Analytical approximation of the
Invasion probability for a slightly-
supercritical branching process

Here, we derive analytical approximations to the invasion probability for the continent-island model with two biall€elic loci, where the
focus is on a new beneficial mutation arising at one locus (A), given that there is an established migration-selection equilibrium at the
second locus (8B). The approximations assume that the corresponding branching process is dightly supercritical, i.e. that the leading
eigenvalue of the mean matrix isv; = 1 + &, where ¢ is small. The approach we take here is based on Theorem 5.6 in Haccou et al.
(2005, pp. 127-128). In the following, we refer to this theorem as T5.6_HJV2005.

We first set up definitions — some previously derived in other Mathematica Notebooks — and then proceed with the applications to
additive fitnesses for a monomorphic continent. We also consider the case in which locus 8 is polymorphic on the continent with allele
B, segregating at constant frequency ¢c. The approximations derived in the following are valid for weak evolutionary forces.

Set-up and initialisation

n= Needs["PlotLegends™™]

General::obspkg :
PlotLegends™ is now obsolete. The legacy version being loaded may conflict with current Mathematica
functionality. See the Compatibility Guide for updating information.

m Generic assumptions

n2i= genericAssumpt := {O<r,0<a<b<1l,a+b<1,0<m< 1}
assumeMonomorphCont := {qC - 0}

= Functions previously established
The following is taken from the Mathematica Notebook ‘ 2L ocContlsland_Stoch_Discr.nb’, where a derivation is aso provided.
= Numerical solution to branching-processinvasion probabilities (including polymor phic continent)

The following is taken from the Mathematica Notebook ‘ 2L ocContlsland_Stoch_Discr.nb’, where a derivation is aso provided.
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;= probEstablAMApproxPolymContFunc: :usage = "‘probEstablAMApproxPolymContFunc[r, ml, al, bl

probEstabIAMApproxPonmContFunc[rl_,ml_,al_,bl_,wlll_,7121_,7211_,7221_,qc_]:=Module[{q

r=rl;

bl—ml+al*m1+2*b1*ml*qC+\/ -4xblx (-1+al+bl) *mlx (1+m1) qC+ (b1l+ (-1+al) xm1+2xb1+m1xqC)?

gEg=
2xb1lx (1+ml)

wbar=1-al+blx (-1+2%qEQ) ;

wl=1+blxqEQ+ (-1+QEQ) »y111;

w2=1+blx (-1+qEQ) -QEq#*y111+y121x (-1+qEQ) ;

wl4=1-y111;

(» Leading eigenvalue of the mean matrix; Note that q. does xnotx enter here! x)

1
Al:————g——(-1+m1)*(wl—r*w14+w2+(w12+r2*wl42+w1*(2*(—1+2*qEq)*r*wl4—2*w2)+2*(1—2*qEq)*r
2 wbar

(» Probability generating functions x)
rx(1-ml)* (1-qEQ) *» (1-s2) *w1l4d (1-ml) % (1-S1) % (Wwl-r*(1-qEQ) *wl4)

pofl[sl_,s2_ ]1:=Exp [_ wbar bar ] ;
Wi

r+(1-ml) *gEq* (1-s1) *wld (1-ml)* (1-S2)* (-r*gEq*xwld+w2)

pgf2[sl_,32_]:=Exp[— ];
wbar wbar

gSol=FindRoot[{pgfl[ql,q2]==ql,pgf2[gl,q2]1==02},{ql,0.5},{q2,0.5}1;

(» Return the probability of establishment, 1-q =*)

Return[{al, (1-ql), (1-92) ,qEqg+ (1-q1) + (1-gEQ) * (1-92) ,qEQ}/.gSol]

E

m Critical migration rate mei; 5 for the monomor phic case with additive fitnesses

ne= MCritFunc: :usage = "mCritFunc[r, a, b] returns the critical migration rate m;, for the

mCritFunc[r_,a_,b_]:=Module[{mcritl,mcritz,mcrit3,mcrit5,res},

) a
meritl=——3;
1-b
mcrit2=——; (* This is the critical value derived above, and also given in Akerman (20!
1l-a
) a+b-r o } ) ) ) } )
mcrit3= ; (* This is given in Akerman (2011); the continuous-time analog is mc in E
1-r
) ax (b-a+r) o ) } )
mcrith= ; (* This is the equation after equation (22) in Akerman (201

(a-b) = (a-r) +rx (1-a)
(* res=IFf[mcrits<0,Min[mcrit2] ,Min[mcrit2,mcrit5]]; =*)
(* res=IFf[mcrits<0,mcrit2,Max[Min[mcrit2,mcrit5] ,Max[mcritl,mcrit5]]]; =*)
res=I1f[r<a,mcrit2, If[a<r<b,mcrit5,Max[mcritl,mcrit5]]];

Return[res]]

m Critical recombination rate for the monomor phic case with additive fitnesses

ne= rCritFunc::usage = "rCritFunc[m, a, b] returns the critical recombination rate r¢.ij¢ for

rCritFunc[m_,a_,b_]:=Module[{rmax,rcrit5,mThresh,mm},

rmax=0.5; (* This is the maximum recombination rate that is biologically plausible in t

) ax (a-b) = (1+m) o } )
rcritb= ; (* This is obtained from solving m = mgrit,s = F(r) for r. x)
a+2xaxm- (1+b) xm

a-2 a’+2 a b i i
mThresh= ; (+ 1T m is below this value, r is above 0.5. x)
1-2 a+2 a%+b-2 a b

res=1f[msmThresh, rmax,rcrit5];
Return[res];

]

= Fitness and marginal fitness

The generic fitness matrix
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o= Wgeneric =

3

{{wll, wl2, w13, wl4}, {w21, w22, w23, w24}, {w31, w32, w33, w34}, {w4l, wi2, wa3, wid}};

MatrixForm[Wgeneric]

wlil wi2 wi3 wl4
w21 w22 w23 w24
w3l w32 w33 w34
wAl w42 w43 wa4

Fitness equivalences

1= assumeNoPosEFF : =

{w21 -» wl2, w31l -» wl3, w4l -» wld, w32 -» wld, w42 -» w24, w43 -» w34, w23 -» wld}

Fitness matrix assuming no position effects
2= W = Wgeneric /. assumeNoPosEFT;
MatrixForm[W]

wlil wi2 wi3 wl4
wl2 w22 wid w24
wl3 wl4 w33 w34
wld w24 w34 wa4

Assume additive fitnesses

n13y= assumeAddFit := {wll->1+a+b,wl2-s1+a,w22-s1+a-b,

wli3-»>1+b,wld>1,w2451-b,w33s1-a+b,w34s1-a, wdd > 1-a-b}

4= Wadd = W /. assumeAddFit;

MatrixForm[Wadd]

l+a+b 1+a 1+b 1
l+a 1l+a-b 1 1-b
1+b 1 l-a+b 1-a
1 1-b l-a 1-a-b

Assume epistasis on top of additive fitnesses

5= assumeAddEpiFit := {(wll-s1l+a+b, wl2>1+a-y21,w22->1+a-b-y22, wl3->1+b,
wld » 1 -y11, w24 - 1-b-y¥12, w33 s1-a+b,w34>1-a, wdd > 1-a-b}

6= WaddEpi = W /. assumeAddEpiFit;
MatrixForm[WaddEpi]

l+ra+b 1l+a-y21 1+b 1-+vy11

lra-¥21 1+a-b-y22 1-v11 1-b-vyl12
1+b 1-vy11 l-a+b 1-a
1-v11 1-b-vy12 1-a l-a-b

Mean fitness of resident population

ni7p- wharRule := {wbar -» gHatB? w33 + 2 qHatB (1 - gHatB) w34 + (1 - gHatB)? w44}

Marginal fitnesses of the haplotypes A; B; and A; B,

ner= W1Rule = {wl -» wl3 gHatB + wl4 (1 - gHatB) };
w2Rule = {w2 » w24 (1 - gHatB) + wl4 gHatB} ;

Factorsin the dynamics

neo= A 2= (1 -m) (wl- (1-qHatB) r wl4) / wbar;

B := (1-m) rwl4 gHatB / wbar;
C:=(1-m) rwl4 (1-qgHatB) / wbar;
D:i= (1-m) (w2-qgHatBr wl4) / wbar;

= Frequency of B, at the marginal one-locus migration-selection equilibrium

Frequency of the B; allele at the marginal one-locus migration-selection equilibrium
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b-m+am

b+bm

4= gqHatBRule := gHatB -»

ines;= qHatBPolymContRule := gHatB » ———
2b (1+m)

(b—m+am+2bqu+\/—4b(—1+a+b)m(1+m) qC+ (b+ (-1+a) m+2bqu)2)

inezel= qHatBMonomorphCont = FullSimplify[gHatB /. qHatBRule /. assumeMonomorphCont,
Assumptions - Flatten[{genericAssumpt, b+amxm}]]

b-m+am
out[26]= ———————
b+bm
7= qHatBPolymorphCont = gHatB /. gHatBRule
b-m+am
oue7) ———
b+bm

ingl= qHatBMonomorphContRule := gHatB - gHatBMonomorphCont
For a derivation of these equilibrium frequencies, see the Mathematica Notebook ‘ 2L ocContlsland_Stoch_Discr.nb’.
» Mean matrix (expected numbers of offspring)
= Generic
The mean matrix of the offspring numbers
neop= L 2= {{A11, A12}, {A21, A22}}
MatrixForm[L]

()Lll A12
21 122)

where A;; is the expected number of j-type offspring produced per generation by asinglei-type parent.
m Additivefitnesses without epistasis
Givethe entries of L explicitly for additive fitnesses, as well as for additive fitnesses and epistasis.

inpo)= Alladd = a /. wlRule /. wbarRule /. qHatBRule /. assumeAddFit // FullSimplify;
2A12add = ¢ /. wbarRule /. qHatBRule /. assumeAddFit // FullSimplify;
A21add = B /. wbarRule /. gHatBRule /. assumeAddFit // FullSimplify;
2A22add = D /. w2Rule /. wbarRule /. gHatBRule /. assumeAddFit // FullSimplify;

2Alladd
2A12add
2A2l1add
2A22add

l+b+am mr

l-a+b b
mr

(b+ (-1+aymr
b (1-a+hb)

bZm+ (-1+a) mr +b (-1 -am+r)

(-1l+a-b)b
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= Additive fitnesses and polymor phic continent

4= AlladdPolymCont =
7 /. wlRule /. wbarRule /. gqHatBPolymContRule /. assumeAddFit // FullSimplify;
Al12addPolymCont = ¢ /. wbarRule /. gHatBPolymContRule /. assumeAddFit // FullSimplify;
A2laddPolymCont = B /. wbarRulle /. gHatBPolymContRule /. assumeAddFit // FullSimplify;
A22addPolymCont =
D /. w2Rule /. wbarRule /. gHatBPolymContRule /. assumeAddFit // FullSimplify;

AlladdPolymCont
2A12addPolymCont
A21addPolymCont
A22addPolymCont

—((—1+m) (b2 (1 +2mqC) +b\/-4b (-1+a+b)m(l+m gqC+ (b+ (-1+a) m+2bmqgC)? +

(-1+a) mr +\/—4b (-1+a+b)m(l+m gqC+ (b+ (-1+a) m+2bmqgC)? r +
b@2-r+m@d+a+2 (71+qC)r))))/

(2b(17a+bm “1:2qC) ++/-4b ( 1+a+b)m(1+m)qC+(b+(71+a)m+2bqu)2))

1
2b (-1+a+h)

(7b+m(71+a—2b -1+90)) \/4b 1+a+b>m(1+m)qC+(b+(71+a)m+2bqu)2)r

1
2b (l-a+b)

(bfm+am72bqu+J74b (-1+a+b)m@+m qC+ (b+ (-1+a) m+2bmqC)? )r

7((71+m) (bz (-1+2m(-1+9C)) +bJ—4b (-1+a+b)m@+m qC+ (b+ (-1+a) m+2bmqC)? -

(-1+a) mr 7¢74b (-1+a+b)ym(1+m gC+ (b+ (-1+a) m+2bmqgC)? r +

/

(Zb(l a+bm(-1+2qC) \/4b 1+a+b)m(1+m)qC+(b+(—1+a>m+2bqu)2))

b(@2-r +m(1+a—2qu)))

m Approximating the entries of the mean matrices
= Transformation rules
Assume small evolutionary forces of same order, inlcuding the coefficients of epistasis, but not the continental frequency of By, .

inzs;= assumeSmal lForces :=
MapThread[#l » #2 € &, {{a, b, r, m, y11, ¥12, ¥21, ¥22}, {a, B, p, 4, 911, g12, g21, g22}}]
backSubstSmallForces := MapThread[#1l - #2 /€ &,
{{a, B, 0, 1, 011, g12, g21, g22}, {a, b, r, m, y11, ¥12, ¥21, ¥22}}]

= Additivefitnesses
nuop= Clear [aAlladdAx, al2addAx, a2laddAx, a22addAx]

nu1= MapThread[
{#1l = Series[#2 /. assumeSmallForces, {e, 0, 1}] /. backSubstSmallForces // Normal} &,
{{A1laddAx, Al2addAx, a2laddAx, A22addAx}, {Alladd, Al2add, A2ladd, A22add}}];

{{A1laddAx, Al2addAx}, {x2laddAx, ax22addAx}} // MatrixForm

1ia.m mr
* b b
mr mr
r-— 1 - + —
b +a-b 5

= Additivefitnesses and polymor phic continent

= Clear[xlladdPolymContAx, al2addPolymContAx, a2laddPolymContAx, a22addPolymContAx]
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n43= MapThread [FullSimplify[{#l =
Series[#2 /. assumeSmallForces, {e, 0, 1}] /. backSubstSmallForces // Normal}] &,
{{A1lladdPolymContAx, axl12addPolymContAx, Ax21addPolymContAx, a22addPolymContAx},
{*x1laddPolymCont, al2addPolymCont, A2laddPolymCont, Ax22addPolymCont}}];

genericAssumpt
{0O<r, 0<a<b<1, a+b<1, 0<m<1}

FullSimplify[
{{AlladdPolymContAx, x12addPolymContAx}, {x2laddPolymContAx, ax22addPolymContAx}},
Assumptions - Flatten[genericAssumpt]] // MatrixForm

b2+[7m+ (b-m)2+4 b mqC ] r-b [7272 a+me+/ (b-m)2+4 b mqC +r] [b+m (b-m)2+4 b mqC ] r
2b 2b
[bfrm\/m) r b2+(7m+\/m) r+b [7272 a+me+/ (b-m)2+4 b mqC +r]
2b N 2b

Checking if we obtain the correct terms when setting g = O:

FullSimplify[
{{AlladdPolymContAx, x12addPolymContAx}, {x2laddPolymContAx, ax22addPolymContAx}} /.
qC -» 0, Assumptions -» Flatten[{genericAssumpt, m < b}]]1 // MatrixForm

leia.™ mr
* b b
r -0 1+afbfr+%

Additive fithess

= Mean matrix
Clear[u, v, vl, v2]

ngai= Ladd = {{alladd, al2add}, {x2ladd, x22add}}
LaddAx := {{AlladdAx, ax12addAx}, {x2laddAx, A22addAx}}

Rules for the assumptions we are going to make:
genericAssumpt
{0O<r, 0<a<b<1, a+b<1, 0<m<1}

The mean matrix with additive fitnesses

MatrixForm[Ladd]
l+b+am _omr mr.
1-a+b b b
(b+(-1+a) mr  b2m:(-1+a) mr+b (-1-amr)
b (1-a+b) (-1+a-b) b

The mean matrix with additive fitnesses under the assumption that all evolutionary forces are weak:
assumeSmal IForces

{a-ae, b->Be, r sep, Moep, y11 - glle, ¥12 > gl2e, ¥y21 - g2l e, ¥y22 - Qg22¢}

MatrixForm[LaddAx]
mr mr
l +a - T T

mr mr
r-- 1+a—b—r+T

Recall that the entry A;; of the mean matrix L denotes the expected number of j-type offspring produced per generation by asingle i-
type parent.



2LocContlsland_Stoch_Discr_SlightlySupercritBP.nb |7

= Exploration of eigenvalues
Eigenvalues[Ladd] // FullSimplify
1
{_ 2 (-1+a-b)

(2+b—l’ -m(-2a+b+r) +\/(1+m) (bz (1+m -2b (-1+myr +r (r +m(—4+4a+r))) ),
1
7(727b+r +m(-2a+b+r) +

2 (-1+a-hb)

J(Lem (b2 (Lem -2b (-1+mr+r (r+m(-4+4a+r))) )}

FullSimplify[Reduce[ (1 +m) (b2 (L+m) -2b (-1+m) r+r(r+m(-4+4a+r))) 20, m|,
Assumptions -» Flatten[{genericAssumpt, {a+b < 1}}]]
(b+r)?
(b-r)2+4 (-1+a)r =0 || m+ <0
(b-r)2+4 (-1+a)r
If the condition above is fulfilled, the first eigenvalue is larger than the second one. If the condition is not fulfilled, then the real parts of
the two eigenvalues are equal.

Therefore, the first is the dominant eigenvalue.
nuel= v = FullSimplify[Eigenvalues[Ladd] [1], Assumptions -» genericAssumpt]

1

2 (-1+a-b)
(2+b-r-m(-2a+b+r)++/((1+m (b2 (L+m) -2b (-1+mr+r (r+m(-4+4a+r)))))

Out[46]=

FullSimplify[(L+m) (b® (1+m) -2b (-1+m) r+r (r+m(-4+4a+r)))]
(L+m (b? (1+m -2b (-1+mr+r (r+m(-4+4a+r)))
For small evolutionary forces:

FullSimplify[Eigenvalues[LaddAx], Assumptions -» genericAssumpt]

1 1
{— (2+2a—b—r —\/b2+2br -4mr +r? ) — [2+2a—b—r +\/b2+2br —4mr +r2 )}
2 2

Fullsimplify[Reduce[b? +2br-4mr+r? > 0], Assumptions - genericAssumpt]

(b+r)?
ms<s ———
4r

Ifm< %, theradicand R = (b + r)? — 4mr is positive (or zero in the case of equality) and the two eigenvalues are real. Then, the
(b+r)?

second eigenvalue is the dominant eigenvalue. If m> o the radicand R is negative and we have

v(1>:%(2+2a—b—r—u'\/—R) and v® = %(2+2a—b—r+u‘\/—R). The real parts are the same. We take the second

eigenvalue as the dominant eigenvalue.

nu7= vAX = Eigenvalues[LaddAx] [2]

2b+2ab-b2-br+b/b2+2br —4mr +r2
2b

Out[47]=
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= |dentification of ¢

v

1

2(-1+a-b)

(2+b—r -m(-2a+b+r) +\/(1+m) (b2 (L+m -2b (-1+mr +r (r +m(—4+4a+r))) )

nuer= ERule = FullSimplify[Solve[v =1 + &, §], Assumptions » genericAssumpt]

5 1
P fles —————(b-2a (1+m +r +m(br) -
2 (-1+a-b)

V((L+m (b2 (L+m -2b (-L4mr +1 (r +m(74+4a+r)))))}}
Manipulate[Plot[&§AddFunc[mya, myb, mym, r], {r, 0, 0.5},

Frame -» True, FrameLabel -» {''Recombination rate r", "§"}],
{{mya, 0.2}, 0, 1}, {{myb, 0.4}, 0, 1}, {{mym, 0.2}, 0, 1}]

mya

cJ

myb

(.

mym

cJ

0.20
018}

016}

012}

010}

0.08

C L L L L L L 1 L L L L L L L L L |
0.0 0.1 0.2 0.3 0.4 0.5

Recombination rate r

What is¢ if al forces are weak?

in29y= assumeSmallForcesAdj = {a-»ael, b->Bel, r->elp,
m->elu, yl1 - gllel, w12 -gl2el, y21 - g2lel, y22 »g22€l};

nisor= backSubstSmal IForcesAdj =

a b r m y1l1l ¥1l2 ¥21 ¥22
{a-) —WB>—,p>—,u>»—,01ll»> —,0912> —, 92l » —, 922 » —}'
el el el el el el el el
Series[& /. ERule /. assumeSmallForcesAdj, {el, 0, 1}] /.
backSubstSmal IForcesAdj // Normal

{% (Za—b—r +\/b2+2br —4mr +r? )}
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Manipulate [Plot[§AddApproxFunc[mya, myb, mym, r],
{r, 0, 0.5}, Frame -» True, FrameLabel - {"'Recombination rate r', "§"}],
{{mya, 0.2}, 0, 1}, {{myb, 0.4}, 0, 1}, {{mym, 0.2}, 0, 1}]

mya
myb
mym
0.10 B
0.05 B
w L
0.00
_0'057\\\\\\\\\\\\\\\\\\\\\\\\\7
0.0 0.1 0.2 0.3 04 0.5
Recombination rate r
vAX

1
— [2+2a—b—r +Jb2+2br -4mr +rzj
2

Solve[vAx == 1 + &, £]

{{g»%[2a7b7r+\/b2+2br74mr+r2]}}

If we assume msmall in addition:

1
FullSimpIify[Series[— (2a—b—r+\/b2+2br—4mr+ r? ) {m, 0, 1}],
2
Assumptions - genericAssumpt] // Normal

mr

_b+r

a

If we assumer small in addition:

1
FullSimpIify[Series[— (2a—b—r+\/b2+2br—4mr+ r? ) {r, 0, 1}],
2

Assumptions - genericAssumpt] // Normal

m Eigenvectors and their normalisation
The right and left leading eigenvectors:

Thefirst oneisthe leading eigenvector (belonging to the dominant eigenvalue).
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ns1= vDeF = FullSimplify[Eigenvectors[Ladd] [1], Assumptions - genericAssumpt]

out[51] {(bz (1+m +2 (-1+a) mr +
b(r-mr++((1+m (b® (L+m -2b (-1+mr+r (r+m(-4+4a+r)))))) /(2
(b+ (-1+a)ymr), 1}
Recall: Theleft eigenvectors of amatrix A are obtained as the right eigenvectors of the transpose of A.
Eigensystem[Transpose[Ladd]] 7/ FullSimplify
1
{{77(2+b7r -m(-2a+b+r) +
2 (-1+a-h)
1

V(@+m (b? (1+m -2b (-1+mr+r (r+m(-4+4a+r))))), ———
2 (-1+a-b)

(727b+r +m(-2a+b+r) +\/(1+m) (b2 (L+m -2b (-1+mr+r (r+m(-4+4a+r))) )}
1
H_Z (-1+a-b) mr

(bz (L+m +2 (-1+a) mr +

b(r-mr++((1+m (b2 (L+m -2b (-1+mr+r (r+m(-4+d4a+r)))))), 1},

1
{2 (-1+a-b) mr
b/ ((L+m (b? (1+m -2b (-1+mr +r (r+m(-4+4a+r))))), 1}}}

(-b®m+ (2-2a+b)ymr -b (b+r) +

ns2;= uDef = FullSimplify[Eigenvectors[Transpose[Ladd]][1], Assumptions -» genericAssumpt]

out[52)= {—(bz (1+m +2 (-1+a) mr +
b(r-mr++((L+m (b? (1+m -2b (-1+mr+r (r+m(-4+4a-+r)))))) /(2
(-1+a-b)ymr), 1}

Get the normed eigenvectors.
ns2p= U = uDef / Total [uDef] // FullSimplify;

u // MatrixForm

b (1+m) - (1+m) r+\/ (1+m) (b2 (1+m) -2 b (=L1+m) r+r (r+m(-4+4a+r)))
2b (1+m)
2 (1-a+b) mr

b b+r+m(b+r)+\/ (1+m) (bz (L+m)-2b (-1+m) r+r (r+m(-4+4a+r))) )
nsar= K = FUllSimplify[Sum[u[i] vDef[i], {i, 1, 2}], Assumptions - genericAssumpt]
1

out[54]= ((b+r>2+m((bfr>2+4(71+a)r)+
(b+(—1+a)m)r
bJ 1+m) (L+m -2b (-1+mr+r (r+m(-4+4a+r))) -
rJ 1+m) (1+m) -2b (-1+mr +r (r+m(—4+4a+r))))

nss;= Vo= FuUllSimplify[Table[vDef[i] / k, {i, 1, 2}], Assumptions - genericAssumpt]

out[s5]= {(bz (1+m +2 (-1+a) mr +

b ( —mr+\/( (L+m (b? (L+m -2b (-1+mr+r (r+m(-4+4a+r))))))/((b+r)?+
m((b-r)2+4 (-1+a)yr)+b/((L+m (b (1+m -2b (-1+mr+r (r+m(-4+4a+r)))) -
r+/((L+m (b? (L+m -2b (-1+mr +r (r+m(-4+4a+r))))),
(2 (b+ (-1+aymr) /((b+r)?+m((b-r)2+4 (-1+a)r)+
b\/<(1+m)(2( m -2b (-1+mr+r (r+m(-4+4a+r)))) -
( 2

1+m -2b (-1+mr +r (r +m<74+4a+r)))))}
uDef.Ladd == uDef v // FullSimplify

True



2LocContlsland_Stoch_Discr_SlightlySupercritBP.nb |11

Ladd.vDef == vDef x v // FullSimplify
True
u.Ladd = u*v // FullSimplify
True
Ladd.v = v v // FullSimplify
True
The following is required according to T5.6_HJV 2005, and we check that it holds.
Total [u] // FullSimplify
1
Sum[u[i] vIil, {i, 1, 2}] // FullSimplify
1
= The limit matrix
The limit matrix (the evaluation immediately below takes some time, therefore we hard-code the definition below):

B = Sum{u[h] » Sum[v[j J Ladd[h, jT, {j, 1, 2}], {h, 1, 2}] +
v (v-1) sumluj 1 +Vv[i 1% {j, 1, 23] // FullSinplify;

2 2 2
B= Zuh Zvj Ay +v(v=1) ZU]‘ v )
j=1

h=1 j=1

where Ay, isthe entry in the hth row and jth column of the mean matrix L, uy (v) is the kth entry of the left (right) eigenvector corre-
sponding to the leading eigenvalue v of L. Note the difference between v (greek letter nu for the leading eigenvalue) and v (italic shape
of latin letter v for the indexed entry of the right eigenvector v belonging to the leading eigenvalue v).

nse= B==[2 m (b+(-1+a) m) r? [-2-b+r+m (-2 a+b+r)—\/(1+m) (b? (1+m)-2 b (-1+4m) r+r (rem (-4+

Check if the limit of B(e) for small forces (scaling all parameters by e and letting e — 0) is positive (as is required according to
T5.6_HJV2005):

nis7= BLEM 2= Limit[B /. assumeSmallForces, € » 0] // FullSimplify
BLim /. backSubstSmallForces /. {e » 1} // FullSimplify
1

Itiseven equal to 1 (and this could in principle be seen already before re-scaling and setting € = 0).
2\

1
2 (-1l+a-b)

2+b-r-m(-2a+b+r) +J(1+m) (b2 (L+m -2b (-1+m)r +r (r +m(74+4a+r))) )
Letting Q;, be the extinction probability if the population starts with type h, T5.6_HJV 2005 states that, as & - 0, Q, = Qn(&) — 1, and

209 -1
(&) =1 = Qn(é) = ———— (&) + 0(§). @)
B

Further, Haccou et al. (2005) state that, provided B(e) — B(0) and also the eigenvector v(e) - v (0) ase — 0, one can conclude that

26 -1
1-Qné) = ———W(0) +0(&). ®
B(0)

Note that in the manuscript and, sometimes, in other Mathematica Notebooks, we use s instead of Q;.
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= Application
= Analytical expressionswithout further approximation
The equilibrium frequency of allele B, (see Mathematica Notebook 2L ocContlsland_Stoch_Discr.nb for a derivation):
gHatBRule
b-m+am

b+bm

qHat B —»

In[58]

2 (v-1)

7l v[l] // Simplify;

2 (v-1)
72 = TV[[Z]];

7Av = gHatB % 7l + (1 - qHatB) » 72 /. qHatBRule;

m Algebraic rearrangements

ne1:= RORule :

RO->\/(1+m) (b (L+m) -2b (-1+m) r+r(r+m(-4+4a+r)))

ax(b-a+r)

2= MCrith :
(a-b)yx(@a-r)+rx (1-a)

FullSimplify[Reduce|[ (1 +m) (b2 (L+m) -2b (-1+m) r+r(r+m(-4+4a+r))) 20],
Assumptions -» Flatten[ {genericAssumpt, m < mCritS}]]

True

We see that Ry is non-negative whenever invasion is possible (m < mg;; 5).

FullSimpIify[nl /. \/(1+m) (b (L+m) -2b (-1+m) r+r (r+m(-4+4a+r))) -RO,

Assumptions -» Flatten[ {genericAssumpt, O < RO}]]
-(8b ((1+m (-2a+b+r)-RO) ((b+r)2+m((b-r)?2+4 (-1+a)r)+bRO-r RO)

(b? (1+m +2 (-1+a) mr +b (r —mr +R0)))/ [(—1+a—b)

[1/ (b+r +m(b+r)+R0) 16m(b+ (-1+a)mr2 (-2-b+r +m(-2a+b+r) - R0)

((b+r)?2+m((b-r)>+4 (-1+a)r) +bRO-rRO) -1/ (1+m 4 ((1+m (b-r) +R0)

2m (b -1+a mrz
<(b+r)2+m<(br)2*4(1+a)r)+bR0rR0)[ ( +(b+ ALLE
l+b+am mr
[ﬁ—T (b2 (1+m)+2(—1+a)mr+b<r—mr+R0))J+
-a+

1/(1-a+b)? ((1+m (-2a+b+r)-R0) (2+b-r-m(-2a+b+r) +R0)
{ 16 (-1+a-b)m(b+ (-1+a) m?2r?3 1

+

b+r+m(+r)+R0 1+m

((L+m (b-r)+RO) (b2 (1+m +2 (-1+a) mr +b (r -mr +R0))2]J]
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FullSimpIify[;rZ /- \/(1+m) (b (L+m) -2b (-1+m) r+r (r+m(-4+4a+r))) -RO,

Assumptions -» Flatten[ {genericAssumpt, O < RO}]]
-(16b (b+ (-1+a) mr ((L+m (-2a+b+r) -RO)

((b+r)2+m((b-r)2+4 (-1+a)r)+bRO-r Ro))/ {(1+ab)

[1/ (b+r +m(b+r)+R0) 16m(b+ (-1+a)mr?2 (-2-b+r +m(-2a+b+r) -R0)

((b+r)?+m((b-r)?+4 (-1+a)r) +bRO-rRO) -1/ (1+m 4 ((1+m (b-r) +R0)

) B . i 2mb+ (-1+a) m r?
((b+r) +m((b ry?+4 (-1+a)r)+bRO-r RO) A o
l+b+am mr
Toah b (b (1+m)+2(1+a)mr+b(rmr+R0))J+
1-a+

1/(1-a+b)? ((1+m (-2a+b+r)-R0) (2+b-r-m(-2a+b+r) +R0)
{ 16 (-1+a-b)ym(b+ (-1+a) m?2r3 1

4

b+r+mMb+r)+R0 1+m

((L+m (b-r)+RO) (b® (1+m +2 (-1+a) mr +b (r -mr +RO))2]J]

FullSimpIify[;rAv/.\/(1+m) (b? (1+m) -2b (-1+m) r+r (r+m(-4+4a+r))) -RO,

Assumptions -» Flatten[ {genericAssumpt, O < RO}]]

—<8b b+ (-1+a)ym ((1+m (-2a+b+r)-R0) ((1+m (b+r) +R0)
((b+r)2+m((b—r)2+4(—1+a)r)+bR0—rR0))/[(—1+a—b) (1 +m)

1

[b+r+m(b+r)+R0
((b+r)2+m((b-r)2+4 (-1+a)r)+bRO-rRO) -1/ (1+m 4 ((1+m (b-r)+R0)

16mb+ (-1+a) mr?(-2-b+r +m(-2a+b+r) - RO)

) ) 2m(b+ (-1 +a) m)r?
((b+r) +m((b—r) +4(—1+a)|’)+bR0—I’RO) T

b
l+b+am mr
[77— (b? (1+m +2 (-1+a) mr +b (r -mr +R0))J+
l1-a+b b
1/(1-a+b)? ((1+m (-2a+b+r)-R0) (2+b-r-m(-2a+b+r) +R0)

{ 16 (-1+a-b)m(b+ (-1+a) m?2r3 1

o

b+r+m@b+r)+R0 1+m

((L+m (b-r) +RO) (b2 (1+m +2 (-1+a) mr +b (r -mr +R0))2]J]

Testing the implementation of the plotting functions:
7l - mlFunc[a, b, m, r] // Simplify
0
72 - n2Func[a, b, m, r] // Simplify
0
7Av - rAvFunc[a, b, m, r] // Simplify
0
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= Assumeweak evolutionary forces (up tofirst order of €)

Inspection of 71, 7, and s, shows that these are big terms. Therefore we are going to approximate them by assuming weak evolution-
ary forces (the continental frequency ¢ of B;can be arbitrary, however)..

7l

((b+bm-2a (L+m +r+mr —+/((1+m (b2 (L+m -2b (-1+mr+r (r+m(-4+4a+r)))))
(b2 (L+m +2 (-1+a) mr +

b(r-mr++((L+m (b? (L+m -2b (-1+mr +r (r+m(—4+4a+r)))))))/
[(-1+a—b) ((b+r)2+m((b-r)?+4 (-1+a)r) +

b/ ((L+m (b® (L+m -2b (-1+mr+r (r+m(-4+4a+r)))) -
ro/((L+m (b? (L+m -2b (-1+mr +r (r+m(-4+4a+r)))))

[—(2m(b+(—1+a) mr2(-2-b+r+m(-2a+b+r) -

V{(@em (b (Lem -2b (-1emrar (rem(-4+da+r))))))/
(b (bsremer)++/((1+m (b2 (1+m -2b (-1+mr+r (rem(-4+4a+r)))])
((ber)?+m((b-r)244 (-1ea)r)+
b/((L+m (b* (L+m -2b (-1+mr +r (r+m(-4+4a+r)))) -
r/((Lem (b2 (L+m -2b (-1+mr«r (r+m(-4+4a+r)))))) +

[(b (L+m - (L+mr++/((1+m (b (L+m -2b (-1+mr+r (r+m(-4+4a+r)))))

+ - — | (P? (1+m +2 (-1+a) mr +

{2m(b+(l+a)m)r2 l+b+am mr
b l-a+b b

b(r-mr++/((1+m (b® (L+m -2b (-1+mr +r (r +m(4+4a+r))))))]}/

(2b(1+m)((b+r)2+m((b—r)2+4(—1+a>r)+
b/ ((L+m (b? (1+m -2b (-1+mr +r (r+m(-4+4a+r)))) -
r/((L+m (b? (1+m -2b (-1+mr +r (r+m(-4+4a+r))))))-((b-2a (1+m +
remb+r) -/ ((L+m (b? (L+m -2b (-1+mr+r (r+m(-4+4a+r))))) (2+b-
r-m(-2a+b+r)++/((L+m (b? (1+m -2b (-1+mr+r (r+m(-4+4a+r)))))
(-(16 (-1+a-b)ym(b+ (-1+a) m>2r3)/
(b+r+m(b+r)+\/(1+m ( (L+m) -2 1+m)r+r(r+m(—4+4a+r)))))+
1/(Q+m (b (L+m - (Lemr ++/((1+m ( 1+m) 2b (-1+mr +
rr+m(-4+4a+r))))) (b*> (L+m +2 (-1+a)mr +b (r -mr +
J((@em (b2 (Lem -2b (-1+mrsr (rem(-4+da«r))))))?))/
(8b(1—a+b)2((b+r)2+m((b—r)2+4(—1+a r)+b\/( 1+m)
(b (L+m -2b (-1+mr+r (r+m(-4+4a+r)))) -

r+/((L+m (b? (1+m -2b (-1+mr +r (r +m(4+4a+r)))))2>]]

terml = Series[nl /. assumeSmallForces, {e, 0, 1}] // Normal

e 20(—/3—0+\//32+250—4/x0+02)

(B+D+J/32+2/30—4u0+02) (/32+/30—2u0+5\//32+2/30—4u0+02 ))/

(2 (/33+2/320—4Bup+/302+/32JBZ+250—4M;+02 N

Bo~JB2+2B0-4up+p? —2upBEi2Bp-4up+p? ))

The following results are approximations, based on the assumption that the branching process is dlightly supercritical, i.e. the leading
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eigenvalue of the mean matrix is of the form 1 + e with small and positive. Moreover, to simplify the expressions, it was assumed that
evolutionary forces are weak (the continental frequency q. of Bycan be arbitrary, however).
Approximation to the invasion probability of A; conditional on occurrence on the beneficial background B, .

nlApprox4 = FullSimplify[terml /. backSubstSmallForces,
Assumptions - Flatten[{genericAssumpt, € > 0}]]

-2mr +a b+r+\/b2+2br74mr+r2]

\/b2+2br w1 (=4m+r)

term2 = Series[n2 /. assumeSmallForces, {e, O, 1}] // Normal

e (B-u)p (—2a+/3+p—\//32+2/30—4u0+02) (B+p+\//32+2/30—4u0+02 ))/

/33+2/32074/3up+/302+/32\//32+250—4uo+02 +

BoNB2+2Bp-4up+0? ~2up~B2+2B0-4up+p? )
Approximation to the invasion probability of A; conditional on occurrence on the deleterious background B,.

n2Approx4 = FullSimplify[term2 /. backSubstSmallForces,
Assumptions -» Flatten[{genericAssumpt, € > 0}]]

+a(fb+r +\/b2+2br —4mr +r2 )j/

rfx/b2+2br —4mr +r2

[bzfzmr +b

(\/b2+2br+r (-4m+r) ]

Approximation to the weighted average invasion probability of A;.
nAVApprox4 = FullSimplify[gHatB » n1Approx4 + (1 - qHatB) * n2Approx4 /. qHatBRule,

Assumptions -» Flatten[{genericAssumpt}]]

1

<1+m)\/b2+2br +r (=4dm+r)
(2a2m+m(b27r -2mr 7\/b2+2br -4mr +r?2 +b (l+r7\/b2+2br74mr +r2)

a5

a[b—me+r +\/b2+2br ~4mr +r? +2m[—1+vb2+2br -4mr +r? ]])

We simplify the above result:

simplxAvApprox4Temp =
(2a?m+m (b>-r-2mr-H+b (l+r-H))+a(b-2bm+r+H+2m (-1+H))) / ((L+m) H) //

FullSimplify

1

———(2a’m+ (1+b) (b-H)y m+ (-1+b-2m mr +a (b+H-2m-2bm+2Hm=+r))
H(1+m)

simplxAvApprox4Templ =
———— (a(b+r+H)-2m’r+m(2a®-2a (1+b-H) + (1+b) (b-H) -r (1-b)))
(1+m)H
1

————(-2nfr+a (b+H+r)+m(2a”+ (1+b) (b-H) -2a (1+b-H) - (1-b)r))
H(1+m)

simplxAvApprox4Templ - simplxAvApprox4Temp // FullSimplify

0

= HRule :=H->\/b2+2br+r(—4m+r)

In[63
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simplrAvApprox4Templ - nAvApprox4 /. HRule // Simplify
0
= Assumeweak evolutionary forces (up to second order of €)
terml2 = Series[xl /. assumeSmallForces, {e, 0, 2}] // Normal;

nlApprox5Raw = FullSimplify[terml2 /. backSubstSmallForces,
Assumptions -» Flatten[{genericAssumpt, € > 0}]]

1

(b2+2br +r (—4m+r))3/2

[mr [4rr?rf(b+r)2(2+2b+r)+mr (8+3b+5r)+2b2\/b2+2br+r (-4m+r) +3br

\/b2+2br+r (-4m+r) -7mr \/b2+2br+r (-4m+r) +r2\/b2+2br+r (-4m+r) ]7

a? [b3—(3m—r>r [r+vb2+2br—4mr+r2)+b2 (3r+\/b2+2br—4mr+r2]+

|+

a[fb“+b3 [l+m73r 7\/b2+2br —-4mr +r2 ) + b? [73r2+ (1+m \/b2+2br —4mr +r? 4

br (7m+3r+2\/b2+2br74mr+r2

r (3+17m—2\/b2+2br—4mr+r2)]—br [6mz—2\/b2+2br—4mr+r2 +

|+

m[4723r 76\/b2+2br —4mr +r2 ) +r [73+r +Jb2+2br —4mr +r?

r [r [r+\/b2+2br74mr+r2jfzm’-[15r+2\/b2+2br74mr+r2]+

m[—4Jb2+2br —4mr +r? 4r [—4+7r +3\/b2+2br —4mr +r? ))j)]

HRule

H%\/b2+2bl’ +r (-4m+r)

1/ (b?+2br+r (-4m+1r))*? -

0

H-3 /. HRule // Simplify

Fullsimplify[Reduce[b?+2br+r (-4m+r) 2 0],
Assumptions -» Flatten[{genericAssumpt, m < mCrit5}]]

(b+r)?
m<s ——
4r

Theradicand of H can be negative or positive.

7lApprox5 =

FullSimpIify[nlApproxSRaW /. {\/b2+2br+r (-4m+r) >H, \/b2+2br—4mr+r2 > H,
1/ (b*+2br+r (-4m+ r))3/2 - H‘3}, Assumptions - Flatten[{genericAssumpt}]]

1

E (—ab2 (b+H) (-1+a+b-m - (ab (-1l+a+b) (3b+2H) -

(-2b® (1+b-H) +a® (b+3H) +a (-4H+b (-4+17b+6H))) m+2a (3b+2H) n?)r +
(-a(-1+a+b) (3b+H)+ (3a%+b (-4-5b+3H)+a (-4+23b+3H)) m+
(8-30a+3b-7Hnf+4n?)r?+ (-a(-1+a+b)+ (-2+7a-4b+H m+5nf)r®-mr?)
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Collect[n1Approx5, r]

ab?2 (b+H) (-1+a+b-m 1

.
H H
(-ab (-1+a+b) (83b+2H) + (-2b? (1+b-H) +a® (b+3H) +a (-4H+b (-4+17b+6H))) m-

1
2a (3b+2H) nf)r +§(—a(—1+a+b) (3b+H) +

(3a®+b (-4-5b+3H) +a (-4+23b+3H))m+ (8-30a+3b-7H) nf+4n?)r?+
(—a(—1+a+b)+(—2+7a—4b+H>m+5m?)r3 mr 4

H He
with H defined as follows:
HRule

He\/b2+2br +r (-4m+r)
Collect[nx1Approx5, m]
4mPr2 nf (-2a(3b+2H)r+ (8-30a+3b-7H)r2+5r3)

+ +

He He

1
E(ab2 (b+H) -a?b? (b+H) -ab® (b+H) -

ab(-1+a+b) 3b+2H)r -a(-1+a+b) 3b+H)r?-a(-1+a+b) r3) +
1
Em(ab2 (b+H) + (-2b? (1+b-H) +a® (b+3H) +a (-4H+b (-4+17b+6H)))r +
(32 +b (-4-5b+3H) +a (-4+23b+3H))r?+ (-2+7a-4b+Hr3-r*

b2 (b+H) T2 ab? (b+H)m
H3 * H3

termla =

1
+—(bT2 (3b+2H) +
H3

1
(-2b* (1+b-H) +a® (b+3H) +a (-4H+b (-4+17b+6H))) m-2a (3b+2H) m?) r+—
H
(T2 (3b+H) + (3a2+b(—4—5b+3H) +a(—4+23b+3H))m+ (8-30a+3b-7H) m2+4m3) r’+

(T2+(—2+7a—4b+H)m+5m2) r3 mrt

H3 H3
ab2 (b+Hm mr* b2 (b+H T2 r®((-2+7a-4b+H m«5nf+T2) 1
_—— - —— + + + —
H H H? H H
r2((3a®+b (-4-5b+3H) +a (-4+23b+3H))m+ (8-30a+3b-7H nf+4n’+ (3b+H) T2) +

1
o ((-2b? (1+b-H) +a® (b+3H) +a (-4H+b (-4+17b+6H))) m-

2a (3b+2H) nf+b (3b+2H) T2)
nea= T2Rulle z=T2»>a (1-a-b)
Collect[FullSimplify[termla], r]

mr* r3(7am-4bm+m(-2+H+5m +T2) 1
+ + —

H H
r’(3a®m-4bm+23abm-5b’m+3bHm+a (-4+3H-30m m+

+

1
3bnf +nf (8—7H+4m)+3bT2+HT2)+E

r(-4abm+a’bm-2b*m+17ab?m-2b>m+3a®*Hm+6abHm+2b?Hm-6abnf -
ab®m+ab?Hm+b3T2+b2HT2

4aHmM(1+m +3b2T2+2bHT2) + =

17
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% - nlApprox5 /. T2Rule /. HRule // FullSimplify
0

Collect[FullSimplify[termla], m]

4mPr2 nf (-6abr-4aHr +8r?2-30ar?+3br2-7Hr2+5r3)
+ +

He He

1
Em(ab3—4abr -2b%r -4aHr +6abHr +b? (-2+2H-5r)r -

4ar?2-4br?+23abr?+3aHr?2+3bHr2-2r%+7ard-4brd+
(b+r)2 (b+H+r) T2
H

term22 = Series[n2 /. assumeSmallForces, {e, 0, 2}] // Normal;

Hré®-r*+ab? (H+17r) +a%r (b+3 (Her))) +

Approximation to the invasion probability of A; conditional on occurrence on the deleterious background B,.

w2Approx5Raw = FullSimplify[term22 /. backSubstSmal lForces,
Assumptions -» Flatten[{genericAssumpt, € > 0}]]

1

(b2 +2br +r (74m+r))3/2

[b5+b4 [1+m+4r —\/b2+2br —4mr +r? ) +b%r [—sz—sz2+2br —4mr +r? .

r

3+4r 73\/b2+2br —4mr +r2)+3m(7275r +\/b2+2br —4mr +r2 )j +

mr 2 (4n?+m[8+5r 77\/b2+2br ~-4mr +r2)+r

—2-r +\/b2+2br —4mr +r2 )] -

a2 [—b3+b2\/b2+2br —4mr +r? -

3m-r)r r+\/b2+2br74mr +r?

+br (m+2r +\/b2+2br —4mr +r? )j -

|+

br [—r (L+r1) [—r+\/b2+2br—4mr+r2]+m2(11r+4\/b2+2br—4mr+r2)+

b3 [76r2+ (L+m \/b2+2br —4mr +r2 4y (73+4m+3\/b2+2br —4mr +r2

m[4\/b2+2br74mr +r2 4

78711r+8\/b2+2br74mr+r2)])Jr

a[fzb‘ﬂb3 [717m76r +2\/b2+2br —4mr +r2 ) +

br (6n?+r—2r2+2\/b2+2br—4mr+r2 +m[4+25r—4\/b2+2br—4mr+r2])+

|+

b2 {—6r2+ (1+m \/b2+2br —Amr +r? 4y (71+9m+2Jb2+2br —4mr +r2

r [r [r+\/b2+2br74mr+r2]72m’-[15r+2\/b2+2br74mr+r2]+

m[—4Jb2+2br —4mr +r? 4r [—4+7r +3\/b2+2br —4mr +r? ))J)]
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72Approx5s =

FullSimpIify[;rZApprostaw /. {\/b2+2br+r (-4m+r) ->H, \/b2+2br—4mr+r2 >H,

1/ (b*+2br+r (-4m+r) )3/2 - H‘3}, Assumptions - Flatten[{genericAssumpt}]]

((@a-b)b® (b-H) (-1+a-b-m - (a® (-3HmM+b (H+m)) +

L=

b (-4b%-4Hm(L+m +b* (-3+3H+4m +b (H(2-3m +6m(1+m)) +
a(6b®+b? (1-2H-9m +4HmM(1+m -2b (H-2HmM+m2+3m))))r +
(6b%-a% 2b+H-3m +nf (8-7H+4m -3b> (-1+H+5m) +
a(b-6b*+H+ (-4+25b+3H m-30nf) +b (-H+8 (-1+H) m+11nf))r?+
(a-a’+b-2ab+4b?>-bH+ (-2+7a-11b+H m+5n?) r3+ (b-m r?)
Collect[n2Approx5, r]

(a-b)yb?2 (b-H) (-1l+a-b-m 1

+

= = (-a® (-3Hm+b (H+m)) -

b(-4b%-4Hm@™+m +b? (-3+3H+4m +b (H(2-3m +6m(l+m)) -

a(6b®+b? (1-2H-9m +4HmM(L+m -2b (H-2HM+m2+3m))))r +
1

= (6b%-a* (2b+H-3m +nf (8-7H+4m -3b? (-1+H+5m) +
a(b-6b>+H+ (-4+25b+3H) m-30nf) +b (-H+8 (-1+H) m+11nf))r?+
(a—a2+b—2ab+4b2—bH+ (-2+7a-11b +H) m+5n?>r3
N
H3

(b-mr*
He
with H defined as follows:

HRule

H- \/b2+2br +r (-4m+r)
Approximation to the weighted average invasion probability of A;.
7AVApprox5 = Ful ISimplify[gHatB * 71Approx5 + (1 - gHatB) % nx2Approx5 /. gHatBRule,
Assumptions -» Flatten[{genericAssumpt}]]
1
————— ((1-a+b)ym((a-b)b? (b-H) (-1+a-b-m - (a® (-3HmM+b (H+m)) +
bH (1+m)

b (-4b%-4Hm @™ +m +b* (-3+3H+4m +b (H(2-3m +6m(1+m)) +

a(6b%+b? (1-2H-9m +4HmM(1+m -2b (H-2HmM+m2+3m))))r +
(6b%-a%* (2b+H-3m +nf (8-7H+4m -3b* (-1+H+5m) +

a(b-6b”+H+ (-4+25b+3H) m-30nf) +b (-H+8 (-1+H) m+11nf))r?+
(a-a’+b-2ab+4b*>-bH+ (-2+7a-11b+H m+5nf)r3+ (b-mr?) -

(b+ (-1+a)m (ab2 (b+H) (-1+a+b-m + (ab (-1l+a+b) (3b+2H) -

(-2b® (1+b-H) +a® (b+3H) +a (-4H+b (-4+17b+6H))) m+2a (3b+2H) n?)r +

(a(-1+a+b) B3b+H) +(-3a°+a (4-28b-3H) +b (4+5b-3H)) m+

(-8+30a-3b+7Hnf-4n?)r?+ (a®+a (-1+b-7m + (2+4b-H-5mm r®+mr?))
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Collect[nAvApprox5, r]

1

bH (1+m)

((a-b)yb? (1-a+b) (b-H) (-1+a-b-m m+ab® (b+H) (-1+a+b-m (-b-(-1+a)m) +
1

—— ((-b-(-1+a)m (ab (-1+a+b) (3b+2H) -

bH (1+m)

(-2b?> (1+b-H) +a® (b+3H) +a (-4H+b (-4+17b+6H))) m+2a (3b+2H) nt) +
(-1+a-b) m(az (-3Hm+b (H+m)) +
b(-4b>-4Hm(1+m +b? (-3+3H+4m +b (H(2-3m +6m(l+m)) +
a(6b®+b? (1-2H-9m +4HmM(1+m -2b (H-2HmM+m2+3m))))r +
1
bH (1+m)
(-3a®+a (4-23b-3H) +b (4+5b-3H))m+ (-8+30a-3b+7H)nf-4n) +
(1-a+b)m(6b®-a® (2b+H-3m) +nf (8-7H+4m -3b? (-1+H+5m) +
a(b-6b*+H+ (-4+25b+3H m-30nf) +b (-H+8 (-1+H) m+11n?)))r?+

((-b-(-1+a)m (a(-1+a+b) (3b+H) +

1
———((-b-(-1+a)m (a®+a (-1+b-7m + (2+4b-H-5m m) +
bH (1+m)

(l-a+bym(a-a®+b-2ab+4b*>-bH+ (-2+7a-11b+H m+5nf))r3+
((1-a+b) (b-m m+m(-b-(-1+a)m)r*

bH (1+m)

with H defined as follows:

HRule

H- \/b2+2br +7 (-4m+r)
= Plots
= |nvasion probability asa function of recombination rater

n113)= myal = 0.02;
mybl = 0.04;
myml = 0.022;
myy1111 = O;
myy1211 = O;
myy2111 = O;
myy2211 = 0;
myqCl = O;
parCombl = {a » myal, b -» mybl, m-»> myml, y111 -» myy1111,
¥121 » myy1211, %211 - myy2111, ¥221 -» myy2211, qC -» myqC1}

oufiz1)= {a > 0.02, b - 0.04, m- 0.022, y111 - 0, y121 - 0, y211 - 0, ¥221 -0, qC- 0}

Comparing to the numerical solution for fixed values of a, bandm:
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Plot[ {probEstablAMApproxPolymContFunc[r, myml, myal, mybl, myy1111,
myy1211, myy2111, myy2211, myqC1l] [2], probEstablAMApproxPolymContFunc|
r, myml, myal, mybl, myy1111, myy1211, myy2111, myy2211, myqC1][31,
probEstablAMApproxPolymContFunc[r, myml, myal, mybl, myy1111, myy1211,
myy2111, myy2211, myqCl1l] 4], n1Func[a, b, m, r] /. parCombl,
n2Func[a, b, m, r] /. parCombl, nrAvFunc[a, b, m, r] /. parCombl,
nlApprox4Funcfa, b, m, r] /. parCombl, n2Approx4Funcfa, b, m, r] /. parComb1l,
nwAvApprox4Funcla, b, m, r] /. parCombl}, {r, O, 0.5},
PlotRange -» {{0, rCritFunc[myml, myal, myb1]}, {0, 2.5+ myal}}, PlotStyle »
{{RGBColor[0, 0.3, 1, 0.51}, {Red}, {Black}, {RGBColor[0O, 0.3, 1, 0.5], DotDashed},
{Red, DotDashed}, {Black, DotDashed}, {RGBColor[0O, 0.3, 1, 0.5], Thick, Dashed},
{Red, Thick, Dashed}, {Black, Thick, Dashed}},
LabelStyle » {Directive[FontSize -» 14], FontFamily - "Helvetica"},
AxeslLabel » {"'Recombination rate r", "Invasion probability"},
Frame - True, FrameStyle -» {{Black, Opacity[0]}, {Black, Opacity[0]}},
FrameLabel - {"'Recombination rate r', "Invasion probability"}]
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Figure 1: The invasion probability as a function of the recombination rate r for a monomorphic continent (g, = 0) and additive fitness effects. Invasion probabilities
are shown for A; occuring on the beneficial background B; (blue), on the deleterious background B, (red) and as a weighted average across backgrounds (black),

where the weights are determinded by the frequency E]B of B; at the marginal one-locus migration-selection equilibrium. Analytical approximations assuming a

slightly-supercritical branching process (thin dot-dashed lines) and, in addition, weak evolutionary forces (up to first order of ¢; thick dashed lines) are compared to
the exact numerical branching-process solution (thin solid lines). Parameter values are a=0.02, b=0.04, m=0.022.

Comparing to the numerical solution for various values of a, band m:
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nz2z;= Manipulate[
Plot[{probEstablAMApproxPolymContFunc|

r,m,a,b, myy1111, myy1211, myy2111, myy2211, myqC1l][2],

probEstablAMApproxPolymContFunc[r, m, a, b, myy1111, myy1211, myy2111, myy2211,
myqC1] [3], probEstablAMApproxPolymContFunc[r, m, a, b, myy1111,
myy1211, myy2111, myy2211, myqC1][4], n1lFunc[a, b, m, r],

n2Funcla, b, m, r], nAvFunc[a, b, m, r], nlApprox4Funcla, b, m, r],

n2Approx4Funcla, b, m, r], mAvApprox4Funcla, b, m, r1}, {r, 0, 0.5},

PlotRange -» {{0, rCritFunc[m, a, b]}, {0, 2.5xa}}, PlotStyle -»

{{RGBColor[0, 0.3, 1, 0.5]}, {Red}, {Black}, {RGBColor[O, 0.3, 1, 0.5], DotDashed},
{Red, DotDashed}, {Black, DotDashed}, {RGBColor[0O, 0.3, 1, 0.5], Thick, Dashed},
{Red, Thick, Dashed}, {Black, Thick, Dashed}},

LabelStyle » {Directive[FontSize -» 14], FontFamily - "Helvetica"},
AxesLabel » {""Recombination rate r', "Invasion probability"},

Frame -» True, FrameStyle » {{Black, Opacity[0]}, {Black, Opacity[0]}},
FrameLabel - {""Recombination rate r", "Invasion probability'}],

{{a, 0.03}, 0, 0.08}, {{b, 0.04}, 0, 0.08}, {{m, 0.032}, 0, 0.1}]
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Figure: The invasion probability as a function of the recombination rate r for a monomorphic continent (g, =0) and additive fitness effects. Invasion probabilities are
shown for A; occuring on the beneficial background B, (blue), on the deleterious background B, (red) and as a weighted average across backgrounds (black),
where the weights are determinded by the frequency dB of B, at the marginal one-locus migration-selection equilibrium. Analytical approximations assuming a
slightly-supercritical branching process (thin dot-dashed lines) and, in addition, weak evolutionary forces (up to first order of ¢; thick dashed lines) are compared to
the exact numerical branching-process solution (thin solid lines). Parameter values for a, b and m can be chosen arbitrarily from a range of values.

We note that the approximation up to first order of € (thick dashed lines in the two previous plots) is good for the weighted average
invasion probability (black) when r is small. For intermediate r, the approximation becomes rather poor and underestimates the
invasion probability. For r growing further, though, the approximation becomes better again.

In the following, we use an approximation up to second order of e instead and we observe that the error becomes smaller for larger.
This comes at the cost of a dlightly larger error for small r, however. As expected, this approximation is now much closer to the
analytical expressions obtained assuming a slightly supercritical branching process without further restrictions on the strength of
evolutionary forces (the thick dotted lines are amost identical to the thin dot-dashed lines in the figure below).
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3= Manipulate[
Plot[{probEstablAMApproxPolymContFunc|

r,m,a,b, myy1111, myy1211, myy2111, myy2211, myqC1l][2],

probEstablAMApproxPolymContFunc[r, m, a, b, myy1111, myy1211, myy2111, myy2211,
myqC1] [3], probEstablAMApproxPolymContFunc[r, m, a, b, myy1111,
myy1211, myy2111, myy2211, myqC1][4], n1lFunc[a, b, m, r],

n2Funcla, b, m, r], mAvFunc[a, b, m, r], nlApprox5Funcla, b, m, r],

n2Approx5Funcfa, b, m, r], mAvApprox5Funcla, b, m, r1}, {r, 0, 0.5},

PlotRange -» {{0, rCritFunc[m, a, b]}, {0, 2.5xa}}, PlotStyle -»

{{RGBColor[0, 0.3, 1, 0.5]}, {Red}, {Black}, {RGBColor[O, 0.3, 1, 0.5], DotDashed},
{Red, DotDashed}, {Black, DotDashed}, {RGBColor[O, 0.3, 1, 0.5], Thick, Dotted},
{Red, Thick, Dotted}, {Black, Thick, Dotted}},

LabelStyle » {Directive[FontSize -» 14], FontFamily - "Helvetica"},
AxesLabel » {""Recombination rate r', "Invasion probability"},

Frame -» True, FrameStyle » {{Black, Opacity[0]}, {Black, Opacity[0]}},
FrameLabel - {""Recombination rate r", "Invasion probability'}],

{{a, 0.03}, 0, 0.08}, {{b, 0.04}, 0, 0.08}, {{m, 0.032}, 0, 0.1}]

()
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Figure: The invasion probability as a function of the recombination rate r for a monomorphic continent (g, =0) and additive fitness effects. Invasion probabilities are
shown for A; occuring on the beneficial background B, (blue), on the deleterious background B, (red) and as a weighted average across backgrounds (black),
where the weights are determinded by the frequency dB of B, at the marginal one-locus migration-selection equilibrium. Analytical approximations assuming a
slightly-supercritical branching process (thin dot-dashed lines) and, in addition, weak evolutionary forces (up to second order of ¢; thick dotted lines) are compared to
the exact numerical branching-process solution (thin solid lines). Parameter values for a, b and m can be chosen arbitrarily from a range of values.

= |nvasion probability asafunction of migration ratem

4= myrl = 0.02;
parCombla = {a-»> myal, b » mybl, r - myrl, y111 » myy1111,
¥121 » myy1211, ¥211 - myy2111, ¥221 -» myy2211, qC -» myqC1}

oufrsl= {a > 0.02, b -0.04, r - 0.02, y111 - 0, ¥121 - 0, y211 -0, ¥221 -0, qC- 0}

Comparing to the numerical solution for fixed values of a, bandr:
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Plot[ {probEstablAMApproxPolymContFunc[myrl,
m, myal, mybl, myy1111, myy1211, myy2111, myy2211, myqC1l][2],
probEstablAMApproxPolymContFunc[myrl, m, myal, mybl, myy1111, myy1211,
myy2111, myy2211, myqC1l] [3], probEstablAMApproxPolymContFunc|
myrl, m, myal, mybl, myy¥1111, myy¥1211, myy¥2111, myy¥2211, myqC1l] [41.,
nlFuncla, b, m, r] /. parCombla, n2Func[a, b, m, r] /. parCombla,
wAvFunc[a, b, m, r] /. parCombla, n1Approx4Funcla, b, m, r] /. parCombla,
w2Approx4Func[a, b, m, r] /. parCombla, wAvApprox4Funcla, b, m, r] /. parCombla},
{m, 0, 2+ mCritFunc[myrl, myal, mybl]},
PlotRange » {{0, (mCritFunc[myrl, myal, mybl] /. parCombla)}, {0, 2.5xmyal}},
PlotStyle -» {{RGBColor[0, 0.3, 1, 0.5]}, {Red}, {Black},
{RGBColor[0, 0.3, 1, 0.5], DotDashed}, {Red, DotDashed},
{Black, DotDashed}, {RGBColor[0O, 0.3, 1, 0.5], Thick, Dashed},
{Red, Thick, Dashed}, {Black, Thick, Dashed}},
LabelStyle » {Directive[FontSize -» 14], FontFamily - "Helvetica"},
AxeslLabel » {"Migration rate m", "Invasion probability"},
Frame - True, FrameStyle -» {{Black, Opacity[0]}, {Black, Opacity[0]}},
FrameLabel -» {"Migration rate m", "Invasion probability'}]
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Figure 4: The invasion probability as a function of the migration rate m for a monomorphic continent (g, = 0) and additive fitness effects. Invasion probabilities are
shown for A; occuring on the beneficial background B, (blue), on the deleterious background B, (red) and as a weighted average across backgrounds (black),
where the weights are determinded by the frequency &B of B, at the marginal one-locus migration-selection equilibrium. Analytical approximations assuming a
slightly-supercritical branching process (thin dot-dashed lines) and, in addition, weak evolutionary forces (up to first order of ¢; thick dashed lines) are compared to
the exact numerical branching-process solution (thin solid lines). Parameter values are a=0.02, b=0.04, r =0.02.

Comparing to the numerical solution for various values of a, bandr:
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4= Manipulate[
Plot[ {probEstablAMApproxPolymContFunc[r, m, a, b, myy1111,

myy1211, myy¥2111, myy2211, myqCl] [2] , probEstablAMApproxPolymContFunc|
r,m,a,b, myy1111, myy1211, myy2111, myy2211, myqC1][3],

probEstablAMApproxPolymContFunc[r, m, a, b, myy1111, myy1211, myy2111,
myy2211, myqC1][4], n1Func[a, b, m, r], n2Func[a, b, m, r],

nwAvFunc[a, b, m, r], nlApprox4Funcfa, b, m, r], n2Approx4Funcla, b, m, r],

nAvApprox4Funcla, b, m, r]}, {m, O, 2+ mCritFunc([r, a, bl},

PlotRange -» {{0, (mCritFunc([r, a, b]l)}, {0, 2.5%xa}}, PlotStyle »

{{RGBColor[0, 0.3, 1, 0.5]}, {Red}, {Black}, {RGBColor[O, 0.3, 1, 0.5], DotDashed},
{Red, DotDashed}, {Black, DotDashed}, {RGBColor[0O, 0.3, 1, 0.5], Thick, Dashed},
{Red, Thick, Dashed}, {Black, Thick, Dashed}},

LabelStyle » {Directive[FontSize -» 14], FontFamily - "Helvetica"},
AxesLabel » {"Migration rate m", "Invasion probability"},

Frame -» True, FrameStyle » {{Black, Opacity[0]}, {Black, Opacity[0]}},
FrameLabel -» {""Migration rate m", "Invasion probability"”}],

{{a, 0.03}, 0, 0.08}, {{b, 0.04}, 0, 0.08}, {{r, 0.02}, 0, 0.1}]

()
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Figure: The invasion probability as a function of the migration rate m for a monomorphic continent (q. =0) and additive fitness effects. Invasion probabilities are
shown for A; occuring on the beneficial background B, (blue), on the deleterious background B, (red) and as a weighted average across backgrounds (black),
where the weights are determinded by the frequency 6|B of B; at the marginal one-locus migration-selection equilibrium. Analytical approximations assuming a
slightly-supercritical branching process (thin dot-dashed lines) and, in addition, weak evolutionary forces (up to first order of ¢; thick dashed lines) are compared to
the exact numerical branching-process solution (thin solid lines). Parameter values for a, b andr can be chosen arbitrarily from a range of values.

We note that the approximation up to first order of e (thick dashed lines in the two previous plots) is rather good for the weighted
average invasion probability (black) when m is not too small. The approximation to the conditional invasion probabilities becomes
worse as mincreases; m; and 7, tend to be over- and underestimated, respectively. These effects seem to become balanced out when
the weighted average is taken. We suspect that taking a more exact approximation (up to second order of e may help to reduce the error
in the average invasion probability for small m.

In the following, we use an approximation up to second order of e instead and we observe that the error in the average invasion
probability (black) becomes smaller for small m. As expected, this approximation is now much closer to the analytical expressions
obtained assuming a slightly supercritical branching process without further restrictions on the strength of evolutionary forces (the thick
dotted lines are almost identical to the thin dot-dashed lines in the figure below).
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nzs;= Manipulate[
Plot[ {probEstablAMApproxPolymContFunc[r, m, a, b, myy1111,

myy1211, myy¥2111, myy2211, myqCl] [2] , probEstablAMApproxPolymContFunc|
r,m,a,b, myy1111, myy1211, myy2111, myy2211, myqC1][3],

probEstablAMApproxPolymContFunc[r, m, a, b, myy1111, myy1211, myy2111,
myy2211, myqC1][4], n1Func[a, b, m, r], n2Func[a, b, m, r],

nwAvFunc[a, b, m, r], nlApprox5Funcfa, b, m, r], m2Approx5Funcla, b, m, r],

wAvApprox5Func[a, b, m, r]}, {m, O, 2+ mCritFunc([r, a, bl},

PlotRange -» {{0, (mCritFunc([r, a, b]l)}, {0, 2.5%xa}}, PlotStyle »

{{RGBColor[0, 0.3, 1, 0.5]}, {Red}, {Black}, {RGBColor[O, 0.3, 1, 0.5], DotDashed},
{Red, DotDashed}, {Black, DotDashed}, {RGBColor[O, 0.3, 1, 0.5], Thick, Dotted},
{Red, Thick, Dotted}, {Black, Thick, Dotted}},

LabelStyle » {Directive[FontSize -» 14], FontFamily - "Helvetica"},
AxesLabel » {"Migration rate m", "Invasion probability"},

Frame -» True, FrameStyle » {{Black, Opacity[0]}, {Black, Opacity[0]}},
FrameLabel -» {""Migration rate m", "Invasion probability"”}],

{{a, 0.03}, 0, 0.08}, {{b, 0.04}, 0, 0.08}, {{r, 0.02}, 0, 0.1}]
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Figure: The invasion probability as a function of the migration rate m for a monomorphic continent (q. =0) and additive fitness effects. Invasion probabilities are
shown for A; occuring on the beneficial background B, (blue), on the deleterious background B, (red) and as a weighted average across backgrounds (black),
where the weights are determinded by the frequency 6|B of B; at the marginal one-locus migration-selection equilibrium. Analytical approximations assuming a

slightly-supercritical branching process (thin dot-dashed lines) and, in addition, weak evolutionary forces (up to second order of ¢; thick dotted lines) are compared to
the exact numerical branching-process solution (thin solid lines). Parameter values for a, b andr can be chosen arbitrarily from a range of values.

Additive fithesses and polymorphic continent

= Mean matrix
Clear [uPolymCont, vPolymCont]

n7er= LaddPolymCont :=
{{A1l1laddPolymCont, A1l2addPolymCont}, {x2laddPolymCont, A22addPolymCont}}
LaddPolymContAxRaw = {{alladdPolymContAx, axl12addPolymContAx},
{A21addPolymContAx, ax22addPolymContAx}}

in7e;= LaddPolymContAx =
FullSimplify[LaddPolymContAxRaw, Assumptions -» Flatten[{genericAssumpt, 0 <gC < 1}]];

Rules for the assumptions we are going to make:
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The mean matrix with additive fitnesses

MatrixForm[LaddPolymCont]

(-1+m) |b% (1+2 mqC) +b \/—4b (-1+a+b) m(1+m) qC+ (b+ (-1+a) m2 b mqC)? +(-1+a) mr+\/—4 b (-1+a+b) m(1+m) qC+ (b+ (-1+a) m2br

2b [17a+b M (-1+24C) +1/ -4 b (~1+a+b) m(1+m) qC- (b (-1+a) M2 bmqC)> ]

[bfm\\a m2b qu+\/ -4b (-1+a+b) m(1+m) gC+ (b+(-1+a) m2 b mqC)? ] r

2b (1-a+h)

The mean matrix with additive fitnesses under the assumption that all evolutionary forces are small

assumeSmal lForces
{fa-ae, b->Be, r sep, Moep, ¥y11 - glle, ¥12 - gl2e, ¥y21 - g2l e, y22 - Qg22¢}

MatrixForm[LaddPolymContAxRaw]

2b+2ab+b?-bmb \/b2—2 b minf+4 b mgC -br-mr +\/b2—2 b min?+4 b mgC r br+mr-+/b%2-2bmnf+4bmqC r

2b 2b
br-mr+y/b2-2bmn?f+4 bmqaC r 2b+2ab-b%-b m-b+/b?-2 b m-nf+4 b mqC -b r +mr -4/ b%2-2 b m«
2b 2b

MatrixForm[LaddPolymContAx]

b2 [7m; (b-m)2+4 b mqC ] r-b (7272 a+m:+/ (b-m)2+4 b mqC +r] [bmh/ (b-m)2+4 b mqC ] r

2b 2b
[b—mm/ (b-m)2+4 b mqC ) r b2 (7m+«/ (b-m)2+4 b mqC ) r+b (7272 a+me+/ (b-m)2+4 b mqC +r]
2b N 2D

= Exploration of eigenvalues
genericAssumpt

{0O<r, 0<a<b<1, a+b<1, 0<m<1}
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m Exact mean matrix

FullSimplify[Eigenvalues[LaddPolymCont], Assumptions - genericAssumpt]

{l[ 2
2 {(-1+a)2-b2
1
- (—b2 (-1+m +m+a2m+\/(b+ (-1+aym?-4bm(-1+a+bm qC+4b?n? qC +
(-1+a)2-b?
a(2+m(72+b72qu) +J(b+ (-1+a)m?2-4bm(-1+a+bm qC+4b?n? qC 7r)+
bm(-1+2qC) (-1+r) +r 7\/(b+<71+a) m2-4bm(-1+a+bm qC+4b?n? qC r) -
J((-1+m? @m (b2 (L+m +2bm(-1+204C)r +
r (24 ((b+(-1+a)m?-4bm(-1+a+bm qC+4b?>nfqC) +r +m(-2+2a+r)))) /
(L-a+bm(-1+2qC) ++/((b+ (-1+a)m?-4bm(-1+a+bm) qC+4b2m?qCZ>)2>],
1 2 1
—[ - (—bz (-1+m) + m+aZms+
2 \(-1+a)?2-b2 (-1+a)?2-b?

\/(b+ (-1+a)m?-4bm(-1+a+bm qC+4b?nf qC +

a(2+m(72+b—2qu) +J(b+ (-1+a)m?2-4bm(-1+a+bm qC+4 b?n? qC 7r)+

bm(-1+2qC) (-1+r) +r 7\/(b+(71+a) m2-4bm(-1+a+bm qC+4b?nfqC r

+

\/(((71+m)2 (L+m (b? (1+m +2bm(-1+2qC)r +
r(2y((b+(-1+a)m?-4bm(-1+a+bm qC+4b?>nfqC) +r +m(-2+2a+r))))/

(1-a+bm(-1+2qC) ++/((b+ (-1+a)m2-4bm(-1+a+bm qC+4b2quCZ))2)]}

The computation above takes a few minutes, which iswhy we have hard-coded the result here:

1 2
nei= evalLaddPolymContlFuncfa_, b_, m_, r_, qC_] = — [— -
2\ (-1+a)2-p?
1
_— (—bz (-1+m) +m+a2m+\/(b+ (-1l+a)ymy2-4bm(-1+a+bm)gC+4b>m?qC? +
(-1+a)2-b?

a(2+m(-2+b-2bqC) +~/((b+ (-1+a)m?-4bm (-1+a+bm) qC+4b’>m*qC?) -r) +

bm(-1+2qC) (-1+r) +r—\/(b+ (-1+a) m)2-4bm (-1+a+bm) qC+4b?m?qC? r)—

\/(((—l+m)2 (L+m) (b> (1+m) +2bm (-1+2qC) r+
r(2+/((b+(-1+aym?-4bm(-1+a+bm) qC+4b*m?*qC®) +r+m (-2+2a+r))))/

(L-a+bm(-1+2qC) ++/((b+ (-1+a)m?-4bm (-1+a+bm) qC+4b2m2qCZ))2)J
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1 2
inso)= evallLaddPolymCont2Funcfa_, b_, m_, r_, qC_] 1= — [— -
2 {(-1+a)2-p?
1
_— (—bz (-1+m) +m+a2m+\/(b+ (-1l+a)ymy2-4bm(-1+a+bm)gC+4b>m?qC? +
(-1+a)2-b?

a(2+m(-2+b-2bqC) +~/((b+ (-1+a)m?-4bm (-1+a+bm) qC+4b’>m*qC?) -r) +

bm(-1+2qC) (-1+r) +r—\/(b+ (-1+a) m)2-4bm (-1+a+bm) gC+4b?m?qC? r)+

\/(((—l+m)2 (L+m) (b® (1+m) +2bm (-1+2qC) r+
r(2+/((b+(-1+aym?-4bm(-1+a+bm) qC+4b’>m*qC?) +r+m (-2+2a+n))))/
(1—a+bm (-1+2qC) +V((b+ (-l+a)ym2-4bm(-1+a+bm qC+4b2m2qCZ))2)]

inze)= Manipulate[
Plot[{evalLaddPolymContlFunc[a, b, m, r, qC], evalLaddPolymCont2Func[a, b, m, r, qC]},
{r, 0, 0.5}1, {{a, 0.02}, O, 1}, {{b, 0.04}, O, 1}, {{m, 0.03}, O, 1}, {{qC, O}, O, 1}

qC CD

10

out[126]= 0.9

0.8

0.7

0.6

Numerical exploration suggests that the second eigenvalue is the leading one.
If the condition above is fulfilled, the first eigenvalue is larger than the second one. If the condition is not fulfilled, then the real parts of
the two eigenvalues are equal.

ne1= vPolymCont =
FullSimplify[Eigenvalues[LaddPolymCont] [2], Assumptions -» Flatten[{genericAssumpt}]]

ouel= $Abort ed



30| 2LocContlsland_Stoch_Discr_SlightlySupercritBP.nb

1[ 2
2 | (-1+a)?-p?
1
- (—bz (-1+m +m+a2m+\/(b+ (-1+a)m?2-4bm(-1l+a+bm qC+4b?>n?qC +
(-1+a)2-b?

a

2+m(-2+b-2bqC) +J(b+(71+a) m2-4bm(-1+a+bm qC+4b?n? qC 4) +

bm(-1+2qC) (-1+r) +r 7\/(b+ (-1+a)m?-4bm(-1+a+bm qC+4b?n? qC r)+
\/(((1+m)2 (L+m (b®> (1+m +2bm(-1+2qC)r +

r(2y((b+(-1+aym?-4bm(-1+a+bm qC+4b?nfqC) +r +m(-2+2a+r))))/

2
(1—a+bm(—1+2qC) +\/(b+ (-1+a)ym?-4bm(-1+a+bm qC+4b2n?qC2) )]

1 [ 2
2 | (-1+a)?2-p?
1

- (—bz (-1 +m) +m+a2m+\/(b+ (-1+a)ym?2-4bm(-1l+a+bm qC+4b?>n? qCc +
(-1+a)2-b?

a

2+m(-2+b-2bqC) +J(b+(71+a) m2-4bm(-1+a+bm qC+4b?n? qC 4) +

bm(-1+2qC) (-1+r) +r 7\/(b+ (-1+a)m?-4bm(-1+a+bm qC+4b?n? qC r)+
J(“hm}z (L+m (b®> (1+m +2bm(-1+2qC)r +

r(2y((b+(-1+aym?-4bm(-1+a+bm qC+4b?nfqC) +r +m(72+2a+r))))/

2
(1—a+bm(—1+2qC) +\/(b+ (-1+a)ym?-4bm(-1+a+bm qC+4b2rr?qC2) )

1[ 2
2 | (-1+a)?2-p?
1
— (—bz (-1 +m) +m+a2m+\/(b+ (-1+a)ym?2-4bm(-1l+a+bm qC+4b?>n? qC +
(-1+a)2-b?

a

2+m(-2+b-2bqC) +\/(b+(71+a) m2-4bm(-1+a+bm qC+4b?n? qC 4) +

bm(-1+2qC) (-1+r) +r 7\/(b+ (-1+a)m?-4bm(-1+a+bm qC+4b?n? qC r)+
J(“_hm)z (L+m (b®> (1+m +2bm(-1+2qC)r +

r(2y((b+(-1+aym?-4bm(-1+a+bm qC+4b?nfqC) +r +m(72+2a+r))))/

2
(1—a+bm(—1+2qc> +\/(b+ (-1l+aym?-4bm(-1+a+bm qC+4b2n?qC2) )
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1[ 2
2 | (-1+a)?-p?
1
- (—bz (-1+m +m+a2m+\/(b+ (-1+a)m?2-4bm(-1l+a+bm qC+4b?>n?qC +
(-1+a)2-b?

a

2+m(-2+b-2bqC) +J(b+(71+a) m2-4bm(-1+a+bm qC+4b?n? qC 4) +

bm(-1+2qC) (-1+r) +r 7\/(b+ (-1+a)m?-4bm(-1+a+bm qC+4b?n? qC r)+
\/(((1+m)2 (L+m (b®> (1+m +2bm(-1+2qC)r +

r(2y((b+(-1+aym?-4bm(-1+a+bm qC+4b?nfqC) +r +m(-2+2a+r))))/

2
(1—a+bm(—1+2qC) +\/(b+ (-1+a)ym?-4bm(-1+a+bm qC+4b2n?qC2) )]

1[ 2
(-1+a)2-b?
1

N

- (—bz (-1 +m) +m+a2m+\/(b+ (-1+a)ym?2-4bm(-1l+a+bm qC+4b?>n? qCc +
(-1+a)2-b?

a

2+m(-2+b-2bqC) +J(b+(71+a) m2-4bm(-1+a+bm qC+4b?n? qC 4) +

bm(-1+2qC) (-1+r) +r 7\/(b+ (-1+a)m?-4bm(-1+a+bm qC+4b?n? qC r)+
J(“hm}z (L+m (b®> (1+m +2bm(-1+2qC)r +

r(2y((b+(-1+aym?-4bm(-1+a+bm qC+4b?nfqC) +r +m(72+2a+r))))/

2
(1—a+bm(—1+2qC) +\/(b+ (-1+a)ym?-4bm(-1+a+bm qC+4b2rr?qC2) )

1[ 2
2 | (-1+a)?2-p?
1
— (—bz (-1 +m) +m+a2m+\/(b+ (-1+a)ym?2-4bm(-1l+a+bm qC+4b?>n? qC +
(-1+a)2-b?

a

2+m(-2+b-2bqC) +\/(b+(71+a) m2-4bm(-1+a+bm qC+4b?n? qC 4) +

bm(-1+2qC) (-1+r) +r 7\/(b+ (-1+a)m?-4bm(-1+a+bm qC+4b?n? qC r)+
J(“_hm)z (L+m (b®> (1+m +2bm(-1+2qC)r +

r(2y((b+(-1+aym?-4bm(-1+a+bm qC+4b?nfqC) +r +m(72+2a+r))))/

2
(1—a+bm(—1+2qc> +\/(b+ (-1l+aym?-4bm(-1+a+bm qC+4b2n?qC2) )
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1[ 2
2 | (-1+a)?-p?
1
- (—bz (-1+m +m+a2m+\/(b+ (-1+a)m?2-4bm(-1l+a+bm qC+4b?>n?qC +
(-1+a)2-b?

a

2+m(-2+b-2bqC) +J(b+(71+a) m2-4bm(-1+a+bm qC+4b?n? qC 4) +

bm(-1+2qC) (-1+r) +r 7\/(b+ (-1+a)m?-4bm(-1+a+bm qC+4b?n? qC r)+
\/(((1+m)2 (L+m (b®> (1+m +2bm(-1+2qC)r +

r(2y((b+(-1+aym?-4bm(-1+a+bm qC+4b?nfqC) +r +m(-2+2a+r))))/

2
(1—a+bm(—1+2qC) +\/(b+ (-1+a)ym?-4bm(-1+a+bm qC+4b2n?qC2) )]

1 [ 2
2 | (-1+a)?2-p?
1

- (—bz (-1 +m) +m+a2m+\/(b+ (-1+a)ym?2-4bm(-1l+a+bm qC+4b?>n? qCc +
(-1+a)2-b?

a

2+m(-2+b-2bqC) +J(b+(71+a) m2-4bm(-1+a+bm qC+4b?n? qC 4) +

bm(-1+2qC) (-1+r) +r 7\/(b+ (-1+a)m?-4bm(-1+a+bm qC+4b?n? qC r)+
J(“hm}z (L+m (b®> (1+m +2bm(-1+2qC)r +

r(2y((b+(-1+aym?-4bm(-1+a+bm qC+4b?nfqC) +r +m(72+2a+r))))/

2
(1—a+bm(—1+2qC) +\/(b+ (-1+a)ym?-4bm(-1+a+bm qC+4b2rr?qC2) )

1[ 2
2 | (-1+a)?2-p?
1
— (—bz (-1 +m) +m+a2m+\/(b+ (-1+a)ym?2-4bm(-1l+a+bm qC+4b?>n? qC +
(-1+a)2-b?

a

2+m(-2+b-2bqC) +\/(b+(71+a) m2-4bm(-1+a+bm qC+4b?n? qC 4) +

bm(-1+2qC) (-1+r) +r 7\/(b+ (-1+a)m?-4bm(-1+a+bm qC+4b?n? qC r)+
J(“_hm)z (L+m (b®> (1+m +2bm(-1+2qC)r +

r(2y((b+(-1+aym?-4bm(-1+a+bm qC+4b?nfqC) +r +m(72+2a+r))))/

2
(1—a+bm(—1+2qc> +\/(b+ (-1l+aym?-4bm(-1+a+bm qC+4b2n?qC2) )
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1[ 2
2 | (-1+a)?-p?
1
- (—bz (-1+m +m+a2m+\/(b+ (-1+a)m?2-4bm(-1l+a+bm qC+4b?>n?qC +
(-1+a)2-b?

a

2+m(-2+b-2bqC) +J(b+(71+a) m2-4bm(-1+a+bm qC+4b?n? qC 4) +

bm(-1+2qC) (-1+r) +r 7\/(b+ (-1+a)m?-4bm(-1+a+bm qC+4b?n? qC r)+
\/(((1+m)2 (L+m (b®> (1+m +2bm(-1+2qC)r +

r(2y((b+(-1+aym?-4bm(-1+a+bm qC+4b?nfqC) +r +m(-2+2a+r))))/

2
(1—a+bm(—1+2qC) +\/(b+ (-1+a)ym?-4bm(-1+a+bm qC+4b2n?qC2) )]

1[ 2
(-1+a)2-b?
1

N

- (—bz (-1 +m) +m+a2m+\/(b+ (-1+a)ym?2-4bm(-1l+a+bm qC+4b?>n? qCc +
(-1+a)2-b?

a

2+m(-2+b-2bqC) +J(b+(71+a) m2-4bm(-1+a+bm qC+4b?n? qC 4) +

bm(-1+2qC) (-1+r) +r 7\/(b+ (-1+a)m?-4bm(-1+a+bm qC+4b?n? qC r)+
J(“hm}z (L+m (b®> (1+m +2bm(-1+2qC)r +

r(2y((b+(-1+aym?-4bm(-1+a+bm qC+4b?nfqC) +r +m(72+2a+r))))/

2
(1—a+bm(—1+2qC) +\/(b+ (-1+a)ym?-4bm(-1+a+bm qC+4b2rr?qC2) )

1[ 2
2 | (-1+a)?2-p?
1
— (—bz (-1 +m) +m+a2m+\/(b+ (-1+a)ym?2-4bm(-1l+a+bm qC+4b?>n? qC +
(-1+a)2-b?

a

2+m(-2+b-2bqC) +\/(b+(71+a) m2-4bm(-1+a+bm qC+4b?n? qC 4) +

bm(-1+2qC) (-1+r) +r 7\/(b+ (-1+a)m?-4bm(-1+a+bm qC+4b?n? qC r)+
J(“_hm)z (L+m (b®> (1+m +2bm(-1+2qC)r +

r(2y((b+(-1+aym?-4bm(-1+a+bm qC+4b?nfqC) +r +m(72+2a+r))))/

2
(1—a+bm(—1+2qc> +\/(b+ (-1l+aym?-4bm(-1+a+bm qC+4b2n?qC2) )
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1[ 2
2 | (-1+a)?-p?
1
- (—bz (-1+m +m+a2m+\/(b+ (-1+a)m?2-4bm(-1l+a+bm qC+4b?>n?qC +
(-1+a)2-b?

a

2+m(-2+b-2bqC) +J(b+(71+a) m2-4bm(-1+a+bm qC+4b?n? qC 4) +

bm(-1+2qC) (-1+r) +r 7\/(b+ (-1+a)m?-4bm(-1+a+bm qC+4b?n? qC r)+
\/(((1+m)2 (L+m (b®> (1+m +2bm(-1+2qC)r +

r(2y((b+(-1+aym?-4bm(-1+a+bm qC+4b?nfqC) +r +m(-2+2a+r))))/

2
(1—a+bm(—1+2qC) +\/(b+ (-1+a)ym?-4bm(-1+a+bm qC+4b2n?qC2) )]

1 [ 2
2 | (-1+a)?2-p?
1

- (—bz (-1 +m) +m+a2m+\/(b+ (-1+a)ym?2-4bm(-1l+a+bm qC+4b?>n? qCc +
(-1+a)2-b?

a

2+m(-2+b-2bqC) +J(b+(71+a) m2-4bm(-1+a+bm qC+4b?n? qC 4) +

bm(-1+2qC) (-1+r) +r 7\/(b+ (-1+a)m?-4bm(-1+a+bm qC+4b?n? qC r)+
J(“hm}z (L+m (b®> (1+m +2bm(-1+2qC)r +

r(2y((b+(-1+aym?-4bm(-1+a+bm qC+4b?nfqC) +r +m(72+2a+r))))/

2
(1—a+bm(—1+2qC) +\/(b+ (-1+a)ym?-4bm(-1+a+bm qC+4b2rr?qC2) )

1[ 2
2 | (-1+a)?2-p?
1
— (—bz (-1 +m) +m+a2m+\/(b+ (-1+a)ym?2-4bm(-1l+a+bm qC+4b?>n? qC +
(-1+a)2-b?

a

2+m(-2+b-2bqC) +\/(b+(71+a) m2-4bm(-1+a+bm qC+4b?n? qC 4) +

bm(-1+2qC) (-1+r) +r 7\/(b+ (-1+a)m?-4bm(-1+a+bm qC+4b?n? qC r)+
J(“_hm)z (L+m (b®> (1+m +2bm(-1+2qC)r +

r(2y((b+(-1+aym?-4bm(-1+a+bm qC+4b?nfqC) +r +m(72+2a+r))))/

2
(1—a+bm(—1+2qc> +\/(b+ (-1l+aym?-4bm(-1+a+bm qC+4b2n?qC2) )
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1 2
2 [(1+a)2b2 )
1
(-1+a)2-b?

(—bz (-1+m +m+a2m+\/(b+ (-1+a)m?-4bm(-1+a+bm qC+4b?nf qC +

2+m(-2+b-2bqC) +J(b+ (-1+a)ym?2-4bm(-1+a+bm qC+4b?n? qC 4) +

bm(-1+2qC) (-1+r) +r 7\/(b+ (-1+a)m?-4bm(-1+a+bm qC+4b?n? qC r)+
\/((<1+m>2 (L+m (b®> (1+m +2bm(-1+2qC)r +

r(2y((b+(-1+aym?-4bm(-1+a+bm qC+4b?nfqC) +r +m(-2+2a+r))))/

2
(1—a+bm(—1+2qC) +\/(b+ (-1+a)ym?-4bm(-1+a+bm qC+4b2mquZ) )]

= Approximate mean matrix

FullSimplify[Eigenvalues[LaddPolymContAx], Assumptions - genericAssumpt]

1

{— 2+2a—m—\/(b—m)2+4bqu—r—\/b2+r (—2m+2\/(b—m)2+4bch +r) J
2
1
— 2+2a—m—\/(b—m)2+4bqu—r+Jb2+r (—2m+2\/(b—m)2+4bqu +r) ]}
2

in271= evallLaddPolymContAx1Funcla_, b ,r_,qC_] :=
1
—[2+2a-m- \/(b m2+4bmgC -r- \/b2+r 2m+2\/(b—m)2+4bch +r]
2

inzg;= evallLaddPolymContAx2Funcla_,

1

—[2+2a-m- \/(b m)2+4bmqC —r+\/b2+r 2m+2\/(b m)2+4bmqC +r]
2

b_,m_,r_,qC_]:

In[129]:= Rad1=b2+r(—2m+2\/(b—m)2+4bch +r)

ouizo= b2 +r

72m+2\/(b7m)2+4bqu +r

FullSimplify[Reduce[Radl > 0], Assumptions -» Flatten[{genericAssumpt, 0 < qC < 1}]1]

True

FullSimpIify[Reduce[Z+2a—m—\/ (b-m?+4bmqC >0],
Assumptions -» Flatten[{genericAssumpt, 0 < qC < 1}]]

4bmgC< (2+2a-b) (2+2a+b-2m)
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nzo= Manipulate[
Plot[ {evalLaddPolymContAxl1Funcla, b, m, r, qC],
evallLaddPolymContAx2Func[a, b, m, r, qC1}, {r, 0, 0.5}1,
{{a, 0.02}, 0, 1}, {{b, 0.04}, O, 1}, {{m, 0.03}, O, 1}, {{qC, O}, O, 1}
1

ac <}

10

Out[130]= 0.9
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Analytical results the plot above suggests that either the first and second approximate eigenvalue can be the leading one, depending on
the parameter combinations. However, for weak forces, i.e. when the assumptions justifying the approximate eigenvalues is fulfilled,
the second is the leading eigenvalue.

vPolymContAx = FullSimplify[Eigenvalues[LaddPolymContAx],
Assumptions - Flatten[ {genericAssumpt, 0 < qC < 1}]]

1

{— 2+2amJ(bm)2+4bquer2+r 72m+2J(bfm)2+4bqu +r J
2
1
— 2+2a—m—\/(b—m)2+4bqu—r+\/b2+r (—2m+2\/(b—m)2+4bqu +r) ]}
2

In the following, we work with the exact leading eigenvalue v.
assumeSmal IForces
{a-ae, b>pBe, r 5ep, Moep, y11 5 glle, y12 5 gl2e, ¥y21 > g2le, y22 > g22¢€}
Limit[vPolymCont /. assumeSmallForces, € » 0] // Simplify
1

The above two expressions are as it should be: v(e) » 1 ase — 0. This suggests we can apply T5.6_HJV2005.
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= |dentification of ¢

vPolymCont
1 2
2 | (-1+a)?-p?
1
- (—bz (-1+m +m+a2m+\/(b+ (-1+a)m?-4bm(-1+a+bm qC+4b?nf qC +
(-1+a)2-b?

a

2+m(-2+b-2bqC) +J(b+ (-1+a)m?2-4bm(-1+a+bm qC+4b?n? qC 4) +

bm(-1+2qC) (-1+r) +r 7\/(b+ (-1+a)m?-4bm(-1+a+bm qC+4b?n? qC r)+
\/((<1+m>2 (L+m (b®> (1+m +2bm(-1+2qC)r +

r(2y((b+(-1+aym?-4bm(-1+a+bm qC+4b?nfqC) +r +m(-2+2a+r))))/

2
(1—a+bm(—1+2qC) +\/(b+ (-1+a)m?-4bm(-1+a+bm qC+4b2mquZ) )]

gPolymContRule =
FullSimplify[Solve[vPolymCont == 1 + §, £§], Assumptions -» Flatten[{genericAssumpt}]]
1 2 1
{{e-2 [_2 . :
2 (-1+a)?2-b% (-1+a)?2-b?

(-b? (-1+m +m+a’m++/((b+ (-1+a)m?-4bm(-1+a+bm qC+4b?n?qC) +
a(2+m(-2+b-2bqC) ++/((b+ (-1+a)m?-4bm(-1+a+bm qC+4b?nf qC?) -
r)+bm(-1+2qC) (-1+r) +r -

V((b+(-1+a)m?-4bm(-1+a+bm qC+4b*nfqC)r) +
\/(((—1+m)2 (L+m (b? (1+m +2bm(-1+2qC)r +r (2+/((b+ (-1+a) m?-
4bm(-1+a+bm qC+4b’nfqC?) +r +m(-2+2a+r)))) /(1-a+

j)

bm(-1+2qC) ++/((b+ (-1+a)m?-4bm(-1+a+bm qC+4b2rr?qCZ))2)
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Manipulate[Plot[&£AddPolymContFunc[mya, myb, mym, r, myqC],
{r, 0, 0.5}, Frame -» True, FrameLabel - {"'Recombination rate r', "§"}],
{{mya, 0.2}, 0, 1}, {{myb, 0.4}, 0, 1}, {{mym, 0.2}, O, 1}, {{myqC, 0.2}, 0, 1}]

mya U
myb B
mym B
myqC D
0.12 4
0.10 hl
N L
0.08 hl
0.06 hl
004, Y S S S S B S S Y |

1 1
0.0 0.1 0.2 0.3 0.4 05

Recombination rate r

What is¢ if al forces are small?

assumeSmallForcesAdj = {a» ael, b->Bel, r-elp,
m-elu, y11 - gllel, y12 - gl2el, ¥21 » g21€l, ¥22 » g22€l};

backSubstSmal IForcesAdj =

a b r m y1l1 ¥12 ¥21 ¥22
{a—) —wB>—,p»>—,u>»>—,011»> —, 012> —, 921 » —, 922—)—}'
1 1 1

el el el el € € € el

FullSimplify[Series[§ /. EPolymContRule /. assumeSmallForcesAdj, {el, 0, 1}] /-
backSubstSmal IForcesAdj // Normal, Assumptions -» genericAssumpt]

1

F

vPolymContAx

2afmf\/(bfm)2+4bch —r +Jb2+r 72m+2\/(b7m)2+4bch +r

72m+2J(b—m)2+4bqu +r

|

2+2a—m—\/(b—m)2+4bqu—r+ b2 +r (—2m+2\/(b—m)2+4bqu +r) J}

2+2afme(bfm)2+4bqu -r Jbzu

Solve[vPolymContAX[1] =1+ &, &]

{{gﬁ_lg

If we assume m small in addition:

2+2a—m—\/(b—m)2+4bch -r —\/b2+r (—2m+2J(b—m)2+4bqu +r) J}}
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FullSimpl ify[Series[

1
-1+ — 2+2a—m—\/(b—m)2+4bqu —r—\/b2+r(—2m+2\/(b—m)2+4bch +r] ]
2

{m, O, 1}] , Assumptions - genericAssumpt] // Normal

m(r -gqC(b+2r))
b+r
Thiswas the ¢ belonging to the first approximate eigenvalue.

a-b-r+

Solve[vPolymContAX[2] == 1+ &, &]

{{§»—1+%

If we assume msmall in addition:

2+2a7m7\/(b7m)2+4bch -r +\/b2+r (72m+2\/(b7m)2+4bch +r) J}}

FullSimpl ify[Series[

1
-1+ — [2+2a—m—\/(b—m)2+4bch —r+\/b2+r(—2m+2\/(b—m)2+4bch +r] ]
2

{m, O, 1}] , Assumptions - genericAssumpt] // Normal

m(bqgC+r)
b+r
Thiswas the ¢ belonging to the second approximate eigenval ue.

a—

m Eigenvectors and their normalisation
Theright and left leading eigenvectors:
The second one is the leading eigenvector (belonging to the dominant eigenvalue).

vPolymContDef =
FullSimplify[Eigenvectors[LaddPolymCont] [2], Assumptions -» genericAssumpt] ;

Recall: The left eigenvectors of amatrix A are obtained as the right eigenvectors of the transpose of A.

FullSimplify[Eigensystem[Transpose[LaddPolymCont]], Assumptions - genericAssumpt]

1 { 2 1
(

Uz

-1+a)?2-b? (-1+a)?2-b?

(7b2 (-1+m +m+a2m+\/(b+ (-1+a)ym?2-4bm(-1+a+bm qC+4b?n? qC +
a(2+m(-2+b-2bqC) ++/((b+ (-1+a)m?-4bm(-1+a+bm qC+4b?>nfqC) -r) +

bm(-1+2qC) (-1+r) +r 7J(b+ (-1+a)m?2-4bm(-1+a+bm qC+4 b?n? qC r) -

\/(((71+m)2 (1+m (b2 (Lem +2bm(-1+2qC) 1«1 (2+/((b+ (-1+a) m? -
4bm(-1+a+bm qC+4b?nfqC) +r +m(-2+2a+r))))/

(1-a+bm(-1+2qC) ++/((b+ (-1+a)m2?-4bm(-1+a+bm qC+4b2rr?qCZ))2)],

- (—bz (-1+m) + m+am+

{ 2 1
(-1+a)2-b%2 (-1+a)2-b?

1
2

J(b+ (-1+a)ym?2-4bm(-1+a+bm qC+4b%n? qC +
a(2+m(-2+b-2bqC) ++/((b+ (-1+a)m?-4bm(-1+a+bm qC+4b’>nfqC) -r) +

bm(-1+2qC) (-1+r) +r 7\/(b+ (-1+a)m?2-4bm(-1+a+bm qC+4 b?n? qC? r) +

J(1em2 @em (b2 (Lsm +2bm(-1+2qC) 1 +1 (2+/((b+ (-1+a)m?-

39
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4bm(-1+a+bm qC+4b?nfqC’) +r +m(-2+2a+r))))/

(1-a+bm(-1+2qC) ++/((b+ (-1+a) m?-4bm(-1+a+bm qC+4b2rr?qcz))2)]},

r+

{{(7(71+m) ((71+a) mi+/(b+ (-1+a)m2-4bm(-1+a+bm qC+4b?n? qC?

b2 (1-n?+m<1-2qc>
J(((-1+m2 @+m (b2 (L+m +2m(-1+a-b+2bqC)r+2+/((b+ (-1+a)m2-4b
m(-1+a+bm qC+4b?nfqC)r+ (1+mr?))/(1l-a+bm(-1+2qC) +
V(b+(-1+a)ym?-4bm(-1+a+bm qC+4b2n12qCZ))2)) +
b (m(—1+m+2qC—2qu) r+(-1+a-+/((b+(-1+aym?-4bm(-1+a+bm

qC+4b%nf qC)) \/(((71+m)2 (L+m (b? (1+m +2bm(-1+29C) r +
r(2y((b+(-1+a)m?-4bm(-1+a+bm qC+4b*nfqC) +
rem(-2+2a+r))))/(1-a+bm(-1+2qC) +

V(b+(-1+a)ym?-4bm(-1+a+bm qC+4b2rr?qC2))2)))/ ((—1+m)

(7b+m(71+a+2b (-1+qC)) +\/(b+ (-1+a)ym?2-4bm(-1+a+bm) qC+4b2n?qC2)

r), 1},

{7((71+m) ((71+a) m+\/(b+<71+a) m2-4bm(-1+a+bm qC+4b?nf qC

r +

b? (71+mz+m(172qC)
\/(((—1+m)2 (L+m (b (1+m +2m(-1+a-b+2bqC)r +2+/((b+ (-1+a)m?-
4bm(-1+a+bm qC+4b?nfqC)r + (1+mr?))/(l-a+bm
(-1+2qC) ++/((b+ (-1+a)m?-4bm(-1+a+bm qC+4b2m’-qC2))2)) +
b ((71+m) m(-1+2qC)r+(-1+a-+/((b+(-1+a)m?-4bm(-1+a+bm qC+
4b2ntqC?)) A/ (((-1+m?2 (1+m (b2 (1+m +2bm(-1+2qC)r +
r(2+((b+(-1+a)m?-4bm(-1+a+bm qC+4b®nfqC?) +
r+m(-2+2a+r))))/(1-a+bm(-1+2qC) +
J((b+(-1+a)ym2-4bm(-1+a+bm qC+4b2m’-qC2))2)))/ ((-1+m>

(—b+m(—1+a+2b (-1+9C)) +\/(b+ (-1+a)m?2-4bm(-1+a+bm qC+4b2mquZ)

JE

uPolymContDef = FullSimplify[
Eigenvectors[Transpose[LaddPolymCont]][2], Assumptions -» genericAssumpt];

Get the normed eigenvectors.

uPolymCont = FullSimplify[uPolymContDef / Total [uPolymContDef],
Assumptions - Flatten[ {genericAssumpt}]];



uPolymCont // MatrixForm

- (-1+m) [(—1+a) m+\/ (b+(-1+a) m?-4b m (-1l+a+b m) qC+4 b? n? qC? ] r+b% |1-m|mk (1-2 qC)
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b2 (1+m+2m(-1+a-b+2bqC) r+2 | (bs+(-1+a

1-a+bm(-1+2qC)+| (b+(-1+a) m2-4b

b r—m"n(l—a+\/ (b+(-1+a) m2-4bm(-1+a+b m) qC+4 b? n? qC? )

(-1+m)2 (1+m)

b2 (1+m)+2m(-1+

l-asbm(-1+

(-1+m)

b |r-nfr+ (lfaﬂ/ (b+(-1+a) m2-4bm (-1+a+b m) qC+4 b2 n? qC?

kPolymCont = Simplify][

Sum[uPolymCont[i] vPolymContDef[i], {i, 1, 2}], Assumptions - genericAssumpt];

vPolymCont = Simplify[

Table[vPolymContDef[i] / kPolymCont, {i, 1, 2}], Assumptions - genericAssumpt];
uPolymContDef.LaddPolymCont == uPolymContDef » vPolymCont // Simplify

True

LaddPolymCont.vPolymContDef == vPolymContDef x vPolymCont // Simplify

True

uPolymCont.LaddPolymCont ==

True

LaddPolymCont.vPolymCont ==

True

Thefollowing is required according to Haccou et al. (2005, p.127), and we check that it holds.
Total [uPolymCont] // FullSimplify

1

Sum[uPolymCont[i] vPolymCont[i], {i, 1, 2}] // Simplify

1

= The limit matrix

(-1+m)2 (1+m)

uPolymCont = vPolymCont // Simplify

vPolymCont » vPolymCont // Simplify

b2 (1+my+2m(-1+

The limit matrix (the evaluation immediately below takes some time, therefore we hard-code the definition below):

BPol ynCont =

l-asbm (-1

Si npl i fy[Sum[uPoI ynCont [h] = Sum[vPol ynCont [j ] LaddPol ynCont [h, j T, {j, 1, 2}], {h, 1, 2}] +
vPol ynCont (vPol ynCont - 1) Sum[uPol ynCont [j ]  vPol ynCont [j 12, {j, 1, 2}],
Assunpti ons - generi cAssunpt ];

$Abort ed

BPol ynCont = Sum[uPol ynmCont [h] » Sum[vPol ynCont [j ] LaddPol ynCont [h, j 1, {j, 1, 2}], {h, 1, 2}] +

vPol ynCont (vPol ynCont - 1) Sum[uPol ynCont [j ] = vPol ynCont [j ]2, {j, 1, 2}]

A very large output was generated. Here is a sample of it:

<«<1>

Show Less

Show More

Show Full Output

Set Size Limit...




42

2LocContlsland_Stoch_Discr_SlightlySupercritBP.nb

1
BPolymCont = — [
2

2 1

- -b% (-1+m)+m+a® m+y (b+(-1+a) m)?-4 b m (-l+a+b m
(-1+a)2-b? (-1+a)2-b2( \/

Thisis analogous to equation (1), but for a polymorphic continent.

vPolymCont
1 2
2 | (-1+a)?-p?
1
- (7b2 (-1+m +m+a2m+\/(b+ (-1+a)m?-4bm(-1+a+bm qC+4b?nf qC +
(-1+a)2-b?

a(2+m(—2+b—2qu) +\/(b+ (-1+a)m2-4bm(-1+a+bm qC+4b?n? qC —I’) +

bm(-1+2qC) (-1+r) +r 7\/(b+ (-1+a)m?-4bm(-1+a+bm qC+4b?n? qC r)+
\/[((l+m>2 (L+m (b (1+m +2bm(-1+2qC) r +

r(2y((b+(-1+aym?-4bm(-1+a+bm qC+4b?nfqC) +r +m(—2+2a+r))))/

|

Letting Q;, be the extinction probability if the population starts with type h, T5.6_HJV 2005 states that, as& — 0, Q,, = Q,(¢) — 1, and

2
(17a+bm(71+2qC) +\/(b+ (-1+a)ym?-4bm(-1+a+bm qC+4b2m?qC2)

20§ -1
(&) = 1= Qp(é) = ————— Ww(&) + 0(H). 4
B
Further, Haccou et al. (2005) state that, provided B(¢) — B(0) and also the eigenvector v(¢) — v (0) as& — 0, one can conclude that
2 -1
1-Qn) = ———— (0 + 0o(H). 6)
B(0)

Note that in the manuscript and, sometimes, in other Mathematica Notebooks, we use § instead of Q.
= Application
= Analytical expressionswithout further approximation

The equilibrium frequency of alele B; (see Mathematica Notebook 120309 twol ocusContinentlslandDiscreteStochastic.nb for a
derivation):

gHatBPolymContRule

qHatB» ————
2b (1 +m)

b—m+am+2bqu+\/—4b (-1+a+b)m@+m qC+ (b+ (-1 +a) m+2bmqC)?

2 (vPolymCont - 1)

nlPolymCont = vPolymCont[1];
BPolymCont
2 (vPolymCont - 1)
w2PolymCont = vPolymCont[2] ;
BPolymCont

wAvPolymCont = gHatB * 7lPolymCont + (1 - gHatB) * 72PolymCont /. gHatBPolymContRule;

assumeSmal IForces
{a-ae, b->Be, r sep, Moep, y11 - glle, ¥12 > gl2e, ¥21 - g2l e, ¥y22 - Qg22¢€}
backSubstSmal lIForces

a b r m y1l1 ¥12 y21 ¥22

{aef, B> — p>—, u->— 9gl1 > —, 912 5> —, 921 > —, 92297}
€ € € € € € € €
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= Algebraic rearrangements

R1Rule = Rl->\/—4b (-1l+a+b)m@1+m)qC+(b+ (-1+a)m+2bmqgC)? ;

R1-+/((-1+a)?m?-2 (-1+a)bm (-1+2qC) +b? (1+4m? (-1+9C) qC)) /. R1Rule // Simplify

0

FullSimplify[Reduce[-4b (-1+a+b)ym (1+m) qC+ (b+ (-1+a) m+2bmqC)? = 0],
Assumptions -» Flatten[{genericAssumpt, 0 < qC < 1}]]

True

R2a = (-1+m)? (L+m) (b” (L+m) +2bm (-1+2qC) r+r (r+m(-2+2a+r) +2R1));
FullSimplify[Reduce[R2a > 0], Assumptions -» Flatten[{genericAssumpt, 0 < qC <1, 0 < R2}]]
$Abort ed
R2Rule =R2 » ~/ (((-1+m)? (1+m) (b? (L+m) +2bm (-1+29C) r+r (r+m(-2+2a+r) +2R1))) /
(1-a+bm(-1+2qC) +R1)?);

(-1+m)? (1+m) (b? (L+m) +2bm (-1+29C) r+r (r+m(-2+2a+r) +2R1)) -

((=1+m)? (L+m) (b? (L+m) +2bm (-1+2qC) r+r (r+m(-2+2a+r) +2R1))) // Simplify
0
(-1+m)? (1+m) (b? (L+m) +2m (-1+a-b+2bqgC) r+ (L+m) r>+2rR1) -

((=1+m)? (L+m) (b? (L+m) +2bm (-1+2qC) r+r (r+m(-2+2a+r) +2R1))) // Simplify
0

FullSimplify[Series[R1l /. R1Rule /. assumeSmallForces /. {qC » xCe}, {e, 0, 2}] /-
backSubstSmallForces /. {xC-»>qC/ €},
Assumptions -» Flatten[{genericAssumpt, 0 < qC < 1}]1] // Normal

2bmqCSign[b-mj

(b+ (-1+a)m Sign[b-m] +
b-m

Simplify[rrlPolymCont /. {\/ (b+ (-1+a)m)?>-4bm(-1+a+bm) qC+4b?m?qC?® - R1,

\-4b (-1+a+bym (1+m) qC+ (b+ (-1+a) m+2bmqC)? - R1,
N((-1+a)2m?-2 (-1+a) bm (-1+2qC) +b? (L+4m? (-1+qC) qC)) ->R1} /.
{7 (((-1+m)2 (1 +m) (b? (L+m) +2bm (-1+29C) r+r (r+m(-2+2a+r) +2R1))) /
(1-a+bm (-1+2qC) +R1)?) > R2,
V(((-1+m)2 (1+m) (b (L+m)+2m (-1+a+b (-1+2qC)) r+ (L+m) r’+2rR1))/
(1-a+bm (-1+2qC) +R1)?) > R2,
V(((-1+m)2 (1+m) (b (L+m)+2m (-1+a-b+2bgC) r+ (L+m) r’+2rR1))/
(L-a+bm(-1+20C) +R1)?) > R2,
AV (((-1+m)2 (1 +m) (b? (L+m) +2bm (-1+29C) r+r (r+m(-2+2a+r) +2R1))) /
(l1-a-bm+2bmqC+R1)?) »R2},
Assumptions -» Flatten[{genericAssumpt, 0 < R1l, 0 < qC < 1}]]
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(4b* (-m-r +bm(-1+2qC+r -2qCr) -RL+r RL +
a(2+m(2-b+2bqC) +r -RL-2R2) +b® (1+m-R2) +R2+a® (-2-m+R2))
((71+m)r ((-l+a)m+RLl) +b ((-1+m m(-1+29C)r + (-1+a-Rl) R2) +
b? (-1+nf+m(R2-2qCR2))) (r -nfr + (1-a+Rl)R+b (1-mm+R2-2qCR2)))
((-1+m?r? (-b+m(-1+a+2b (-1+qC)) +RL) -
((-1+mr ((-1+a) m+R1) +b (nf (-1+2qC)r +m(r -29Cr) + (-1+a-Rl) R2) +

b? (-1+nf+m(R2-2qCR2)))?/ (b+ (-1 +a) m+2bqu+R1)))/

(1-2a+a®-b?) (b+(-1+a)m+2bmgC+RL) |2 (-1+m r? (-b+m(-1+a+2b (-1+qC)) +RIL)

(-((-1+m? (b*> (-1+2m(-1+qC)) -r ((-1+a)m+Rl) +b (2-r +m(1+a-2qCr) +
RL)))/(1-a+bm(-1+2qC) +RL) + ((b+ (-1+a) m-2bmqgC+R1)
((—1+m)r ((-1+a) m+RLl) +b ((-1+m m(-1+2q9qC)r + (-1+a-Rl) R2) +
b?> (-1+nf+m(R2-2qCR2)))) /((1-a+b) (b+ (-1+a) m+2bmgC+R1L)))
((—1+m)2r2 (-b+m(-1+a+2b (-1+qC)) +R1) -
((-1+mr ((-1+a) m+RL) +b (nf (-1+2qC)r +m(r -2qCr) + (-1+a-Rl) R2) +
b? (-1+nf+m(R2-2qCR2)))?/ (b+ (-1+a) m+2bmgC+RL)) +
2 (-1+m) ((17m)r ((-1+a) m+Rl) +b (m(-1+m+2qC-2mgC)r + (1-a+Rl) R2) +
r2(-b+m(-1+a-2b(-1+9C)) +R1)

b? (1-m(m+R2-2qCR2))) -
-l+a+b

((b® (1+2mqC) +r ((-1+a) m+RL) +b (2-r +m(1+a+2 (-1+qC)r) +Rl))
((—1+m)r ((-1+a)m+RL) +b ((-1+m m(-1+29C)r + (-1+a-Rl) R2) +
b?> (-1+nf+m(R2-2qCR2)))) /

((b+ (-1+a)ym+2bmgC+R1) (1-a+bm(-1+2q9C) +R1))

((—1+m)2r2 (-b+m(-1+a+2b (-1+9C)) +R1) -
((-1+mr ((-1+a) m+R1) +b (nf (-1+2qC)r +m(r -2qCr) + (-1+a-Rl) R2) +
b? (-1+nf+m(R2-2qCR2)))?/ (b+ (-1+a) m+2bmgC+RL)) +
2 1

1/(1-2a+a®-b?) b? - (-b? (-1 +m) +m+a®m+
(-1+a)2-b? (-1+a)2-Db?

bm(-1+2qC) (-1+r)+r+Rl-rRl+a (2+m(-2+b-2bqC) -r +R1)> +R2

(-m-r+bm(-1+2qC+r -2qCr) -RL+rRl+a (2+m(2-b+2bqC) +r -RL-2R2) +
b (1+m-R2) + Rz +a® (-2-m+R2))

(r-nfr+@-a+Rl)R+b (1-mm+R2-2qCR2)))

((—1+m)3l’3 (-b+m(-1+a+2b (-1+qC)) +R1) -
((-1+mr ((-1+a) m+RL) +b (nf (-1+2qC)r +m(r -29Cr) + (-1+a-Rl) R2) +

b? (-1+nf+m(R2-2qCR2)})°/ (b+ (-1+a) m+2bmgC+RL)?)

We know that the radicand of R; isaways non-negative, which meansthat Ry isreal.
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Simplify[;rZPolymCont /- {\/ (b+ (-1+a)my?-4bm(-1+a+bm) qC+4b?m?qC?® - R1,

\-4b (-1+a+bym (1+m) qC+ (b+ (-1+a) m+2bmqC)? - R1,
V((-1+a)2m -2 (-1+a) bm (-1+2qC) +b? (L+4m? (-1+qC) qC)) »R1} /.
[V (((-1+m)2 (L+m) (b> (L+m) +2bm (-1+2qC) r+r (r+m(-2+2a+r)+2R1)))/
(l-a+bm(-1+2qC) +R1)?) > R2,
V(((-1+m)? (1+m) (b (L+m)+2m (-1+a+b (-1+2qC)) r+ (L+m) r*+2rR1))/
(1-a+bm (-1+2qC) +R1)?) > R2,
V(((-1+m)2 (1+m) (b> (L+m) +2m (-1+a-b+2bqC) r+ (L+m) r’+2rR1))/
(1-a+bm (-1+2qC) +R1)?) > R2,
V(((-1+m)2 (1 +m) (b (L+m) +2bm (-1+20C) r+r (r+m(-2+2a+r) +2R1))) /
(1-a-bm+2bmqC+R1)?) »R2},
Assumptions -» Flatten[{genericAssumpt, 0 < R1l, 0 < qC < 1}]]

45
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(4% (-1+mr
(—m—r +bm(-1+2qC+r -29Cr) -RL+rRl+a (2+m(2-b+2bgC) +r -RL-2R2) +
b2 (1+m-R2) +R2+a” (-2-m+R2)) (r-nfr+ (1-a+Rl)R2+b (1-mm+R2-2qCR2)))
((-1+m?r? (-b+m(-1+a+2b (-1+qC)) +RL) -
((-1+mr ((-1+a)m+RL) +b (nf (-1+2qC)r +m(r -2qCr) + (-1+a-Rl) R) +

b? (71+n?+m(R272qCR2)))2/(b+ (-1+a) m+2bqu+Rl)))/

(1-2a+a®-b%) (2 (-1+mr? (-b+m(-1+a+2b (-1+qC)) +R1L)

(-((-1+m? (b? (-1+2m(-1+qC)) -r ((-1+a)m+Rl) +b (2-r +m(1+a-2qCr) +
RL)))/(1-a+bm(-1+2qC) +R1) + ((b+ (-1+a) m-2bmgC+R1)
((71+m)r ((-1+a)m+RL) +b ((-1+m m(-1+29C)r + (-1+a-Rl) R2) +
b?> (-1+nf+m(R2-2qCR2)))) / ((1-a+b) (b+ (-1+a) m+2bmqC+RL)))
((-1+m?r? (-b+m(-1+a+2b (-1+qC)) +RL) -
((-1+mr ((-1+a)m+RL) +b (nf (-1+2qC)r +m(r -2qCr) + (-1+a-Rl) R2) +
b2 (-1+nf+m(R2-2qCR2)))?/(b+ (-1+a)m+2bmgC+RL)) +
2 (-1+m) ((1—m)r ((-1l+a) m+Rl) +b (m(-1+m+2gC-2mqC) r + (1-a+R1) R2) +
r2(-b+m(-1+a-2b (-1+9C)) +R1)
b? (1-m(m+R2-2qCR2)) ) -
-l1+a+b
((b® (1+2mqgC) +r ((-1+a)m+RL) +b (2-r +m(1+a+2 (-1+qC)r) +Rl))
((—1+m)r ((-1+a) m+RL) +b ((-1+m m(-1+29C)r + (-1+a-Rl) R2) +
b?> (-1+nf+m(R2-2qCR2)))) /

((b+ (-1+a)m+2bmgC+R1l) (1-a+bm(-1+2qC) +R1))

((-1+m?r? (-b+m(-1+a+2b (-1+qC)) +RL) -
((-1+mr ((-1+a)m+RL) +b (nf (-1+2qC)r +m(r -2qCr) + (-1+a-Rl) R2) +
b2 (-1+nf+m(R2-2qCR2)))?/(b+ (-1+a) m+2bmgC+RL)) +
2 1

1/(1-2a+a%-b?)b? - (-b% (-1+m) +m+a®m+
(-1+a)2-b%2 (-1+a)?2-b?

bm(-1+2qC) (-1+r)+r+Rl-rRl+a (2+m(-2+b-2bqC) -r +R1)) +R2

(—m—r +bm(-1+29gC+r -29Cr) -Rl+rRl+a (2+m(2-b+2bqC) +r -RL-2R2) +
b2 (1+m-R2) +R2 +a? (727m+R2)>

(r-nfr+@-a+RI)R+b (1-mm+R2-2qCR2)))

((-1+m3r® (-b+m(-1+a+2b (-1+qC)) +RL) -
((-1+mr ((-1+a) m+R1) +b (nf (-1+2qC)r +m(r -29Cr) + (-1+a-Rl) R2) +

b? (—1+n’?+m(R272qCR2)))3/(b+(71+a) m+2bqu+Rl)2)]
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Simplify[;rAvPolymCont /. {\/ (b+ (-1+a)m)y2-4bm(-1+a+bm) qC+4b®>m?>qC? - R1,

\-4b (-1+a+bym (1+m) qC+ (b+ (-1+a) m+2bmqC)? - R1,
V((-1+a)2m -2 (-1+a) bm (-1+2qC) +b? (L+4m? (-1+qC) qC)) »R1} /.
[V (((-1+m)2 (L+m) (b> (L+m) +2bm (-1+2qC) r+r (r+m(-2+2a+r)+2R1)))/
(l-a+bm(-1+2qC) +R1)?) > R2,
V(((-1+m)? (1+m) (b (L+m)+2m (-1+a+b (-1+2qC)) r+ (L+m) r*+2rR1))/
(1-a+bm (-1+2qC) +R1)?) > R2,
V(((-1+m)2 (1+m) (b> (L+m) +2m (-1+a-b+2bqC) r+ (L+m) r’+2rR1))/
(1-a+bm (-1+2qC) +R1)?) > R2,
V(((-1+m)2 (1 +m) (b (L+m) +2bm (-1+20C) r+r (r+m(-2+2a+r) +2R1))) /
(1-a-bm+2bmqC+R1)?) »R2},
Assumptions -» Flatten[{genericAssumpt, 0 < R1l, 0 < qC < 1}]]

a7
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(2b? (-m-r +bm(-1+2qC+r -2qCr) -RL+r RL +
a(2+m(2-b+2bqC) +r -RL-2R2) +b® (1+m-R2) +R2+a® (-2-m+R2))
((71+mz)r+ (-l+a-R1l)R2+Db (7l+mz+m(R272qCR2>))
(r-nfr+@-a+Rl)R+b (1-m(m+R2-2qCR2)))
((-1+m?r? (-b+m(-1+a+2b (-1+qC)) +RL) -
((-1+mr ((-1+a) m+R1) +b (nf (-1+2qC)r +m(r -29Cr) + (-1+a-Rl) R2) +

b? (-1+nf+m(R2-2qCR2)))?/ (b+ (-1+a) m+2bqu+R1)))/

(1-2a+a®-b%) (1+m |2 (-1+mr? (-b+m(-1+a+2b (-1+qC)) +RL)

(-((-1+m? (b?> (-1+2m(-1+qC)) -1 ((-1+a) m+Rl) +b (2-r +m(1+a-2qCr) +
RL)))/(1-a+bm(-1+2qC) +RL) + ((b+ (-1+a) m-2bmqgC+R1)
((—1+m)r ((-1+a) m+RLl) +b ((-1+m m(-1+29qC)r + (-1+a-Rl) R2) +
b?> (-1+nf+m(R2-2qCR2)))) /((1-a+b) (b+ (-1+a) m+2bmgC+R1L)))
((-1+m?r? (-b+m(-1+a+2b (-1+qC)) +RL) -
((-1+mr ((-1+a) m+R1) +b (nf (-1+2qC)r +m(r -2qCr) + (-1+a-Rl) R2) +
b? (-1+nf+m(R2-2qCR2)))?/ (b+ (-1+a) m+2bmgC+RL)) +
2(-1+m) ((lfm)r ((-1+a)ym+RLl) +b (m(-1+m+29C-2mqC) r + (1-a+Rl) R2) +
r2(-b+m(-1+a-2b(-1+9C)) +R1)
b? (1-m(m+R2-2qCR2))) -
-l+a+b
((b® (1+2mqC) +r ((-1+a) m+RL) +b (2-r +m(1+a+2 (-1+qC)r) +R1))
((71+m)r ((-1+a)m+RL) +b ((-1+m m(-1+29C)r + (-1l+a-Rl) R2) +
b? (-1+nf+m(R2-2qCR2)))) /

((b+ (-1+a)ym+2bmgC+R1) (l1-a+bm(-1+2q9C) +R1))

((-1+m?r? (-b+m(-1+a+2b (-1+qC)) +RL) -
((-1+mr ((-1+a) m+R1) +b (nf (-1+2qC)r +m(r -2qCr) + (-1+a-Rl) R2) +
b? (-1+nf+m(R2-2qCR2)))?/ (b+ (-1+a) m+2bmgC+RL)) +
2 1

1/(1-2a+a®-b?) b? - (-b? (-1 +m) +m+a®m+
(-1+a)2-b? (-1+a)2-Db?

bm(-1+29C) (-1+r)+r+RlL-rRl+a (2+m(-2+b-2bqC) -r +Rl)> +R2

(-m-r +bm(-1+2qC+r -2qCr) -RL+rRl+a (2+m(2-b+2bqC) +r -RL-2R2) +
b (1+m-R2) +R2+a® (-2-m+R2))

(r-nfr+@-a+Rl)R+b (1-mm+R2-2qCR2)))

((-1+m3r® (-b+m(-1+a+2b (-1+qC)) +RL) -
((-1+mr ((-1+a) m+R1) +b (nf (-1+2qC)r +m(r -2qCr) + (-1+a-Rl) R2) +

b? (-1+nf+m(R2-2qCR2)})°/ (b+ (-1 +a) m+2bqu+R1)2)]

m Assumeweak evolutionary forces (attempt without success)

Inspection of 71, o and ma, shows that these are big terms. Therefore we are going to approximate them by assuming small evolution-
ary forces.

slPolymCont /. assumeSmallForces /. {qC -» xCe};
Simplify[x1PolymCont /. assumeSmallForces /. {qC -» xC e}, Assumptions - genericAssumpt]
$Abort ed

This takes more than an hour on aMac mini 2.3 GHz Intel Core i5 with 4 GB RAM.
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termlPolymCont =
Series[n1PolymCont /. assumeSmallForces /. {qC » xCe}, {e, O, 1}] // Normal

$Abort ed

= Remark
At this point, we realise that analytical expressions become nasty, containing square roots of sguare roots and multiple divisions.
This makes it difficult to take derivatives and approximate the expressions by Taylor Series expansion. As an alternative, we start

with a mean matrix with approximate entries — rather than with the exact one — and then follow the stepsin T5.6_HJV2005. Thisis
donein the section that starts after the following paragraph with plots.

Additive fitness and polymorphic continent, approximate mean matrix

= Preliminaries

Recall the eigenvalues of the approximate mean matrix:

vPolymContAx

1

{f 2+2am\/(bm)2+4bquer2+r 72m+2\/(b7m)2+4bqu +r ]
2

1

— 2+2amJ(bm)2+4bqur+Jb2+r 72m+2J(bfm)2+4bqu+r ]}

For small forces, the second eigenvalue is the leading one.

= Identification of ¢
vPolymContAX[2]

2+2a—m—\/(b—m)2+4bqu -r +\/b2+r (—2m+2\/(b—m)2+4bqu +r) J

gPolymContAxRule =
FullSimplify[Solve[vPolymContAX[2] == 1+ &, €], Assumptions -» Flatten[{genericAssumpt}]]

[{erar J)

The branching process for a polymorphic continent and weak evolutionary forcesis dightly supercritical if ¢ is small, where

_m_J(b—m)2+4bqu—r+Jb2+r (—2m+2\/(b—m)2+4bqu +r)

.fxa—%[m+r+\/R_'3—\/b2—r(2m—r—2 R'3)], (6)

where R's = (b — m)? + 4bmg, > 0.
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Manipulate [Plot[£AddPolymContApproxFunc[mya, myb, mym, r, myqC],
{r, 0, 0.5}, Frame -» True, FrameLabel - {"'Recombination rate r', "§"}],
{{mya, 0.2}, 0, 1}, {{myb, 0.4}, 0, 1}, {{mym, 0.2}, O, 1}, {{myqC, 0.2}, 0, 1}]

mya U
myb B
mym B
myqC D
0.14 -
0.12 i
0.10 B
w L
0.08 B
0.06 B
L - | | L

L L L L L L 1 L L L L L L L L L
0.0 0.1 0.2 0.3 0.4 0.5

Recombination rate r

m Eigenvectors and their normalisation
The right and left leading eigenvectors:
The second oneis the leading eigenvector (belonging to the dominant eigenvalue).

vPolymContAxDef = FullSimplify[Eigenvectors[LaddPolymContAx] [2],
Assumptions -» Flatten[ {genericAssumpt, 0 < qC < 1}]]

b+\/b2+r (72m+2\/(b7m)2+4bch +r) N/

(bfm+\/(bfm)2+4bch) r), 1}

b+\/b2+r (—2m+2\/(b—m)2+4bqu +r) N/

(bfm+\/(bfm)2+4bch) r), 1}

b+Jb2+r (—2m+2\/(b—m)2+4bch +r) N/

+\/(b—m)2+4bch) r), 1}

b+Jb2+r (—2m+2\/(b—m)2+4bqu +r) N/

((b—m+\/(b—m)2+4bch) r), 1}

7m+\/(bfm)2+4bch r+b

—m+\/(b—m)2+4bch) r+b

{

(—m+\/(b—m)2+4bch) r+b
((b—m

(—m+\/(b—m)2+4bch) r+b

{
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{

—m+\/(b—m)2+4bqu) r+b

b+\/b2+r (—2m+2\/(b—m)2+4bqu +r) N/

b—m+\/(b—m)2+4bch r}, 1
| r] 1]

b+Jb2+r (—2m+2\/(b—m)2+4bch +r) N/

{

—m+\/(b—m)2+4bqu) r+b

b—m+\/(b—m)2+4bqu r}, 1
| e} 1}

b+Jb2+r (72m+2J(bfm)2+4bqu +r) N/

{

7m+\/(b7m)2+4bch) r+b

(b—m+\/(b—m)2+4bch) r), 1}

b+\/b2+r (72m+2J(b7m)2+4bqu +r) N/

{

7m+\/(bfm)2+4bch) r+b

b7m+\/(bfm)2+4bqu ri, 1
| Jr) 1]

b+\/b2+r (72m+2J(bfm)2+4bqu +r) N/

{

7m+\/(b7m)2+4bch) r+b

(bfm+\/(bfm)2+4bch) r), 1}

|

|

|

|

|

|

|

|

|

|

| oo (zmdwbm)zwbch”)N/
[[p-me/o-m? - sbmac ). 3]
|
|
|
|
|
|
|
|
|
|

{

7m+\/(bfm)2+4bch) r+b

{

—m+\/(b—m)2+4bch) r+b

b+\/b2+r (—2m+2\/(b—m)2+4bch +r) N/

(bfm+\/(bfm)2+4bch) r), 1}

{

—m+\/(b—m)2+4bch) r+b

b+Jb2+r (—2m+2\/(b—m)2+4bch +r) ]J/

(bfm+\/(bfm)2+4bch) r), 1}

{

—m+\/(b—m)2+4bqu) r+b

b+\/b2+r (—2m+2\/(b—m)2+4bqu +r) N/

(b—m+\/(b—m)2+4bch) r), 1}

{

—m+\/(b—m)2+4bch) r+b

b+Jb2+r (—2m+2\/(b—m)2+4bqu +r) N/

b—m+\/(b—m)2+4bqu r|, 1
| Jr) 1]

{

7m+\/(b7m)2+4bch) r+b

b+Jb2+r (72m+2J(bfm)2+4bqu +r) N/

b—m+\/(b—m)2+4bqu r|, 1
| Jr] 1}
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{

(—m+\/(b—m)2+4bch) r+b

b+\/b2+r (—2m+2\/(b—m)2+4bqu +r) N/

((b—m+\/(b—m)2+4bch) r), 1}

Recall: The left eigenvectors of amatrix A are obtained as the right eigenvectors of the transpose of A.

FullSimplify[Eigensystem[Transpose [LaddPolymContAx]],
Assumptions - Flatten[{genericAssumpt, 0 < qC < 1}1]]

i

2+2a7m7\/(b7m)2+4bch -r \/b2+r (72m+2\/(b7m)2+4bch +r) J

1
— [2+2a—m—\/(b—m)2+4bch -r +\/b2+r (—2m+2\/(b—m)2+4bch +r) J}
2

_b+Jb2+r (—2m+2\/(b—m)2+4bqu +r) JJ/

b+m- \/b m) +4bqu) ) 1},

b+Jb2+r

( b+mf\/(bfm)2+4bch) r), 1}}}

uPolymContAxDef = FullSimplify[Eigenvectors[Transpose[LaddPolymContAx]][2],
Assumptions -» Flatten[{genericAssumpt, 0 < qC < 1}]1]

b+\/b2+r (—2m+2\/(b—m)2+4bqu +r) N/

((b+mf\/(bfm)2+4bch)r), 1}

Get the normed eigenvectors.

m- - +4bqu)r+b

72m+2\/(b7m)2+4bch +r

-
|
(| m-

- +4bqu) -b

I

{_

(m—\/(b—m)2+4bch) r-b

uPolymContAx = FullISimplify[uPolymContAxDef / Total [uPolymContAxDef],
Assumptions -» Flatten[ {genericAssumpt, 0 < qC < 1}]]

b-r +\/b2+r (72m+2\/(b7m>2+4bch +r)

{ 25

b+r —Jbzw (—2m+2\/(b—m>2+4bch +r)

T }
uPolymContAx // MatrixForm

b-r +Jb2+r (72 me2 +/ (b-m)2+4 b mqC +r]

2b

b+r —\/b2+r (—2 me2 +/ (b-m)2+4 b mqC +r]

2b

kPolymContAx = FullSimplify[Sum[uPolymContAx[i] vPolymContAxDef[il, {i, 1, 2}],
Assumptions -» Flatten[{genericAssumpt, 0 < qC < 1}]]
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b2+be2+l’ (—2m+2\/(b—m)2+4bqu +I’) +

r

72m+2\/(b7m>2+4bch +r \/b2+r (72m+2\/(b7m)2+4bch +r) J]/

((b7m+\/(bfm)2+4bch)r)

b2+be2+l’ (—2m+2\/(b—m)2+4bch +I’) +

r

72m+2\/(b7m>2+4bch +r \/b2+r (72m+2\/(b7m)2+4bch +r) J]/

((bfm+J(bfm)2+4bqu)r)

b2+be2+r (72m+2\/(b7m)2+4bch +r) +

r

72m+2\/(b7m>2+4bch +r \/b2+r (72m+2\/(b7m)2+4bch +r) J]/

((b—m+\/(b7m)2+4bch)r)

b2+be2+r

72m+2\/(b7m)2+4bch +r \/b2+r (72m+2\/(b7m)2+4bch +r) J]/

72m+2\/(b7m)2+4bch +r

+

r

b—m+\/(b—m)2+4bqu r
{ )l

b2+b\/b2+r

72m+2\/(b7m)2+4bch +r \/b2+r (72m+2\/(b7m)2+4bch +r) J]/

+

72m+2\/(b7m)2+4bqu +r

r

((b—m+\/(b—m)2+4bch)r)

b2+be2+r

_2m+2\/(b—m)2+4bch +r —Jbzu (—2m+2\/(b—m)2+4bch +r) J]/

72m+2J(bfm)2+4bqu +r

+

r

b—m+J(b—m)2+4bqu r
{ )]

b2+be2+l’

_2m+2\/(b—m>2+4bch +r —\/b2+l’ (—2m+2\/(b—m)2+4bch +I’) J]/

72m+2\/(b—m)2+4bch +r

+

r

b—m+J(b—m)2+4bqu r
{ )l
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b2+be2+l’ (—2m+2\/(b—m)2+4bqu +I’) +

r 72m+2\/(b7m>2+4bch +r \/b2+r (72m+2\/(b7m)2+4bch

((b7m+\/(bfm)2+4bch)r)

b2+be2+l’ (—2m+2\/(b—m)2+4bch +I’) +

r 72m+2\/(b7m>2+4bch +r \/b2+r (72m+2\/(b7m)2+4bch

((bfm+J(bfm)2+4bqu)r)

b2+be2+r (72m+2\/(b7m)2+4bch +r) +

r 72m+2\/(b7m>2+4bch +r \/b2+r (72m+2\/(b7m)2+4bch

((b—m+\/(b7m)2+4bch)r)

b2+be2+r

72m+2\/(b7m)2+4bch +r

+

r 72m+2\/(b7m)2+4bch +r \/b2+r (72m+2\/(b7m)2+4bch

b—m+\/(b—m)2+4bqu r
{ )l

b2+b\/b2+r

+

72m+2\/(b7m)2+4bqu +r

r 72m+2\/(b7m)2+4bch +r \/b2+r (72m+2\/(b7m)2+4bch

((b—m+\/(b—m)2+4bch)r)

b2+be2+r

72m+2J(bfm)2+4bqu +r

+

r —2m+2\/(b—m)2+4bch +r —Jbzu (—2m+2\/(b—m)2+4bch

b—m+J(b—m)2+4bqu r
{ )]

b2+be2+l’

72m+2\/(b—m)2+4bch +r

+

r|-2ms2/(b-m2+4bmqC +r —\/b2+r (—2m+2\/(b—m)2+4bch

b—m+J(b—m)2+4bqu r
{ )l
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b2+be2+l’ (—2m+2\/(b—m)2+4bqu +I’) +

r

72m+2\/(b7m>2+4bch +r \/b2+r (72m+2\/(b7m)2+4bch +r) J]/

((b7m+\/(bfm)2+4bch)r)

b2+be2+l’ (—2m+2\/(b—m)2+4bch +I’) +

r

72m+2\/(b7m>2+4bch +r \/b2+r (72m+2\/(b7m)2+4bch +r) J]/

((bfm+J(bfm)2+4bqu)r)

vPolymContAx = FullSimplify[Table[vPolymContAxDef[i] / kPolymContAx, {i, 1, 2}1],
Assumptions -» Flatten[{genericAssumpt, 0 < qC < 1}]1]

b+Jb2+r (—2m+2\/(b—m)2+4bch +r) N/

{

(—m+\/(b—m)2+4bch) r+b

+

b2+be2+r (72m+2\/(b7m)2+4bch +r

r 72m+2\/(b7m)2+4bqu +r \/b2+r 72m+2\/(b7m)2+4bch +r

)

b2+b\/b2+l’ (—2m+2\/(b—m)2+4bqu +I’) +

((b—m+\/(b—m)2+4bch)r)/

r

_2m+2\/(b—m>2+4bch +r —Jbzw (—2m+2\/(b—m)2+4bch +r) ]J}

r+b

{

(7m+\/(b7m)2+4bch

b+\/b2+r (72m+2\/(b7m)2+4bqu +r) N/

+

b2+b\/b2+r (72m+2\/(b7m)2+4bch +r

r

_2m+2\/(b-m)2+4bqu +r —\/b2+r (—2m+2\/(b—m)2+4bch +r) ]J

((b—m+¢(b—m}2+4bch)r)/

b2+be2+r (—2m+2\/(b—m)2+4bqu +r) +

)

r 72m+2\/(b7m)2+4bch +r¢b2+r 72m+2\/(b7m)2+4bch +r

55



56 | 2LocContlsland_Stoch_Discr_SlightlySupercritBP.nb

{

(—m+\/(b—m)2+4bch) r+b

b+\/b2+r (—2m+2\/(b—m)2+4bqu +r) N/

b2+be2+l’ (—2m+2\/(b—m)2+4bch +I’) +

r 72m+2\/(b7m)2+4bch +r¢b2+r 72m+2\/(b7m)2+4bch +r

b2+be2+l’

_2m+2\/(b—m>2+4bqu +I’—\/b2+l’ (—2m+2\/(b—m)2+4bqu +I’) ]J}

)

+

((b—m+\/(b7m)2+4bch)r)/

72m+2J(b—m)2+4bqu +r

r

r+b

{

(7m+\/(bfm)2+4bch

b+\/b2+r (72m+2\/(b7m)2+4bch +r) N/

+

b2+b\/b2+r (72m+2\/(b7m)2+4bch +r

r

—2m+2\/(b—m)2+4bqu +r —Jbzu (—2m+2\/(b—m)2+4bch +r) ]J

((b—m+¢(b—m)2+4bch)r)/

b2+be2+r (—2m+2\/(b—m)2+4bch +r) +

)

b+\/b2+r (72m+2J(b7m)2+4bqu +r) N/

r 72m+2\/(b7m)2+4bch +er2+r 72m+2\/(b7m)2+4bch +r

r+b

{

(7m+\/(bfm)2+4bch

b2+b\/b2+r (—2m+2\/(b—m)2+4bqu +I’) +

r

_2m+2\/(b—m)2+4bch +r —Jbzw (—2m+2\/(b—m)2+4bch +r) ]J

b2+be2+r

72m+2\/(b7m)2+4bqu +r \/b2+r

72m+2\/(b7m)2+4bch +r

+

((b7m+\/(bfm)2+4bch)r)/

r 72m+2\/(b7m)2+4bqu+r

)
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{

(—m+\/(b—m)2+4bch) r+b

b+\/b2+r (—2m+2\/(b—m)2+4bqu +r) N/

b2+be2+l’ (—2m+2\/(b—m)2+4bch +I’) +

r 72m+2\/(b7m)2+4bch +r¢b2+r 72m+2\/(b7m)2+4bch +r

b2+be2+l’

_2m+2\/(b—m>2+4bqu +I’—\/b2+l’ (—2m+2\/(b—m)2+4bqu +I’) ]J}

)

+

((b—m+\/(b7m)2+4bch)r)/

72m+2J(b—m)2+4bqu +r

r

r+b

{

(7m+\/(bfm)2+4bch

b+\/b2+r (72m+2\/(b7m)2+4bch +r) N/

+

b2+b\/b2+r (72m+2\/(b7m)2+4bch +r

r

—2m+2\/(b—m)2+4bqu +r —Jbzu (—2m+2\/(b—m)2+4bch +r) ]J

((b—m+¢(b—m)2+4bch)r)/

b2+be2+r (—2m+2\/(b—m)2+4bch +r) +

)

b+\/b2+r (72m+2J(b7m)2+4bqu +r) N/

r 72m+2\/(b7m)2+4bch +er2+r 72m+2\/(b7m)2+4bch +r

r+b

{

(7m+\/(bfm)2+4bch

b2+b\/b2+r (—2m+2\/(b—m)2+4bqu +I’) +

r

_2m+2\/(b—m)2+4bch +r —Jbzw (—2m+2\/(b—m)2+4bch +r) ]J

b2+be2+r

72m+2\/(b7m)2+4bqu +r \/b2+r

72m+2\/(b7m)2+4bch +r

+

((b7m+\/(bfm)2+4bch)r)/

r 72m+2\/(b7m)2+4bqu+r

)
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{

(—m+\/(b—m)2+4bch) r+b

b+\/b2+r (—2m+2\/(b—m)2+4bqu +r) N/

b2+be2+l’ (—2m+2\/(b—m)2+4bch +I’) +

r 72m+2\/(b7m)2+4bch +r¢b2+r 72m+2\/(b7m)2+4bch +r

b2+be2+l’

_2m+2\/(b—m>2+4bqu +I’—\/b2+l’ (—2m+2\/(b—m)2+4bqu +I’) ]J}

)

+

((b—m+\/(b7m)2+4bch)r)/

72m+2J(b—m)2+4bqu +r

r

r+b

{

(7m+\/(bfm)2+4bch

b+\/b2+r (72m+2\/(b7m)2+4bch +r) N/

+

b2+b\/b2+r (72m+2\/(b7m)2+4bch +r

r

—2m+2\/(b—m)2+4bqu +r —Jbzu (—2m+2\/(b—m)2+4bch +r) ]J

((b—m+¢(b—m)2+4bch)r)/

b2+be2+r (—2m+2\/(b—m)2+4bch +r) +

)

b+\/b2+r (72m+2J(b7m)2+4bqu +r) N/

r 72m+2\/(b7m)2+4bch +er2+r 72m+2\/(b7m)2+4bch +r

r+b

{

(7m+\/(bfm)2+4bch

b2+b\/b2+r (—2m+2\/(b—m)2+4bqu +I’) +

r

_2m+2\/(b—m)2+4bch +r —Jbzw (—2m+2\/(b—m)2+4bch +r) ]J

b2+be2+r

72m+2\/(b7m)2+4bqu +r \/b2+r

72m+2\/(b7m)2+4bch +r

+

((b7m+\/(bfm)2+4bch)r)/

r 72m+2\/(b7m)2+4bqu+r

)
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{

(—m+\/(b—m)2+4bch) r+b

b+\/b2+r (—2m+2\/(b—m)2+4bqu +r) N/

b2+be2+l’ (—2m+2\/(b—m)2+4bch +I’) +

r 72m+2\/(b7m)2+4bch +r¢b2+r 72m+2\/(b7m)2+4bch +r

b2+be2+l’

_2m+2\/(b—m>2+4bqu +I’—\/b2+l’ (—2m+2\/(b—m)2+4bqu +I’) ]J}

)

+

((b—m+\/(b7m)2+4bch)r)/

72m+2J(b—m)2+4bqu +r

r

r+b

{

(7m+\/(bfm)2+4bch

b+\/b2+r (72m+2\/(b7m)2+4bch +r) N/

+

b2+b\/b2+r (72m+2\/(b7m)2+4bch +r

r

—2m+2\/(b—m)2+4bqu +r —Jbzu (—2m+2\/(b—m)2+4bch +r) ]J

((b—m+¢(b—m)2+4bch)r)/

b2+be2+r (—2m+2\/(b—m)2+4bch +r) +

)

b+\/b2+r (72m+2J(b7m)2+4bqu +r) N/

r 72m+2\/(b7m)2+4bch +er2+r 72m+2\/(b7m)2+4bch +r

r+b

{

(7m+\/(bfm)2+4bch

b2+b\/b2+r (—2m+2\/(b—m)2+4bqu +I’) +

r

_2m+2\/(b—m)2+4bch +r —Jbzw (—2m+2\/(b—m)2+4bch +r) ]J

b2+be2+r

72m+2\/(b7m)2+4bqu +r \/b2+r

72m+2\/(b7m)2+4bch +r

+

((b7m+\/(bfm)2+4bch)r)/

r 72m+2\/(b7m)2+4bqu+r

)
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(—m+\/(b—m)2+4bch) r+b

{ b+\/b2+r(_2m+2J<b_m>2+4bqu+r)N/

b2+be2+l’ (—2m+2\/(b—m)2+4bch +I’) +

r 72m+2\/(b7m)2+4bch +r¢b2+r 72m+2\/(b7m)2+4bch +r

b2+be2+l’

_2m+2\/(b—m>2+4bch +r—\/b2+r (—2m+2\/(b—m)2+4bch +r) ]J}

)

72m+2J(b—m)2+4bqu +r

+

((b—m+\/(b7m)2+4bch)r)/

r

{ r+b b+\/b2+r(2m+2\/(bm)2+4bqu+r)N/

(7m+\/(bfm)2+4bch

+

b2+b\/b2+r (72m+2\/(b7m)2+4bch +r

r —2m+2\/(b—m)2+4bch +r —Jbzw (—2m+2\/(b—m)2+4bch +r) ]J

((b—m+¢(b—m)2+4bch)r)/

b2+be2+r (—2m+2\/(b—m)2+4bch +r) +

Ii

Simplify[uPolymContAxDef.LaddPolymContAx == uPolymContAxDef » vPolymContAX[2],
Assumptions -» Flatten[{genericAssumpt, 0 < qC =< 1}1]

r 72m+2\/(b7m)2+4bch +er2+r 72m+2\/(b7m)2+4bch +r

True

FullSimplify[LaddPolymContAx.vPolymContAxDef == vPolymContAxDef x vPolymContAx[2],
Assumptions -» Flatten[{genericAssumpt, 0 < qC < 1}]]

True

FullSimplify[uPolymContAx.LaddPolymContAx == uPolymContAx x vPolymContAX[2],
Assumptions -» Flatten[{genericAssumpt, 0 < qC < 1}]1]

True

FullSimplify[LaddPolymContAx.vPolymContAx == vPolymContAx = vPolymContAx[2],
Assumptions -» Flatten[{genericAssumpt, 0 < qC < 1}1]]

True
The following is required according to Haccou et al. (2005, p.127), and we check that it holds.
Total [uPolymContAx] // FullSimplify
1
Sum[uPolymContAx[i] vPolymContAx[il, {i, 1, 2}] // Simplify
1

= The limit matrix

The limit matrix (the evaluation immediately below takes some time, therefore we hard-code the definition below):

BPol ynCont Ax = Ful | Sinplify|
Sum{uPol ynCont Ax[h] = Sum[vPol ynCont Ax[j ] LaddPol ynCont Ax[h, j 1, {j, 1, 2}], {(h, 1, 2}] +
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vPol yrrObntAx[[Z}] 7(va0| ynﬁont A>;[2]] -1) gu?n[uPol ynf)ont AX[j ]}7* vPol yrrr>ContAxr[[ji ]]2,7 4, 1, 2}}
Assunptions —» Flatten[{generi cAssunpt, 0 <qC =< 1}]};

BPolymContAx =—[(b—m+\/(b—m)2+4 b m qC) r [b+r—\/b2+r (—2 m+2 \/(b—m)2+4 b mqgC +r) ] [_

This is analogous to eg. (1), but for a monomorphic continent. In addition, the entries of the mean matrix L were approximated
assuming weak evolutionary forces.

vPolymContAX[2]

1

2+2a—m—\/(b—m)2+4bqu -r +Jb2+r (—2m+2\/(b—m)2+4bch +r) ]

Letting Q;, be the extinction probability if the population starts with type h, T5.6_HJV 2005 states that, as & - 0, Q, = Qu(&) — 1, and

20(§-1)
Th(§) =1—Qn(&) = ———— Wn(§) + O(¢.
B(&)
Further, Haccou et al. (2005) state that, provided B(¢) — B(0) and also the eigenvector v(e) — v (0) as ¢ — 0, one can conclude that
26 -1)

1— Qué) = ———— W(0) + Of&.
Qné) BO) Vh(0) + o(¢

Note that in the manuscript and, sometimes, in other Mathematica Notebooks, we use 5 instead of Q;.
= Application
= Analytical expressions
The equilibrium frequency of allele B, (see Mathematica Notebook 2L ocContlsland_Determ_Discr.nb for a derivation):
gHatBPolymContRule

qHat B -
1

2b (1+m)

FullSimplify[Series[gHatB /. gHatBPolymContRule /. assumeSmal lForces, {e, 0, 1}] /.
backSubstSmal IForces, Assumptions -» Flatten[{genericAssumpt, 0 < qC <1}1] // Normal

1

2b

b—m+am+2bqu+J—4b (-1+a+b)m(l+m qC+ (b+ (-1+a) m+2bmqC)?

am{b-m-2bqgC)

b-m+am-bm+nf+2bmgC+ +\/(b7m)2+4bch 7mJ(bfm)2+4bqu

J(bfm)2+4bqu

2 (vPolymContAx[2] - 1)
nlPolymContAx = Simpl ify[ ] vPolymContAXx[1],
BPolymContAx

Assumptions -» Flatten[ {genericAssumpt, 0 < qC < 1}]] ;

2 (vPolymContAx[2] - 1)
n2PolymContAx = Simpl ify[ | vPolymContAX[2] ,
BPolymContAx

Assumptions -» Flatten[ {genericAssumpt, 0 < qC < 1}]] ;

wAvPolymContAx = gHatB » wr1PolymContAx + (1 - qHatB) % w2PolymContAx /.
gHatBPolymContRule;

m Algebraic rearrangement
Some simplification/rearrangement of these results:

R1Rule

Rle\/74b (-1+a+b)m(L+m qC+ (b+ (-1+a) m+2bmqgC)?
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R3Rule :=R3->\/(b—m)2+4bch

R4Rule:=R4—>\/b2+r(—2m+r+2R3)

The following results are approximations, based on the assumption that the branching process is slightly supercritical, i.e. the leading
eigenvalue of the mean matrix is of the form 1 + e with small and positive. Moreover, to simplify the expressions, it was assumed that
evolutionary forces are weak (the continental frequency q. of B;can be arbitrary, however).

Approximation to the invasion probability of A; conditional on occurrence on the beneficial background By :

n1PolymContAx /. {\/ (b-m2+4bmgC ->R3} /. {\/b2+r (-2m+r+2R3) ->R4} /7 FullSimplify
(4b* (2a-m-r -R3+R4) (b?+r (-2m+r +2R3-R4) +bR4) (r (-m+R3) +b (b+R4)))/

-br (b-m+R3) (b+r -R4) (-2-2a+m+r + R3-R4) (b2+r (-2m+r +2R3-R4) +bR4) +

(b-r +R4) (b?+r (-2m+r +2R3-R4) +bR4) (2mr® (b-m-2bqC+R3) +
(b2+r (-m+R3) -b (-2-2a+m+r +R3)> (r (-m+R3) +b (b+R4))) +

1
b(2+2a-m-r -R3+R4) la+ — (-m-r -R3 +R4)
2

(r2 (b-m+R3)2 (b+r -R4) + (b-r +R4) (r (-m+R3) +b (b+R4))2)]

The approximate invasion probability of A, conditional on initial occurrence on the B; background and assuming weak evolutionary
forces, is given by

(4b*(2a-m-r-Rs+Ry) (b +r(-=2m+71+2Rs — Ry) + bRy) (r (-m+ Rg) + b (b + R4)))/

—br(b-m+Rg)(b+r—Ry)(-2—2a+m+r+Rs3—Ry) (b +r(-2m+r + 2Rs — Ry) + bRy) +

(b—r+Ry) (0> +r(-2m+r+2R; - Ry) + bRy)
(2mr2 (b - m=2bde + Ra) + (b2 + T (-m+ Re) = b (=2 = 2a+ M+ + Ry)) (T (=M + Ro) + b(b+ Ry))) + @

1
b(2+2a—m—r—R3+R4)(a+ 5(—m—r—R3+R4)]

(rP(b-m+Re)>(0+r1—Ry)+(b—1+Ry) (r(-m+Rg) + b(b+ R4))2)],

where R; = 4/ (b — m)2 + 4bmg, andR4=\/b2—r(2m—r—2R3).

Approximation to the invasion probability of A; conditional on occurrence on the deleterious background By:

72PolymContAX /. {\/ (b-m)y2+4bmqC ->R3} /. {\/b2+r (-2m+r+2R3) ->R4} // FullSimplify
(4b%r (b-m+R3) (2a-m-r -R3+R4) (b®+r (72m+r+2R37R4)+bR4))/

-br (b-m+R3) (b+r -R4) (-2-2a+m+r +R3-R4) (b2+l’ (-2m+r +2R3-R4) +bR4) +

(b-r +R4) (b?+r (-2m+r +2R3-R4) +bR4) (2mr? (b-m-2bqC+R3) +
(b?+r (-m+R3) -b (-2-2a+m+r +R3)) (r (-m+R3) +b (b+R4))) +

1
b2+2a-m-r-R3+R4) |[a+ — (-m-r -R3+R4)
2

(r? (b-m+R3)% (b+r -R4) + (b-r1 +R4) (r (-m+R3) +b (b+R4))2)]

The approximate invasion probability of A;, conditional on initial occurrence on the B, background and assuming weak evolutionary
forces, isgiven by

(4b?r(b-m+ R3)(2a—m—r—R3+R4)(b2+r(—2m+r+2R3—R4)+bR4))/
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-br(b-m+Rg)(b+r-Ry)(-2—2a+m+r+Rs—Ry) (b* +r(-2m+r1+ 2R3 — Ry) + bRy) +

(b—r1+Ry) (0> +r(-2m+r+ 2R3 — Ry) + bRy)
(2mr?(b-m-2bgc + Rg) + (b + 1 (-m+ Rg) —b(-2—-2a+ m+r + Ry)) (r (-M+ Rg) + b(b+ Ry))) +

1
b(2+2a—m—r—R3+R4)(a+ E(—m—r—R3+R4)]

(P(b-m+Re)*(b+r—Ry)+(b—r+Ry) (r(-m+Rg) + b(b+ R4))2)),

where Rz = 4/ (b — m)? + 4bma. andR4=\/b2—r(2m—r—2R3) , asabove.

denoml =

[—br(b—m+R3) (b+r-R4) (-2-2a+m+r +R3-R4) (b2+r(—2m+r+2R3—R4) +bR4)+

(b-r+R4) (b +r (-2m+r+2R3-R4) +bR4) (2mr? (b-m-2bqC+R3) +
(b>+r (-m+R3) -b (-2-2a+m+r+R3)) (r (-m+R3) +b (b+R4))) +

1
b(2+2a-m-r-R3+R4) |la+ — (-m-r-R3+R4)
2

(r? (b-m+R3)2 (b+r-R4) + (b-r+R4) (r (-m+R3) +b (b+R4))?)|;

denom2 =

-br (b-m+R3) (b+r-R4) (-2-2a+m+r +R3-R4) (b2+r(—2m+r+2R3-R4) +bR4)+

(b-r+R4) (b +r (-2m+r+2R3-R4) +bR4) (2mr? (b-m-2bqC+R3) +
(b>+r (-m+R3) -b (-2-2a+m+r+R3)) (r (-m+R3) +b (b+R4))) +

1
b(2+2a-m-r-R3+R4) |a+ — (-m-r-R3+R4)
2

(r> (b-m+R3)? (b+r-R4) + (b-r+R4) (r (-m+R3) +b (b+R4))?)|;

denoml - denom2 // Simplify
0
We see that the denominator of the two expressionsis the same.
numl = (4b” (2a-m-r-R3+R4) (b?+r (-2m+r+2R3-R4) +bR4) (r (-m+R3) +b (b+R4)));
num2 = (4b”r (b-m+R3) (2a-m-r-R3+R4) (b>+r (-2m+r+2R3-R4) +bR4));
numl + num2 // Simplify
4b* (2a-m-r -R3+R4) (b?+r (-2m+r +2R3-R4) +bR4) (b?+2r (-m+R3) +b (r +R4))
Approximation to the weighted average invasion probability of A;.
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7AVPOlymCoNtAX /. {\/(b—m)2+4bqu ->R3} /. {\/b2+r (-2m+r+2R3) ->R4} /.

{\/—4b(—1+a+b)m(1+m) gC+ (b+ (-1+a) m+2bmqC)? —>R1} // FullSimplify

(2b% (2a-m-r -R3+R4) (b>+r (-2m+r +2R3-R4) + b R4)
(b*> (1+2mqC) -r (m(1+a+2m +RL) +2 (1+m r R3+ ((-1+a) m+Rl) R4 +

b(r+RL+R4+m(-1+a+2r -2qCr +2qCR4))))/ ((1+m)

[—br (b-m+R3) (b+r -R4) (-2-2a+m+r +R3-R4) <b2+l’ (-2m+r +2R3-R4) +bR4) +

(b-r +R4) (b?+r (-2m+r +2R3-R4) +bR4) (2mr? (b-m-2bqC+R3) +
(b2+r (-m+R3) -b (-2-2a+m+r +R3)) (r (-m+R3) +b (b+R4))) +

1
b2+2a-m-r -R3+R4) |a+ — (-m-r —R3+R4)]
2
(r2 (b-m+R3)2 (b+r -R4) + (b-r +R4) (r (-m+R3) +b (b+R4))2)]]
The weighted average invasion probabiity of A; for weak evolutionary forcesis given by

(2b*(2a-m-r-Rs+ Ry) (b? + 1 (=2m+71+ 2R3 — Ry) + bRy) (b? (1 + 2mac) - r(m(L+a+2m) + Ry) +
20+mMrRs+((-1+am+ Rl)R4+b(r+R1+R4+m(—1+a+2r—2qu+2ch4))))/
[(1+m)[—br(b—m+ R)(b+r—Ry)(-2—2a+m+r+Rs—Ry) (b +r(-2m+r+2R;— Ry) + bRy) +

(b-r1+Ry) (0> +r(-2m+r+2R; — Ry) + bRy)
(2mr?(b—m-2bdc + Rs) + (0* + 1 (-m+ Rg) = b(-2 = 2a+ m+1 + Ry)) (r (-m+ Rg) + b(b + Ry))) +

1
b(2+2a—m—r—R3+R4)(a+ E(—m—r—R3+R4))

(P(b-m+Re)*(b+r—Ry)+(b—r+Ry) (r(-m+Rg) + b(b+ R4))2)]]

where R; and R, are as defined above and Rlz\/4b(1—a—b)m(1+m)qc+[b—(l—a)m+ 2bmac]? .
assumeSmal IForces
{asae, b>Be, r sep, Moep, y11 > glle, ¥12 > gl2e, ¥21 - g2l e, ¥y22 - Qg22€}
backSubstSmal IForces

a b r m v11 y12 ¥21 ¥22
fas = B>— oo — u>— glls — gl25 —, g21> —, g22> — |
€ € € € € € € €

= Plots
= |nvasion probability asa function of recombination rater

n31)= mya2 = 0.02;
myb2 = 0.04;
mym2 = 0.022;
myy1112 = O;
myy1212 = 0;
myy2112 = 0;
myy2212 = 0;
myqC2 = 0.1;
parComb2 = {a » mya2, b -» myb2, m - mym2, 111 -» myy1112,
¥121 » myy1212, 211 -» myy2112, ¥221 -» myy2212, qC -» myqC2}

oufizg= {a > 0.02, b - 0.04, m- 0.022, 111 - 0, y121 - 0, ¥211 -0, ¥221 -0, qC-> 0.1}

Comparing to the numerical solution for fixed values of a, bandm:

©
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Plot[ {probEstablAMApproxPolymContFuncir,
mym2, mya2, myb2, myy1112, myy1212, myy2112, myy¥2212, myqC2] [2] .,
probEstablAMApproxPolymContFunc[r, mym2, mya2, myb2, myy1112, myy1212,
myy2112, myy2212, myqC2] [3], probEstablAMApproxPolymContFunc|
r, mym2, mya2, myb2, myy1112, myy1212, myy2112, myy2212, myqC2] [41,
wlPolymContFunc[a, b, m, r, qC] /. parComb2, wm2PolymContFunc[a, b, m, r, qC] /. parComb2,
wAvPolymContFuncla, b, m, r, qC] /. parComb2,
nwlPolymContAxFuncla, b, m, r, qC] /. parComb2,
w2PolymContAxFunc[a, b, m, r, qC] /. parComb2,
rwAvPolymContAxFunc[a, b, m, r, qC] /. parComb2}, {r, O, 0.5},
PlotRange -» {{0, (rCritFunc[mym2, mya2, myb2] /. parComb2)}, {0, 2.5+ mya2}},
PlotStyle -» {{RGBColor[0, 0.3, 1, 0.5]}, {Red}, {Black},
{RGBColor[0, 0.3, 1, 0.5], DotDashed}, {Red, DotDashed},
{Black, DotDashed}, {RGBColor[0O, 0.3, 1, 0.5], Thick, Dashed},
{Red, Thick, Dashed}, {Black, Thick, Dashed}},
LabelStyle » {Directive[FontSize -» 14], FontFamily - "Helvetica"},
AxesLabel -» {r, "Invasion probability"}, Frame - True,
FrameStyle » {{Black, Opacity[0]}, {Black, Opacity[0]}},
FrameLabel - {"'Recombination rate r', "Invasion probability"}]
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Figure 7: The invasion probability as a function of the recombination rate r for a polymorphic continent (q. =0.1) and additive fitness effects. Invasion probabilities
are shown for A; occuring on the beneficial background B; (blue), on the deleterious background B, (red) and as a weighted average across backgrounds (black),
where the weights are determinded by the frequency E]B of B; at the marginal one-locus migration-selection equilibrium. Analytical approximations assuming a
slightly-supercritical branching process (thin dot-dashed lines) and, in addition, weak evolutionary forces (thick dashed lines) are compared to the exact numerical
branching-process solution (thin solid lines). Other parameter values are a=0.02, b=0.04, m=0.022andq. =0.1.

Comparing to the numerical solution for various values of a, band m:
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in4a01= Manipulate[
Plot[

{probEstablAMApproxPolymContFunc[r, m, a, b, myy¥1112, myy¥1212, myy¥2112, myy¥2212, qC][

2], probEstablAMApproxPolymContFunc[r, m, a,
b, myy1112, myy1212, myy2112, myy2212, qC][3]1,

probEstablAMApproxPolymContFunc[r, m, a, b, myy1112, myy1212, myy2112, myy2212, qC][
4], n1PolymContFunc([a, b, m, r, qC], w2PolymContFunc[a, b, m, r, qC],

wAvPolymContFuncla, b, m, r, qC], n1PolymContAxFunc[a, b, m, r, qC],

n2PolymContAxFunc[a, b, m, r, qC], mrAvPolymContAxFunc[a, b, m, r, qC]},

{r, 0, 0.5}, PlotRange -» {{0, rCritFunc[m, a, b]}, {0, 2.5%a}}, PlotStyle »
{{RGBColori[0, 0.3, 1, 0.5]}, {Red}, {Black}, {RGBColor[O, 0.3, 1, 0.5], DotDashed},
{Red, DotDashed}, {Black, DotDashed}, {RGBColor[O, 0.3, 1, 0.5], Thick, Dashed},

{Red, Thick, Dashed}, {Black, Thick, Dashed}},
LabelStyle » {Directive[FontSize -» 14], FontFamily - "Helvetica"},
AxesLabel -» {r, "Invasion probability"}, Frame - True,
FrameStyle -» {{Black, Opacity[0]}, {Black, Opacity[0]}},
FrameLabel - {""Recombination rate r", "Invasion probability"}],
{{a, 0.03}, 0, 0.08}, {{b, 0.04}, 0, 0.08}, {{m, 0.032}, 0, 0.1}, {{qC, 0.1}, O, 1}]
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M
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Figure: The invasion probability as a function of the recombination rate r for a polymorphic continent (g, > 0) and additive fitness effects. Invasion probabilities are
shown for A; occuring on the beneficial background B, (blue), on the deleterious background B, (red) and as a weighted average across backgrounds (black),
where the weights are determinded by the frequency dB of B, at the marginal one-locus migration-selection equilibrium. Analytical approximations assuming a
slightly-supercritical branching process (thin dot-dashed lines) and, in addition, weak evolutionary forces (thick dashed lines) are compared to the exact numerical
branching-process solution (thin solid lines). Parameter values for a, b, mandq. can be chosen arbitrarily from a range of values.

= [nvasion probability asa function of migration ratem

myr2 = 0.02;
parComb2a = {a -» mya2, b » myb2, r - myr2, y111 » myy1112,
¥121 - myy1212, y¥211 -» myy2112, ¥221 -» myy2212, qC -» myqC2}

{a->0.02, b->0.04, r »0.02, ¥y111 - 0, ¥121 -0, ¥211 -0, 221 -0, qC- 0.1}

Comparing to the numerical solution for fixed values of a, bandr:
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Plot[ {probEstablAMApproxPolymContFunc[myr2, m, mya2, myb2, myy1112,
myy1212, myy2112, myy2212, myqC2] [2], probEstablAMApproxPolymContFunc|
myr2, m, mya2, myb2, myy1112, myy¥1212, myy¥2112, myy¥2212, myqC2] 31,
probEstablAMApproxPolymContFunc[myr2, m, mya2, myb2, myy1112, myy1212,
myy2112, myy2212, myqC2] [4], m1PolymContFunc[a, b, m, r, qC] /. parComb2a,
w2PolymContFunc[a, b, m, r, qC] /. parComb2a, wmAvPolymContFuncfa, b, m, r, qC] /-
parComb2a, w1PolymContAxFunc[a, b, m, r, qC] /. parComb2a,
w2PolymContAxFunc[a, b, m, r, qC] /. parComb2a,
rwAvPolymContAxFunc[a, b, m, r, qC] /. parComb2a},
{m, 0, 2+ mCritFunc[myr2, mya2, myb2]},
PlotRange -» {{0, mCritFunc[myr2, mya2, myb2]}, {0, 2.5+ mya2}}, PlotStyle »
{{RGBColor[0, 0.3, 1, 0.51}, {Red}, {Black}, {RGBColor[0O, 0.3, 1, 0.5], DotDashed},
{Red, DotDashed}, {Black, DotDashed}, {RGBColor[0O, 0.3, 1, 0.5], Thick, Dashed},
{Red, Thick, Dashed}, {Black, Thick, Dashed}},
LabelStyle » {Directive[FontSize -» 14], FontFamily - "Helvetica"},
AxesLabel - {m, "Invasion probability"}, Frame » True,
FrameStyle » {{Black, Opacity[0]}, {Black, Opacity[0]}},
FrameLabel -» {"Migration rate m", "Invasion probability'}]
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Figure 9: The invasion probability as a function of the migration rate m for a polymorphic continent (g, > 0) and additive fitness effects. Invasion probabilities are
shown for A; occuring on the beneficial background B, (blue), on the deleterious background B, (red) and as a weighted average across backgrounds (black),
where the weights are determinded by the frequency dB of B, at the marginal one-locus migration-selection equilibrium. Analytical approximations assuming a
slightly-supercritical branching process (thin dot-dashed lines) and, in addition, weak evolutionary forces (up to first order of ¢; thick dashed lines) are compared to
the exact numerical branching-process solution (thin solid lines). Parameter values are a=0.02, b=0.04, r =0.02 andq. =0.1.

Comparing to the numerical solution for various values of a, bandr:
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1= Manipulate[
Plot[
{probEstablAMApproxPolymContFunc[r, m, a, b, myy¥1112, myy¥1212, myy¥2112, myy¥2212, qC][
2], probEstablAMApproxPolymContFunc[r, m, a, b, myy1112, myy¥1212, myy2112,

myy2212, qC] [3], probEstablAMApproxPolymContFunc[r, m, a, b, myy1112,
myyl1212, myy2112, myy2212, qC] [4], w1PolymContFunc[a, b, m, r, qC],

n2PolymContFunc([a, b, m, r, qC], nAvPolymContFunc[a, b, m, r, qC],

nlPolymContAxFuncla, b, m, r, qC], n2PolymContAxFunc[a, b, m, r, qC],

wAvPolymContAxFunc[a, b, m, r, qC]}, {m, O, 2+ mCritFunc[r, a, b]},

PlotRange -» {{0, 1.5« mCritFunc[r, a, bl}, {0, 2.5%a}}, PlotStyle »

{{RGBColori[0, 0.3, 1, 0.5]}, {Red}, {Black}, {RGBColor[O, 0.3, 1, 0.5], DotDashed},
{Red, DotDashed}, {Black, DotDashed}, {RGBColor[O, 0.3, 1, 0.5], Thick, Dashed},
{Red, Thick, Dashed}, {Black, Thick, Dashed}},

LabelStyle » {Directive[FontSize -» 14], FontFamily - "Helvetica"},

AxesLabel » {m, "Invasion probability"}, Frame - True,

FrameStyle -» {{Black, Opacity[0]}, {Black, Opacity[0]}},

FrameLabel -» {""Migration rate m", "Invasion probability"”}],
{{a, 0.03}, 0, 0.08}, {{b, 0.04}, 0, 0.08}, {{r, 0.01}, O, 0.1}, {{qC, 0.1}, O, 1}]
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Figure: The invasion probability as a function of the migration rate m for a polymorphic continent (g, > 0) and additive fitness effects. Invasion probabilities are
shown for A; occuring on the beneficial background B, (blue), on the deleterious background B, (red) and as a weighted average across backgrounds (black),
where the weights are determinded by the frequency 6|B of B; at the marginal one-locus migration-selection equilibrium. Analytical approximations assuming a

slightly-supercritical branching process (thin dot-dashed lines) and, in addition, weak evolutionary forces (up to first order of €; thick dashed lines) are compared to
the exact numerical branching-process solution (thin solid lines). Parameter values for a, b, r and g, can be chosen arbitrarily from a range of values.

We note that the approximation up to first order of e (thick dashed lines in the two previous plots) is rather good for the weighted
average invasion probability (black) over the whole range of m. The approximation to the invasion probabilities conditional on Aq
occurring on By (red) may be poor for small m.
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Functions for plotting

Analytical approximations to invasion probabilities

= Monomorphic continent, additive fitnesses
m Application of T5.6_HJV 2005 (slightly supercritical process) without further approximation

negl= wlFunc: zusage=""n1Func[a, b, m, r] a: selection coefficient in favour of A;; b: selectio

anunc[a_,b_,m_,r_]:=-(8 b ((1+m) (-2 a+b+r)-\/(1+m) (b2 (L+m) -2 b (-1+m) r+r (r+m (-4+

inooj= w2Func: zusage=""n2Func[a, b, m, r] a: selection coefficient in favour of A;; b: selectio

7r2Func[a_,b_,m_,r_]:=—(16 b (b+(-1+a) m) r ((1+m) (-2 a+b+r)—\/(1+m) (b2 (L+m) -2 b (-1+!

n1o21= wAVFuUNc: usage=""w7AvFunc[a, b, m, r] a: selection coefficient in favour of A;; b: select

nAvFunc[a_,b_,m_,r_]:=—(8 b (b+(-1+a) m) ((1+m) (-2 a+b+r)—\/(1+m) (b2 (1+m)-2 b (-1+m)

= Application of T5.6_HJV 2005 (dightly supercritical process) assuming weak evolutionary forces (up to first
order of €)

inp1o41= wlApprox4Func: usage =
"slApprox4Funcla, b, m, r] a: selection coefficient in favour of A;; b: selection
coefficient in favour of B;; m: migration rate; r: recombination rate";

—2mr+a(b+r+\/b2+2br—4mr+r2)

wlApprox4Funcfa_, b_, m_, r_] :=

\/b2+2br+r(—4m+r)

in1os= 2Approx4Func: usage =
"n2Approx4Funcla, b, m, r] a: selection coefficient in favour of
A1; b: selection coefficient in favour of B;; m: migration
rate; r: recombination rate'; n2Approx4Funcfa_, b_, m , r_] :=

b2—2mr+b(r—\/b2+2br—4mr+r2)+a —b+r+'\/b2+2br—4mr+r2

\/b2+2br+r(—4m+r)

inj1o6):= AVApprox4Func: tusage =
"sAvApprox4Func[a, b, m, r] a: selection coefficient in favour
of A;; b: selection coefficient in favour of B;; m: migration
rate; r: recombination rate'; nAvApprox4Funcla_, b_, m_, r_] :=

(Zazm+m(bz-r-Zmr—\/b2+2br-4mr+r2 +b(1+r—\/b2+2br-4mr+r2])+

a(b—me+r+\/b2+2br—4mr+r2 +2m(-1+\/b2+2br—4mr+r2]))/

((1+m) \/b2+2br+r(-4m+r) )
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In[107]

In[109]

In[111]

In[86]

In[88]

In[90]

In[92]

In[94]

In[96]

m Application of T5.6_HJV 2005 (slightly supercritical process) assuming weak evolutionary forces (up to
second order of €)

nlApprox5Func: :usage=""rlApprox5Func[a, b, m, r] a: selection coefficient in favour of A

1
wlApprox5Funcla_,b_,m_,r_]:= (m r (4 m? r-(b+r)? (2+2 b+r)+m r (8
(b?+2 b r+r (-4 m+r))3/2

- m2Approx5Func: tusage = "'w2Approx5Func[a, b, m, r] a: selection coefficient in favour of
1
m2Approx5Funcla_,b_,m_,r_]:= (b5+b4 (1+m+4 r—\/b2+2 br-4m r+r2]
(b?+2 b r+r (-4 m+r))3/2

- mAVApprox5Func: :usage = "smAvApprox5Funcla, b, m, r] a: selection coefficient in favour
1
wAvApprox5Funcfa_,b_,m_,r_]:= (1/(b+b m) (b-m+a m) (m r (4 m? r-(t
(b2+2 b r+r (-4 m+r))3/2

= Polymorphic continent, additive fithesses
= Application of T5.6_HJV2005 (slightly supercritical process) without further approximation

nlPolymContFunc: :usage = "swlPolymContFuncl[a, b, m, r, gC] a: selection coefficient in f

anonmContFunc[a_,b_,m_,r_,qC_]:=[4 b2 [-m—\/-4 b (-1+a+b) m (1+m) qC+(b+(-1+a) m+2 b |

- n2PolymContFunc: :usage = "w2PolymContFuncla, b, m, r, qC] a: selection coefficient in f

n2PonmContFunc[a_,b_,m_,r_,qC_]:=[4 b% (-1+m) r [—m—\/—4 b (-l+a+b) m (1+m) QqC+ (b+ (-1+i

- wAvPolymContFunc: :usage = "wAvPolymContFuncla, b, m, r, qC] a: selection coefficient in

nAvPonmContFunc[a_,b_,m_,r_,qC_]:=[2 b? [—m—\/—4 b (-1+a+b) m (1+m) qC+(b+(-1+a) m+2 b

m Application of T5.6_HJV 2005 (slightly supercritical process) assuming weak evolutionary forces (up to first
order of €)

nlPolymContAxFunc: :usage = "swlPolymContAxFuncla, b, m, r, qC] a: selection coefficient

anonmContAxFunc[a_,b_,m_,r_,qC_]:=[4 b? [2 a-m—\/(b-m)2+4 b mqgC —r+\/b2+r (-2 m+2 \/?

- n2PolymContAxFunc: :usage = "w2PolymContAxFunc[a, b, m, r, gC] a: selection coefficient
n2PonmContAxFunc[a_,b_,m_,r_,qC_]:=[4 b? (b-m+\/(b—m)2+4 bmqC ] r [2 a-m-4/ (b-m)2+4 b
- mAvPolymContAxFunc: :usage = "‘mAvPolymContAxFunc[a, b, m, r, qC] a: selection coefficien

nAvPonmContAxFunc[a_,b_,m_,r_,qC_]:=[2 b? [2 a—m—\/(b—m)2+4 bmqC —r+\/b2+r (—2 m+2 \/
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Further functions

m |dentification of £ to specify what slightly supercritical means
= Monomor phic continent
1

) 2 (-1+a-hb)
(b-2a(@+my+r+m(b+r)-~/((L+m) (b® (L+m) -2b (-1+m) r+r (r+m(-4+4a+r)))))

n2;= EAddFuncfa _, b _, m , r 7] :

= Monomor phic continent, weak evolutionary forces

1
nez= EAddApproxFuncfa_, b_, m_, r_ ] := — (Za—b—r+\/b2+2br—4mr+r2
2

= Polymor phic continent

1 2
4= EAddPolymContFuncla_, b_, m_, r_, qC_] := — [-2 _
2 (-1l+a)?2-p?

1

_— (-bz (-1+m) +m+a2m+\/(b+ (-1+a)ymy2-4bm(-1+a+bm)gC+4b>m?qC? +
(-1+a)?2-b?

a(2+m(-2+b-2bqgC) ++/((b+ (-1+a)m?-4bm(-1+a+bm) qC+4b>m?qC?) -r) +

bm(-1+2qC) (-1+7) +r-\/(b+ (-1+a) m)2-4bm (-1+a+bm) qC +4b?m? qC? r)+

A (((-1+m)?2 @ +m) (b? (L+m) +2bm (-1+2qC) r+
r(2+/((b+(-1+aym?-4bm(-1+a+bm qC+4b*m?qC?) +r+m (-2+2a+r))))/

(L-a+bm(-1+2qC) ++/ ((b+ (-1+a) m?-4bm (-1+a+bm) qC+4b2m2qCZ))2)J

= Polymorphic continent, weak evolutionary forces

ines;= EAddPolymContApproxFunclfa_, b_, m_, r_, qC_] :=

1
a+— —m—\/(b—m)2+4bch —r+\/b2+r(—2m+2\/(b—m)2+4bch +r) ]
2



