v2[1] v1[1] +v3[1l] v1[1] +v4[1]
vi(1l] +v2[1] 2v2[1] v1i[(1l] +v4[1] 2v2[1]
v1i[(1] +v3[1l] v1[1] +v4[1] 2v3[1] v3[1l] +v4[1]
v1i[(1l] +v4[1] 2v2[1] v3[1l] +v4([1] 2v4 (1]

MatrixForm[w[1]] /. assumeGenericMultiplicFitness[1]

vl[1)? vi[1l)v2[1] v1[1]v3[1l] vl[l]v4[]l]
vi[1l] v2[1] v2[1]2 vi[1l] v4[1] v2[1]2
v1[1]v3[1l] v1[1]v4[l] v3[1]? v3[1l]v4 (1]
vi[l] v4[1] v2[1]? v3[1]v4[1)] v4[1]?

MatrixForm[w[1]] /. assumeAdditiveMultiplicFitness[1]

(L+a[l]) (1+b[1]) 1+afl] 1+b[1]
1+a[l] (L+a[l]) (L-b[1]) 1
1+Db[1] 1 (L-a[l]) (L+b[1])

1 1-b[1] 1-a[l]

MatrixForm[w[1]] /. assumeAdditiveMultiplicApproxFitness[1]

l+a[l] +b[1] 1+ajfl] 1+b[1] 1
l+afl] l+a[l]-b[1l] 1 1-b[1)]
1+b[1] 1 a[l] +b[ij 1-a[l]

1 1-b[1] 1-a[l] 1-a[l]-b

@
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= Migration matrix

MatrixForm[M]

1-m[1] m[1]
m2] 1-m[2] )

Deterministic analysis

= Assuming a rare mutant and a constant resident population

= Preliminaries

This part follows Ewens (1967) closely, but uses notation and conventions introduced by Biirger (2000) and Birger and Akerman
(2011). We build the deterministic model that describes the dynamics of the two haplotypes of interest, A; B; (x1) and A; B, (x2) when
they arerare. We call the first 'type 1’ and the second 'type 2'.

In the following, we define the marginal fitnesses of type 1 and 2. Marginal means that we account for the fact that, in diploids, each
type can occur in combination with two possible other haplotypes, namely with A, B; or A; B,. These two are present in thedemen at
frequencies X3, and xa , respectively. Assuming that A; israre, we make the approximations Xz, ~ g and X4, ~ 1 — gn. Hence,

Wyn = Wi3n X3n + Wign X4n = Wign On + Wian(1 = 0n) 3
Won = Wozn X3 + Wogn Xan = Wign Oy + (1 — Qn)

mo= (* In the following, an uppercase letter (A or B) denotes the locus which is polymorphi

(» Marginal fitnesses of types that will be followed in the branching process =)
wMargTypel[i_,n_]:=Sum[w[n][i,JIX[J,.n],{J,-3,4}] (» Here, i is the index of the type of in
(» Mean relative fitness if A; is absent (rare) =)
wMeanB[n_]:=Sum[w[n][i,Jl*x[i,n]*xX[J,Nn],{1,3,4},{J.3,4}]

(*»!! Assumptions !!«x)
(» The A; allele is rare, so that Xx3=q; and X4=1-qQ; *)
assumeAlRare[n_]:={x[3,n]-q[n], X[4,n]-1-g[n]}

Inspection of marginal fitnesses (check).
wMargType[1, 1] /. assumeAlRare[1]
Q1) wi3[1] + (1-q[1]) wl4[1]
wMargType[2, 1] /. assumeAlRare[1]
1) wi4[l] + (1-q[1]) w24[1]
m Recursion equation for frequency of the two rare gametes (types 1 and 2)
The general notation for the recombination rate between loci X and Y isryy. With two loci only, we use the short hand r = rag.

The deterministic recursion eguation for the rare haplotypes (A; B1, A1 By) in the diploid case is obtained from the full system of
recursion equations and then from assuming x;, and Xz, are small, such that (xyn)? ~ Xin Xon ~ (X20)? ~ 0, and Xz ~ g and

Xan ~ 1 — . For the moment, we only consider the continent-island model, but the recursion equations below are more general (valid
for the two-deme model). To obtain the equations for the continent-island model, we have to apply the continent-island assumptions,
which yields simpler expressions.

Further, we assume that, although present at low frequencies, the haplotypes A; B; and A; B, do not contribute to the mean relative
fitness of the population.
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ne21= (* For simpler notation in the case of the continent-island model x)
r[A,B]:=r

(» Helper variable )

6={1,-1,-1,1};

(» Recursion of gamete frequencies under the full two-locus model =x)
rec2LocFull[i_,n_]:=M[n,1]*(wMarg[i,1]«x[i,1]-S6[iIr[A,B]*w[1][1,4]%LD[1]) /wbar[1]+M[n,2

(*!! Assumptions !!=x)

(* Ignore terms of order O(xi,nxj,n) , 01 = 1,2 %)

assumeSecOrderSmall [n_]:=Table[Xx[i,n]x[j,n]-0,{i,1,2},{j,1,2}]//Flatten
(» Approximate the overall mean Fithess «x)

assumeWMean[n_] :={wbar[n]-wMeanB[n]}

(» Rules for simplifying the notation x)
ruleSimplifyNotationCl:={m[1]-m,X[1,1]-x1,Xx[2,1]-%X2,X[3,1]-X3,x[4,1]1-X4,q[1]-q}

= |nspection of terms

Approximate recursion equation for the gamete A; B; (X;), obtained from applying the corresponding assumptions to the full equation
and simplifying the notation.

(rec2LocFull[1, 1] /. assumeWMean[1] /. assumeWMean[2] /. assumeCl /.
assumeMonomorphContin /. LDRule[1] // FullSimplify // Expand) /.
assumeSecOrderSmall[1] /. assumeAlRare[l1l] /. ruleSimplifyNotationCl // FullSimplify

(-1+m (gqxIwL3[1] + ((-1+q) (-1+r)x1+qr x2)wl4[1l])

g (-qwd3[1] +2 (-1+0q) W4 ([1]) - (-1+q)2wad[1]

Approximate recursion equation for the gamete A; B, (X2), obtained from applying the corresponding assumptions to the full equation
and simplifying the notation.

(rec2LocFull[2, 1] /. assumeWMean[1] /. assumeWMean[2] /. assumeCl /.
assumeMonomorphContin /. LDRule[1] 7/ FullSimplify // Expand) /.
assumeSecOrderSmall[1] /. assumeAlRare[1] /. ruleSimplifyNotationCl // FullSimplify

((=1+m) (((-1+qg)rx1l+q(-1+r)x2)wWl4[1] + (—1+q)x2m24[1]))/
(9 (@wW83[1] -2 (-1+q) Wa4[1]) + (-1+0q)> w4 [1])

Rearranging the above manually, we can devise the following approximate recursion equations for the two types of interest (A; B; and
A; By), assuming the continent-island model.

nesr= (* Deterministic recursion equation for the change in frequency of the rare haplotypes
66={1,-1}; (* Helper x)
LDApprox[n_]:=LD[n]/.LDRule[n]/.assumeAlRare[n]
rec2LocRareTypesCI[i_,n_]:=M[n, 10 (W[N] [i§,3]*X[1,n]*q+W[N][i,4]*X[i,Nn]*(1-q)-66[i]*r[A,B

LDApprox[1]

(1-qf1])x[1, 1] -q[1]x[2, 1]

ruleSimplifyNotationCI

{ml] > m x[1, 1] ->x1, x[2, 1] ->x2, x[3, 1] > x3, x[4, 1] > x4, q[1l] - q}
rec2LocRareTypesCl[1, 1] /. ruleSimplifyNotationCl

((L-m (qx1wl3[1] + (1-q)x1iwl4[1l]-r ((1-qg)x1l-qx2)wl4[1l])) /wOverall Mean[1]
rec2LocRareTypesCl[1, 1] /. assumeWMean[1] /. assumeAlRare[1l] /. ruleSimplifyNotationClI
((L-m (qx1wl3[1] + (1-q)x1wl4[1l]-r ((1-qg)x1l-qx2)wl4[1l])) /wOverall Mean[1]
rec2LocRareTypesCl[2, 1] /. ruleSimplifyNotationCl

((L-m) (gqx2wWl4[1] +r ((1-q)x1-gx2)wld[1] + (1 -q) x2w24[1])) /wOveral | Mean[1]
rec2LocRareTypesCl[2, 1] /. assumeWMean[1] /. assumeAlRare[1l] /. ruleSimplifyNotationClI

((1-m (qx2wLl4[1] +r ((1-qg) x1-gx2)wl4[1l] + (1-q) x2w24[1])) /wOveral | Mean[1]
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= Matrix form, mean matrix and eigenvalues

The determinisitic process may also be written in matrix form, where we use X" for the transpose of amatrix or vector:

Xt +1) = GpX(t) @)
with
T (Xan® )
%= ( Xon () ©)
and
G o ( (1= My) Wiz On + Waan (1 = Gn) = T Wag (1 = On)) /W (1= My) I Wagn Gn/Wn )

ne (1= mp) rwWign (1= 0n)/Wn (1= my) (Woan (1= 0n) + Woz On — I Wigpn On)/Wh ©)

_ ( (1—mn) (Wi = TWign (1= 0n))/ Wy (1= M) I Wagn On/Wh )
(1= mp) rwign (1 —0n) /Wy (1= my) (Woq = I Wign On) /Wi

where

Wi n = Wizn On + (1 = On) Wagn
Won = Wign On + (1 — 0Gn) Wogn.
These are the margina relative fitnesses of the two types ‘wMargType[n]’ defined above. Notice that in the manuscript and in other

Mathematica Notebooks, we use L = G and we write X' (t + 1) = X (t) L instead of (4), but the two are equivalent. The notation with
the matrix G is consistent with the one used by Ewens (1967).

™

Specifically, the entry g; of G (i and j being the row and column indices, respectively) represents the expected number of i-type
offspring produced by a j-type parent, whereas the entry ;; of L represents the expected number of j-type offspring produced by an i-
type parent.

Equation (4) may now be written as

% (t) = GL %1 (0) ®)
For the next steps, we follow Ewens (1967) and drop the index n, since for the moment, we assume n = 1 (continent-island model,

isand = deme 1). Let A; (i =1, 2) be the eigenvalues of G, V; the corresponding right eigenvectors (column vectors), and U; the
corresponding left eigenvectors (row vectors). In the manuscript and in other Mathematica Notebooks, we use v; (Greek nu) instead of

A; for the eigenvalues, and v and u for the right and left eigenvectors, respectively. If we normalise so that T; v; = 1 (i = 1, 2), then we
expand the matrix G! in the spectral form

G'=11'G1 +1,' Gy, ©)
where G; = Vi Tj. By inserting into eqg. (8), we obtain

X (0 +% (1) =4 {1G1 X (0)} + A2 {1 G, X (0)}, (10)
where 1 isthe row vector (1, 1). The frequency of the mutant (A;) will eventually increase provided only that the maximum eigenvalue
A1 isgreater than 1.

Accordint to the theory of multi-type branching processes, the above requirement (A, > 1) corresponds to the condition that must be
fulfilled such that the extinction probability of the process is < 1, i.e. such that the multi-type branching process is supercritical.
Otherwise (11 < 1), the process is subcritical and the extinction probability is 1 (except for the degenerate case 1, = 1 and every
individual produces exactly one offpring). We call G the ‘ mean matrix’.

In the following, we obtain the mean matrix for the continent-island case and determine its eigenvalues. We do so first for generic
fitnesses (wy, W, W). Later, we apply various assumptions about the relative fitnesses (see definitions above). These results will later
be taken up in the stochastic treatment (see below).

nE1= (* The mean matrix =)
GIN_]:={{MIN,1]* (W1l[n]-r[A,B]*w[n][1,4]*(1-q[n]))/wbar[n] ,MIn,1]*r[A,B]l*w[n][1,4]*q[n]/
(» Notice that the mean matrix xleft-x multiplies the vector X! =)

G[1] /- ruleSimplifyNotationCl // MatrixForm

(I-m) (Wi[1l]-(1-q)r wl4[1]) (1-m) gqr wi4[1]
wbar [1] wbar [1]
(1-m) (1-q)r wi4 (1] (I-m) (-gqr wid4[1]+w2[1])
whbar [1] wbar [1]

Inspection of eigenvalues.



2LocContlsland_Stoch_Discr.nb |7

G[1] /- {wbar[1] -» wbar} /. ruleSimplifyNotationCl // MatrixForm

(I-m) (WL[1]-(1-q)r wi4[1]) (1-m gr wi4[1]
wbar wbar
(1-m) (1-q)r wi4[1] (1-m) (-qr wid[1]+wW2([1])
wbar wbar
evaluesG :=
Eigenvalues[G[1] /. {wbar[1l] -» wbar} /. ruleSimplifyNotationCl] // FullSimplify
evaluesG
1
{7 (-1+m) (WL[L]-r Wl4[1] +W2([1] +~/ (WL[1]2 +r2wl4[1]? +
2 wbar
WL[1] (2 (-1+2q)r wi4[1] -2wW2[1]) +2 (1-2q) r wi4[1] w2 (1] +w2[1]?)),
1
(-1+m) (-WL[1] +r Wi4[1] W2 (1] ++/ (WL[1]? +r®wid[1]%+
2 wbar

WLI1] (2 (-1+2q)rwid[1] -2w2[1]) +2 (1-2q)r wid[1] w2 [1] +W2[1}2))}

As expected, these eigenvalues are the same as those obtained by Ewens (1967) for the case without migration, up to the factor (1 — m).
Note that they are valid for amonomorphic as well as a polymorphic continent, and that the fitnesses are completely general so far.

Next, we find the conditions under which A; > 1. From inspection of the term representing A, we see that

evaluesG[1l]
1
- (-1+m)
2 wbar

(WL[1] -1 Wi4[1] +W2 (1] ++/ (WL[1]2+r?wWi4[1]% +WL[1] (2 (-1+2q)r Wi4[1] -2w2[1]) +
2 (1-2q)rwi4[1]w2[1] +w2[1]?))

Ptl>1:>(1—m)(\/2(2q—l)rW14(W1—W2)+I’ZW%4+(W1—W2)2 —rw14+w1+W2)>2W (11)

Rearranging the above manually, we obtain the inequlity

w
\/stuff > 2 — Wy —Wp + Wiy
1-m

_ 5 (12
W
= stuff >(2— —Wl—W2+I’W14] ,
1-m
where
StUff = (Wy — Wo)2 + 21 Wig (20 — 1) (Wy — Wo) + 2 wis?, (13)

Expanding all terms, on both sides, and simplifying, we obtain

wbar

2
Expand[ (wl-w2)?+2rwld (2q-1) (wl-w2) +r>wl4?] - Expand[[z —wl-w2+r W14] ] >0

1-m
4wl wbar 4r wldwbar 4w2wbar 4 wbar?

>0

Aqr wiwld - 4wl w2 + 471 WidwW2 -4 qr wid w2 +

N
1-m 1-m 1-m (1-m?2

Collecting termsin r = w4, we obtain

Collect[4q rwlwl4 -4wlw2+4rwldw2-

4wlwbar 4rwldwbar 4w2wbar 4 wbar?

4qrwldw2+ - + - >0,r*wl4]
1-m 1-m 1-m (1-m)?
4wl wbar 4w2wbar 4 wbar? 4 wbhar
4wl w2 + + - +rwld |[4gwl +4wW2 -4gwW2 - >0
1-m 1-m (1-m? 1-m

Dividing the whole equation by 4, shuffling terms without r onto the right and factorizing the resulting terms, we obtain
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w

w w
o=t o () s
1-m 1-m

rW14[1—m

which is equivalent to Ewens' (1967) equation (15) if, in his equation, W is replaced by our % In analogy to Ewens (1967), we may
draw two important conclusions from equation (14):

1 In casaswhere% lies between wy and wy,, i.e. when (1 - m)w; < W < (1 — m)ws, or when

L-mw, < W < (1—m)wy, and if % > qwi + (1 — g) Wy, condition (14) assumes the form r < ro, whererg

is a positive constant. Thus, there will be cases where the frequency of A; will increase (i.e. where 1, > 1) only
if r <rg,i.e ifthe A locusis sufficiently closely linked to the 8 locus. This result was already obtained by
Bodmer and Parsons (1962) for the case without migration.

2. If weassumer > rgg, With rog @ positive constant, it can be shown after some algebra that equation (14) implies
% <wj and % <W,. Therefore, if r > rop, there is no case where decreased linkage is necessary for A; to
increase in frequency.

As a comment (already made by Ewens 1967), notice that the above statements will also hold true in the stochastic case. However,
there may be cases in the stochastic setting where decreased linkage is more favourable to survival probability than tight linkage (this
does not mean that survival probability iszeroasr — 0, though).
o o wbar[n] wbar[n]
nE2r= conditionNonExtinction[n_]:=r w[n][1,4] | ——-q[n]*wl[n]-(1-gq[n])*w2[N] ] <- [——v
-m[n] 1-m[n]

Option: One could go on here and derive general results parallel to those in Ewens (1967), but for the continent-island model
instead of a panmictic isolated population.

m Classification according to the continuous-time version of the deterministic model

m Determination of parameter regime (class of bifurcation diagrams according to Birger and Akerman
(2011))

The purpose of this subsubsection is to implement tests for the conditions for
e  Existence of the marginal one-locus equilibrium Eg (see also next subsection)
e  Stahility of Eg

according to Birger and Akerman (2011) for given values of a, b and m. Moreover, we will define a function that determines the class
of bifurcation diagrams and the parameter regime (eguations 3.21 to 3.27 in Burger and Akerman (2011)), given a, b, mand p. These
equations are part of their Theorem 2, refer to their Figure 1 (diagrams (@) to (g)) and are as follows:

In the following, we use « for a and g for b, and we let @ < 5.
1. Diagram (a) appliesif and only if
Bz=2aandp <a (3.21a)

or

B<2aandp < (a+B). (3.21bh)

Wk

2. Diagram (b) appliesif and only if
1
B<2aand g (a+B) <p<a. (3.22)
3. Diagram (c) appliesif and only if
B=z=2aandp =a. (3.23)

4. Diagram (d) appliesif and only if
B<2aoandp =a. (3.24)



5. Diagram (e) appliesif and only if

B<2aandot<,o53/3—a—2\/?\//3 (B-a) . (3.25)

6. Diagram (f) appliesif and only if

B<2cand3B-a-2vV2 /B (B-a) <p<3a-B. (3.26)

7. Diagram (g) appliesif and only if
B=2aandp >a (3.27a)
or

B<2aandp = 3a-B. (3.27h)

2LocContlsland_Stoch_Discr.nb
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It is important to remember that the conditions above apply to the continuous-time version of the model. Hence, for the discrete-time
version discussed here, they only provide approximate conditions. The approximations are good as long as the evolutionary forces are

weak (i.e. < 1).
= | mplementation
nE3= MCritC::usage = "mCritC is the critical migration rate m¢ characterising the properties
mCritC:=a+b-r
mCritA::usage = "mCritA is the critical migration rate m, characterising the properties
) b-a
MCritAz=bx|1-—
r
mCritB::usage = "mCritB is the critical migration rate mg characterising the properties
) b-a
mCritB:=a* |1+
r
npo= existenceEB::usage = "existenceEB[b_,m_] returns "True® if the equilibrium Eg exists.";

existenceEB[b_,m_]:=Return[0<m<b]

ns1= unstabilityEB: usage = "unstabilityEB[a, b, r, m] returns "True~

unstabilityEB[a_,b_,r_,m_]:=Module [ {mb},

b-a
1+ ] ;
r

mb=ax

Return[0<m<Min[mb,b]] ]

if the equilibrium Eg
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n43= (* BA2011 stands for Burger and Akerman (2011) =)
equilibriumConfig: :usage="equilibriumConfig[a, B, p, M] returns the label (a-g) of the

equilibriumConfigla_,B_,o_,m_] :=M0dule[{text,fig,comb,conditions,descriptions,paths} ,

conditions:{
B 2 2%xa && p < a,

1
B < 2%a && p < —*(a+fB),
3

1
B < 2%a && —x(a+B) < p < a,
3
B 2 2%xa && p == a,
B < 2%a && p == a,
B < 2%xa && a < p < 3xB - a - 2xV2 *'\[B*(B—a) ,
B < 2%xa && 3xB - a - 2%V 2 *'\’B*(B—a) < p < 3xa - B3,
B 2 2%xa && p > a,
B < 2%xa && p 2 3xa - B

descriptions:{
“"b > 2a and r < a (3.2l1a); diagram (a) of Fig. 1 in BA2011 applies.",

1
"b < 2aand r < —(a + b) (3.21b); diagram (a) of Fig. 1 in BA2011 applies.",
3

1
"b < 2aand —(a + b) < r <a (3.22); diagram (b) of Fig. 1 in BA2011 applies.",
3

"b 2 2a and r
"b < 2a and r

a (3.23); diagram (c) of Fig. 1 in BA2011 applies.”,
a (3.24); diagram (d) of Fig. 1 in BA2011 applies.”,

"W <2aanda<r =3 -a-2Vv2+Vb(b-a) (3-25); diagram (e) of Fig. 1 in BA2011 ap
"b < 2a and 3b - a - 2V2+Vb(b-a) < r < 3a - b (3.26); diagram (F) of Fig. 1 in BA201
“"b 2 2a and r > a (3.27a); diagram (g) of Fig. 1 in BA2011l applies.",

"b < 2aand r 2 3a - b (3.27b); diagram (g) of Fig. 1 in BA2011 applies."

paths=Table["Documents/LocAdD/doc/figures/bifurcationDiagramFigl'”<>ToString[{a,a,b,c,d,
text=Which[conditions[1] ,descriptions[1],conditions[2] ,descriptions[2],conditions[3],de
fig=Import[Which[conditions[1],paths[1],conditions[2],paths[2],conditions[3],paths[3],cC
res=Column[ {text,fig}];

Return[res]

]

Stochastic analysis (multi-type branching process)

= Formulation in terms of probability generating functions

For the stochastic treatment, we are interested in the expected number of offspring of each type produced by an i-type parent. These
Hi1 H12

expectations are given by the mean matrix GT =L = (
H21 H22

). Denote the expected number of j-type offspring produced by an i-
type paremt by ;.

MatrixForm[G[1]]

(1-m[1]) (Wi[1]-r (1-q[1])wl4[1]) r(1-mi1]) q[1] wi4[1]
wbar [1] wbar [1]
r(1-mi1y) (1-q[1]) wi4[1] (1-m[1]) (-r q[1]wl4[1]+w2[1])
wbar [1] wbar [1]

nasi= u[i_, J_, n_] :=G[n][J, i] (+ Notice the inverted order of indices! u;; is the number
of offspring of type j produced by a parent of type i. On the other hand,
G[i,j] is the number of offspring of type i produced by a parent of type j. In
both cases, i is the index for the rows and j is the index for the columns. x)
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ufl, 1, 1]
(1-m[1]) (WL[1] -r (1-q[1])wl4([1])
wbar [1]

ull, 2, 1]

r(1-mflj) (1-q[1]) wi4[1]
wbar [1]

ul2, 1, 1]

r(1-mflj])qfl]wi4[i]
wbar [1]
ul2, 2, 1]

(L-m[1]) (-r q[1] wl4[1] +w2[1])
wbar [1]
In the manuscript, we use A;; instead of w; = g;i, (i, j € {1, 2}). We assume that the number of offspring of each type produced by a

parent of a given type follows a Poisson distribution, and that the distribution is independent for each type. The latter is a crucial
assumption and may not be justified in organisms that have a small number of offspring, so that the number of offpring of each type
produced by a certain parent may well be (negatively) correlated! [However, offspring distributions other than the Poisson, e.g. the
negative-binomial distribution suitable for organisms like humans, do not have probability generating functions (pgf) that are mathemati-
cally astractable as that of the Poisson distribution.]

The pgfs belonging to the distribution of the number of offspring of type j produced by a singlei-type parent are

fi(s)= D P(Xj=k)sl =e @9, j=1,2), (15)
ki=0

where the last equality holds due to the definition of the pgf for the Poisson distribution. Because we assume that the numbers of

offpring of the different types produced by an i-type parent are independent, we have

© o 2 2
fis, &)= ) Y Pu=ki, Xp=k) s & = [ | Y P(X;=k)s* =] [f (s), (16)

ki=0k,=0 j=1k=0 j=1
where the second equality holds because of the assumption of independent distributions of the different offspring types. Specificaly,
for the Poisson distribution of offspring number, we obtain

2

fi (81, &) = 1_[@—/1\1 (A-s) _ Ezjzzl_l‘wj (1-s)) (17)
j=1

Standard branching-process theory (e.g. Theorem 7.1 in Harris 1963) asserts the following:

e if 13 <1, the probability of ultimate joint extinction of all types (of the Ay mutation in our case) is 1. The multi-type branching
processis caled subcritical if 1, < 1 and critical if 13 = 1.

e if ;> 1, andif we denote by Q; (Q>) the probability of ultimate extinction of the A; mutant when theinitial A; mutant occured as
an A; By (A1 By) gamete, then Q; and Q, are the smallest postitive solutions of

s =fi(s, &) (=1 2), (18)
or, in explicit terms, using the particular pgf belonging to the Poisson distribution,

s = e M (1-s1)-p12(1-52)

S = e Ha (1—51)—}122(1—52). (19)
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Additive fithess model

Deterministic analysis

m Critical migration and recombination rates

In this subsection, we consider the additive fitness regime.

We first consider the critical values for my and r obtained under the continuous-time model by Birger and Akerman (2011), which
provide an approximation to the critical values valid for the discrete-time version. Then, we consider the exact values for the discrete-
time version, as partly described in Akerman (2011, technical report; see her equation for mg;; 5 just after her equation (22)).

= Continuous-time version (approximate critical values)

Critical migration rate mg; as a function of the recombination rate r and the selection coefficients. This function is an approximation,

valid for weak evolutionary forces only. Thisis because we here consider a discrete-time model, whereas the approximation below was
obtained under the continuous-time model.

inuel= MCritApproxFunc: :usage = "mCritApproxFunc[r, a, b] returns the critical migration rate
mCritApproxFunc[r_,a ,b_]:=Module[{mcrit},
mcrit=ax (1+(b-a)/r); (x This is equation (3.11) of Blrger and Akerman (2011). =x)
Return[Min[mcrit,b]]] (* This corresponds to equation (4.12) of Birger and Akerman (201

Critical recombination rate rg as a function of the migration rate mg 1 and the selection coefficients. This function is an approximation,

valid for weak evolutionary forces only (again, it is vaid for the continuous-time model, whereas here, we consider the discrete-time
model).

nuel= rCritApproxFunc: :usage = "rCritApproxFunc[m, a, b] returns the critical recombination r
rCritApproxFunc[m_,a ,b_]:=Module[{rcrit,res},
rcrit=ax(b-a)/(m-a); (* This is equation (4.15) of Biurger and Akerman (2011). =)
(» We assume that a < b! This must not be violated by the arguments. &)
resz1f[rcrit>0.5,0.5,1F[rcrit<0,0.0,rcrit]];
res=1f[rcrit<0,0.0,rcrit];
Return[res]]

m Discrete-timeversion (exact critical values)
Critical migration rate mg ; as a function of the recombination rate r and the selection coefficients. This function is exact and corre-

sponds to the equation after equation (22) in Akerman (2011). For adetailed analysis of the deterministic model in discrete time, see the
Mathematica Notebook ‘2L ocContlsland_Det_Discr.nb’.

nsop= MCritFunc: tusage = "mCritFunc[r, a, b] returns the critical migration rate m;, for the
mCritFunc[r_,a_,b_]:=Module[{mcritl,mcritz,mcrit3,mcrit5,res},

) a
meritl=——3;
1-b
] b o . ] ] ]
mcrit2=——; (* This is the critical value derived above, and also given in Akerman (20!
1-a
) a+b-r o } ) } ) } )
mcrit3= ; (* This is given in Akerman (2011); the continuous-time analog is m¢c in E
1-r
) ax (b-a+r) o ) } }
mcrith= ; (* This iIs the equation after equation (22) in Akerman (201

(a-b) = (a-r) +rx (1-a)
(* res=If[mcrits<0,Min[mcrit2] ,Min[mcrit2,mcrit5]]; =»)
(* res=If[mcrits<0,mcrit2,Max[Min[mcrit2,mcrit5] ,Max[mcritl,mcrit5]]]; =*)
res=I1f[r<a,mcrit2, If[a<r<b,mcrit5,Max[mcritl,mcrit5]]];

Return[res] ]

Next, we construct a function of the migration rate m that gives the recombination rate below which A; can invade. For this purpose, we
note that r < 0.5 must hold always. Setting m= m;;5 = f(r) and solving for r yields a function of mthat intersects twice with  and that

Critical recombination rate rg as a function of the migration rate mg; and the selection coefficients. This function is exact and can be
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derived from the equation for the critical migration rate my;; 5 given in the equation after equation (22) in Akerman (2011) follows.

a(b-a+rn)

ins2)= MCrith =
(a-b) (a-r) +r (1-a)

(» Equation below equation (22) in Akerman (2011). This corresponds
to the continuous-time analog mg in Blrger and Akerman (2011) =)

The numerator of mg;5, alb —a+r) is always positive under our assumptions of 0 <a<band0 <r < 0.5. For my; 5 to be a valid
migration rate, it is necessary that the denominator is positive:

FullSimplify[Reduce[(a-b) (a-r) +r (1-a) >0, r],
Assumptions » {O<r<1/2,0<a<b<l,a+b<1,0<m<1}]

a?+r +br >a(b+2r)

FullSimplify[Reduce[0 < mCrit5 < 1],

Assumptions » {0<r<1/2,0<a<b<1,a+b<1,0<m<1,a’+r+br>a(b+2r)}]
2asr ||2a%+r +br >2ab+3ar

ns3= rCritbRule = FullSimplify[Solve[m == mCrit5, r],
Assumptions » {O<r<1/2,0<a<b<l,a+b<1,0<m<1}]

nsa= rCrits z=r /. rCritbRule

ax(a-b) x (1+m)

FullSimpIify[Reduce[ <172, m],

a+2xaxm-(1+b) »m

Assumptions -> {O<r<1/2,0<a<b<1,a+b<1,0<m<1}]

m+bm<a+2am||m+bm+2a® (1+m =a (1+2m+2b (1+m))
Solve[m+bm==a+2am, m]
a

{{m- m}}

Solve[m+bm+2a® (1+m) =a (1+2m+2b (1L+m)), m]

a-2a?+2ab

{{m% 1—2a+2a2+b—2ab}}

a-2a%2+2ab a ]
> 5
1-2a+2a?+b-2ab 1-2a+b
Assumptions->{0<r<1/2,0<a<b<1,a+b<1,0<m<1}]

FullSimpIify[Reduce[

True

a-2a’+2ab a ]
1-2a+2a2+b-2ab 1-2a+b!’
Assumptions -» {O0<r<1/2,0<m< 1}]

FullSimpIify[Reduce[

(l+b+0& (a=0]]a=1+b)) || (a=b&&b+1)

The first solution is always smaller than the second unless a > b, which is excluded by our assumptions. To see this, note that the
numerator of the second solution is strictly larger then the numerator of the first solution, whereas the denominator of the second
a-2a’+2ab

solution is strictly smaller than the denominator of the first solution. Therefore, whenever m< ————
1-2a+2a*+b-2ab

desired function must be truncated at 0.5.
In summary, our function f

holds, r it 5 > 0.5 and our

(m) of misdefined as follows:

Ferit

05 ms= mcm
fm = { &

laits M> My,

___a-2a’+2ab a(a—b) (1+m)
Wherem - at+2am-(1+bym

——————— andryj;5 =
Gt~ 1-2ar2a2+b-2ab crits
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nissi= rCritFunc:usage = "rCritFunc[m, a, b] returns the critical recombination rate rg.jr for

rCritFunc[m_,a ,b_] :=Module[{rmax,rcrit5,mThresh,mm} ,

rmax=0.5; (* This iIs the maximum recombination rate that is biologically plausible in t
) ax (a-b) = (1+m) o _ _
rcritb= ; (+ This is obtained from solving m = Merie,s = F(r) for r. =)
a+2xa*m- (1+b) xm
a-2 a’+2 a b

mThresh= ; (+ 1T m is below this value, r is above 0.5. %)
1-2 a+2 a?+b-2 a b

res=1f[msmThresh, rmax, rcrit5];
Return[res];

]

Critical values for the migration rate for the stability of the equilibrium Ec.

a
ns7= MCritl o= —b; (* Equation at the beginning of section 2.3

in Akerman (2011). The corresponding criterion in the continuous-
time version in Burger and Akerman (2011) is a. %)

b
mCrit2 := ——; (» Equation at the beginning of section 2.3 in
1-a

Akerman (2011). The corresponding criterion in the continuous-
time version in Blrger and Akerman (2011) is B. *)

a+b-r
mCrit3 := ——; (» Equation at the beginning of section 2.3

in Akerman (2011). The corresponding criterion in the continuous-
time version in BlUrger and Akerman (2011) is m¢ given in their equation (3.4). x)

When plotting, and most likely in a future manuscript, mCritl, mCrit2, mCrit3 and mCrit5 will be called m', m", mc and mg. It isthen
important to point out to the reader the difference between the discrete and the continuous-time versions (cf. Birger and Akerman
(2012)).

= Marginal one-locus model

Here, we derive the margina one-locus migration-selection equilibrium at locus 8. The assumption is that the A; allele has not yet
occurred, such that there are only two haplotypes present, A, By (x3) and A, B, (X4). Inthiscase, X3 = g1 and X4 = 1 — ¢, where q; isthe
frequency of the B; allele on theisland (in deme 1).

m Definitions

neol= (* Marginal relative fitness of gamete i1 in deme n alleles at the B locus if A; is rare

wMargB[i_,n_J]:=Sum[w[n][Ii,JIX[J-n],{J,-3.4}] (* Here, 1 is the index of the B allele, i=

(* Recursion equation (selection followed by migration) for the allele frequencies at t
recB[i_,n_]:=M[n,1]wMargB[i,1]/wMeanB[1]*X[i,1]+M[n,2]wMargB[i,2]/wMeanB[2]*X[1,2] (* 1

(%!! Assumptions !!x)

(» Generic fitness interaction between alleles within a gamete, additive fitness intera
assumeGenericAdditiveFitnessB[n_]:={w33[n]-»v3[n]+v3[n], w34[n]-»v3[n]+v4[n],w44[n]-v4[n
(» Generic fitness interaction between alleles within a gamete, multiplicative fitness

assumeGenericMultiplicFitnessB[n_]:={w33[n]-»v3[n]v3[n], w34[n]-v3[n]v4[n],w44[n]-v4A[n]\
(» Additive fitness interactions between alleles within a gamete, multiplicative fitnes
assumeAdditiveMultiplicFitnessB[n_]:={w33[n]->(1-a[n]) (1+b[Nn]), w34[n]-(1l-a[n]),w44[n]~>
(» Additive fitness interactions between alleles within a gamete, multiplicative fitnes
assumeAdditiveMultiplicApproxFitnessB[n_]:={w33[n]-(1l-a[n]+b[n]), w34[n]->(1-a[n]),w44[r

wMargB[3, 1] /. assumeAlRare[1]
g1 w33[1] + (1-q[1]) wa4[1]
wMargB[4, 1] /. assumeAlRare[1]
1] w34[1] + (1-q[1]) wa4[1]

= Frequency of the B, allelein deme 1 (island) at the migration-selection equilibrium

For completeness, we also investigate in this paragraph other fithess schemes than the purely additive one.
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Recall that X3, = g and X4y = 1 — Q.
Generic relative fitnesses:

gEquil1BGeneric = Solve[
(recB[3, 1] /. assumeCl /. assumeMonomorphContin /. assumeAlRare[1] // FullSimplify) ==

q[ril, qriji
{{q[1] >0}, {a[1] > (-WB3[1] +m[1] WB3[1] +3WB4[1] -m[1] W34 [1] -2wWA4[1] -
V(=4 (-WB3[1] +2WB4[1] -WA4[1]) (WB4[1] -m[1] WB4[1] -wA4[1]) +
(W33[1] -m[1]W33[1] -3W34[1] +m[1] w34 [1] +2w44[1})2))/
(2 (-wWB3[1] +2wB4[1] -w44[1]))}, {q[1] >
(-WB3[1] +m[1] W33 [1] +3W34[1] -m[1] W34 [1] -2wWA4[1] +
V(-4 (-WB3[1] +2WB4[1] - W44 [1]) (WB4[1] -m[1] W34 [1] -w44[1]) +
(W33[1] -m[1] wa3[1] -3wa4[1] +m[1] w34 [1] +2w44[1])?)) /
(2 (-W33[1] +2Ww34[1] -wA4[1]))}}
FullSimplify[
Reduce[{0 < (q[1] /. qEquillBGeneric[2]) && (q[1] /- gEquillBGeneric[2]) < 1}, m[1]1],
Assumptions -
{0<m[1] < 1&80 <w33[1] && 0 < w34[1] && 0 < w44[1] &&w33[1] > w34[1] > w44[1]}]
(ME1]wWa4[1] +wWA4[1] <wB4[1] &
((WB3[1] +WA4 (1] >2WB4[1] &&2WB4[1]% > (WB3[1] +W34([1]) WA4[1]) ||
WB3[1] +WA4[1] <2wWB4[1])) ||
((WB3([1] +WB4([1]) WA4[1] >2wWB4([1]%&& (-1 +m[1]) WB3[1]?+ (1+m[1]) wa4[1]? +
2/ (WB3[1] (WB3[1] -2wB4[1] +WA4[1]) (-wB4[1]%+w33[1] W44 [1])) <
2W33[1] ((-1+m[1]) wB4[1] +w44[1]))
FullSimplify[
Reduce[{0 < (q[1] /- qEquillBGeneric[3]) && (q[1] /- gEquillBGeneric[3]) < 1}, m[1]1],

Assumptions -
{0<m[1] < 1&&0 < w33[1] &0 < w34[1] && 0 < w44[1] & w33[1] > w34[1] > w44[1]}]

m1] W34[1] +WA4[1] >W34[1] && (-1 +m[1]) W33[1]%+ (1 +m[1]) WB4[1]? +
2/ (WB3[1] (WB3[1] -2WB4[1] +wWw44[1]) (—V\B4[l}2+V\BS[l} W4 [1])) =
2wW33([1] ((-1+m[1]) WB4[1] +WA4[1]) &&2W34[1]% < (WB3[1] +W34[1]) w44 [1]

Generic interactions between alleles within a haplotype, additive fitness interactions across haplotypes:

gEqui l1BGenericAdditive =
Solve[ (recB[3, 1] /. assumeCl /. assumeMonomorphContin /. assumeAlRare[1l] /.
assumeGenericAdditiveFitnessB[1l] // FullSimplify) == q[1], q[1]] // FullSimplify

2m[1l]v3[1]
(L+m[1]) (-v3[1] +v4[1]) }}
Conditions for admissibility of the above equilibrium:

{tarty 03, {arzy -1+

FullSimplify[Reduce[
{0 < (q[1] /- gEquillBGenericAdditive[2]) && (q[1] /. qEquillBGenericAdditive[2]) < 1},
m[1]], Assumptions » {0 <m[1] < 1&&V3[1l] = Vv4[1l] > 0}]

v4[1l] +m[1] (v3[1] +Vv4[1l]) <Vv3[1]
Or, equivalently, for g to be admissible and describe a polymorphic equilibrium, we require

V3 — Vg

m < 2

V3 + Vg

Generic interactions between alleles within a haplotype, multiplicative fitness interactions across haplotypes:
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gEquillBGenericMultiplic =
Solve[ (recB[3, 1] /. assumeCl /. assumeMonomorphContin /. assumeAlRare[1] /.
assumeGenericMultiplicFitnessB[1] // FullSimplify) == q[1], q[1]] // FullSimplify

m[1] v3[1l] }}
-v3[1l] +v4[1l]
Conditions for admissibility of the above equilibrium:

{tarty - 03, {ar21 -1+

FullSimplify[Reduce[{0 < (q[1l] /- qEquillBGenericMultiplic[2]) &&
(q[1] /- qEquillBGenericMultiplic[2]) < 1}, m[1]1],
Assumptions » {0 <m[1] < 1&&Vv3[1l] =2 v4[1l] > 0}]

m{1] v3[1] +v4[1] <Vv3[1]

Or, equivalently, for ¢ to be admissible and describe a polymorphic equilibrium, we require

V3 — Vg
my < ©)
V3
Additive interactions between alleles within a haplotype, multiplicative fitness interactions across haplotypes:
gEquil1BAdditiveMultiplic =
Solve[ (recB[3, 1] /. assumeCl /. assumeMonomorphContin /. assumeAlRare[1] /.
assumeAdditiveMultiplicFitnessB[1] // FullSimplify) == q[1], q[1]]
b[l] -m[1]
{taryy >0}, {ar)» —— 1|}
b[1] (1 +m[1])
Conditions for admissibility of the above equilibrium:
FullSimplify[Reduce[{0 < (q[1] /. gEquillBAdditiveMultiplic[2]) &&
(q[1] /- qeEquillBAdditiveMultiplic[2]) < 1}, m[1]],
Assumptions » {O <m[1] < 1&&0 < b[1l] <1}]
b[1] > m[1]
For § to be admissible and describe a polymorphic equilibrium, we require
my < by (4)
Additive interactions between aleles within a haplotype, multiplicative fitness interactions across haplotypes, and weak alelic
effects (called ‘additive’ in the rest of the Notebook):
ineel= QEqUi I1BAdditiveMultiplicApprox =
Solve[ (recB[3, 1] /. assumeCl /. assumeMonomorphContin /. assumeAlRare[l] /.
assumeAdditiveMultiplicApproxFitnessB[1l] // FullSimplify) == q[1l], q[1]]
b[1] -m[1] +a[l] m1]
out[66]= {{q[l] - 0}, {q[l] - }}
bl (1+m[l])
Conditions for admissibility of the above equilibrium:
FullSimplify[Reduce[{0 < (q[1] /- qEquillBAdditiveMultiplicApprox[2]) &&
(q[1l] /- qEquillBAdditiveMultiplicApprox[2]) < 1}, m[1]1],
Assumptions -» {O <m[1] < 1& 0 <b[l] <1&&0 < af[l] <b[1]1}]
(a[l] <1&m[1] <b[1l] +a[l] ml]) ||a[l] =1
For ¢ to be admissible and describe a polymorphic equilibrium, we require (aslong as a; < 1):
by
m, < : ©)
1-a

A comparison to Akerman (2011), second equation in subsection 2.3 (Strong migration), verifies this result.
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Stochastic analysis (multi-type branching process)

m Explicit probability generating functions
Remark: For an analogous implementation for multiplicative fitnesses, see the Mathematica Notebook 120309 _twoL ocusContinentls-
landDiscreteStochastic.nb

2
ne71= PF[i_, n_] := EXP[Z-I—‘[i,j, nj (1—5[j])]

j-1
pof[l, 1]
ro(1-mi1]) (1-q(1]) (1-s[2]) wi4[1] (1-m1]) (1-s(1]) (Wi[1]-r (1-q(1]) wi4[1])
e_ wbar [1 - wbar (1)
pgf[2, 1]
r(1-m1))q[l] (1-s[1])wi4[1] (1-m[1]) (1-s[2]) (-r q[1]) wl4[1]+w2[1])
e wbar (1) - wbar [1]

Implementation for the following scheme of relative fitnesses:

w[l] /. assumeAdditiveMultiplicEpistaticApproxFitness[1l] // MatrixForm

1+a[l] +b[1] 1+a[l] -y21[1] 1+b[1] 1-v11[1]

1+a[l] -¥21[1] 1+a[l] -b[l] -y22[1] 1-v11[1] 1-b[1]-¥12[1]
1+b[1] 1-v11[1] 1-a[l] +b[1] 1-a[l]
1-v11[1] 1-b[1] -¥12[1] 1-a[l] 1-a[l] -b[1]

For this scheme, the equilibrium alele frequency of B; in the marginal one-locus model (at selection-migration balance) is given by
q[l] /- qequillBAdditiveMultiplicApprox[2]

b[1] -m[1] +a[l] m[1]

brily (1 +m[ly)
The function that finds anumerical solution for the probability of establishment should take the following parameters:

a;: Twice the additive selective advantage of A; compared to A, in deme 1 (island)

by: Twice the additive selective advantage of B; compared to B, in deme 1 (island)

vu1: The epistatic coefficient if there are k epistatic interactions present at the first locus and | at the second in deme 1, where
k T=@1,2

my: The proportion of individualsin deme 1 (island) replaced every generation by imigrants from deme 2 (continent)

r: The recombination frequency between loci A and B.

Further ingedients needed for the implementation:

wMeanB[1] /. assumeAdditiveMultiplicEpistaticApproxFitness[1l] /. assumeAlRare[1l] //
FullSimplify

l-a[l]+b[l] (-1+2q[1])

wMargType[1l, 1] /. assumeAdditiveMultiplicEpistaticApproxFitness[1l] /. assumeAlRare[1l]
(1+0b[1]) q[1) + (1-q[1]) (1-¥117[1])

FullSimplify[%]

1+b[11q1] + (-1+q[1]) ¥11[1]

wMargType[2, 1] /. assumeAdditiveMultiplicEpistaticApproxFitness[1l] /. assumeAlRare[1l]
qr1l) (1-v11[1)) + (1-q[1]) (1-b[1] -¥12[1])

FullSimplify[%]

1+b[1] (-1+0q[1]) -q[1] ¥11[1] + (-1+q[1]) v12[1]

w[1l][1, 4] /- assumeAdditiveMultiplicEpistaticApproxFitness[1]

1-y11[1]
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In[68]:=

Out[68]=

In[69]:=

Out[69]=

gEquil1BAdditiveMultiplicApprox[2]

b[1] -m[1] +a[1l] m[1]
{arzy -

br1] (1+m[l]) }

pgflAdd = pgf[1l, 1] /- qEquillBAdditiveMultiplicApprox[2] /. wbar[1l] -» wMeanB[1] /.
assumeAdditiveMultiplicEpistaticApproxFitness[1l] /. assumeAlRare[l] /.
wl[l] -» wMargType[l, 1] /. assumeAdditiveMultiplicEpistaticApproxFitness[1l] /.
assumeAlRare[l] /. {y1ll1l[1l] » O, ¥12[1] - O, ¥21[1] » O, ¥22[1] - 0} /.
qEquill1BAdditiveMultiplicApprox[2] /- {a[l] » a, b[1] » b,
m[1] - m, s[1] » s1, s[2] » s2} // FullSimplify

b2 (-1+s1)+(-1+a) mr (s1-s2)+b (-1+am(-1+s1)+sl-mr sl+mr s2)

e b (1-a-b)
Collect[b2 (-1+s1) + (-1+a)mr (sl-s2) +b (-1+am (-1+sl) +sl-mrsl+mrs2), {sl, s2}]
-b-b?>-abm+ (b+b?+abm+ (-1+a)mr —bmr)sl+ ((1-a)mr+bmr)s2
Factor[-b-b®-abm]

-b(l+b+am
Factor[b+b?+abm+ (-1+a)mr-bmr]

b+b2+abm-mr +amr —bmr

pgf2Add = pgf[2, 1] /- gEquillBAdditiveMultiplicApprox[2] /- wbar[1] -» wMeanB[1] /.-
assumeAdditiveMultiplicEpistaticApproxFitness[1l] /. assumeAlRare[1l] /.
w2[1] -» wMargType[2, 1] /. assumeAdditiveMultiplicEpistaticApproxFitness[1] /.
assumeAlRare[1] /. {y11l[1] -» O, ¥12[1] -» O, ¥21[1] » O, ¥22[1] - 0} /.
qEquil1BAdditiveMultiplicApprox[2] /- {a[l] » a, b[1] » b,
m[1l] » m, s[1] » s1, s[2] » s2} // FullSimplify

(-1+a) mr (s1-s2)+b? (m-ms2)+b (-1+r sl+am(-1+52)+s2-r 52)

e b (1-a+h)

Collect[(-1+a) mr (sl-s2) +b2 (m-ms2) +b (-1+rsl+am(-1+s2) +s2-rs2), {sl, s2}]
-b-abm+b?>m+ (br + (-1+a)mr)sl+(b+abm-b>m-br+ (1-a) mr)s2
Factor[-b-abm+b”m]

b(-1-am+bm)

Implementation of numerical solution

(*Solve [pgFlAdd==s1&&pgf2Add==s2, {s1,S2}]*)
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probEstablAMApproxFunc: :usage = '‘probEstablAMApproxFunc[r, ml, al, bl, y111, ¥121, ¥211
probEstablAMApproxFunc[r_,ml_,al ,bl ,y111 ,¥121 ,¥211 ,¥221 ] :=Module[{qEq,Wbar,wl,W2,

gEQq=(bl1-ml+alxml) / (b1lx (1+m1l)); (* Verified by equation (22) in Akerman (2011), subsecti
wbar=1-al+blx (-1+2xqEqQ) ;

wl=1+blxgEqg+ (-1+gEq) +¥111;

w2=1+blx (-1+gEqQ) -qEq+¥111+¥121 (-1+qEQ) ;

wl4=1-y111;

(» Leading eigenvalue of the mean matrix =)

Al= (-1+m1) % (WL-r*wld+w2+ (W12 +1r?W14%+Wls (2% (-1+2%QEQ) #r+W14-24w2) +24 (1-24QEQ) *I

_2 wbar
(» Probability generating functions x)
rx(1-ml)* (1-gEQ) » (1-s2) *w1l4 (1-ml) % (1-S1)* (Wwl-r*(1-qEQ) *wl4)

pgfl[sl ,s2 ]:=Exp [— bar bar ] ;
w w

r+(1-ml) *gEq* (1-s1) *wl4 (1-ml)* (1-S2)* (-r*gEq*wld+w2)

pgf2[sl_,s2_] :=Exp[— ] ;
wbar wbar

gSol=FindRoot[{pgfl[ql,g2]==91,pgf2[ql,q2]==2},{ql,0.5},{g2,0.5}7];

(* Return the probability of establishment, 1-q =*)

Return[{al, (1-ql), (1-92) ,qEq* (1-ql) + (1-qEqQ) * (1-g2) ,qEqQ}/-qSol]

E

(* Rules for the specific model considered =)
rulesCl[n_]:={wbar[n]-wMeanB[n],wl[n]-wMargType[l,n],w2[n]-wMargType[2,n],wl4[n]-w[Nn][
GAdditiveMultiplicEpistaticApprox[n_] :=
(G[Nn] /- rulesCIl[n] /. assumeAdditiveMultiplicEpistaticApproxFitness[n] // Expand) /.
assumeAlRare[n] // FullSimplify

GAdditiveMultiplicEpistaticApprox[1] // MatrixForm

(-1+m[1]) (1+b[1]q[1])-r (-1+q([1]) (-1+y11[1])+(-1+q[1]) v11[1)) r(-1+m[1]) q[1] (-1+y11[1])
-1+a[1]+b[1]-2b[1] q[1] T l.a[l]+b[1]-2b[1]) q[1]
r(-1+m[1]) (-1+q[1]) (-1+y11([1]) (-1+m[1]) (1+b[1] (-1+q[1]))-¥12[1]+q[1] (r (-L1+y11[1])-y1l
-1+a[l]+b[1]-2b[1] q[1] -l+a[l]+b[1]-2b[1] q[1]

(» Eigenvalues[GAdditiveMultiplicEpistatic[l]]//FullSimplify x)
(» This takes some time to evaluate x)

assumeAlRare[1]

{x[3, 11 > q[l], x[4, 1] >1-q[1]}

Test of the above function probEstablAMApproxFunc[r_,m1 ,al bl ,y111 ,y121 ,y211 221 |:

Clear[myr, myml, myal, mybl, myy111, myy121, myy211,
myy221, mygEq, mywbar, mywl, myw2, mywl4d, myal, mypgfl, mypgf2]

myr = 0.008;
myml = 0.015;
myal = 0.01;
mybl = 0.02;
myy111 =0.;
myy121 = 0.;
myy211 = 0.;
myy221 = 0.;

myqEq = (mybl - myml + myal x myml) / (mybl % (1 +myml));

mywbar = 1 - myal - mybl % (1 -2 % mygEQ) ;

mywl = 1 + mybl myqEq + (-1 + mygEq) myy111;

myw2 = 1 - mybl % (1 - mygEq) - mygEq * myy111 - myy121 % (1 - mygEQ) ;
mywld = 1 - myy111;
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1
myal = - ———— (-1 + myml)
2 mywbar
(mywl - myr myw14 + myw2 + (mywl® + myr? myw14® + mywl (2 (- 1+ 2 mygEq) myr mywl4 - 2 myw2) +
2 (1 -2mygEq) myr mywl4 myw2 + myw2?) 1/2) :

myr (1 -myml) mygEq (1 - s2) mywl4

mypgfl[sl , s2 ] := Exp[— ywbar

1

(1-myml) (1-s1) (mywl-myr (1-myqEq) mywl4d) ] ;
mywbar

myr (1 -myml) (1-mygEq) (1-sl) mywl4d

mypgf2[sl_, s2_] := Exp[— bar
ywi

1

(1-myml) (1-s2) (-myr mygEq mywl4 + myw2) ] :
mywbar

gSol = FindRoot[ {mypgfl[ql, g2] == q1, mypgf2[ql, 2] == 92}, {gl, 0.5}, {92, 0.5}1;
{1-9l1,1-92} /. gSol

{0. 00976312, 0.00413608}

probEstablAMApproxFunc[myr, myml, myal, mybl, myy111l, myy121, myy211l, my¥221]

{1. 00478, 0.00993348, 0.00157342, 0.00369432, 0.253695}

myqEqg * (1 -ql) + (1 -myqEqQ) * (1 -qg2) /- gSol

0. 00556363

End of test.

= Explicit equilibrium frequency of B,
Clear[ghat, wl, w2, wbar, b, m, a, y11, y12, ¥21, ¥22]
n741= assumParamRelationsAdditiveMultiplicApprox[n_]:={0<a[n]<b[n]<1&&0<m[n]<b[n]}
n7si= ghatAMApprox = q[1] /. gEquillBAdditiveMultiplicApprox[2]
b[1] -m[1] +a[l] m[1]
bri] (L+m[l])
m Explicit fitnesses

Out[75]=

in7e)= wbharAMApprox =
wMeanB[1] /. assumeAdditiveMultiplicApproxFitness[1] /. assumeAlRare[1] // FullSimplify

ouel- 1-a[l] +b[1] (-1+2q[1])

in771= WLAMApprox =
wMargType[1l, 1] /. assumeAdditiveMultiplicApproxFitness[1l] /. assumeAlRare[l] //
FullSimplify

our7= 1 +b[1] q[1]

in7el= W2AMApprox =
wMargType[2, 1] /. assumeAdditiveMultiplicApproxFitness[1l] /. assumeAlRare[l] //
FullSimplify

ouzel= 1 +b[1] (-1+q[1])
in79r= W14AMApprox([n_] :=1

We evaluate the mean and margina fitnesses at equilibrium.
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wl1AMApprox /. {gq[1] -» ghatAMApprox} // FullSimplify
1+b[1]+a[l] m1]

1+m[l]
w2AMApprox /. {q[1] -» ghatAMApprox} // FullSimplify
1+ (a[l] -b[l]) m1]

1+m[1]

wbarAMApprox /. {q[1] -» ghatAMApprox} // FullSimplify
(-1l+a[l]-b[1]) (-1+m[1])

1+m[1]
= Explicit mean matrix

The elements of the mean matrix for additive fitnesses:

G[1] /- ruleSimplifyNotationCl // MatrixForm

(1-m) (Wi[1]-(1-q) r wi4[1]) (1-m qr wi4(1]
wbar [1] wbar [1]
(1-m) (1-q) r wl4[1] (I-m) (-qr wi4[1l]+w2[1])
wbar [1] wbar [1]

assumeAdditiveMultiplicApproxFitness([1]
(wil[l] - 1+a[l] +b[l], W12[1] »1+ajfl], wi3[1] - 1+b[1],

Wl4[1] > 1, w22[1] > 1+a[l] -b[l], w24[1] >1-b[1],
W33[1] >1-a[l] +b[1l], wd4[1] »1-a[l], wd4[1] >1-a[l] -b[1]}

ruleSimplifyNotationCl

{ml] > m x[1, 1] ->x1, x[2, 1] > x2, x[3, 1] > x3, x[4, 1] > x4, q[1] > q)}
GAdd =

G[1] /- ruleSimplifyNotationCl /. {wl[1] » wlAMApprox, w2[1] -» w2AMApprox, wbar[1] -
wbarAMApprox} /. assumeAdditiveMultiplicApproxFitness[1] /.
{gq[1] » ghatAMApprox} /. {q -» ghatAMApprox} /.
ruleSimplifyNotationCl /. {a[l] » a, b[1] » b} // FullSimplify;

GAdd // MatrixForm

1+b+am mr (b+(-1+a) mr

l-asb b b (1-a+b)
mr b2 m: (-1+a) mr+b (-1-amr)
b (-1+a-b) b

GAdd /. {a»>ae,b>Be,Mm>pue, r-pe}

1+Be+a€2u EUP (Be+e (-1l+ae) ) p
{{ l1-oe+Be B B(l-ae+Be) }
eup /3263u+€2(—1+a€)up+/3€(—l—a€2u+ep)
{ B Be (-l+ae-Be) }}
GAddAppr0x=Series[{{11+BE+aezu—e“p, (Berelrirac) “)p},
-ae+fe B B(l-ae+Be)

eup /3263u+62(—l+ae)up+Be(—l—anu+ep)
{—. 1} te. 0. 13] /.
B Be (-l+ae-Be)
{a»a/e,B>b/e,p>r/e, u->m/e} // Normal;
GAddApprox // MatrixForm

1+a—”l‘)—r r- oo

mr mr
. 1+afbfr+T

21
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= Explicit conditions for invasion

conditionNonExtinction[1]

wbar [1] wbar [1] wbar [1]
rwli4(l] |-q[1jwl{l] - (1-q[l])wW2[1] + 7] < (V\/l[l 7) [—WZ[l] y

1-m1] C1-m1] 1-m(1]
conditionNonExtinctionAMApprox =
conditionNonExtinction[1] /. {wl4[1] -» wl4AMApprox[1l], wbar[1l] - wbarAMApprox,
wl[l] -» wlAMApprox, w2[1] -» w2AMApprox} /. {q[1] -» ghatAMApprox} // FullSimplify

r (-afl]+(1-2a[l1] +b[1]) m1])
1+m1]
We simplify the notation.

<afl] (-a[l] +b[1])

condNonExtAdd = conditionNonExtinctionAMApprox /. ruleSimplifyNotation

(-a+ (1-2a+bymr

<a (-a+b)
1+m

We want to express this condition in terms of m and r to obtain critical values of these two parameters.
FullSimplify[Reduce[condNonExtAdd, m],
Assumptions » Flatten[{O<a<b<1l,a+b<1,0<m<1,0<r<1/2}]]

a(-a+b+r)
a?+r +br <a(b+2r)||a®+r+br =a(b+2r) || m<

a+r +br-a(b+2r)

mCritl

a

1-b
mCrit2

b

1-a
mCrits

a(-a+b+r)

(a-b) (a-r)y+(1-ayr

a(-a+b+r)

-mCrit5 // Simplify
a2+r+br-a((b+2r)

0

a(b—a+r)
(a-b) (@-r)+(1-ayr

M < My;irs. The condition a2 + r + br < a(b + 2r) implies that my;;5 < 0, meaning that invasion is possible independently of the

migration rate m. The condition a2 + r + br == a(b + 2r) denotes the degenerate case where mg;, 5 is not defined, because its
denominator is zero. In that case, invasion is also independent of m.

In terms of m, we recover the critical value previously known as my;; 5, which was expected. Allele A can invade if

We now ask about the condition in terms of the recombination rate.

FullSimplify[Reduce[condNonExtAdd, r],
Assumptions -» Flatten[{O<a<b<1,a+b<1,0<m<mCrit2,0<r<1/2}]]

a(a-b) (1+m
a+2am=m+bm| | mibm<a+2amj||r <

a+2am- (1+b)m

DA _ ¢4 the recombination rate is equal to the one previously established for the deterministic
a+2am-(1+bym

model, rs. The conditions a+2am==m+bm and m+bm<a+ 2am correspond to the cases where r;; 5 is not defined
because its denominator is zero or where r; 5 is negative, respectively. In both of these cases, the invasion criterion is independent

Again, the critical value
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Solve[m+bm==a+2am, m]

a

{{m- m}}

a(-a+b+n

Series[ /.{a->ae,b->/3e,r->pe},{e,O,l}] // Normal
(a-b) (a-n+@A-a)r
o? a3
€ la- —+ —
o o
o? afl
Solve[a— — + — =u, p| // FullSimplify
o] P
a (a-B)
{{foo——1
o- U

Plots of numerical solutions

= Helper rules
Replacement rule for explicit fitness matrices.
neop= ruleFitness:={a[l]-mya,b[1l]-myb,y11[1]->myylltemp,yl2[1]-myyl2temp,¥y21[1]->myy21ltemp,¥22
The more compact 3x3 relative fitness matrix (showing no redundant combinations).
ne1= wCompact[n_]:={{wll[n],wl2[n],w22[n]},{wl3[n],wl4[n],w24[n]},{w33[n],w34[n],w44[n]}}
m Plots for various parameter combinations ( fegimesj
m Preliminaries

Recall that the interesting case is my > a;. In this case, the A; mutant could never invade in a one-locus system. Combining with the
other conditions, we have the following restriction for my: 0 <ay <my < b; < 1.

O<ay<m=<b <1 (6)

Clear[myr, mym, mya, myb, myylltemp, myyl2temp,
myy2ltemp, myy22temp, mygEq, mywbar, mywl, myw2, mywl4]

We first consider weak evolutionary forces, so that the approximate critical values are appropriate.

= Weak evoutionary forces; migration ratem = 0.022

mym = 0.022;
mya = 0.02;
myb = 0.04;

myylltemp = 0.;
myyl2temp = 0. ;
myy2ltemp = 0.;
myy22temp = 0. ;

ruleFitness
{a[1] - 0.02, b[1] - 0.04, y11[1] - 0., ¥12[1] - 0., ¥21[1] > 0., y22[1] - 0.}
wCompact[1l] /. assumeAdditiveMultiplicEpistaticApproxFitness[1] /. ruleFitness //

MatrixForm

1.06 1.02 0.98
1.04 1. 0.96
1.02 0.98 0.94
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rCritApprox = rCritApproxFunc[mym, mya, myb]

(» r must be lower than this critical value;

the value is a good approximation under the discrete-
time model only if evolutionary forces are weak! =)

0.2

rCrit = rCritFunc[mym, mya, myb] (* r must be lower than this critical value;
this value is exact under the discrete-time version of the model. x)

0. 2044
Critical values for the migration rate for the stability of the equilibrium Ec.

mcl = mCritl /. {a-> mya, b - myb}
mc2 = mCrit2 /. {a-> mya, b - myb}
mc3 =mCrit3 /. {a-»>mya, b - myb, r - rCrit}

0. 0208333
0. 0408163
-0.181498
Critical value for the migration rate, mg 1, as afunction of r for the current parameter values.

Show[Plot[mCritFunc[r, mya, myb], {r, 0, 0.5}, PlotRange » {{0, 0.5}, {0, mc2+0.1*mc2}},
AxesLabel -» {r, "Critical migration rate mg'}],
Plot[{mCritFunc[r, mya, myb]}, {r, O, rCrit},
PlotRange » {{0, 0.5}, {0, mc2+0.1*mc2}}, PlotStyle -» None, Filling » {1 - mcl}],
Graphics[{Gray, Dotted, Line[{{rCrit, O}, {rCrit, mc2+0.1+mc2}}]11}1,
Graphics[Text[ "rg", {-025+rCrit, 0.2 xmc2}]1,
Graphics[{Gray, Dashed, Line[{{.0, mcl}, {.5, mcl}}1}]1,
Graphics[Text[ "m"", {0.4, 0.9xmcl}]],
Graphics[{Gray, Dashed, Line[{{.0, mc2}, {.5, mc2}}1}1,
Graphics[Text["m""" , {0.4, mc2-0.1%mcl}]]](* This uses exact critical values x)

Critical migration rate mg

0.04F

0.03

0.02

0.01+-
f:)
0.00" e
0.1 0.2 0.3 0.4 0.5
M= U . | M = —200
Recall: m' = Mgy = =7, M" = Myip = ==, and Mg = Meies = "=
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plotl =
Show [Plot[ {probEstablAMApproxFunc[r, mym, mya, myb, myylltemp, myyl2temp, myy2ltemp,
myy22temp] [2] , probEstablAMApproxFunc[r, mym, mya, myb, myylltemp,
myyl2temp, myy2ltemp, myy22temp] [3], probEstablAMApproxFuncir,
mym, mya, myb, myylltemp, myyl2temp, myy2ltemp, myy22temp] [41}.,
{r, 0, 0.5}, PlotRange -» {{0, rCrit}, {0, 2xmya}},
PlotStyle » {{RGBColor[0, 0.3, 1, 0.5], Thick}, {Red, Thick}, {Black, Thick}},
Frame -» True, FrameStyle - {{Black, Opacity[0]}, {Black, Opacity[0]}},
FrameLabel - {"'Recombination rate r', "Invasion probability"},
LabelStyle » {Directive[FontSize -» 14], FontFamily -» ""Helvetica"}, PlotLegend -»
{ Style["m, conditional on background B;", FontFamily - "Helvetica", 10],
Style["n,, conditional on background B,", FontFamily - ""Helvetica"],
Style["7, weighted mean across backgrounds', FontFamily - "Helvetica"] },
LegendPosition » {-0.05, 0.175}, LegendSize » {1.3, 0.5}, LegendShadow -» None,
LegendTextSpace -» 10, LegendBorderSpace » Automatic,
LegendBorder -» None, LegendLabelSpace » 1.8,

LegendLabel -» Style["a = " <>ToString[mya] <>"; b = "<>ToString[myb] <>
“; m = "<>ToString[mym], FontFamily - "Helvetica']]
]
0.04; a=002;b =0.04;m =0.022

a? 71, conditional on background B,
o 0.03¢ = 7, conditional on background B,
]
g = "7, weighted mean across backgrounds"
=
a 0.02¢
c
Q
(%]
s 0.01¢
>
£
0.00

000 005 010 015 020
Recombination rate r

= Weak evoutionary forces; migration ratem = 0.03

mym = 0.03;
mya = 0.02;
myb = 0.04;

myylltemp = 0. ;
myyl2temp = 0. ;
myy2ltemp = 0. ;
myy22temp = 0. ;

wCompact[1l] /. assumeAdditiveMultiplicEpistaticApproxFitness[1l] /. ruleFitness //
MatrixForm

1.06 1.02 0.98
1.04 1. 0.96
1.02 0.98 0.94

rCritApprox = rCritApproxFunc[mym, mya, myb]

(» r must be lower than this critical value;

the value is a good approximation under the discrete-
time model only if evolutionary forces are weak! =)

0.04

rCrit = rCritFunc[mym, mya, myb] (* r must be lower than this critical value;
this value is exact under the discrete-time version of the model. x)

0. 0412

Critical values for the migration rate for the stability of the equilibrium Ec.
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mcl = mCritl /. {a-> mya, b > myb}
mc2 = mCrit2 /. {a-> mya, b - myb}
mc3 = mCrit3 /. {a-»>mya, b - myb, r - rCrit}

0. 0208333
0. 0408163
0. 0196078
Critical value for the migration rate, mg 1, as afunction of r for the current parameter values.

Show[Plot[mCritFunc[r, mya, myb], {r, 0, 0.5}, PlotRange » {{0, 0.5}, {0, mc2+0.1*mc2}},

AxesLabel -» {r, "Critical migration rate mg'}],

Plot[{mCritFunc[r, mya, myb]}, {r, O, rCrit},
PlotRange » {{0, 0.5}, {0, mc2+0.1*mc2}}, PlotStyle -» None, Filling » {1 - mcl}],

Graphics[{Gray, Dotted, Line[{{rCrit, O}, {rCrit, mc2+0.1+mc2}}]11}1,

Graphics[Text[ "rg", {-025+ rCrit, 0.2 xmc2}]1],

Graphics[{Gray, Dashed, Line[{{-0, mc1}, {.5, mcl}}1}1,

Graphics[Text[ "m"", {0.4, 0.9%mcl}]],

Graphics[{Gray, Dashed, Line[{{-0, mc2}, {.5, mc2}}1}1,

Graphics[Text["m""" , {0.4, mc2-0.1xmcl}]]] (» This uses exact critical values %)

Critical migration rate mg

Ow L L \: L L 1 L L L L 1 L L L L 1 L L L L 1 L L L L | r
01 02 03 04 05

Recall: m' = Mgy = 1Ta' m" = My = %bv and Mg = M5 = M)a((:_%-
plot2 =
Show [Plot[ {probEstablAMApproxFunc[r, mym, mya, myb, myylltemp, myyl2temp, myy2ltemp,
myy22temp] [2] , probEstablAMApproxFunc[r, mym, mya, myb, myylltemp,
myyl2temp, myy2ltemp, myy22temp] [3], probEstablAMApproxFuncir,
mym, mya, myb, myylltemp, myyl2temp, myy2ltemp, myy22temp] [41}.,
{r, 0, 0.5}, PlotRange -» {{0, rCrit}, {0, 2xmya}},
PlotStyle » {{RGBColor[0, 0.3, 1, 0.5], Thick}, {Red, Thick}, {Black, Thick}},
Frame -» True, FrameStyle - {{Black, Opacity[0]}, {Black, Opacity[0]}},
FrameLabel - {"'Recombination rate r", "Invasion probability"},
LabelStyle » {Directive[FontSize -» 14], FontFamily -» "Helvetica"}, PlotLegend -»
{ Style["m, conditional on background B;", FontFamily - "Helvetica", 10],
Style["n,, conditional on background B,", FontFamily -» ""Helvetica"],
Style["7, weighted mean across backgrounds', FontFamily - ""Helvetica"] },
LegendPosition » {-0.05, 0.175}, LegendSize » {1.3, 0.5}, LegendShadow -» None,
LegendTextSpace - 10, LegendBorderSpace -» Automatic,
LegendBorder -» None, LegendLabelSpace » 1.8,
LegendLabel -» Style["a = " <>ToString[mya] <>"; b = "<>ToString[myb] <>
"; m = "<>ToString[mym], FontFamily - "Helvetica']]
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0.04 a=002b =0.04;m =003

w1, conditional on background B,
0.03¢ — 7, conditional on background B,

- "7, weighted mean across backgrounds"

0.02+

0'01'\
00900 001 002 003 o004
Recombination rate r

Invasion probability

= Weak evoutionary forces; migration ratem = 0.038

mym = 0.038;
mya = 0.02;
myb = 0.04;

myylltemp = 0. ;
myyl2temp = 0. ;
myy2ltemp = 0. ;
myy22temp = 0. ;
rCritApprox = rCritApproxFunc[mym, mya, myb]
(» r must be lower than this critical value;

the value is a good approximation under the discrete-
time model only if evolutionary forces are weak! x)

0. 0222222

rCrit = rCritFunc[mym, mya, myb] (» r must be lower than this critical value;

this value is exact under the discrete-time version of the model. x)
0. 0230667

Critical values for the migration rate for the stability of the equilibrium Ec.

mcl =mCritl /. {a-» mya, b -» myb}
mc2 = mCrit2 /. {a - mya, b » myb}
mc3 =mCrit3 /. {a-»mya, b->myb, r - rCrit}

0. 0208333
0. 0408163
0. 0378054

Critical value for the migration rate, mg 1, as afunction of r for the current parameter values.

27
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Show[Plot[mCritFunc[r, mya, myb], {r, 0, 0.5}, PlotRange » {{0, 0.5}, {0, mc2+0.1*mc2}},
AxesLabel -» {""Recombination rate r", "Critical migration rate mg'}],
Plot[{mCritFunc[r, mya, myb]}, {r, O, rCrit},

P

lotRange -» {{0, 0.5}, {0, mc2+0.1%mc2}}, PlotStyle -» None, Filling » {1 -» mcl}],

Graphics[{Gray, Dotted, Line[{{rCrit, O}, {rCrit, mc2+0.1+mc2}}]11}1,
Graphics[Text[ "rg", {-025+ rCrit, 0.2 *mc2}]1],

Graphics[{Gray, Dashed, Line[{{-0, mc1}, {.5, mcl}}1}],

Graphics[Text[ "m"", {0.4, 0.9%mcl}]],

Graphics[{Gray, Dashed, Line[{{-0, mc2}, {.5, mc2}}1}1,

Graphics[Text["m""" , {0.4, mc2-0.1%mcl}]]](* This uses exact critical values x)

Critical migration rate mg

- m' l-a " 1-b
Recall: m' = Mgy = ==, M" = M, = —, and Mg = Myjg5 =

0.04

0.03

0.00 . . . L 1 Recombination rate r
0.1 0.2 0.3 0.4 0.5

a(b—a+r)
(a-b) (a-r)+r(1-a) "

plot3 =
Show [Plot[ {probEstablAMApproxFunc[r, mym, mya, myb, myylltemp, myyl2temp, myy2ltemp,

—

Invasion probability

myy22temp] [2] , probEstablAMApproxFunc[r, mym, mya, myb, myylltemp,
myyl2temp, myy2ltemp, myy22temp] [3], probEstablAMApproxFuncir,
mym, mya, myb, myylltemp, myyl2temp, myy2ltemp, myy22temp] [4]}.,
{r, 0, 0.5}, PlotRange -» {{0, rCrit}, {0, 2xmya}},
PlotStyle » {{RGBColor[0, 0.3, 1, 0.5], Thick}, {Red, Thick}, {Black, Thick}},
Frame -» True, FrameStyle - {{Black, Opacity[0]}, {Black, Opacity[0]}},
FrameLabel - {"'Recombination rate r", "Invasion probability"},
LabelStyle » {Directive[FontSize -» 14], FontFamily -» ""Helvetica'"}, PlotLegend -»
{ Style["m;, conditional on background B;", FontFamily - "Helvetica", 10],
Style["n,, conditional on background B,", FontFamily - ""Helvetica"],
Style["7, weighted mean across backgrounds', FontFamily - "Helvetica"] },
LegendPosition » {-0.05, 0.175}, LegendSize » {1.3, 0.5}, LegendShadow -» None,
LegendTextSpace -» 10, LegendBorderSpace » Automatic,
LegendBorder -» None, LegendLabelSpace » 1.8,

LegendLabel -» Style["a = " <>ToString[mya] <>"; b = "<>ToString[myb] <>
“; m = "<>ToString[mym], FontFamily -» "Helvetica']]
0.04 - a=0.02b =004m =0.038
71, conditional on background B,
0.03+ = 7, conditional on background B,
= 7, weighted mean across backgrounds
0.02¢
0.01¢
0.00 ———
8 000 0.005 0.010 0.015 0.020

Recombination rate r
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= Weak evolutionary forces, recombination rater = 0.001

myr = 0.001;
mya = 0.02;
myb = 0.04;

myylltemp = 0.;
myyl2temp = 0. ;
myy2ltemp = 0.;
myy22temp = 0. ;

mCritApprox = Min[mCritApproxFunc[myr, mya, myb], myb]

(* m must be lower than the (approximate) critical value and lower than b;;
however, this criterion is valid for the continuous-

time version and provides a good approximation to the discrete-

time version only if evolutionary forces are weak! =)

0.04

mCrit = mCritFunc[myr, mya, myb] (» m must be lower than this critical value;
this value is exact under the discrete-time version of the model. x)

0. 0408163
Critical values for the migration rate for the stability of the equilibrium Ec.
mcl
0. 0208333
mCritl

a

1-b

mcl = mCritl /. {a -» mya, b » myb}

mc2 = mCrit2 /. {a -» mya, b » myb}

mc3 =mCrit3 /. {a-»mya, b > myb, r - myr}

0. 0208333
0. 0408163
0. 0590591

Show[Plot[rCritApproxFunc[m, mya, myb], {m, O, 1}, PlotRange » {{0, 0.08}, {0, -6}},
AxesLabel -» {m;, "Critical recombination rate rg (approximate)'}],
Plot[rCritApproxFunc[m, mya, myb], {m, O, mCritApprox},
PlotRange -» {{mya, mCritApprox}, {0, .5}}, PlotStyle - None, Filling » {1 -» Axis}],
Graphics[{Gray, Dotted, Line[{{mya, 0}, {mya, -6}}]1}1,
Graphics[Text[ "a;", {-75*mya, 0.8 % .5}11],
Graphics[{CGray, Dotted, Line[{{mCritApprox, 0}, {mCritApprox, -6}}1}],
Graphics[Text[ "mg 1", {mMCritApprox - .25+mya, 0.8« .5}11,
Graphics[{Gray, Dashed, Line[{{O, .5}, {1, -5}}1}1,
Graphics[Text[ "rpax'"', {-07, 1.1 % .5}11] (» This uses approximate critical values %) ;
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Show[Plot[rCritFunc[m, mya, myb], {m, O, 1}, PlotRange -» {{0, 0.08}, {0, -6}},

AxesLabel -» {m, "Critical recombination rate rz'}],

Plot[rCritFunc[m, mya, myb], {m, mcl, mCrit}, PlotRange -» {{0, 0.08}, {0, 1}},
PlotStyle - None, Filling » {1 -» Axis}],

Graphics[{Gray, Dotted, Line[{{mcl, O}, {mcl, .6}}]1}1,

Graphics[Text[ "m"", {.75%mcl, 0.8« .5}11,

Graphics[{Gray, Dotted, Line[{{mCrit, O}, {mCrit, -6}}1}],

Graphics[Text[ "mg", {mCrit- .25%mcl, 0.8« .5}17,

Graphics[{Gray, Dashed, Line[{{0O, .5}, {1, -5}}1}1,

Graphics[Text[ "rpax"", {-07, 1.1 % .5}1]1] (+ This uses exact critical values x)

Critical recombinationraterg
06

05|
04
03
02

0.1f

0.0 L . . . L . . . 1 ’ N N T m
0.02 0.04 0.06 0.08

a(b-a+r)

e a0 1-b o ab-an
Reca”-m —mcrlt,l— b ,m —mcnt,Z— a 1andrn3_mcrlt,5_ (a=b) (a-n)+r(1-a) *

inset4 =
Plot[{1, probEstablAMApproxFunc[myr, m, mya, myb, myylltemp, myyl2temp, myy2ltemp,
myy22temp] [2]}, {m, O, 1}, PlotRange » {{0O, mCrit}, {0.0377, 0.0383}},
PlotStyle » {None, {RGBColor[0O, 0.3, 1, 0.5]}}, Frame - True,
FrameStyle -» {{Black, Opacity[0]}, {Black, Opacity[0]}}, FrameLabel » {m, "m;"},
LabelStyle » {Directive[FontSize -» 10], FontFamily - "Helvetica"},
FrameTicks -» {{0, 0.02, 0.04}, {0.0377, 0.0380, 0.0383}}1;
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plot4 =
Show [Plot[probEstablAMApproxFunc[myr, m, mya, myb, myylltemp, myyl2temp, myy2ltemp,
myy22temp] [4], {m, mcl, 1}, PlotRange » {{0, mCrit}, {O, .05}}, PlotStyle - None,
Filling » {1 -» Axis}, FillingStyle - RGBColor[0.9, 0.9, 0.9, 1], Epilog »
Inset[inset4, {0.0375, 0.045}, {0.04, 0.0383} , {0.021, 0.021}, Background -» White]],
Plot[{probEstablAMApproxFunc[myr, m, mya, myb, myylltemp, myyl2temp,
myy2ltemp, myy22temp] [2], probEstablAMApproxFunc[myr, m,
mya, myb, myylltemp, myyl2temp, myy2ltemp, myy22temp] [31],
probEstablAMApproxFunc[myr, m, mya, myb, myylltemp, myyl2temp, myy2ltemp,
myy22temp] [41}, {m, O, 1}, PlotRange -» {{0O, mCrit}, {0, .05}},
PlotStyle » {{RGBColor[0, 0.3, 1, 0.5], Thick}, {Red, Thick}, {Black, Thick}}],
Graphics[Text[Style["r = " <>ToString[myr] <>"; a = "<>ToString[mya] <>"; b = "<>
ToString[myb], FontFamily -» "Helvetica", FontSize -» 10], {0.01, 0.005}11,
Graphics[{Gray, Dotted, Line[{{mcl, .0}, {mcl, 1.}}1}1,
Graphics[Text[Style["m;", FontFamily - "Helvetica"], {0.9 *mcl, 0.045}]1],
Frame -» True, FrameStyle » {{Black, Opacity[0]}, {Black, Opacity[0]}},

FrameLabel -» {""Migration rate m", "Invasion probability"},
LabelStyle » {Directive[FontSize -» 14], FontFamily -» "Helvetica"}]
OOSj .
[ my 0.0383
> 0.04[ " 0.038{
% 003770502 0.04
8 0.03F m
s [
S 0.02}
7] [
© [
> [
£ 0.01-
[r=0001;a=002b=004 !
00 ——— T
0.00 0.01 0.02 0.03 0.04

Migration rate m

m Weak evolutionary forces, recombination rater = 0.01

myr = 0.01;
mya = 0.02;
myb = 0.04;

myylltemp = O.;
myyl2temp = 0. ;
myy2ltemp = 0. ;
myy22temp = 0. ;

mCritApprox = Min[mCritApproxFunc[myr, mya, myb], myb]

(* m must be lower than the (approximate) critical value and lower than bq;
however, this criterion is valid for the continuous-

time version and provides a good approximation to the discrete-

time version only if evolutionary forces are weak! =)

0. 04

mCrit = mCritFunc[myr, mya, myb] (» m must be lower than this critical value;
this value is exact under the discrete-time version of the model. x)

0. 0408163

Critical values for the migration rate for the stability of the equilibrium Ec.



32

Recall: m' = mg;; =

2LocContlsland_Stoch_Discr.nb

mcl = mCritl /. {a-> mya, b > myb}
mc2 = mCrit2 /. {a-> mya, b - myb}
mc3 = mCrit3 /. {a-»mya, b - myb, r - myr}

0. 0208333
0. 0408163
0. 0505051

Show[Plot[rCritApproxFunc[m, mya, myb], {m, O, 1}, PlotRange » {{0, 0.08}, {0, -6}},
AxesLabel -» {m;, "Critical recombination rate rg (approximate)'}l],
Plot[rCritApproxFunc[m, mya, myb], {m, O, mCritApprox},
PlotRange -» {{mya, mCritApprox}, {0, .5}}, PlotStyle - None, Filling » {1 - Axis}],
Graphics[{Gray, Dotted, Line[{{mya, 0}, {mya, .6}}]1}1,
Graphics[Text[ "a;", {-75%mya, 0.8 .5}11,
Graphics[{Gray, Dotted, Line[{{mCritApprox, 0}, {mCritApprox, -6}}13}1,
Graphics[Text[ "mg 1", {mCritApprox - .25%mya, 0.8« .5}11,
Graphics[{Gray, Dashed, Line[{{0O, .5}, {1, -5}}1}1,
Graphics[Text[ "rpax'", {-07, 1.1 % .5}11] (» This uses approximate critical values x);

Show[Plot[rCritFunc[m, mya, myb], {m, O, 1}, PlotRange » {{0, 0.08}, {0, .6}},

AxesLabel -» {m, "Critical recombination rate rg'"}],

Plot[rCritFunc[m, mya, myb], {m, mcl, mCrit}, PlotRange -» {{0O, 0.08}, {0, 1}},
PlotStyle -» None, Filling » {1 -» Axis}],

Graphics[{Gray, Dotted, Line[{{mcl, O}, {mcl, .6}}1}]1,

Graphics[Text[ "m"", {.75%mcl, 0.8 x .5}11,

Graphics[{Gray, Dotted, Line[{{mCrit, O}, {mCrit, .6}}1}1,

Graphics[Text[ "mg"™, {mCrit- .25%xmcl, 0.8 % .5}17],

Graphics[{Gray, Dashed, Line[{{0, -5}, {1, -5}}1}1,

Graphics[Text[ "rpax'", {-07, 1.1 % .5}]11] (* This uses exact critical values %)

Critical recombinationrate rg
0.6

05
04
03
02

o1f

oo m
0.02 0.04 0.06 0.08

l-a . o _1b and _ o a(b-a+r)
mcnt,z T a? Mg = mcr|t,5 = (a-b)(a-n+r(l-a) "

3
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plot5 =
Show [Plot[probEstablAMApproxFunc[myr, m, mya, myb, myylltemp, myyl2temp, myy2ltemp,
myy22temp] [4], {m, mcl, 1}, PlotRange » {{0, mCrit}, {O, .05}}, PlotStyle - None,
Filling » {1 -» Axis}, FillingStyle - RGBColor[0.9, 0.9, 0.9, 1] (x, Epilog-
Inset[inset4,{0.0375,0.045},{0.04,0.0383} ,{0.021,0.021},Background-White] =)],
Plot[ {probEstablAMApproxFunc[myr, m, mya, myb, myylltemp, myyl2temp,
myy2ltemp, myy22temp] [2], probEstablAMApproxFunc[myr, m,
mya, myb, myylltemp, myyl2temp, myy2ltemp, myy22temp] [3],
probEstablAMApproxFunc[myr, m, mya, myb, myylltemp, myyl2temp, myy2ltemp,
myy22temp] [41}, {m, O, 1}, PlotRange -» {{0O, mCrit}, {0, .05}},
PlotStyle » {{RGBColor[0, 0.3, 1, 0.5], Thick}, {Red, Thick}, {Black, Thick}}],
Graphics[Text[Style["r = " <>ToString[myr] <>"; a = "<>ToString[mya] <>"; b = "<>
ToString[myb], FontFamily -» "Helvetica", FontSize -» 10], {0.01, 0.012}11,
Graphics[{Gray, Dotted, Line[{{mcl, .0}, {mcl, 1.}}1}1,
Graphics[Text[Style["m;", FontFamily - "Helvetica"], {0.9 *mcl, 0.045}]1],
Frame -» True, FrameStyle » {{Black, Opacity[0]}, {Black, Opacity[0]}},
FrameLabel -» {""Migration rate m", "Invasion probability"},
LabelStyle » {Directive[FontSize -» 14], FontFamily - "Helvetica'}]

0.05,
0.04}
0.03/

0.02!

Invasion probability

0 01? r =0.01;a = 0.02; b = 0.04

0.02 003 004

Migration rate m

000 001

= Weak evolutionary forces, recombination rater = 0.02

myr = 0.02;
mya = 0.02;
myb = 0.04;

myylltemp = O.;
myyl2temp = 0. ;
myy2ltemp = 0. ;
myy22temp = 0. ;

mCritApprox = Min[mCritApproxFunc[myr, mya, myb], myb]

(* m must be lower than the (approximate) critical value and lower than bq;
however, this criterion is valid for the continuous-

time version and provides a good approximation to the discrete-

time version only if evolutionary forces are weak! =)

0. 04

mCrit = mCritFunc[myr, mya, myb] (» m must be lower than this critical value;
this value is exact under the discrete-time version of the model. x)

0. 0408163

Critical values for the migration rate for the stability of the equilibrium Ec.
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Recall: m' = mg;; =

2LocContlsland_Stoch_Discr.nb

mcl = mCritl /. {a-> mya, b > myb}
mc2 = mCrit2 /. {a-> mya, b - myb}
mc3 = mCrit3 /. {a-»mya, b - myb, r - myr}

0. 0208333
0. 0408163
0. 0408163

Show[Plot[rCritApproxFunc[m, mya, myb], {m, O, 1}, PlotRange » {{0, 0.08}, {0, -6}},
AxesLabel -» {m;, "Critical recombination rate rg (approximate)'}l],
Plot[rCritApproxFunc[m, mya, myb], {m, O, mCritApprox},
PlotRange -» {{mya, mCritApprox}, {0, .5}}, PlotStyle - None, Filling » {1 - Axis}],
Graphics[{Gray, Dotted, Line[{{mya, 0}, {mya, .6}}]1}1,
Graphics[Text[ "a;", {-75%mya, 0.8 .5}11,
Graphics[{Gray, Dotted, Line[{{mCritApprox, 0}, {mCritApprox, -6}}13}1,
Graphics[Text[ "mg 1", {mCritApprox - .25%mya, 0.8« .5}11,
Graphics[{Gray, Dashed, Line[{{0O, .5}, {1, -5}}1}1,
Graphics[Text[ "rpax'", {-07, 1.1 % .5}11] (» This uses approximate critical values x);

Show[Plot[rCritFunc[m, mya, myb], {m, O, 1}, PlotRange » {{0, 0.08}, {0, .6}},

AxesLabel -» {m, "Critical recombination rate rg'"}],

Plot[rCritFunc[m, mya, myb], {m, mcl, mCrit}, PlotRange -» {{0O, 0.08}, {0, 1}},
PlotStyle -» None, Filling » {1 -» Axis}],

Graphics[{Gray, Dotted, Line[{{mcl, O}, {mcl, .6}}1}]1,

Graphics[Text[ "m"", {.75%mcl, 0.8 x .5}11,

Graphics[{Gray, Dotted, Line[{{mCrit, O}, {mCrit, .6}}1}1,

Graphics[Text[ "mg"™, {mCrit- .25%xmcl, 0.8 % .5}17],

Graphics[{Gray, Dashed, Line[{{0, -5}, {1, -5}}1}1,

Graphics[Text[ "rpax'", {-07, 1.1 % .5}]11] (* This uses exact critical values %)

Critical recombinationrate rg
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plot6 =
Show [Plot[probEstablAMApproxFunc[myr, m, mya, myb, myylltemp, myyl2temp, myy2ltemp,
myy22temp] [4], {m, mcl, 1}, PlotRange » {{0, mCrit}, {O, .05}}, PlotStyle - None,
Filling » {1 -» Axis}, FillingStyle - RGBColor[0.9, 0.9, 0.9, 1] (x, Epilog-
Inset[inset4,{0.0375,0.045},{0.04,0.0383} ,{0.021,0.021},Background-White] =)],
Plot[ {probEstablAMApproxFunc[myr, m, mya, myb, myylltemp, myyl2temp,
myy2ltemp, myy22temp] [2], probEstablAMApproxFunc[myr, m,
mya, myb, myylltemp, myyl2temp, myy2ltemp, myy22temp] [3],
probEstablAMApproxFunc[myr, m, mya, myb, myylltemp, myyl2temp, myy2ltemp,
myy22temp] [41}, {m, O, 1}, PlotRange -» {{0O, mCrit}, {0, .05}},
PlotStyle » {{RGBColor[0, 0.3, 1, 0.5], Thick}, {Red, Thick}, {Black, Thick}}],
Graphics[Text[Style["r = " <>ToString[myr] <>"; a = "<>ToString[mya] <>"; b = "<>
ToString[myb], FontFamily -» "Helvetica", FontSize -» 10], {0.01, 0.005}11,
Graphics[{Gray, Dotted, Line[{{mcl, .0}, {mcl, 1.}}1}1,
Graphics[Text[Style["m;", FontFamily - "Helvetica"], {0.9 *mcl, 0.045}]1],
Frame -» True, FrameStyle » {{Black, Opacity[0]}, {Black, Opacity[0]}},
FrameLabel -» {""Migration rate m", "Invasion probability"},
LabelStyle » {Directive[FontSize -» 14], FontFamily - "Helvetica'}]

0.05,
0.04}
0.03/

0.02!

Invasion probability

0.01}
[ r=0.02;a =0.02;b =0.04

000 001 002 003 004
Migration rate m

m Weak evolutionary forces, recombination rater = 0.1

myr =0.1;
mya = 0.02;
myb = 0.04;

myylltemp = O.;
myyl2temp = 0. ;
myy2ltemp = 0. ;
myy22temp = 0. ;

mCritApprox = Min[mCritApproxFunc[myr, mya, myb], myb]

(* m must be lower than the (approximate) critical value and lower than bq;
however, this criterion is valid for the continuous-

time version and provides a good approximation to the discrete-

time version only if evolutionary forces are weak! =)

0. 022

mCrit = mCritFunc[myr, mya, myb] (» m must be lower than this critical value;
this value is exact under the discrete-time version of the model. x)

0. 0220441

Critical values for the migration rate for the stability of the equilibrium Ec.
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Recall: m' = mg;; =

2LocContlsland_Stoch_Discr.nb

mcl = mCritl /. {a-> mya, b > myb}
mc2 = mCrit2 /. {a-> mya, b - myb}
mc3 = mCrit3 /. {a-»mya, b - myb, r - myr}

0. 0208333
0. 0408163
-0.175

Show[Plot[rCritApproxFunc[m, mya, myb], {m, O, 1}, PlotRange » {{0, 0.08}, {0, -6}},
AxesLabel -» {m;, "Critical recombination rate rg (approximate)'}l],
Plot[rCritApproxFunc[m, mya, myb], {m, O, mCritApprox},
PlotRange -» {{mya, mCritApprox}, {0, .5}}, PlotStyle - None, Filling » {1 - Axis}],
Graphics[{Gray, Dotted, Line[{{mya, 0}, {mya, .6}}]1}1,
Graphics[Text[ "a;", {-75%mya, 0.8 .5}11,
Graphics[{Gray, Dotted, Line[{{mCritApprox, 0}, {mCritApprox, -6}}13}1,
Graphics[Text[ "mg 1", {mCritApprox - .25%mya, 0.8« .5}11,
Graphics[{Gray, Dashed, Line[{{0O, .5}, {1, -5}}1}1,
Graphics[Text[ "rpax'", {-07, 1.1 % .5}11] (» This uses approximate critical values x);

Show[Plot[rCritFunc[m, mya, myb], {m, O, 1}, PlotRange » {{0, 0.08}, {0, .6}},

AxesLabel -» {m, "Critical recombination rate rg'"}],

Plot[rCritFunc[m, mya, myb], {m, mcl, mCrit}, PlotRange -» {{0O, 0.08}, {0, 1}},
PlotStyle -» None, Filling » {1 -» Axis}],

Graphics[{Gray, Dotted, Line[{{mcl, O}, {mcl, .6}}1}]1,

Graphics[Text[ "m"", {.75%mcl, 0.8 x .5}11,

Graphics[{Gray, Dotted, Line[{{mCrit, O}, {mCrit, .6}}1}1,

Graphics[Text[ "mg"™, {mCrit+ .25%xmcl, 0.8 % .5}17],

Graphics[{Gray, Dashed, Line[{{0, -5}, {1, -5}}1}1,

Graphics[Text[ "rpax'", {-07, 1.1 % .5}]11] (* This uses exact critical values %)

Critical recombinationrate rg
0.6

05
04
03
02

o1f

oo m
0.02 0.04 0.06 0.08

l-a . o _1b and _ o a(b-a+r)
mcnt,z T a? Mg = mcr|t,5 = (a-b)(a-n+r(l-a) "

3
1l
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plot7 =
Show [Plot[probEstablAMApproxFunc[myr, m, mya, myb, myylltemp, myyl2temp, myy2ltemp,
myy22temp] [4], {m, mcl, 1}, PlotRange » {{0, mCrit}, {O, .05}}, PlotStyle - None,
Filling » {1 -» Axis}, FillingStyle - RGBColor[0.9, 0.9, 0.9, 1] (x, Epilog-
Inset[inset4,{0.0375,0.045},{0.04,0.0383} ,{0.021,0.021},Background-White] =)],
Plot[ {probEstablAMApproxFunc[myr, m, mya, myb, myylltemp, myyl2temp,
myy2ltemp, myy22temp] [2], probEstablAMApproxFunc[myr, m,
mya, myb, myylltemp, myyl2temp, myy2ltemp, myy22temp] [3],
probEstablAMApproxFunc[myr, m, mya, myb, myylltemp, myyl2temp, myy2ltemp,
myy22temp] [41}, {m, O, 1}, PlotRange -» {{0O, mCrit}, {0, .05}},
PlotStyle » {{RGBColor[0, 0.3, 1, 0.5], Thick}, {Red, Thick}, {Black, Thick}}],
Graphics[Text[Style["r = " <>ToString[myr] <>"; a = "<>ToString[mya] <>"; b = "<>
ToString[myb], FontFamily -» "Helvetica", FontSize -» 10], {0.01, 0.005}11,
Graphics[{Gray, Dotted, Line[{{mcl, .0}, {mcl, 1.}}1}1,
Graphics[Text[Style["m;", FontFamily - "Helvetica"], {0.9 *mcl, 0.045}]1],
Frame -» True, FrameStyle » {{Black, Opacity[0]}, {Black, Opacity[0]}},
FrameLabel -» {""Migration rate m" , "Invasion probability"},
LabelStyle » {Directive[FontSize -» 14], FontFamily - "Helvetica'}]

0.05,

my

o

o

=
———

Invasion probability

r =0.2;a =0.02;b =0.04

0_ 07 P L O S S S B
8.000 0.005 0.010 0.015 0.020
Migration rate m

m Weak evolutionary forces, recombination rater = 0.5

myr = 0.5;
mya = 0.02;
myb = 0.04;

myylltemp = O.;
myyl2temp = 0. ;
myy2ltemp = 0. ;
myy22temp = 0. ;
mCritApprox = Min[mCritApproxFunc[myr, mya, myb], myb]
(* m must be lower than the (approximate) critical value and lower than bg;
however, this criterion is valid for the continuous-
time version and provides a good approximation to the discrete-
time version only if evolutionary forces are weak! =)

0. 0208

mCrit = mCritFunc[myr, mya, myb] (» m must be lower than this critical value;
this value is exact under the discrete-time version of the model. x)

0. 0208333
Critical values for the migration rate for the stability of the equilibrium Ec.



38

\ 1=
Recall: m' = mg;; 4 = Ta m™ = Myir2 = = and mg = M5 =

2LocContlsland_Stoch_Discr.nb

mcl = mCritl /. {a-> mya, b > myb}
mc2 = mCrit2 /. {a-> mya, b - myb}
mc3 = mCrit3 /. {a-»mya, b - myb, r - myr}

0. 0208333

0. 0408163

-0.88

Show[Plot[rCritApproxFunc[m, mya, myb], {m, O, 1}, PlotRange » {{0, 0.08}, {0, -6}},

AxesLabel -» {m;, "Critical recombination rate rg (approximate)'}l],
Plot[rCritApproxFunc[m, mya, myb], {m, O, mCritApprox},

PlotRange -» {{mya, mCritApprox}, {0, .5}}, PlotStyle - None, Filling » {1 - Axis}],
Graphics[{Gray, Dotted, Line[{{mya, 0}, {mya, .6}}]1}1,
Graphics[Text[ "a;", {-75%mya, 0.8 .5}11,
Graphics[{Gray, Dotted, Line[{{mCritApprox, 0}, {mCritApprox, -6}}13}1,
Graphics[Text[ "mg 1", {mCritApprox - .25%mya, 0.8« .5}11,
Graphics[{Gray, Dashed, Line[{{0O, .5}, {1, -5}}1}1,
Graphics[Text[ "rpax'", {-07, 1.1 % .5}11] (» This uses approximate critical values x);

Show[Plot[rCritFunc[m, mya, myb], {m, O, 1}, PlotRange » {{0, 0.08}, {0, .6}},

AxesLabel -» {m, "Critical recombination rate rg'}], (» Plot[rCritFunc[m,mya,myb],
{m,mcl,mCrit},PlotRange-{{0,0.08},{0,1}},PlotStyle-None,Filling-{1-AXis}],*)
Graphics[{Gray, Dotted, Line[{{mcl, O}, {mcl, .6}}1}]1,
Graphics[Text[ "m"= mg", {-75%mcl, 0.8 % .5}117,
(» Graphics[{Gray,Dotted,Line[{{mCrit,0},{mCrit,_6}}]11}1,
Graphics[Text[ "mg",{mCrit+.25+mc1,0.8%x.5}]11,*)
Graphics[{Gray, Dashed, Line[{{0, -5}, {1, -5}}1}1,
Graphics[Text[ "rpax'", {-07, 1.1 % .5}]11] (* This uses exact critical values %)

Critical recombinationrate rg
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" 1-b a(b—a+r)
(a-b) (a-r)+r(1-a)

In the following, we add for comparison Haldande' s (1927) approximation 7y ~ 2 a. This should approximate our 7 for my — 0.
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plot8 = Show[Plot[{probEstablAMApproxFunc[myr,
m, mya, myb, myylltemp, myyl2temp, myy2ltemp, myy22temp] [4]},
{m, 0, 1}, PlotRange -» {{0, mCrit}, {0, .05}}, PlotStyle » {Black, Thick},
Frame -» True, FrameStyle - {{Black, Opacity[0]}, {Black, Opacity[0]}},
FrameLabel - {"'Migration rate m", ""Mean invasion probability 7'},
LabelStyle » {Directive[FontSize -» 14], FontFamily - "Helvetica'}],
Graphics[Text[Style["r = " <>ToString[myr] <>"; a = "<>ToString[mya] <>
"; b = "<>ToString[myb], FontFamily - "Helvetica'"], {0.005, 0.005}17],
Graphics[{Gray, Dashed, Line[{{-0, 2xmya}, {1., 2*xmya}}]1}],
Graphics[{CGray, Text[Style["7y =~ 2a (Haldane 1927)",
FontFamily - "Helvetica'], {0.01, 2+ mya +0.0025}1}11]

0.05;
7y ~ 2a (Haldane 1927)

0.04

0.03]

0.02/

0.01F

Mean invasion probability 7=

r =0.5;a =0.02;b =0.04

O_ 07 . . . . | . . . . | . . . . | . . . . )
8.000 0.005 0.010 0.015 0.020
Migration rate m

m Strong evoutionary forces; migration ratem = 0.22

mym = 0.22;
mya =0.2;
myb = 0.4;

myylltemp = O.;
myyl2temp = 0. ;
myy2ltemp = 0. ;
myy22temp = 0. ;

wCompact[1l] /. assumeAdditiveMultiplicEpistaticApproxFitness[1] /. ruleFitness //
MatrixForm

1.6 1.2 0.8
1.4 1. 0.6
1.2 0.8 0.4

8

rCritApprox = rCritApproxFunc[mym, mya, myb]

(*» r must be lower than this critical value;

the value is a good approximation under the discrete-
time model only if evolutionary forces are weak! =)

2.

rCrit = rCritFunc[mym, mya, myb] (* r must be lower than this critical value;
this value is exact under the discrete-time version of the model. x)

0.5
Critical values for the migration rate for the stability of the equilibrium Ec.

mcl = mCritl /. {a-> mya, b - myb}
mc2 = mCrit2 /. {a-> mya, b - myb}
mc3 =mCrit3 /. {a-»>mya, b > myb, r - rCrit}

0. 333333
0.5
0.2
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Critical value for the migration rate, mg 1, as afunction of r for the current parameter values.

Show[Plot[mCritFunc[r, mya, myb], {r, 0, 1.1 % rCrit},
PlotRange » {{0, 1.1 *rCrit}, {0, mc2+0.1%mc2}},
AxesLabel -» {r, "Critical migration rate mg'}], Plot[{mCritFunc[r, mya, myb]l},
{r, 0, 1.1 %rCrit}, PlotRange » {{0, 1.1 % rCrit}, {0, mc2+0.1%xmc2}},
PlotStyle - None, Filling » {1 -» mcl}],
Graphics[{Gray, Dotted, Line[{{rCrit, O}, {rCrit, mc2+0.1+mc2}}]1}1,
Graphics[Text[ "rg", {-025+ rCrit, 0.2 *mc2}]1],
Graphics[{Gray, Dashed, Line[{{-0, mc1l}, {1.1*rCrit, mcl}}1}],
Graphics[Text[ "m"", {0.4, 0.9%mcl}]],
Graphics[{Gray, Dashed, Line[{{-0, mc2}, {1.1*rCrit, mc2}}1}1,
Graphics[Text["m""" , {0.4, mc2-0.1xmcl}]]]
(» This uses exact critical values x)

Critical migration rate mg

o5} et T
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' 1- " 1-b
Recall: M’ = My;i; = =, " = My, = —, and Mg = M5 =

a(b—a+r)
(a-b) (a-r)+r(1-a)
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plot9 =

Sh

—

Plo

Pl

0.150
0.145

0.140

0.130

Invasion probability
o
N

ow[Plot[ {probEstablAMApproxFunc[r, mym, mya, myb, myylltemp, myyl2temp, myy2ltemp,
myy22temp] [2] , probEstablAMApproxFunc[r, mym, mya, myb, myylltemp,
myyl2temp, myy2ltemp, myy22temp] [3], probEstablAMApproxFuncir,
mym, mya, myb, myylltemp, myyl2temp, myy2ltemp, myy22temp] [41}.,
{r, 0, 0.5}, PlotRange -» {{0, 0.5}, {0, 2xmya}},
PlotStyle » {{RGBColor[0, 0.3, 1, 0.5], Thick}, {Red, Thick}, {Black, Thick}},
Frame -» True, FrameStyle - {{Black, Opacity[0]}, {Black, Opacity[0]}},
FrameLabel - {"'Recombination rate r", "Invasion probability"},
LabelStyle » {Directive[FontSize -» 14], FontFamily -» ""Helvetica"}, PlotLegend -»
{ Style["m, conditional on background B;", FontFamily - "Helvetica", 10],
Style["n,, conditional on background B,", FontFamily - ""Helvetica"],
Style["7, weighted mean across backgrounds', FontFamily - "Helvetica"] },
LegendPosition » {-0.05, 0.175}, LegendSize » {1.3, 0.5}, LegendShadow -» None,
LegendTextSpace -» 10, LegendBorderSpace » Automatic,
LegendBorder -» None, LegendLabelSpace » 1.8,

LegendLabel -» Style["a = " <>ToString[mya] <>"; b = "<>ToString[myb] <>
“; m = "<>ToString[mym], FontFamily » "Helvetica']]
0.4, a=02b=04m=022

71, conditional on background B,

= 7, conditional on background B,

o
w

== 7, weighted mean across backgrounds

—_—

0. ‘ ‘ ‘ ‘
8.0 0.1 0.2 0.3 0.4 0.5
Recombination rate r

©
[

t[probEstablAMApproxFunc[r, mym, mya, myb,
myylltemp, myyl2temp, myy2ltemp, myy22temp] [4], {r, O, 1/ 2},
otRange -» {{0, 0.2}, {0.13, 0.15}}, PlotStyle -» {Black, Thick}]

. e )
0.05 0.10 0.15 0.20

Strong evoutionary forces;, migration ratem = 0.3

mym = 0.3;
mya = 0.2;
myb = 0.4;

myylltemp = 0.;
myyl2temp = 0. ;
myy2ltemp = 0.;
myy22temp = 0. ;

41
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rCritApprox = rCritApproxFunc[mym, mya, myb]

(» r must be lower than this critical value;

the value is a good approximation under the discrete-
time model only if evolutionary forces are weak! =)

0.4

rCrit = rCritFunc[mym, mya, myb] (* r must be lower than this critical value;
this value is exact under the discrete-time version of the model. x)

0.5
Critical values for the migration rate for the stability of the equilibrium Ec.

mcl = mCritl /. {a-> mya, b - myb}
mc2 = mCrit2 /. {a-> mya, b - myb}
mc3 =mCrit3 /. {a-»>mya, b - myb, r - rCrit}

0. 333333
0.5
0.2
Critical value for the migration rate, mg 1, as afunction of r for the current parameter values.

Show[Plot[mCritFunc[r, mya, myb], {r, 0, 1.1 %rCrit},
PlotRange » {{0, 1.1 rCrit}, {0, mc2+0.1%mc2}},
AxesLabel -» {r, "Critical migration rate mg"}], Plot[{mCritFunc[r, mya, myb]l},
{r, 0, 1.1%rCrit}, PlotRange » {{0, 1.1 %rCrit}, {0, mc2+0.1xmc2}},
PlotStyle - None, Filling » {1 - mcl}],
Graphics[{Gray, Dotted, Line[{{rCrit, O}, {rCrit, mc2+0.1+mc2}}11}1,
Graphics[Text[ "rg", {rCrit-0.025, 0.2 *xmc2}11,
Graphics[{Gray, Dashed, Line[{{.0, mcl}, {1.1=*rCrit, mcl}}1}],
Graphics[Text[ "m"", {0.4, 0.9xmcl}]],
Graphics[{Gray, Dashed, Line[{{.0, mc2}, {1.1*rCrit, mc2}}1}1,
Graphics[Text["m""" , {0.4, mc2-0.1xmcl}]1]]
(» This uses exact critical values x)

Critical migration rate mg

05} S
r " ‘
04F
03f m
02f
01f s
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01 02 03 04 05

a(b-a+r)
(a=b) (a-r)+r(1-a) "

' 1~ " 1-b
Recall: m' = Mi¢; = Ta’ m"=Myi2 = and mg = M5 =
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plotl0 =
Show [Plot[ {probEstablAMApproxFunc[r, mym, mya, myb, myylltemp, myyl2temp, myy2ltemp,

—

Invasion probability

myy22temp] [2] , probEstablAMApproxFunc[r, mym, mya, myb, myylltemp,
myyl2temp, myy2ltemp, myy22temp] [3], probEstablAMApproxFuncir,
mym, mya, myb, myylltemp, myyl2temp, myy2ltemp, myy22temp] [41}.,
{r, 0, 0.5}, PlotRange -» {{0, 0.5}, {0, 2xmya}},
PlotStyle » {{RGBColor[0, 0.3, 1, 0.5], Thick}, {Red, Thick}, {Black, Thick}},
Frame -» True, FrameStyle - {{Black, Opacity[0]}, {Black, Opacity[0]}},
FrameLabel - {"'Recombination rate r", "Invasion probability"},
LabelStyle » {Directive[FontSize -» 14], FontFamily -» ""Helvetica"}, PlotLegend -»
{ Style["m, conditional on background B;", FontFamily - "Helvetica", 10],
Style["n,, conditional on background B,", FontFamily - ""Helvetica"],
Style["7, weighted mean across backgrounds', FontFamily - "Helvetica"] },
LegendPosition » {-0.05, 0.175}, LegendSize » {1.3, 0.5}, LegendShadow -» None,
LegendTextSpace -» 10, LegendBorderSpace » Automatic,
LegendBorder -» None, LegendLabelSpace » 1.8,

LegendLabel -» Style["a = " <>ToString[mya] <>"; b = "<>ToString[myb] <>
“; m = "<>ToString[mym], FontFamily - "Helvetica']]
0.4, a=02b=04m=03

71, conditional on background B,
0.3¢ = 7, conditional on background B,

== 7, weighted mean across backgrounds

0.2¢

0. ‘ ‘ ‘
8.0 0. 0.2 0.3 0.4 0.5
Recombination rate r

m Strong evoutionary forces; migration ratem = 0.38

mym
mya
myb

=0.38;
= 0-2;
= 0-4;

myylltemp = 0. ;
myyl2temp = 0. ;
myy2ltemp = 0. ;
myy22temp = 0. ;

rCr
(*

itApprox = rCritApproxFunc[mym, mya, myb]
r must be lower than this critical value;

the value is a good approximation under the discrete-
time model only if evolutionary forces are weak! =x)

0. 222222

rCr
th

it = rCritFunc[mym, mya, myb] (* r must be lower than this critical value;
is value is exact under the discrete-time version of the model. «x)

0. 306667

Critical values for the migration rate for the stability of the equilibrium Ec.

mcl = mCritl /. {a-> mya, b - myb}

mc2 = mCrit2 /. {a-> mya, b - myb}

mc3 = mCrit3 /. {a-»mya, b - myb, r - rCrit}
0. 333333

0.5

0. 423077

43
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Critical value for the migration rate, mg 1, as afunction of r for the current parameter values.

Show[Plot[mCritFunc[r, mya, myb], {r, 0, 0.5}, PlotRange -» {{0, 0.5}, {0, mc2+0.1*mc2}},

AxesLabel -» {r, "Critical migration rate mg'}],

Plot[{mCritFunc[r, mya, myb]}, {r, O, rCrit},

PlotRange -» {{0, 0.5}, {0, mc2+0.1xmc2}}, PlotStyle -» None, Filling » {1 - mcl}],
Graphics[{Gray, Dotted, Line[{{rCrit, O}, {rCrit, mc2+0.1+mc2}}]11}1,
Graphics[Text[ "rg", {-025+ rCrit, 0.2 xmc2}]1],

Graphics[{Gray, Dashed, Line[{{-0, mc1}, {.5, mcl}}1}],
Graphics[Text[ "m"", {0.4, 0.9 %*mcl}]],
Graphics[{Gray, Dashed, Line[{{-0, mc2}, {.5, mc2}}1}1,
Graphics[Text["m""" , {0.4, mc2-0.1%mcl}]],
Graphics[{Red, Dotted, Line[{{O, mym}, {0.5, mym}}1}11]
(» This uses exact critical values x)

Critical migration rate mg
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Recal: m' = Merit = b’ m" = mcrlt,2 - a’ and mg = mcr|t,5 - (a=b) (a-n)+r(1-a) "
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plotll =
Show [Plot[ {probEstablAMApproxFunc[r, mym, mya, myb, myylltemp, myyl2temp, myy2ltemp,
myy22temp] [2] , probEstablAMApproxFunc[r, mym, mya, myb, myylltemp,
myyl2temp, myy2ltemp, myy22temp] [3], probEstablAMApproxFuncir,
mym, mya, myb, myylltemp, myyl2temp, myy2ltemp, myy22temp] [41}.,
{r, 0, 0.305}, PlotRange -» {{0, 0.5}, {0, 2xmya}},
PlotStyle » {{RGBColor[0, 0.3, 1, 0.5], Thick}, {Red, Thick}, {Black, Thick}},
Frame -» True, FrameStyle - {{Black, Opacity[0]}, {Black, Opacity[0]}},
FrameLabel - {"'Recombination rate r", "Invasion probability"},
LabelStyle » {Directive[FontSize -» 14], FontFamily -» ""Helvetica"}, PlotLegend -»
{ Style["m, conditional on background B;", FontFamily - "Helvetica", 10],
Style["n,, conditional on background B,", FontFamily - ""Helvetica"],
Style["7, weighted mean across backgrounds', FontFamily - "Helvetica"] },
LegendPosition » {-0.05, 0.175}, LegendSize » {1.3, 0.5}, LegendShadow -» None,
LegendTextSpace -» 10, LegendBorderSpace » Automatic,
LegendBorder -» None, LegendLabelSpace » 1.8,

LegendLabel -» Style["a = " <>ToString[mya] <>"; b = "<>ToString[myb] <>
“; m = "<>ToString[mym], FontFamily - "Helvetica']]
]
0.4, a=02b=04m=038

71, conditional on background B,

= 7, conditional on background B,

o
w

== 7, weighted mean across backgrounds

Invasion probability
o o
= N

0. ‘ ‘ ‘
8.0 0.1 0.2 0.3 0.4 0.5
Recombination rate r

m Strong evolutionary forces, recombination rater = 0.01

myr = 0.01;
mya = 0.2;
myb = 0.4;

myylltemp = 0. ;
myyl2temp = 0. ;
myy2ltemp = 0. ;
myy22temp = 0. ;

mCritApprox = Min[mCritApproxFunc[myr, mya, myb], myb]

(* m must be lower than the (approximate) critical value and lower than bg;
however, this criterion is valid for the continuous-

time version and provides a good approximation to the discrete-

time version only if evolutionary forces are weak! =)

0.4

mCrit = mCritFunc[myr, mya, myb] (» m must be lower than this critical value;
this value is exact under the discrete-time version of the model. x)

0.5

Critical values for the migration rate for the stability of the equilibrium Ec.
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mcl = mCritl /. {a-> mya, b > myb}
mc2 = mCrit2 /. {a-> mya, b - myb}
mc3 = mCrit3 /. {a-»>mya, b - myb, r - rCrit}

0. 333333
0.5
0.6-rCrit
1-rCrit
Show[Plot[rCritFunc[m, mya, myb], {m, O, 1}, PlotRange -» {{0, 1.1 «mCrit}, {0, .6}},
AxesLabel -» {m, "Critical recombination rate rg'"}],
Plot[rCritFunc[m, mya, myb], {m, mcl, mCrit}, PlotRange -» {{O, 1.1 xmCrit}, {0, .6}},
PlotStyle -» None, Filling » {1 -» Axis}],
Graphics[{Gray, Dotted, Line[{{mcl, O}, {mcl, .6}}1}],
Graphics[Text[ "m"", {.9%mcl, 0.8 % .5}]1,
Graphics[{Gray, Dotted, Line[{{mCrit, O}, {mCrit, .6}}]1}1,
Graphics[Text[ "mg", {mCrit-_1xmcl, 0.8 .5}]11,
Graphics[{Gray, Dashed, Line[{{0O, .5}, {1, -5}}1}1,
Graphics[Text[ "rpax'", {-07, 1.1 % .5}]11] (* This uses exact critical values %)
Critical recombination raterg
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plotl2 =
Show [Plot[probEstablAMApproxFunc[myr, m, mya, myb, myylltemp, myyl2temp, myy2ltemp,
myy22temp] [41, {m, mcl, 1}, PlotRange » {{0, mCrit}, {0, 2+xmya}}, PlotStyle - None,
Filling » {1 -» Axis}, FillingStyle - RGBColor[0.9, 0.9, 0.9, 1] (x, Epilog-
Inset[inset4,{0.0375,0.045},{0.04,0.0383} ,{0.021,0.021},Background-White] =)],
Plot[{probEstablAMApproxFunc[myr, m, mya, myb, myylltemp, myyl2temp,
myy2ltemp, myy22temp] [2], probEstablAMApproxFunc[myr, m,
mya, myb, myylltemp, myyl2temp, myy2ltemp, myy22temp] [31],
probEstablAMApproxFunc[myr, m, mya, myb, myylltemp, myyl2temp, myy2ltemp,
myy22temp] [41}, {m, O, 1}, PlotRange -» {{0, mCrit}, {0, 2xmya}},
PlotStyle » {{RGBColor[0, 0.3, 1, 0.5], Thick}, {Red, Thick}, {Black, Thick}}],
Graphics[Text[Style["r = " <>ToString[myr] <>"; a = "<>ToString[mya] <>"; b = "<>
ToString[myb], FontFamily -» "Helvetica", FontSize -» 10], {0.15, 0.05}]1,
Graphics[{Gray, Dotted, Line[{{mcl, .0}, {mcl, 1.}}1}1,
Graphics[Text[Style["m; ", FontFamily - "Helvetica"], {0.9%mcl, 0.95%2 +mya}]],
Frame -» True, FrameStyle » {{Black, Opacity[0]}, {Black, Opacity[0]}},

FrameLabel - {"'"Migration rate m", "Invasion probability"},
LabelStyle » {Directive[FontSize -» 14], FontFamily - "Helvetica'}]
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= Strong evolutionary forces, recombination rater = 0.07

myr = 0.07;
mya = 0.2;
myb = 0.4;

myylltemp = 0.;
myyl2temp = 0. ;
myy2l1ltemp = 0. ;
myy22temp = 0. ;

mCritApprox = Min[mCritApproxFunc[myr, mya, myb]l, myb]

(* m must be lower than the (approximate) critical value and lower than b;;
however, this criterion is valid for the continuous-

time version and provides a good approximation to the discrete-

time version only if evolutionary forces are weak! =)

0.4

mCrit = mCritFunc[myr, mya, myb] (* m must be lower than this critical value;
this value is exact under the discrete-time version of the model. x)

0.5

Critical values for the migration rate for the stability of the equilibrium Ec.
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mcl = mCritl /. {a-> mya, b > myb}
mc2 = mCrit2 /. {a-> mya, b - myb}
mc3 = mCrit3 /. {a-»>mya, b - myb, r - rCrit}

0. 333333
0.5
0.6-rCrit
1-rCrit
Show[Plot[rCritFunc[m, mya, myb], {m, O, 1}, PlotRange -» {{0, 1.1 «mCrit}, {0, .6}},
AxesLabel -» {m, "Critical recombination rate rg'"}],
Plot[rCritFunc[m, mya, myb], {m, mcl, mCrit}, PlotRange -» {{O, 1.1 xmCrit}, {0, .6}},
PlotStyle -» None, Filling » {1 -» Axis}],
Graphics[{Gray, Dotted, Line[{{mcl, O}, {mcl, .6}}1}],
Graphics[Text[ "m"", {.9%mcl, 0.8 % .5}]1,
Graphics[{Gray, Dotted, Line[{{mCrit, O}, {mCrit, .6}}]1}1,
Graphics[Text[ "mg", {mCrit-_1xmcl, 0.8 .5}]11,
Graphics[{Gray, Dashed, Line[{{0O, .5}, {1, -5}}1}1,
Graphics[Text[ "rpax'", {-07, 1.1 % .5}]11] (* This uses exact critical values %)
Critical recombination raterg
06
[ F'max
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plotl2 =
Show [Plot[probEstablAMApproxFunc[myr, m, mya, myb, myylltemp, myyl2temp, myy2ltemp,
myy22temp] [41, {m, mcl, 1}, PlotRange » {{0, mCrit}, {0, 2+xmya}}, PlotStyle - None,
Filling » {1 -» Axis}, FillingStyle - RGBColor[0.9, 0.9, 0.9, 1] (x, Epilog-
Inset[inset4,{0.0375,0.045},{0.04,0.0383} ,{0.021,0.021},Background-White] =)],
Plot[{probEstablAMApproxFunc[myr, m, mya, myb, myylltemp, myyl2temp,
myy2ltemp, myy22temp] [2], probEstablAMApproxFunc[myr, m,
mya, myb, myylltemp, myyl2temp, myy2ltemp, myy22temp] [31],
probEstablAMApproxFunc[myr, m, mya, myb, myylltemp, myyl2temp, myy2ltemp,
myy22temp] [41}, {m, O, 1}, PlotRange -» {{0, mCrit}, {0, 2xmya}},
PlotStyle » {{RGBColor[0, 0.3, 1, 0.5], Thick}, {Red, Thick}, {Black, Thick}}],
Graphics[Text[Style["r = " <>ToString[myr] <>"; a = "<>ToString[mya] <>"; b = "<>
ToString[myb], FontFamily -» "Helvetica", FontSize -» 10], {0.15, 0.05}]1,
Graphics[{Gray, Dotted, Line[{{mcl, .0}, {mcl, 1.}}1}1,
Graphics[Text[Style["m; ", FontFamily - "Helvetica"], {0.9%mcl, 0.95%2 +mya}]],
Frame -» True, FrameStyle » {{Black, Opacity[0]}, {Black, Opacity[0]}},

FrameLabel - {"'"Migration rate m", "Invasion probability"},
LabelStyle » {Directive[FontSize -» 14], FontFamily - "Helvetica'}]
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= Strong evolutionary forces, recombination rater = 0.1

myr =0.1;
mya = 0.2;
myb = 0.4;

myylltemp = 0.;
myyl2temp = 0. ;
myy2l1ltemp = 0. ;
myy22temp = 0. ;

mCritApprox = Min[mCritApproxFunc[myr, mya, myb]l, myb]

(* m must be lower than the (approximate) critical value and lower than b;;
however, this criterion is valid for the continuous-

time version and provides a good approximation to the discrete-

time version only if evolutionary forces are weak! =)

0.4

mCrit = mCritFunc[myr, mya, myb] (* m must be lower than this critical value;
this value is exact under the discrete-time version of the model. x)

0.5

Critical values for the migration rate for the stability of the equilibrium Ec.
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mcl = mCritl /. {a-> mya, b > myb}
mc2 = mCrit2 /. {a-> mya, b - myb}
mc3 = mCrit3 /. {a-»mya, b - myb, r - myr}

0. 333333
0.5
0. 555556

Show[Plot[rCritFunc[m, mya, myb], {m, O, 1}, PlotRange » {{0, 1.1 +mCrit}, {0, .6}},
AxesLabel -» {m, "Critical recombination rate rz'"}],
Plot[rCritFunc[m, mya, myb], {m, mcl, mCrit}, PlotRange -» {{0, 1.1 +mCrit}, {O, .6}},
PlotStyle - None, Filling » {1 - Axis}],
Graphics[{Gray, Dotted, Line[{{mcl, O}, {mcl, .6}}]1}1,
Graphics[Text[ "m"", {-9*mcl, 0.8 % .5}]11,
Graphics[{Gray, Dotted, Line[{{mCrit, O}, {mCrit, -6}}1}],
Graphics[Text[ "mg", {mCrit- _1+mcl, 0.8 .5}11,
Graphics[{Gray, Dashed, Line[{{0, .5}, {1, -5}}1}1,
Graphics[Text[ "rpax'", {-07, 1.1 % .5}1]1] (* This uses exact critical values x)
Critical recombination rate rg
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plotl3 =
Show [Plot[probEstablAMApproxFunc[myr, m, mya, myb, myylltemp, myyl2temp, myy2ltemp,
myy22temp] [41, {m, mcl, 1}, PlotRange » {{0, mCrit}, {0, 2+xmya}}, PlotStyle - None,
Filling » {1 -» Axis}, FillingStyle - RGBColor[0.9, 0.9, 0.9, 1] (x, Epilog-
Inset[inset4,{0.0375,0.045},{0.04,0.0383} ,{0.021,0.021},Background-White] =)],
Plot[ {probEstablAMApproxFunc[myr, m, mya, myb, myylltemp, myyl2temp,
myy2ltemp, myy22temp] [2], probEstablAMApproxFunc[myr, m,
mya, myb, myylltemp, myyl2temp, myy2ltemp, myy22temp] [3],
probEstablAMApproxFunc[myr, m, mya, myb, myylltemp, myyl2temp, myy2ltemp,
myy22temp] [41}, {m, O, 1}, PlotRange -» {{0, mCrit}, {0, 2xmya}},
PlotStyle » {{RGBColor[0, 0.3, 1, 0.5], Thick}, {Red, Thick}, {Black, Thick}}],
Graphics[Text[Style["r = " <>ToString[myr] <>"; a = "<>ToString[mya] <>"; b = "<>
ToString[myb], FontFamily -» "Helvetica", FontSize -» 10], {0.15, 0.1}]],
Graphics[{Gray, Dotted, Line[{{mcl, .0}, {mcl, 1.}}1}1,
Graphics[Text[Style["m; ", FontFamily - "Helvetica"], {0.9%mcl, 0.95%2 +mya}]],
Frame -» True, FrameStyle » {{Black, Opacity[0]}, {Black, Opacity[0]}},
FrameLabel -» {""Migration rate m", "Invasion probability"},
LabelStyle » {Directive[FontSize -» 14], FontFamily - "Helvetica'}]

0.4
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m Strong evolutionary forces, recombination rater = 0.2

myr = 0.2;
mya = 0.2;
myb = 0.4;

myylltemp = 0.;
myyl2temp = 0. ;
myy2l1ltemp = 0. ;
myy22temp = 0. ;

mCritApprox = Min[mCritApproxFunc[myr, mya, myb]l, myb]

(* m must be lower than the (approximate) critical value and lower than b;;
however, this criterion is valid for the continuous-

time version and provides a good approximation to the discrete-

time version only if evolutionary forces are weak! =)

0.4

mCrit = mCritFunc[myr, mya, myb] (* m must be lower than this critical value;
this value is exact under the discrete-time version of the model. x)

0.5

Critical values for the migration rate for the stability of the equilibrium Ec.
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mcl = mCritl /. {a-> mya, b > myb}
mc2 = mCrit2 /. {a-> mya, b - myb}
mc3 = mCrit3 /. {a-»mya, b - myb, r - myr}

0. 333333
0.5
0.5

Show[Plot[rCritFunc[m, mya, myb], {m, O, 1}, PlotRange » {{0, 1.1 +mCrit}, {0, .6}},
AxesLabel -» {m, "Critical recombination rate rz'"}],
Plot[rCritFunc[m, mya, myb], {m, mcl, mCrit}, PlotRange » {{0, 1.1 +mCrit}, {0, 1}},
PlotStyle - None, Filling » {1 - Axis}],
Graphics[{Gray, Dotted, Line[{{mcl, O}, {mcl, .6}}]1}1,
Graphics[Text[ "m"", {-9*mcl, 0.8 % .5}]11,
Graphics[{Gray, Dotted, Line[{{mCrit, O}, {mCrit, -6}}1}],
Graphics[Text[ "mg", {mCrit+ .1+mcl, 0.8 .5}11,
Graphics[{Gray, Dashed, Line[{{0, .5}, {1, -5}}1}1,
Graphics[Text[ "rpax'", {-07, 1.1 % .5}1]1] (* This uses exact critical values x)
Critical recombination rate rg
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plotl3 =
Show [Plot[probEstablAMApproxFunc[myr, m, mya, myb, myylltemp, myyl2temp, myy2ltemp,
myy22temp] [41, {m, mcl, 1}, PlotRange » {{0, mCrit}, {0, 2+xmya}}, PlotStyle - None,
Filling » {1 -» Axis}, FillingStyle - RGBColor[0.9, 0.9, 0.9, 1] (x, Epilog-
Inset[inset4,{0.0375,0.045},{0.04,0.0383} ,{0.021,0.021},Background-White] =)],
Plot[{probEstablAMApproxFunc[myr, m, mya, myb, myylltemp, myyl2temp,
myy2ltemp, myy22temp] [2], probEstablAMApproxFunc[myr, m,
mya, myb, myylltemp, myyl2temp, myy2ltemp, myy22temp] [31],
probEstablAMApproxFunc[myr, m, mya, myb, myylltemp, myyl2temp, myy2ltemp,
myy22temp] [41}, {m, O, 1}, PlotRange -» {{0, mCrit}, {0, 2xmya}},
PlotStyle » {{RGBColor[0, 0.3, 1, 0.5], Thick}, {Red, Thick}, {Black, Thick}}],
Graphics[Text[Style["r = " <>ToString[myr] <>"; a = "<>ToString[mya] <>"; b = "<>
ToString[myb], FontFamily -» "Helvetica", FontSize -» 10], {0.1, 0.05}]1],
Graphics[{Gray, Dotted, Line[{{mcl, .0}, {mcl, 1.}}1}1,
Graphics[Text[Style["m; ", FontFamily - "Helvetica"], {0.9%mcl, 0.95%2 +mya}]],
Frame -» True, FrameStyle » {{Black, Opacity[0]}, {Black, Opacity[0]}},

FrameLabel - {"'"Migration rate m", "Invasion probability"},
LabelStyle » {Directive[FontSize -» 14], FontFamily - "Helvetica'}]
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m Strong evolutionary forces, recombination rater = 0.5

myr = 0.5;
mya = 0.2;
myb = 0.4;

myylltemp = 0.;
myyl2temp = 0. ;
myy2l1ltemp = 0. ;
myy22temp = 0. ;

mCritApprox = Min[mCritApproxFunc[myr, mya, myb]l, myb]

(* m must be lower than the (approximate) critical value and lower than b;;
however, this criterion is valid for the continuous-

time version and provides a good approximation to the discrete-

time version only if evolutionary forces are weak! =)

0.28

mCrit = mCritFunc[myr, mya, myb] (* m must be lower than this critical value;
this value is exact under the discrete-time version of the model. x)

0. 333333

Critical values for the migration rate for the stability of the equilibrium Ec.
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mcl = mCritl /. {a-> mya, b > myb}
mc2 = mCrit2 /. {a-> mya, b - myb}
mc3 = mCrit3 /. {a-»mya, b - myb, r - myr}

0. 333333
0.5
0.2

Show[Plot[rCritFunc[m, mya, myb], {m, O, 1}, PlotRange » {{0, 1.1 +mCrit}, {0, .6}},
AxesLabel » {m, "Critical recombination rate rg'"}], (* Plot[rCritFunc[m,mya,myb],
{m,mcl,mCrit},PlotRange-»{{0,0.08},{0,1}},PlotStyle-None,Filling-{1-Axis}],

Graphics[{Gray,Dotted,Line[{{mcl,0},{mcl, .6}}1}1,%)
Graphics[Text[ "m"", {-95xmcl, 0.8 % .5}11,
Graphics[{Gray, Dotted, Line[{{mCrit, O}, {mCrit, -6}}1}],
Graphics[Text[ "mg", {mCrit+ .05%*mcl, 0.8 .5}1],
Graphics[{Gray, Dashed, Line[{{0, .5}, {1, -5}}1}1,
Graphics[Text[ "rpax'"> {-07, 1.1 % .5}1]1] (* This uses exact critical values x)
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plotl4 = Show[Plot[
probEstablAMApproxFunc[myr, m, mya, myb, myylltemp, myyl2temp, myy2ltemp, myy22temp] [
47, {m, mcl, 1}, PlotRange » {{0, 1.1 +«mCrit}, {0, 2xmya}}, PlotStyle -» None,
Filling » {1 -» Axis}, FillingStyle - RGBColor[0.9, 0.9, 0.9, 1] (x, Epilog-
Inset[inset4,{0.0375,0.045},{0.04,0.0383} ,{0.021,0.021},Background-White] =)],
Plot[ {probEstablAMApproxFunc[myr, m, mya, myb, myylltemp, myyl2temp,
myy2ltemp, myy22temp] [2], probEstablAMApproxFunc[myr, m,
mya, myb, myylltemp, myyl2temp, myy2ltemp, myy22temp] [3],
probEstablAMApproxFunc[myr, m, mya, myb, myylltemp, myyl2temp, myy2ltemp,
myy22temp] [41}, {m, O, 1}, PlotRange -» {{0, mCrit}, {0, 2xmya}},

PlotStyle » {{RGBColor[0, 0.3, 1, 0.5], Thick}, {Red, Thick}, {Black, Thick}}],
Graphics[Text[Style["r = " <>ToString[myr] <>"'; a

0.4,

Invasion probability

0.3}
0.2}

o.1:
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"<>ToString[mya] <>"; b

ToString[myb], FontFamily -» "Helvetica", FontSize -» 10], {0.1, 0.05}]1],
Graphics[{Gray, Dotted, Line[{{mcl, .0}, {mcl, 1.}}1}1,
Graphics[Text[Style["m; ", FontFamily - "Helvetica"], {0.9%mcl, 0.95%2 +mya}]],
Frame -» True, FrameStyle » {{Black, Opacity[0]}, {Black, Opacity[0]}},
FrameLabel - {"'"Migration rate m", "Invasion probability"},
LabelStyle » {Directive[FontSize -» 14], FontFamily - "Helvetica'}]
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= Plots for arbitrary parameter combinations
= |nvasion probability asa function of recombination rate

Manipulate[
Show [Plot[ {probEstablAMApproxFunc[r, m, a, b, 0, 0, 0, 0] [2], probEstablAMApproxFunclr,
m, a, b, 0, 0, 0, 0] [3], probEstablAMApproxFunc[r, m, a, b, 0, 0, O, 01141},
{r, 0, 1.1 «rCritFunc[m, a, bl}, PlotRange -» {{0, rCritFunc[m, a, b]}, {0, 2=xa}},
PlotStyle » {{RGBColor[0, 0.3, 1, 0.5], Thick}, {Red, Thick}, {Black, Thick}},
Frame -» True, FrameStyle - {{Black, Opacity[0]}, {Black, Opacity[0]}},
FrameLabel - {"'Recombination rate r", "Invasion probability"},
LabelStyle » {Directive[FontSize -» 14], FontFamily - ""Helvetica"}, PlotLegend -»
{ Style["m, conditional on background B;", FontFamily - "Helvetica", 10],
Style["n,, conditional on background B,", FontFamily - ""Helvetica"],
Style["7, weighted mean across backgrounds', FontFamily - "Helvetica"] },
LegendPosition » {0, 0.19}, LegendSize » {1.3, 0.5}, LegendShadow -» None,
LegendTextSpace -» 10, LegendBorderSpace -» Automatic, LegendBorder - None,
LegendLabelSpace -» 1.8, LegendLabel - Style["a = "<>ToString[a] <>"; b = "<>
ToString[b] <>"; m = " <>ToString[m], FontFamily -» "Helvetica™]]
1, {{a, 0.03}, 0, 0.8}, {{b, 0.04}, 0, 0.8}, {{m, 0.032}, 0, 1}]

.0
-
]

0.06- a =0.03;b =0.04;m =0
E‘ 0.05" 71, conditional on background B,
a ' == 7,, conditional on background B,
S 0.04¢ == 7, weighted mean across backgrounds
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Recombination rate r

= |nvasion probability asa function of migration rate
mCritl
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Manipulate[Show[Plot[probEstablAMApproxFunc[r, m, a, b, 0, 0, 0, 0141,

a
{m, _, 1}, PlotRange -» {{0, mCritFunc([r, a, bl}, {0, 2xa}}, PlotStyle - None,

Filling » {1 -» Axis}, FillingStyle - RGBColor[0.9, 0.9, 0.9, 1] (x, Epilog-»
Inset[inset4,{0.0375,0.045},{0.04,0.0383} ,{0.021,0.021},Background-White] *)],

Plot[ {probEstablAMApproxFunc[r, m, a, b, 0, 0, 0, 01[2],
probEstablAMApproxFunc([r, m, a, b, 0, 0, 0, 0131,
probEstablAMApproxFunc([r, m, a, b, 0, 0, 0, 0141},
{m, 0, 1}, PlotRange » {{0, mCritFunc[r, a, bl}, {0, 2xa}},
PlotStyle » {{RGBColor[0, 0.3, 1, 0.5], Thick}, {Red, Thick}, {Black, Thick}}],
a a

Graphics[{Gray, Dotted, Line[{{l_b, .0}, {1-b , 1}}]}] ,

Graphics[Text[Style["ml", FontFamily -» ""Helvetica"], {0.9 *

,0.95*2*a}”,

Frame -» True, FrameStyle » {{Black, Opacity[0]}, {Black, Opacity[0]}},
FrameLabel » {""Migration rate m" , "Invasion probability"},

LabelStyle » {Directive[FontSize -» 14], FontFamily - "Helvetica“}] ,

{{a, 0.2}, 0, 0.8}, {{b, 0.4}, 0, 0.8}, {{r, 0.1}, 0, 0.5}
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Plot[b-m((1-a)/ (b (1+m)) /. {a>0.2, b->0.4}, {m, 0, 0.5}]
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Polymorphic continent

Deterministic analysis (Polymorphic continent)

= Marginal one-locus model

Note that we exclude the cases of qc = 0 and gc = 1 here. The former is equivalent to the case of the monomorphic continent, and the
latter corresponds to the trivial case in which theisland will aways become monomorphic with the island type.

m Definitions
2= assumeNeutrality[n_]:={w33[n]-»1, w34[n]-1,w44[n]-1}
= Frequency of the B; allelein deme 1 (island) at the migration-selection equilibrium
recB[3, 1]

(1-m[1]) x[3, 1] (W33[1] x[3, 1] +w34[1] x[4, 1])

+

W33 [1] x[3, 112+2W34[1] x[3, 1] x[4, 1] +W44[1] x[4, 1]?
mi1] x[3, 2] (W33[2] x[3, 2] +W34[2] x[4, 2])

W33[2] X[3, 2]12+2W84[2] x[3, 2] x[4, 2] +W44[2] x[4, 2]?

assumeCl

{x[1, 2] -0, x[2, 2] -0, x[3, 2] »qC,
x[4, 2] »1-qC, m2] -0, p[2] -0, gq[2] - qC, LD[2] -» 0}

recB[3, 1] /. assumeCl // FullSimplify
qCm(1] (qC (W33 [2] -w34[2]) +W34[2])
gC (qCwB83[2] -2 (-1+qgC) W34[2]) + (-1 +9C)2 w44 [2]
(-1 +m[1]) x[3, 1] (W33[1] x[3, 1] +w34[1]x[4, 1])
WB3[1] x[3, 112 +x[4, 1] (2WB4[1] x[3, 1] +WA4[1] x[4, 1])
assumeAlRare[1]

{x[3, 1] > q[1], x[4, 1] >1-q[1]}
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recB[3, 1] /. assumeCl /. assumeAlRare[1] // FullSimplify
- ((-1+m1]) q[l] (9[1] (W33 [1] -w34[1]) +V\B4[ 1))/
(20[1] (W34[1] -wA4[1]) +WA4[1] +q[1 12 WB3[1] -2wW34[1] +w44[1])) +
gCm[1] (qC (W33 [2] -w34[2]) +wW34[2])
qC (qCwB83[2] -2 (-1 +qC) W34 [2]) + (-1 +qC)2 w44 [2]

assumeNeutrality[2]

(W33[2] > 1, W34[2] » 1, w44[2] - 1}
recB[3, 1] /. assumeCl /. assumeAlRare[1l] /. assumeNeutrality[2] // FullSimplify

qCm(1] - ((-1+m[1]) q[1] (q[1] (WB3[1] -wB4[1]) +wW34([1])) /
(29[1] (WB4[1] -WA4[1]) +WA4[1] +q[1]% (WB3[1] -2WB4[1] + w44 [1]))

Generic relative fitnesses:
gEqui l11BGenericPolymCont =
Solve[ (recB[3, 1] /. assumeCl /. assumeAlRare[1l] /. assumeNeutrality[2] //
FullSimplify) =q[1], q[1]] // Simplify
A very large output was generated. Here is a sample of it:

{{q[l} -
1

T 6 (WB3[1]-2wa4 [1]+wa4([1])

[—2 ((1+(-1+9C) m[1]) w33 [1] + (-3 +m[1] -2qCm[1]) w34 [1] +

2 2L =l =l (1)
1/3 +

(2+qCm[1]) w44 [1]) +

(<<1l>>)

1/3
2273 [—2\AB3[1]3+<<114>> +\/—4 <134 «12 ) )},

{q[l} o 74(<<1>>>7<<1>>+<<1>>}, (qri] -

12 (<«<1>>)

- (-4 ((1+(-12+9gC) m[1]) W33 [1] + (-3 +mM[1] - «<1>) «<l> + (2+qCm[1]) w44 [1]) +
«<ls> <l <<ls>) / (12 (WB3[1] - 2W84[1] +Wa4[1])) }}

Show Less || Show More || Show Full Output || Set Size Limit...

We do not investigate this case further, but switch to a number of more specific fitness schemes.
Generic interactions between alleles within a haplotype, additive fitness interactions across haplotypes:

assumeGenericAdditiveFitnessB[1]
{(W33[1] - 2v3[1], wd4[1] »Vv3[1] +v4[1l], w44 [1] - 2v4[1l]}

gEqui l1BGenericAdditivePolymCont =
Solve[ (recB[3, 1] /. assumeCl /. assumeAlRare[1l] /. assumeNeutrality[2] /.
assumeGenericAdditiveFitnessB[1] // FullSimplify) == q[1], q[1]] // FullSimplify

{{ar11 > ((1+(-1+290C) [J> [1
\/

(1+m[1] +2qgCm[1]) ++/(89Cm[1] (1+m[1]) (v3[1] -v4[1]) v4[1] +
((1+(-1+29C) m[1 ] 3[1] 1+m[1]+2qu[1])v4[1])2))/
(2 (1+m[1]) (v3[1]—v4 } {qr1 - ((-1+m1)-2q9Cm[1]) v3[1] +
(L+m[1] +2qCm[1]) +V(8 qu ] (L+m[1l]) (v3[1] -v4[1l])vVv4[l] +

((1+(-1+29C) m[1 ])v3[1] (1+m[ 1+2qCm[1]) v4[1])?)) /
(2 (1+m[1]) (v3[1] -v4[1]))}}

There are two solutions, and we need to establish which of them can be biologically valid and under which conditions.

Conditions for admissibility of the first equilibrium :
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FullSimplify[Reduce[{0 < (q[1] /- qEquillBGenericAdditivePolymCont[1]) &&
(q[1] /- qeEquillBGenericAdditivePolymCont[1]) < 1}, m[1]],
Assumptions -» {0 <m[1] < 1&&Vv3[1] =2v4[1l] >0, 0<qC<1}]

v3[1l] >v4[1l]

Hence, the first solution is a biologically valid equilibrium whenever alele B; has a higher fitness on the island than alele B,, which is
corresponds to the scenario we are interested in.

Conditions for admissibility of the second equilibrium :

FullSimplify[Reduce[{0 < (q[1] /- qEquillBGenericAdditivePolymCont[2]) &&
(q[1] /- qEquillBGenericAdditivePolymCont[2]) < 1}, m[1]],
Assumptions -» {0 <m[1] < 1&&Vv3[1] =2v4[1l] >0, 0<qC< 1}]

Fal se

The second solution is never abiologically valid equilibrium, given our assumptions.

We definein this case g as:

gEqui l1BGenericAdditivePolymCont[l] /. ruleSimplifyNotationCl /. {x_[1] » X} //
FullSimplify

1
fa-
2 (1+m) (v3-v4)
A/ (8m(1+m qC (v3-v4) v4+ ((-1+m-2mgC) v3+ (1+m+2mqC) v4)2))}

((1+m(-1+29C)) v3- (1+m+2mqC) v4 +

To summarise, § isabiologically admissible polymorphic one-locus equilibrium if

V3 > Vg. (1)

Generic interactions between alleles within a haplotype, multiplicative fitness interactions across haplotypes:

gEquil1BGenericMultiplicPolymCont =
Solve[ (recB[3, 1] /. assumeCl /. assumeAlRare[1l] /. assumeNeutrality[2] /.
assumeGenericMultiplicFitnessB[1l] // FullSimplify) == q[1], q[1]] // FullSimplify

1
{{ar1y -
2 (v3[1] -v4[1])
((1+(-1+9C) m[1]) v3[1] - (1 +qCm[1]) v4[1] ++/ (4qCm[1] (V3[1] -Vv4[1]) v4[1l] +
((1+(-1+qC) m(1]) v3[1] - (1+qCm1]) v4[1])?))},
1

{Q[ll - - (-(1+(-1+9C) m[1]) v3[1] + (1 +qCm[1]) v4[1] ++/(4qC

2 (v3[1] -Vv4[1])

m[1] (v3[1] -v4[1]) v4[1l] + ((1+ (-1+qC) m[1]) v3[1] - (1+qCm[1]) v4[1})2))}}

There are two solutions, and we need to establish which of them can be biologically valid and under which conditions.
Conditions for admissibility of the first equilibrium :

FullSimplify[Reduce[{0 < (q[1] /- qEquillBGenericMultiplicPolymCont[1]) &&
(q[1] /- qeEquillBGenericMultiplicPolymCont[1]) < 1}, m[1]],
Assumptions » {O <m[1] < 1&&Vv3[1] 2Vv4[1] >0, 0<qC< 1}]

v3([(1l] >v4([l]

Hence, the first solution is a biologically valid equilibrium whenever alele B; has a higher fitness on the island than alele By, which is
corresponds to the scenario we are interested in.

Conditions for admissibility of the second equilibrium :

FullSimplify[Reduce[{0 < (q[1] /- qEquillBGenericMultiplicPolymCont[2]) &&
(q[1] /- gequillBGenericMultiplicPolymCont[2]) < 1}, m[1]],
Assumptions -» {O <m[1] < 1&&Vv3[1] =2v4[1l] >0, 0<qC< 1}]

Fal se

The second solution is never abiologically valid equilibrium, given our assumptions.



2LocContlsland_Stoch_Discr.nb |61

We definein this case § as:

gEquil1BGenericMultiplicPolymCont[1l] /- ruleSimplifyNotationCl /. {x_[1] » X} //
FullSimplify

1

{qai ((1+m(—1+qC))v3— (1 +mqC) v4 +
2 (v3-v4)

\/4mqC (v3 -v4) v4+ ((1+m(-1+qC)) v3 - (1 +mqC) v4)2 )}
To summarise, § is abiologically admissible polymorphic one-locus equilibrium if

V3 > Vg4. (2)

Additive interactions between alleles within a haplotype, multiplicative fitness interactions across haplotypes:

gEquil1BAdditiveMultiplicPolymCont =
Solve[ (recB[3, 1] /. assumeCl /. assumeAlRare[1l] /. assumeNeutrality[2] /.
assumeAdditiveMultiplicFitnessB[1] // FullSimplify) == q[1], q[1]]

{{a[1) > (b[1) -m[1] +2qCb[1] m[1] -
v (b[112-2b[1] m1] +4qCb[1] m1] +m[1]*-4qCb[1]*m[1]?+4qC*b[1]°m[1]?)) /
(2 (b[1] +b[1]m[1]))}, {q[1] > (b[1] -m[1] +2qCh[1] m[1] +
v (b[112-2b[1] m1] +4qCb[1] m[1] +m1]®-4qCb[1]°m[1]%+4qCb[1]°m[1]?)) / (2
(b[1] +b[1] m[1]))}}
There are two solutions, and we need to establish which of them can be biologically valid and under which conditions.

Conditions for admissibility of thefirst equilibrium :

FullSimplify[Reduce[{0 < (q[1] /- qEquillBAdditiveMultiplicPolymCont[1]) &&
(q[1] /- qequillBAdditiveMultiplicPolymCont[1]) < 1}, m[1]],
Assumptions » {0 <m[1l] < 1& &0 <b[1l] <1, 0<qC < 1}]

Fal se
Thefirst solution is never abiologically valid one-locus polymorphism.
Conditions for admissibility of the second equilibrium :

FullSimplify[Reduce[{0 < (q[1] /- qEquillBAdditiveMultiplicPolymCont[2]) &&
(q[1] /- qeEquillBAdditiveMultiplicPolymCont[2]) < 1}, m[1]],
Assumptions » {O <m[1] < 1&&0<b[1l] <1, 0<qgC< 1}]

True
The second solution is always a biologically valid one-locus polymorphism, given our assumptions.
Weiillustrate this by plotting the two solutions as a function of m, for given, but variable parameter b.

gEquil1BAdditiveMultiplicPolymCont /. ruleSimplifyNotationCl /. {x_[1] » X} //

FullSimplify
1
{{qa-i(m-b (1+2mqC) ++/nf +2bm(-1+2qC) +b? (1+4n? (-1+4qC) qC) )}
2b (1+m)
1

{q—>7(b—m+2bqu+sz+2bm(—1+2qC) +b? (L+4nf (-1+qC) qC) )}}
2b (1+m

ine3= qEqui l1BAdditiveMultiplicPolymContFuncl[b_, m_, qC_] :=

——(m—b(1+2qu)+\/m2+2bm(—1+2qC)+b2 (1+4m? (-1+0C) qC) )
2b (1+m)

4= qEqui l1BAdditiveMultiplicPolymContFunc2[b_, m_, qC_] :=
1

2b (1+m)

(b—m+2bqu+\/m2+2bm (-1+2qC) +b? (1+4m? (-1+0C) qC) )
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qCmin =0.;
gqCmax = 1.;
Manipulate [

PIot[{qEquiIlBAdditiveMuItiplicPonmContFuncl[b, m, qC],
gEquil1BAdditiveMultiplicPolymContFunc2[b, m, qC1}, {m, O, 1},
PlotRange » {{-0.2, 1}, {-0.2, 1}}, AxesLabel - {m, "3"}],
{{b, 0.4}, 0., 1}, {{qC, 0.5}, qCmin, qCmax} ]
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The red curve corresponds to the second solution and always corresponds to a biologically one-locus equilibrium as long as our
assumptions are fulfilled, whereas the second solution is aways zero or negative (blue curve).

Additive interactions between alleles within a haplotype, multiplicative fitness interactions across haplotypes, and weak alelic
effects (called ‘additive’ in the rest of the Nobebook):

nssi= qEquil1BAdditiveMultiplicApproxPolymCont =
Solve[ (recB[3, 1] /. assumeCl /. assumeAlRare[1l] /. assumeNeutrality[2] /.
assumeAdditiveMultiplicApproxFitnessB[1] // FullSimplify) = q[1], q[1]]

1
outss| {{q[l] N (-b[1] +m(1] -a[1] m1] -2qCb[1] m(1] -
2 (-b[1] -b[1] m[1])
\/(-4 (-b[1] -b[1] m[1]) (qCm[1] -qCa[l] m[1] -qCb[1] m[1]) +
(b[1] -m(1] +a[1) m[1] +2qCb[1) m(1])?))},
1
{q[l] - (—b[l] +m[l] -a[l]ml] -2q9Cb[1] m[1] +
2 (-b[1]-b[1] m[1])
V(-4 (-b[1] -b[1] m[1]) (qCm[1] -qCa[l] m[1] -qCb[1] m[1]) +

(b[1] -m[1] +a[l] m1] +2qChb[1] m[l])z))}}

There are two solutions, and we need to establish which of them can be biologically valid and under which conditions.
Conditions for admissibility of the first equilibrium :

FullSimplify[Reduce[{0 < (q[1] /- qEquillBAdditiveMultiplicApproxPolymCont[1]) &&
(q[1] /- qeEquillBAdditiveMultiplicApproxPolymCont[1]) < 1}, m[1]],
Assumptions » {0 <m[1l] < 1& &0 < a[l] <b[l] <1, a[l1] +b[1] <1, 0<qC< 1}]

True

Thefirst solution is always a biologically valid one-locus polymorphism, given our assumptions.
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Conditions for admissibility of the second equilibrium :

FullSimplify[Reduce[{0 < (q[1] /- qEquillBAdditiveMultiplicApproxPolymCont[2]) &&
(q[1] /- qeEquillBAdditiveMultiplicApproxPolymCont[2]) < 1}, m[1]],
Assumptions » {0 <m[1] < 1&&0 < a[l] <b[1] <1, a[1] +b[1] <1, 0<qC< 1}]

Fal se
The second solution is never abiologically valid one-locus polymorphism, given our assumptions.
Weillustrate this by plotting the two solutions as a function of m, for given, but variable parameter b.

gEquil1BAdditiveMultiplicApproxPolymCont /. ruleSimplifyNotationCl /. {x_[1] » X} //
FullSimplify

1
{{q%Zb(l+m>

(b—m+am+2bqu+J—4b (-1+a+b)m(l+m gC+ (b+ (-1+a) m+2bmqC)? )} {qe
1

_ (b—m+am+2bqu—\/—4b (-1+a+b)ym(1+m qC+ (b+ (-1+a) m+2bmqC)? )}}
2b (1+m)

We definein this case  as

gEquil1BAdditiveMultiplicApproxPolymCont[1] /. ruleSimplifyNotationCl /. {x_[1] -» X} //
FullSimplify

1
b
2b (1+m)
nsel= qEquil1BAdditiveMultiplicApproxPolymContFunclfa_, b_, m_, qC_] :=

(bfm+am+2bqu+\/74b (-1+a+b)m(l+m qC+ (b+ (-1+a) m+2bmqgC)? )}

1
_— (b—m+am+2bqu+\/—4b (-l+a+b)ym@+mgC+ (b+ (-1+a) m+2bqu)2)
2b (1+m)
ns7:= qEquil1BAdditiveMultiplicApproxPolymContFunc2fa_, b_, m_, qC_] :=
1

_— (b—m+am+2bqu—\/—4b(—1+a+b)m(1+m) qC+ (b+ (-1+a) m+2bqu)2)
2b (1+m)
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qCmin =0.;
gqCmax = 1.;
Manipulate [
PIot[{qEquiIlBAdditiveMuItiplicApproxPonmContFuncl[a, b, m, qC],
gEqui l1BAdditiveMultiplicApproxPolymContFunc2[a, b, m, qC1}, {m, O, 1},
PlotRange » {{-0.2, 1}, {-0.2, 1}}, AxesLabel -» {m, "§3"}], {{a, 0.1}, 0., 1.},

{{b, 0.4}, 0., 1.}, {{qC, 0.5}, qCmin, gCmax}]
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Importantly, with a polymorphic continent, existence of a biologically valid one-locus polymorphism is independent of the migration
rate mas long as 0 < m< 1 holds. We note that there seems to exist only one biologically valid one-locus equilibrium as long as we
requirea + b < 1, which is the condition for non-negative relative fitnesses.

Stochastic analysis (multi-type branching process)

= Explicit probability generating functions
Recall the generic probability generating functions:

pgf[l, 1]
ro(1-m1]) (1-q[1]) (1-S[2]) wA4[1] (1-m[1]) (1-s[1]) (Wi[1]-r (1-q[1]) wi4[1])
e wbar (1 N wbar (1]
pgf[2, 1]
r(A-mi1]) q[1) (1-s[1]) wid[1] (1-m[1]) (1-s[2]) (-r q[1] Wi4[1]+w2[1])
e whar [1] B woar [1]

assumeAlRare[1]
{x[3, 1] > q[1], x[4, 1] >1-q[1]}
The frequency of B, at the marginal one-locus migration-selection equilibrium:
q[l] /- qequillBAdditiveMultiplicApproxPolymCont[1]
(-b[1] +m[1] -a[1] m{1] -2qCb[1] m1] -
-4

\/( -b[1] -b[1]m[1]) (gCm[1] ~qCa[l] m[
(b[1] -m[(1] +a[1) m[1] +2qCb[1] m[1])?)

— R
|

Qo

O

o
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wMeanB[1]

W33[1] X[3, 172 +2w84[1] X[3, 1] x[4, 1] +Wi4[1] x[4, 1]

ines;= pgFlPolymCont =
pof[1l, 1] /- gEquillBAdditiveMultiplicApproxPolymCont[1l] /. wbar[1] -» wMeanB[1] /.
assumeAdditiveMultiplicEpistaticApproxFitness[1] /. assumeAlRare[1l] /.
wl[1l] - wMargType[1l, 1] /. assumeAdditiveMultiplicEpistaticApproxFitness[1l] /.
assumeAlRare[1] /. {y¥11l[1] -» O, ¥12[1] - O, ¥21[1] -» O, ¥22[1] -» O} /.
gqEqui l1BAdditiveMultiplicApproxPolymCont[1] /-
{a[l] » a, b[1] » b, m[1] - m, S[1] » s1, S[2] » s2} // FullSimplify

(-1+m [b? (1:2mqC) (-1+s1)+|(-1+a) m»\/ ~4b (~1+a+b) m(1+m qC+ (b+(-1+a) m2bmqC)2 |r (s1-s2)+b 727\/741) (~1+a+b) m(1+m qC+ (b+ (-1+a) m2bmqC)2 +2 51*\/—4b (~1+asb) m(L+n

2b [1-asbm(-1:+2 qC}—\/—Ab (-1+a+b) m(1+m qC+ (b+ (-1+a) m-2 b mqC)2

Out[88]= €

In[89]:= RlRuIe=R1->\/—4b(—1+a+b) m@L+mqC+ (b+ (-1+a)m+2bmqC)? ;

(1-m) (bZ (1+42mqC) (-1+S1)+((-1+a) M+R1) I (S1-S2)+b (-2-R1+2 S1+R1SL-r S1+m (-1+a (-1+51) +5142 (-14qC) r (S1-52))+r 52))

ineop= pgFlPolymContShort = e 2b (1-asbm (-1+2qC) +R1)

(1-m (b? (1+:2mqC) (-1+s1)+r ((-1+a) MRL) (s1-52)+b (-2-R1+251-1 S1+RLS1m (-1+a (-1:51)+s1+2 (-1+qC) 1 (s1-52))+r 52)

Out[90]
e 2b (1-a+bm(-1+2qC)+Rl)

pgflPolymContShort - pgflPolymCont /. R1Rulle // FullSimplify
0

Collect|
(1-m (b2 (L+2mqC) (-1+sl) + ((-1+a)m+R1) r(sl-s2) +b (-2-R1+2sl+R1lsl-rsl+
m(-l+a(-1+sl)+sl+2(-1+qC) r (sl-s2))+rs2)), {sl, s2}]

(1-m (-2b-bm-abm-b® (1+2mqC) -bRL) +
(1-m) (2b+bm+abm+b2 (1+2mqC) -br +2bm(-1+qC)r +bRL+r ((-1+a) m+RLl)) sl+
(L-m (br-2bm(-12+9C)r -r ((-1+a) m+Rl)) s2

FullSimplify[(-2b-bm-abm-b? (1+2mqC) -bR1)]

-b(2+b+m+am+2bmgC+R1)

FuIISimpIify[(2b+bm+abm+b2 (L+2mqC) -br+2bm (-1+qC) r+bR1+r ((-1+a) m+R1))]
b2 (1+2mqC) +r ((-1+a) m+RL) +b (2-r +m(l+a+2 (-1+qC) r) +R1)
FullSimplify[(br-2bm (-1+9C) r-r ((-1+a) m+R1))]

r (b+m-am+2bm-2bmqC-R1)

pgflPolymContDisplay =

(1-m) (b2 (142 GC) +¥ (- (1-2) MeRL) +b (2-r+m (1+a-2 (1-qC) r)+R1)) S+ (1-m) I (b+m-ams2bm-2bmqC-R1) $2- (1-m) b (2+bsmrams2 b mC+R1)

@ 2b (1-a-bm (1-2qC)+R1)

-b (1-m) (2+b+m-am:2 b mqC+R1) + (1-m) {bz (142 mqC) +r ((-1+a) mR1l)+b (2-r+m(1+a-2 (1-qC) r}+R1‘,} sl+(1-mr (b+mam2bm-2bmqC-Rl) s2

e 2b (T abm12q0 R
pgFlPolymContDisplay - pgflPolymContShort // FullSimplify
0

Check if this terms conincides with the one for the monomorphic continent if we set gc = 0.

FullSimplify[pgflPolymContDisplay /. R1Rule /. {qC - 0},
Assumptions -» Flatten[ {assumeGeneral, m < mCrit2}]]

b2 (-1+s1)+(-1+a) mr (s1-52)+b (-1+am(-1+s1)+sl-mr sl+mr s2)

e (-1+a-b) b

% - pgflAdd // Simplify
0
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This seemsfine.

1= pgf2PolymCont =
pof[2, 1] /- gEquillBAdditiveMultiplicApproxPolymCont[1l] /. wbar[1] -» wMeanB[1] /.
assumeAdditiveMultiplicEpistaticApproxFitness[1] /. assumeAlRare[1l] /.
w2[1] -» wMargType[2, 1] /. assumeAdditiveMultiplicEpistaticApproxFitness[1l] /.
assumeAlRare[1] /. {y11l[1] -» O, ¥12[1] - O, ¥21[1] -» O, ¥22[1] -» O} /.
gqEqui l1BAdditiveMultiplicApproxPolymCont[1] /-
{a[l] » a, b[1] » b, m[1] - m, S[1] » s1, S[2] » s2} // FullSimplify

(-1+m) (-1+a) m\/ -4 b (-1+a+b) m(1+m qC+ (b+(-1+a) m2 b mqC)? 2,\/ ~4b (-1+a+b) m(1+m qC+(b+(-1+a) m2b mqC)2 (-1+82) +1

r (s1-s2)+b? (-1+2m(-1+qC)) (-1+82)+b lr (s1-82)+

1-asbm(-1+2 qC]+\/ ~4b (-1+a+b) m(1+m qC+ (b+(-1+a) m-2bmqC)2

2b
Out[91]= €
(1-m) ((-(1-5\) M+R1) r (s1-52) +b? (=142 m (-14qC)) (-1+4852)+b (r (S1-S2)+ (2+R1) (-1+S2)+m (-1+2qC r (S1-S2)+a (-1¢52);52)))
nez;= pgF2PolymContShort = e 2b (L-a-bm (1-2C) +R1)
(1-m) {r ((-1+a) miRL) (s1-52)+b2 (-1+2m(-1+qC)) (-1+52)+b (r (s1-52)+(2+R1) (-1+52)+m(-1+2qCr (s1-52)+a (-1+52)+s2)) ]|
out[92]=

2b (1-a-bm(1-2qC) +R1)

pgf2PolymContShort - pgf2PolymCont /. R1Rule // FullSimplify
0
Collect[(1-m) ((-(1-a) m+R1) r (sl-s2) +b%2 (-1+2m (-1+qC)) (-1+5s2) +
b (r(sl-s2)+ (2+R1) (-1+52) +m (-1+2qCr (S1-S2) +a (-1+52) +s2))), {s1, S2}]

(1-m (-2b-bm-abm-b* (-1+2m(-1+qC)) -bRL) +
(L-m (br +2bmqgCr +r ((-1+a) m+RL1l)) sl +
(1-m (bm+abm+b2 (-1+2m(-1+qC)) -br -2bmqaCr +b (2+R1) -r ((-1+a) m+Rl)) s2

FullSimplify[(-2b-bm-abm-b* (-1+2m (-1+qC)) -bR1)]
-b(2+m+ram+b (-1+2m(-1+qC)) +R1)
FullSimplify[(br+2bmgCr+r ((-1+a) m+R1))]
r (b+ (-1+a)m+2bmgC+R1)
FullSimplify|

(bm+abm+b? (-1+2m (-1+qC)) ~br-2bmgCr+b (2+R1) -r ((-1+a) m+R1))]
b? (-1+2m(-1+qC)) -r ((-1+a) m+«RL) +b (2-r +m(1l+a-2qCr) +Rl)
pgf2PolymContDisplay =

(1-m) (r (b-(1-a) m#2bmqC+R1)) sl+(1-m) (-b2 (1+2m (1-qC)) +r ((1-a) m-R1)+b (2-r+m (1+a-2qC r)+R1)) s2+(1-m) (-b (2+m+am-b (1+2m (1-qC))+R1))

@ 2b (1-a-bm (1-2qC) +R1)

b (1-m (2+mamb (1:2m(1-qC))+RL)+ (1-m r (b- (1-a) M2 b mqC+RL) s1+(1-m (-b2 (142m(1-qC))+r ((1-a) mRL)+b (2-r +m(1+a-2qCr)+RL) ) s2

e 2b (1-abm (1240 -RL)
pgf2PolymContDisplay - pgf2PolymContShort // FullSimplify
0

Check if this terms conincides with the one for the monomorphic continent if we set qc = 0.

FullSimplify[pgf2PolymContDisplay /. R1Rule /. {qC - 0},
Assumptions -» Flatten[{assumeGeneral, m < mCrit2}]]

(-1+a) mr (s1-s2)+b2 (mms2)+b (-1:+r sl+am(-1+52)+52-1 s2)

e (-1+a-b) b
% - pgf2Add // Simplify
0

This seemsfing, too.

= Implementation of numerical solution (polymorphic continent)

Thereis now an additional parameter g. denoting the frequency of the B; allele on the continent.
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Importantly, the parameter g enters only in the recursion equations for x3 = [A; B1] and x4 = [A2 By], but not in those for x; = [Aq By]
and x, = [A1 B2]. As a consequence, the mean matrix is not affected, because it only concerns the dynamics of x;and X,. What is
affected, though, is the frequency of B; on theisland at the marginal one-locus migration-selection equilibrium.

ine3;= probEstablAMApproxPolymContFunc: :usage = '‘probEstablAMApproxPolymContFunc[r, ml, al, bl
probEstablAMApproxPolymContFunc[r_,ml1_,al ,bl ,y111 ,y121 ,¥211 ,¥221 ,qC_] :=Module[{qE

bl—ml+al*m1+2*b1*ml*qC+w/-4*b1*(—1+al+bl)*ml*(1+m1)*qC+(b1+(—1+a1)*m1+2*b1*m1*qC)2

gEq=
2xblx (1+ml)

wbar=1-al+blx (-1+2%qEQ) ;

wl=1+blxqEQ+ (-1+QEQ) »y111;

w2=1+blx (-1+qEQ) -QEq#*y111+y121x (-1+qEQ) ;

wl4=1-y111;

(» Leading eigenvalue of the mean matrix; Note that q. does xnotx enter here! x)

Al=-

. (-14m1) # (WL-r*Wld+w2+ (W12 +r?«W14%+Wls (2% (-1+2%QEQ) #r*W14-24W2) +2x (1-24qEQ) #T
2 wbar
(» Probability generating functions x)

rx(1-ml) % (1-qEQ) » (1-s2) *wl4 (1—m1)*(1—51)*(wl—r*(l—qEq)*W14)]_

POTLlsl_,s2_]:=Exp [_ wbar wbar
r+(1-ml) *gEq* (1-s1) *wld (1-ml)* (1-S2)* (-r*gEq*xwld+w2) ] i

png[Sl_,SZ_]:=EXp[' wbar wbar

gSol=FindRoot[{pgfl[qdl,q2]==ql,pgf2[ql,q2]-=92},{q1,0.5},{q2,0.5}]1;
(» Return the probability of establishment, 1-q =*)
Return[{al, (1-ql1), (1-92) ,qEqg= (1-q1) + (1-qEq) *» (1-92) ,qEq}/-qSol]

(* Rules for the specific model considered =x)
rulesCl[n_]:={wbar[n]-wMeanB[n],wl[n]-wMargType[l,n],w2[n]-wMargType[2,n],wl4[n]-w[n][

= Explicit equilibrium frequency of B,
inee= ghatAMApproxPolymCont = q[1] /- qEquil1BAdditiveMultiplicApproxPolymCont[1]

out[96]= 5 (-b[1) +m[1] -a[1] m1] -2qCb[1] m1] -

T
=
|
3
[
+
3]
[y
3

]
11 m[1]) (qCm(1] -qCafl] m1] -qCb[1] m[1]) +
[1] +2qCb[1] m(1])?))
= Explicit fitnesses

wMeanB[1]

W83 [1] x[3, 112 +2w84[1] x[3, 1] x[4, 1] +wa4[1] x[4, 1]?

Note that the following expressions for mean and marginal fitnesses are identical to ‘wbarAMApprox’. The difference will exclusively
bein q, for which we will later insert the frequency of B; on theisland at the margina one-locus migration-selection equilibrium. We
therefore do not assign new variables, but just restate the previous ones here:

wbarAMApprox
l-a[l]+b[l] (-1+2q[1])
W1AMApprox
1-q[1)+(1+b[1])q[1]
W2AMApprox

(1-bf1]) (1-q[1)) +q[1]
W14AMAPProx[1]

1
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= Explicit mean matrix
Remember the mean matrix and our assumptions about additive fitnesses:

G[1] /- ruleSimplifyNotationCl // MatrixForm

(I-m) (wWi[l]-(1-q)r wi4[1]) (1-m gqr wi4(1]
wbar [1] wbar [1]
(1-m) (1-q) r wl4[1] (I-m) (-qr wi4[1l]+w2[1])
wbar [1] wbar [1]

assumeAdditiveMultiplicApproxFitness[1]

(Wwil[l] »1+a[l] +b[l], W12[1] »1+ajfl], wi3[1] - 1+b[1],

(1
wWl4[l] -1, w22[1] »1+a[l] -b[1l], w24[1] >1-b[1],
W33[1] »1-a[l] +b[1], wd4[1] >1-a[l], w4[1] >1-a[l] -b[l]}

ruleSimplifyNotationCl
{ml] > m x[1, 1] ->x1, x[2, 1] > x2, x[3, 1] > x3, x[4, 1] > x4, q[1l] > q)}
We now substitute specific formulas for ‘wbar’ and qg:

ghatAMApproxPolymCont

1
(-b[1] +m[1] -a[1] m{1] -2qCb[1] m{1] -
2 (-b[1]-b[1] m[1])

v (-4 (-b[1] -b[1] m[1]) (qCm[1] -gqCa[l] m[1] -qCb[1] m[1]) +
(b[1] -m[1] +a[1] m{1] +2qCb[1] m[1])?))
GAddPolymCont =
G[1l] /- ruleSimplifyNotationCl /. {wl[1] » wlAMApprox, w2[1] - w2AMApprox,
wbar[1] -» wbarAMApprox} /. assumeAdditiveMultiplicApproxFitness[1] /.

{q[1] -» ghatAMApproxPolymCont} /. {g -» ghatAMApproxPolymCont} /.
ruleSimplifyNotationCl /. {x_[1] » X} // FullSimplify;

GAddPolymCont // MatrixForm

(-1+m) (b2 (1+2 mqgC) +b \/74b (-1+a+b) m(1+m) qC+ (b+ (-1+a) m2bmqC)2 +(-1+a) mr+\/74 b (-1+a+b) m(1+m) qC+ (b+(-1+a) m2 b mqC

2b [1—a+b m(-1:2qC)+/ 4b (-1+a:b) m(1+m qCr (b+ (-L+a) m-2 b mqC)> }

[7b+m(—1+a72b (71+qC))+J74 b (-1+a+b) m(1+m) qC+ (b+ (-1+a) m2 b mqC)? ) r

2b (-1+a+b)

Thisiswhat we call A11 in the main text:

Collect[GAddPolymCont[1l, 11, r] /-

{\/—4b(—1+a+b) m(@L+m)gC+ (b+ (-1+a) m+2bmqC)? —)Rl}

(-1+mr (-b+ (-1+a)m+2bm(-1+qC) +RL) (-1+m (2b+bm+abm+b? (1+2mqC) +bRL)

2b(1l-a+bm(-1+2qC) +R1) 2b(1-a+bm(-1+29C) +R1)

(-1+m) (2b+bm+abm+b2 (l+2qu)+le)
- // FullSimplify
2b(1-a+bm(-1+29C) +R1)
(-1+m (2+b+m+am+2bmgC+R1)
2 (-1+a+b (m-2mqgC) -R1)
-1l+m)r (-b+ (-1+a)m+2bm (-1+qC) +R1
—( ) ( ) ( ) ) // FullSimplify
2b(l-a+bm(-1+2q9C) +R1)
(-1+mr ((-1+a)m+b (-1+2m(-1+9C)) +R1)
2b(l-a+bm(-1+29C) +R1)

Thisiswhat we call A1, in the main text:




Collect[GAddPolymCont[2, 1], r] /-

{\/-4b(-1+a+b) m(1+m qC+ (b+ (-1+a) m+2bmqC)? - R1}

r (-b+m(-1+a-2b (-1+qC)) +R1)
2b (-1+a+b)

FullSimplify[Collect[GAddPolymCont[2, 1], r] /- qC - O,
Assumptions » {O0<a<b<1,0<m<1,m<b/ (1-a)}]

mr

b
r(-b+m(-1+a-2b (-1+qC)) +R1)

// FullSimplify
2b (-1+a+h)

r (-b+m(-1+a-2b (-1+qC)) +R1)
2b (-1+a+h)

Thisiswhat we call A»; in the main text:

Collect[GAddPolymCont[l, 2], r] /.-

{\/-4b(-1+a+b) m(L+m qC+ (b+ (-1+a) m+2bmaC)? »R1}

r (b-m+ram-2bmgC+R1)
2b(l-a+b)

FullSimplify[Collect[GAddPolymCont[1l, 2], r] /- qC -0,
Assumptions » {O<a<b<1,0<m<1,m<b/ (1-a)}]

(b+ (-1l+aymr
b (1-a+h)

r(b—m+am—2bqu+w/?)

// FullSimplify
2b(1-a+bh)

r

b+ (-1+a) m—2bqu+ﬁ)

2b (1-a+bh)
Thisiswhat we call Ay, in the main text:

Collect[GAddPolymCont[2, 2], r] /-

{\/—4b(—1+a+b) m(@L+m)gqC+ (b+(-1+a) m+2bmqC)? —)Rl}
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(-1+mr (-b+ (1-a)ym-2bmgC-RL) (-1+m) (2b+bm+abm+b? (-1+2m(-1+9C)) +bR1)

2b(1-a+bm(-1+2qC) +Rl) 2b(1-a+bm(-1+2qC) +R1)

(-1+m)r (-b+ (1-a)ym-2bmqC-R1)
"~ 2b(l-a+bm(-1+2qC) +R1)
(-1+mr (b+ (-1+a) mi2bmqC+R1)

2b(l-a+bm(-1+2qC) +Rl)

// FullSimplify

(-1+m) (2b+bm+abm+b2 (-1+2m (-1+qC)) +bR1)

N // FullSimplify

2b(l-a+bm(-1+2qC) +R1)
(-1+m) (2+m+am+b (-1+2m(-1+qC)) +R1)

2 (-1+a+b (m-2mqC) - R1)

FullSimplify[Collect[GAddPolymCont[2, 2], r] /- qC - O,
Assumptions » {O<a<b<1,0z<m<b/ (1-a)}]

b2m+ (-1+a)mr +b (-1 -am+r)

(-1l+a-b)b
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bZm+ (-1+a)mr+b (-1-am+r) ]
, r
(-1+a-b)b

Collect[

-b-abm+bZm (b+ (-l+a)mr
+

(-1l+a-b)b (-1+a-b)b

-b-abm+b%m

(-1l+a-b)b ]

FuIISimpIify[

l+am-bm
l-a+b
(1-m) (2+b+m+am+2bmqC+R1)
2((1-a-bm@1-2qC) +R1)
(L-m) ((L-a)m+b+2bm(1-qC) -R1)

ine71= EPolymCont :=

FPolymCont :=
2b(1-a-bm(1-2qC) +R1)
b+m(@1-a-2b((1-qC)) -R1
GPolymCont :=
2b (1-a-b)
b-(1-aym-2bmqgC+R1
HPolymCont : =
2b(1-a+b)
(L-m) (b-(1-a)m+2bmqC+R1)
IPolymCont := -
2b(1-a-bm1-2qC) +R1)
1-m) (2+m+am-b(1+2m(1-q9C)) +R1
JPolymCont := ( ) ¢ ( -9t )

2(1-a-b (Mm-2mqC) +R1)

ttl = Exp[-A11 (1-s1) -A12 (1-s2)] /.
{211 - GAddPolymCont[l, 1], A12 -» GAddPolymCont[2, 1]} /-

\/—4b(—1+a+b) m@L+mqC+ (b+ (-1+a)m+2bmqC)2 -»R1

(-1+m) (b2 (142 mqC) + (-1+a) mr +b (2-r +m (1+a+2 (-1+qC) 1)) +b RL+r RL} (1-S1) | (_p.m(-1.a-2b (-1+qC)) +R1) (1-52)

e 2b (1-a+bm (-1+2 qC) +R1) 2b (-1+a+b)

ttl - pgflPC[sl, s2] /. R1Rule // Simplify
0

tt2 = Exp[-221 (1-s1) -222 (1-s2)] /-
{221 - GAddPolymCont[1l, 2], A22 -» GAddPolymCont[2, 2]} /-

\/—4b(—1+a+b) m(@L+mqC+(b+(-1+a)m+2bmqC)2 -»R1

¢ (b-mam2bmqCiRL) (1-s1) (-L+#m (b2 (-1:2m(-1+qC)) - (-1+a) mr+b (2-r +m (1+a-2qCr))+b RL-r RL} (1-s2)
- . \
e 2b (1-a+h) 2b (1-a+bm(-1+2¢C) +R1)

tt2 - pgf2PC[sl, s2] /. R1Rule // Simplify

0

(ColIect[GAddPonmContﬂl, 11, r] /-

{\/-4b (-1+a+bym(L+m) qC+ (b+ (-1+a) m+2bmqC)? -)Rl}) -
(EPolymCont + FPolymCont r) // Simplify
0

(ColIect[GAddPonmContﬂZ, 11, r] /-

{\/-4b (-1+a+b)m (L+m) qC+ (b+ (-1+a) m+2bmqC)2 ->R1}) -
(GPolymContr) // Simplify
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(ColIect[GAddPonmContﬂl, 21, r] /-

{\/-4b (-1+a+b)m (L+m) qC+ (b+ (-1+a) m+2bmqC)2 -)Rl}) -
(HPolymCont r) // Simplify
0

(ColIect[GAddPonmContﬂZ, 2], r] /-

{\/-4b (-1+a+b)m (L+m) qC+ (b+ (-1+a) m+2bmqC)?2 ->R1}) -
(JPolymCont + IPolymContr) // Simplify
0

e M1 (1-51) @ M2(1-52) /(311 5 (EE+FFr), 212 > (GG )}

o (EE-FFT) (1-s1)-GGr (1-s2)

Collect[- (EE+FFr) (1-sl1) -GGr (1-s2), {sl, s2}]

-EE-FFr -GGr + (EE+FFr) sl1 +GGr s2

et (15D @222 (1-52) /(321 5 (HHT), 222 5> (JJ+ 11 1)}

e MHI (1-s1)-(33+11 1) (1-s2)

Collect[-HHr (1-s1) - (JJ+1lr) (1-s2), {sl, s2}]

-JJ-HHr -1l r +HHr s1+ (JJ+11lr)s2

tl = GAddPolymCont /. {a»ae,b->Be, Mm>pue, r-pe, qC - £Ce};

tl // MatrixForm

(-l+e p) |B2 €2 (l+2 ezugc) +B e \/*4663 (-l+ae+Be) u (l+ep) §C+(B e+e (-l+oe) u+2 B §C)2 +€2 (-l+ae) pup+e | -4ped (-l+ae+

2pR¢e |l-ae+pe? u (-1+2 € EC) +J —4pe® (-lrae+fe) u (1+€ ) EC+(Be+e

—Be+e u (-lrae-2Be (-l+e §C>)+J -4 pBe® (-lrae+fe) u (1+e ) EC+(Be+

2B (-l+ae+Be)

FullSimplify[

Series[tl, {¢,0,1}] /. {a»a/e,B>»>b/e,p>r/e,u-m/e, EC-q9C/e€} // Normal,

Assumptions » {O<a<b<1l,a+b<1,0<m<1}]

l+v+a+b-m-r b<m r-™ bs>m r b<m l+a-m b<m

R ORI A i w e )
b 0 True

. True 1+afbfrJrT
t2 = GAddPolymCont /. {a»ae,b->Be, Mm>pue, r->pe};

t2 // MatrixForm

2 e (-l+ae) up+e | -4qCBRe? (-l+ae

(-1l+e ) |B?e? (1+2qCe u)+66\/74 qCBe? (-lrae+Be) u (l+e u)+(56+2 qCpBe? u+e (-l+ae) u)

2pB¢e |1l-ae+(-1+2qC) B e? ‘“J"l qCpe? (-l+ac+fe) u (Lreu)+(Be+2q

-Be+e (-lrae-2 (-1+qC) Be) waA qCBe? (-l+ae+Be) u (l+eu)+(Be+2c

2B (-liae+pBe)

GAddPolymContSmal IForces =
FullSimplify[Series[t2, {¢,0,1}] /- {a»a/e,B»>b/e,p>¥r /e, u->m/e} // Normal,
Assumptions - {O<a<b<l,a+b<1,0<m<1}];



72 | 2LocContlsland_Stoch_Discr.nb

GAddPolymContSmal IForces // MatrixForm

b2 [—m+ (b-m)2+4 b mqC ] r-b [—2—2 a+mm+r) [b—mmj r
2b 2b
[b+m\/m) r b2 [—rm (b-m)2+4 b mqC ) r+b (72—2 a+m+\/m+r]
2b N 2D

The Ry that follows here is different from R; above!

Fullsimplify[GAddPolymContSmallForces /. {(b-m)?+4bmqC » R1}] // MatrixForm

b2+r (fm*\/ﬁ)fb (—2—2 a+mer +VRL ) r (bfmm/ﬁ)
2b 2b
r (bmrﬁ) b2+r (7wﬁ)+b <7272 a+mer ﬂ/ﬁ)
2b N 2b

Collect[GAddPolymContSmallForces /. {(b - m)2+4bmqgC - R1}, r] // MatrixForm

r[b-mVRL) 5bi2abib? bmb VR r [b-mVRL )
2b * 2b 2b
r(b*mﬁ) r(b-mVRL) oh 2abib?ibmb VRL
2b - 2b - 2b
r(—b-m+\/R1)
FMlﬁmmiﬁq ]
2b
r (b+m—x/R1)
) 2b
2b+2ab+b?2-bm-b+vR1
FMIﬁmpry[ ]
2b
1
- 2+2a+b7m7VR1)
2
r(b-m+VR1)
FMlmmmiﬁ{-—————————]
2b
r (b—m+\/R1)
) 2b
-2b-2ab+b%2+bm+b+R1
FMIﬁmpryP - ]
2

1
- 2+2a7b7m7VR1>
2

This assumes small evolutionary forces (a, b, m, r) but does not restrict the frequency gc of B;on the continent.
We evaluate the mean and margina fitnesses at the one-locus migration-selection equilibrium.

wlAMApprox /. {q[1] » ghatAMApproxPolymCont} /. {x_[1] -» x} // FullSimplify

- 2+b+m+am+2bqu+\/—4b (-1+a+b)m(l+m qC+ (b+ (-1+a) m+2bmqgC)?
2 (1+m)

W2AMApprox /. {gq[1] -» ghatAMApproxPolymCont} /. {xX_[1] -» x} // FullSimplify
1
2 (1+m)

2+m+am+b (-1+2m(-1+q9C)) +\/74b (-1+a+b)ym@+m qC+ (b+ (-1+a) m+2bmqgC)?
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wbarAMApprox /. {gq[1] -» ghatAMApproxPolymCont} /. {xX_[1] -» x} // FullSimplify

l-a+bm(-1+2qC) +J—4b (-1l+a+b)m(1+m gC+ (b+ (-1+a) m+2bmqgC)?
1+m
= Explicit conditions for invasion

Recall the generic condition for invasion:

conditionNonExtinction[1]

wbar [1] wbar [1]
r wi4[l] (—q[l} WL[1] - (1-q[1l])w2[1] + 7] < {V\LI. 1] - 7J [—\/\/2[1] +
1-m[1] 1-m1)]
conditionNonExtinctionAMApproxPolymCont = FullSimplify][
conditionNonExtinction([1] /. {wl4[1] -» wl4AMApprox[1], wbar[1] -» wbarAMApprox,

wl[1l] -» wlAMApprox, w2[1] » w2AMApprox} /. {q[1] -» ghatAMApproxPolymCont} /.
{X_[1] » X}, Assumptions » {O0<a<b<1l,a+b<1,0<m<1,0<qC< 1}]
1

wbar [1]
1-m1] ]

4 (-1+m?

(72a7b+m+am+2bqu+J74b (-1+a+b)ym@L+mgC+ (b+ (-1 +a) m+2bqu)2) (72a+

b+m+am72bm+2bqu+\/74b (-1+a+b)m(L+m qC+ (b+ (-1 +a) m+2bmqgC)?
1

(a(—1+ (-1+mm +m(1+bm(-1+2q9C)) +
-1 +n?

<

m\/—4b (-1l+a+b)ym(l+m qC+ (b+ (-1+a) m+2bmqC)? | r

rSollnv = FullSimplify[Solve[—2
4 (-1+m)

(-2a-b+m+am+2bmqC++/(-4b (-1+a+b)ym(L+m) qC+ (b+ (—1+a)m+2bqu)2))
(-2a+b+m+am-2bm+2bmqC +

V(-4b(-1+a+b)m(1+m) qC+ (b+ (-1 +a) m+2bqu)2)) =
1

(@(-1+(-1+m)ym) +m (L+bm (-1+2qC)) +
-1 +m?

ma/(-4b (-1+a+bym (1+m) qC+ (b+ (-1+a)m+2bmqgC)?)) r, r],
Assumptions->{0<a<b<1,a+b<1,0<m<1,0<rsl/2}]
{{I‘ - ((1+m}

(-2a-b+m+am+2bmqC++/(-4b (-1+a+b) m(1+m qC+ (b+ (-1+a) m+2bqu)2))
(-2a+b+m+am-2bm+2bmqgC+
V(-4b(-1+a+b)m(l+mqC+ (b+ (-1+a) m+2bmqC)?))) /
(4 (-1+m (a(-1+(-1+mm +m(Ll+bm(-1+2qC)) +

m+/ (-4b (-1+a+b) m(L+m qC+ (b+ (-1+a) m+2bmqC)?)))}}

(» The critical r from the deterministic model =x)

) 1+m
rcrit =

—— (a® (2-2m+m?) —am (2-b (3-m) (1-2qC)) +
2 (1-m)

m(m-b(l+m) (1-2qC) +b® (1-4m (1-qC)qC)) + (m(L-b +2bqgC) -a (2-m)) R) /
(@a(l+m-m?) -m (1-bm +2bmgC+R)) /.

R-»\/(b- (1-a)m)2+4bm(l-a-bm) gC+4b®m?qC? ;
r-rcrit /. rSollnv // Simplify
{0}

As expected according to a Theorem by Haccou et al. (2005), the invasion condition obtained based on the mean matrix is the same as
the one obtained from a corresponding deterministic model.
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We want to express the condition in terms of m, gc or r. However, this takes more than 2 hours on a Mac mini with 2.3 GHz Intel Core
i5with 4 GB of RAM.

condM AdditiveM ultiplicAMApproxPolymContM = Full Simplify[ Refine] Reduce[ (conditionNonExtinctionAMA pproxPolymCont), m],
Assumptions->{0<a<b<1l,a+b<1,0<m<1,0<qC<10<r<=1/2}]]

$Aborted

condM AdditiveMultiplicAMApproxPolymContQC = Full Simplify[ Refine[ Reduce] (conditionNonExtinctionAM ApproxPolymCont),
qC], Assumptions->{0<a<b<1l,a+b<1,0<m<10<qC<1,0<r<=12}]]

$Aborted

condM AdditiveM ultiplicAMApproxPolymContR = Full Simplify[ Refinel Reduce[ (conditionNonExtinctionAM A pproxPolymCont), r],
Assumptions->{0<a<b<1l,a+b<1,0<m<1,0<qC<10<r<=1/2}]]

$Aborted

Simplify[Refine[ Reduce] (conditionNonExtinctionAM ApproxPolymCont), r], Assumptions->{0<a<b<1l,a+b<1,0<m<10<
qC<1,0<r<=12}]]

$Aborted

Plots of numerical solutions

m Plots for various parameter combinations ( fegimesj
= |nvasion probabilitiesasa function of recombination rater, weak evolutionary forces
in1031= mybl = 0.04;

myyl1ll = 0.;
myy121 = 0.;
myy211 = 0.;
myy221 = 0.;

rMaxl = 0.2;
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Manipulate[
Show [Plot[ {probEstablAMApproxPolymContFunc([r, m, a, mybl, myy111l, myy121, myy211,
myy221, qC][2], probEstablAMApproxPolymContFunc|
r, m, a, mybl, myy111l, myy121, myy211, my¥221, qC][31,
probEstablAMApproxPolymContFunc[r, m, a, mybl, myy111l, myy¥121, myy211, my¥221, qC][

4713, {r, 0, rMax1}, PlotRange -» {{0, rMax1}, {0, 2=xa}},

PlotStyle -» {{RGBColor[0, 0.3, 1, 0.5], Thick}, {Red, Thick}, {Black, Thick}},

Frame -» True, FrameStyle - {{Black, Opacity[0]}, {Black, Opacity[0]}},

FrameLabel - {"'Recombination rate r", "Invasion probability"},

LabelStyle » {Directive[FontSize -» 14], FontFamily -» ""Helvetica'"},

PlotLegend -» { Style["m;, conditional on background B;', FontFamily - "Helvetica"],

Style["n,, conditional on background B,", FontFamily - ""Helvetica"],

Style["7, weighted mean across backgrounds', FontFamily -» ""Helvetica"]},
LegendPosition » {-0.05, 0.175}, LegendSize » {1.3, 0.5}, LegendShadow -» None,
LegendTextSpace - 10, LegendBorderSpace -» Automatic, LegendBorder - None,
LegendLabelSpace -» 1.8, LegendLabel -» Style["a = ' <>ToString[a] <>"; b = " <>

ToString[mybl] <>"; m = "<>ToString[m], FontFamily - "Helvtica]]
1,
{{a, 0.02}, 0., mybl}, {{m, 0.022}, 0., mybl}, {{gC, 0.1}, 0., 1.}]

M
a U
M
m
&)
qC :D
0.04 - a =0.02; b =0.04; m =0.022
é‘ m1, conditional on background By
% 0.03% — 7,, conditional on background B,
g = 7, weighted mean across backgrounds
=
o 0.02+
c
Q
[}
s 0.01
>
k=
0.00

000 005 010 015 020

Recombination rate r

= |nvasion probabilitiesas a function of migration rate m, weak evolutionary forces
inf1o9}= myb2 = 0.04;

myy112 = 0.;
myy122 = 0.;
myy212 = 0.;
myy222 = 0.;

mMax2 = 0.06;
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Manipulate[
Show [Plot[ {probEstablAMApproxPolymContFunc([r, m, a, myb2, myy112, myy122, myy212,
myy222, qC][2], probEstablAMApproxPolymContFunc|
r, m, a, myb2, myy112, myy122, myy¥212, myy¥222, qC][31,
probEstablAMApproxPolymContFunc[r, m, a, myb2, myy112, myy¥122, myy212, my¥222, qC][

4713}, {m, 0, mMax2}, PlotRange -» {{0, mMax2}, {0, 2xa}},

PlotStyle -» {{RGBColor[0, 0.3, 1, 0.5], Thick}, {Red, Thick}, {Black, Thick}},

Frame -» True, FrameStyle - {{Black, Opacity[0]}, {Black, Opacity[0]}},

FrameLabel -» {""Migration rate m", "Invasion probability"},

LabelStyle » {Directive[FontSize -» 14], FontFamily -» ""Helvetica'"},

PlotLegend -» { Style["m;, conditional on background B;', FontFamily - "Helvetica"],

Style["n,, conditional on background B,", FontFamily - ""Helvetica"],

Style["7, weighted mean across backgrounds', FontFamily -» ""Helvetica"]},
LegendPosition » {-0.05, 0.175}, LegendSize » {1.3, 0.5}, LegendShadow -» None,
LegendTextSpace - 10, LegendBorderSpace -» Automatic, LegendBorder - None,
LegendLabelSpace -» 1.8, LegendLabel -» Style["a = ' <>ToString[a] <>"; b = " <>

ToString[myb2] <>"; r = "<>ToString[r], FontFamily - "Helvtica"]]
1,
{{a, 0.02}, 0., myb2}, {{r, 0.01}, 0., 0.5}, {{qC, 0.1}, 0., 1.}]

(]

)
=

3
|
cJ

0.04 - a =0.02;b =0.04;r =0.01
é‘ 711, conditional on background B,
% 0.03¢F — 7, conditional on background B,
g = 7, weighted mean across backgrounds
S
a 0.02
o
o
@ 0.01
>
£

0.00

0,00 0.01 0.02 003 004 005 0.06
Migration rate m

= |nvasion probabilitiesas a function of recombination rater, strong evolutionary forces
in1s= myb3 = 0.4;

myy113 = 0.;
myy123 = 0.;
myy213 = 0.;
myy223 = 0.;

rMax3 = 0.5;
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Manipulate[
Show [Plot[ {probEstablAMApproxPolymContFunc([r, m, a, myb3, myy113, myy123, myy213,
myy223, qC][2], probEstablAMApproxPolymContFunc|
r, m, a, myb3, myy113, myy123, myy¥213, my¥223, qC][31,
probEstablAMApproxPolymContFunc[r, m, a, myb3, myy113, myy¥123, my¥213, my¥223, qC][

4713, {r, 0, rMax3}, PlotRange -» {{0, rMax3}, {0, 2=xa}},

PlotStyle -» {{RGBColor[0, 0.3, 1, 0.5], Thick}, {Red, Thick}, {Black, Thick}},

Frame -» True, FrameStyle - {{Black, Opacity[0]}, {Black, Opacity[0]}},

FrameLabel - {"'Recombination rate r", "Invasion probability"},

LabelStyle » {Directive[FontSize -» 14], FontFamily -» ""Helvetica'"},

PlotLegend -» { Style["m;, conditional on background B;', FontFamily - "Helvetica"],

Style["n,, conditional on background B,", FontFamily - ""Helvetica"],

Style["7, weighted mean across backgrounds', FontFamily -» ""Helvetica"]},
LegendPosition » {-0.05, 0.175}, LegendSize » {1.3, 0.5}, LegendShadow -» None,
LegendTextSpace - 10, LegendBorderSpace -» Automatic, LegendBorder - None,
LegendLabelSpace -» 1.8, LegendLabel -» Style["a = ' <>ToString[a] <>"; b = " <>

ToString[myb3] <>"; m = "<>ToString[m], FontFamily -» "Helvtica]]
1,
{{a, 0.2}, 0., myb3}, {{m, 0.22}, 0., myb3}, {{qC, 0.1}, 0., 1.}]
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0.4- a=0.2;b=04;m=0.22
m1, conditional on background By
0.3+ — 7, conditional on background B,
= 7, weighted mean across backgrounds
0.2+

Invasion probability
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Recombination rate r

= |nvasion probabilitiesasa function of migration rate m, strong evolutionary forces
in121= myb4 = 0.4;

myyl114 = 0.;
myyl1l24 = 0._;
myy214 = 0.;
myy224 = 0._;

mMax4 = 0.6;
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Manipulate[
Show [Plot[ {probEstablAMApproxPolymContFunc([r, m, a, myb4, myy114, myy124, myy214,
myy224, qC] [2] , probEstablAMApproxPolymContFunc|
r, m, a, myb4, myyl14, myy124, myy214, myy224, qC][31.,
probEstablAMApproxPolymContFunc[r, m, a, myb4, myy114, myy124, myy214, myy224, qC][

4713}, {m, 0, mMax4}, PlotRange -» {{0, mMax4}, {0, 2xa}},

PlotStyle -» {{RGBColor[0, 0.3, 1, 0.5], Thick}, {Red, Thick}, {Black, Thick}},

Frame -» True, FrameStyle - {{Black, Opacity[0]}, {Black, Opacity[0]}},

FrameLabel - {"'Migration rate m", "Invasion probability"},

LabelStyle » {Directive[FontSize -» 14], FontFamily -» ""Helvetica'"},

PlotLegend -» { Style["m;, conditional on background B;', FontFamily - "Helvetica"],

Style["n,, conditional on background B,", FontFamily - ""Helvetica"],

Style["7, weighted mean across backgrounds', FontFamily -» ""Helvetica"]},
LegendPosition » {-0.05, 0.175}, LegendSize » {1.3, 0.5}, LegendShadow -» None,
LegendTextSpace - 10, LegendBorderSpace -» Automatic, LegendBorder - None,
LegendLabelSpace -» 1.8, LegendLabel -» Style["a = ' <>ToString[a] <>"; b = " <>

ToString[myb4] <>"; r = "<>ToString[r], FontFamily - "Helvtica"]]
1,
{{a, 0.2}, 0., myb4}, {{r, 0.1}, 0., 0.5}, {{qC, 0.1}, 0., 1.}]
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