Derivative of the weighted mean
Invasion probability () at
recombination rate r = 0: generic
expressions

Paths

in4z1= FigPath = ""/Users/Simon/Documents/LocAdD/results/130606/nonZeroOptRecRate/figures/"

Rules and assumptions

nias= RIRule 1= R1 » +/ (-4b (-1+a+b)ym (1+m) qC+ (b+ (-1+a) m+2bmqC)?)
b—m+am+2bqu+R1}
2 (+b+bm)

inpa41= qEQPCRulle := {qEq -
Check:

FullSimpIify[qEq /. qEQPCRulle /. R1Rule /. qC - O,

Assumptions -» Flatten [{assumeGeneral , M< 1 lj a}”

b-m+ram

b+bm
gEq /- gEqRule

b-m+am

b (1+m)
Thisis as expected.

Generic fithesses

Recapitulation: Deterministic dynamics of the marginal one-locus
system

= Migration-selection equilibrium
m Coordinates
We obtain the coordinates of the polymorphic one-locus migration-selection equilibrium as the solution of the recursion equation such
that 0 < gz < 1.
wlTilde

n4s)= eqgB 1= gB = (1-m) ——— gB+mqC
wBarTilde
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inpaei= WiTildeRule = wiTilde - w33 gB + w34 (1 - gB)
w2TildeRule = w2Tilde - w34 gB + w44 (1 - gB)
wBarTildeRule := wBarTilde » qB?w33 +2qB (1 -qgB) w34 + (1 - gB)? w44

Test:

gBwlTilde + (1 -qgB) w2Tilde -wBarTilde /.
{wlTildeRule, w2TildeRule, wBarTildeRule} // Simplify

0
For a polymorphic continent, we obtain
in491= qEQBRulePolymCont = FulISimplify[Solve[eqgB /. wiTildeRule, gB]]1[1]
1
outiasr- {AB > (w84 - mwa4 - wBar Ti | de +
2 (-1+m) (W33 -w34)
V(4 (-1+m mqC (W33 - w34) wBar Ti | de + ((-1+m) w34 +wBar Ti | de)z))}

An non-trivial explicit solution for g5 cannot be found by Mathematica:

FullSimplify[Solve[egoB /. wiTildeRule /. wBarTildeRule, gB], Assumptions -> {0 <w33, 0<w34,0<w44,0<gB<1,0<qC<1,
0<m<1}]

$Abort ed
For a monomorphic continent, we find
npsor= qEqBRuleRaw = FullSimplify[Solve[ (eqgB /. wiTildeRule /. {qC - 0}), gB]1
w34 - mw34 - wBar Ti | de
(-1+m (W33 -w34) }}
ns1= QEQBRulle = gEqBRuleRaw[2]

= Stability

Out[150)= {{deO}, {de

We find the condition for stability of §5 by asking when the derivative of the right-hand side of the difference equation is > 0.

wiTilde )
ins2;= DeqgB == D[ (1-m) ——— gqB+mgC-qgB /. wiTildeRule, qB]
wBarTilde
DeqgB
(1-m gB (W33 -w34) (1-m (qBw33 + (1 -gB) w34)
oufes3= -1 + +
wBar Ti | de wBar Ti | de

DeqqgB /- gEgBRule

w34-mw34-wBar Ti | de W33 (W34-mw34-wBar Ti | de) .
. (1-m (V\B4 (1 T (e veswes |t (1:m (83 wad) (1-m (W84 - mwa4 - wBar Ti | de)
-1+ +
wBar Ti | de (-1+m wBarTilde

mCritRule = Solve[DeqqgB == 0 /. qEgBRule, m][1]

w34 - wBar Ti | de

s
Simplify[Reduce[DeqgB < 0 /. geqBRule, m], Assumptions -» {0 < w34, O < wBarTilde, 0 < w33}]

{m»

mw34 + wBar Ti | de < w34

We note that W is a function of gg and therefore, the generic expressions obtained above for the equilibrium frequency and the critical
migration rate are not very informative; they provide implicit solutions only. To obtain informative explicit solutions, we make specific
assumptions about the relative fitnesses. For details, see Mathematica Notebook ‘2LocContlsland_Determ_Discr.nb’. Here, however,
we want to proceed with generic implicit expressions, as our goal is to obtain a generic condition for when the recombination rate at
which the invasion probability of the focal mutation A; at a second locus has amaximum is strictly positive.
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A generic (implicit) condition for ry,; >0

= Probability-generating functions

We start from the most general versions of the probability-generating functions (pgf) for the two-type branching process under the
assumption of type-specific, but independent Poisson-distributed offspring numbers for each parenta type. These are

fi(s1, S) = @110 ¢~ forj g (1, 2}, (€
with

A= (1 - mwy - r(1 - gg) Wil /W @
A=A -mr(l—-Gg) Wia/W ©)
A1 =1 -mrggwia/W 4
A2 = (1 - m)[w; — r g Wia] /W (5)

(see sections 2 and 4 of Text S1 of the manuscript).

We denote the extinction probabilities of allele A; conditional on occurrence on background B; (B) by Q; (Q>). These are obtained as
the smalles solution between 0 and 1 to

s = fi(s;, ) fori {1, 2}. (6)

The respective invasion probabilities of A; are r; and 7, and the average invasion probability is obtained as the weighted mean

T7=0gm + (1 - 0Og) mo. (7)
As Egs. (6) are transcendental, explicit solutions are not available in general .

npsay= A11Rule := A11 » (1-m) (wl-r (1-gEgB) wl4d) / wBar
2A12Rule =212 » (1 -m) r (1 - gEgB) wl4 / wBar
2A21Rule := 221 » (1 -m) r gEgB w14 / wBar
A22Rule := 222 » (1 -m) (W2 - r geqB wl4) / wBar
ARules = {A11Rule, A12Rule, Ax21Rule, A22Rule}

insor= W1Rule = wl -» wl3 qEgB + wl4 (1 - gEgB)
w2Rule 1= w2 -» w24 (1 - gEgB) + wl4 gqEQB
wBarRule := wBar -» gEqB? w33 + 2 qEgB (1 - qEgB) w34 + (1 - gEQB) ? w44

= Implicit differentiation atr =0
= Goal

We want to find the derivative of the average invasion probability as afunction of the recombination rate, evaluated at r = 0:

N N N dmy(r) . da(r)
[Og m1(r) + (L = Gg) m2(N)] |r=0 = Og [r=0 +(1 - Qg)

7 (0)= —
dr dr dr

|r=0 . (8)

The optimal recombination rate is non-zero if 7' (0) is positive. We obtain 7' (0) via implicit differentiation. Let Q] and Q5 be the
smallest positive solutions to Eq. (6) withr = 0, and let 25 = 1 — Q] and n3 = 1 — Q5 be the corresponding invasion probabilities in the
absence of recombination.

dQi(n _dm(n

The extinction probabilities Q; fulfill Eq. (6). Moreover, because Q; = 1 — 7, we have “ e

= Implementation 1: in terms of the invasion praobabilities x;

ini621= €qlLHS[71_, n2_] = Log[1l - 71]

eqlRHS[#l_, #n2 ] 1= -Allnl - A12 72
eq2LHS[xl_, 72 ] := Log[l - n2]
eq2RHS[#1_, #2_] 1= -A21 nl - A22 72

€qlLHS[x1[r], 72[r]] = eqlRHS[x1[r], n2[r]] /- ARules

(-m (wl- (1-q9qEgB) r wi4) nl[r] (1-m (1-9EgB) r wi4 72 [r ]
Log(l-m2(r]] = - -
wBar wBar

€q2LHS[xl[r], n2[r]] = eq2RHS[x1[r], n2[r]] /- ARules

(1 -m) gEgBr wi4 51 (r ] (1-m (-gEgBr wil4 +w2) 72 [r ]
Log[l-rm2[r]] = - -
wBar wBar
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D[eqlLHS[®1[r], n2[r]] /- ARules, r] == D[eqlRHS[x1[r], n2[r]] /- XRules, r]

7l [r] (1-m) (1-q9qEqB) w14 71(r] (1-m) (1-q9EgB) w14 72 [r ]

71—n1[r} wBar wBar
(L-m (wl- (1-qgEgB) r wi4) n1'[r ] (1-m (1-9EgB) r wil4 72’ [r ]

wBar wBar
D[eq2LHS[x1[r], n2[r]] /- XARules, r] = D[eq2RHS[x1[r], n2[r]] /- ARules, r]

72" [r ] (1 -m) geqBw14 7l [r ] (1 -m gEgqBw14 72 [r ]
_1—712[I’} T wBar " wBar -
(1-m) gEgqBr wl4 51’ [r ] (1-m (-gqEgqBr wl4 +w2) 72 [r ]

wBar ) wBar

nesl= Deql = FullSimplify[
D[eqlLHS[x1[r], n2[r]] /. ARules, r] = D[eqlRHS[x1[r], n2[r]] /- ARules, r]]
7l [r ] 1
(-1+m (WLl [r] + (-1+qEQB) Wi4 (m1[r] -m2[r] +r (7' [r] -m2'[r])))
-1+ 71(r] wBar
Deg2 = FullSimplify[
D[eq2LHS[71[r], n2[r]] /- ARules, r] == D[eq2RHS[x1[r], n2[r]] /- ARules, r]]
72" [r ] 1
= (-1+m) (qEqBWL4 (s [r] -m2[r] +r 71°[r]) + (-gEQBr w14 + wW2) 72" [r ])
-1+ 72([r] wBar

Deql /. {r » 0}

71/ [0] (-1+m) ((-1+qEQB) wl4 (n1[0] - 72[0]) +wl 71’ [0])

-1+ 71[0] wBar
Deq2 /. {r » 0}

72/ (0] (-1+m) (qEqBWL4 (r1[0] - n2[0]) + W2 72’ [0])

-1+72[0] wBar
DeqlRO =Deql /. {r » 0} /. {71[0] -» n1Circ, n2[0] -» n2Circ}

71" [0] (-1+m) ((-1+qEgB) w14 (7r1Circ -n2Crc) +wl 71'[0])

-1+n1GCrc wBar
Deq2R0O =Deq2 /. {r » 0} /. {71[0] -» nw1Circ, n2[0] -» n2Circ}

72 [0] (-1+m (gEgBwl4 (71Circ -72Crc) +wW2 72'[0])

-1+72CGrc wBar
Now we solve for 1’[0] and 75’[0]:

7iDRORule = Solve[ {DeqlR0O, Deq2R0}, {x1'[0], 72'[0]}]

{{ 1o (-1+m) (-1+qEqB) w14 (-1 +1Crc) (s1Crc -m2C rc)
n1’[0] - - )
wl - mwl -wBar -wlL 71CGirc + mwl 71Girc
(-1+m qgeqBwl4 (-1 + 712G rc) (-71CGrc+m2Crc)
72107 > }}
W2 -mw2 - wBar -w2 712G rc + mw2 712G rc

7AVRO = gqEQB 71’ [0] + (1 - qEgB) =2’ [0]

mAVROTerml = 7nAVRO /. miDRORule[1]

(-1+m (-1+9EgB) qEgBw1l4 (-1 + 71Circ) (s1dCirc -2C rc)
- +

wl - mwl - wBar -wl 771G rc + mwl 711G rc
(-1+m (1-9EgB) qeEgBw14 (-1 +72Crc) (-nm1Circ +2Grc)

W2 -mw2 -wBar - w2 712G rc + mw2 n2Circ
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(1-m) (1-9gEgB) gEgB w14 (1 - 71Circ) (x2Circ - x1Circ)
7AVROTerm2 = d=d®) 9= +

wBar - (1 -m) (1-x1Circ) wl
(1-m) (1-9EgB) gEgB w14 (1 - 72Circ) (x2Circ - x1Circ) )

wBar - (1 -m) (1-x2Circ) w2
nAVROTerml - xAVROTerm2 // FullSimplify
0
7AVROTerm3 = (1 -m) gEgB (1 - qEgB) wl4 (x2Circ - 71Circ)
1 1-x1Circ 1-n2Circ

w2
wBar

wBar | 1-(1-m) (1-m1Circ) 1-(1-m) (1-=2Circ)

wl
wBar
nAVROTerml - nAVROTerm3 // FullSimplify
0
eqlLHS[71[r], n2[r]] == eqlRHS[x1[r], n2[r]] /- ARules /. r -0
(1-m) wl 1[0]

wBar
eq2LHS[xl[r], n2[r]] = eq2RHS[x1[r], n2[r]] /- ARules /. r -0

Log[l-71[0]] = -

(1-m w2 m2[0]
Log[l-m2[0]] = - —————

wBar
Implementation 2: in terms of the extinction probabilities Q
eqlLHSalt[Q1_, Q2_] := Log[Q1]
eqlRHSalt[Ql , Q2 ] := -a11 (1-0Q1) - 212 (1-Q2)
eq2LHSalt[Ql_, Q2_] := Log[Q2]

eq2RHSalt[Q1l_, Q2_] := -221 (1-Q1) - 222 (1 -Q2)
eqlLHSalt[Q1[r], Q2[r]] == eqlRHSalt[Ql[r], Q2[r]] /- ARules

(1-m (wl- (1-qEgB)rwi4) (1-Qi[r]) (1-m (1-qgEgB)r wi4 (1-Q2[r])

Log [QL[r]] = - -
wBar wBar

D[eqlLHSalt[Ql[r], Q2[r]] /- ARules, r] = D[eqlRHSalt[Q1[r], Q2[r]] /- ARules, r]

QL [r] (1-m (1-qEgB) wl4 (1-Q1(r]) (1-m (1-qE9qB)wl4 (1-Q2[r])
QL(r] N wBar ; wBar ’
(I-m (wl-(1-qEqB)rwi4) Ql'[r] (1-m (1-9EqB)r wi4 Q'[r ]
wBar ’ wBar

Dreg2LHSalt[Q1[r], Q2[r]] /- ARules, r] = D[eg2RHSalt[Q1[r], Q2[r]] /- ARules, r]

@(r}  (1-mqgEqBwl4 (1-Ql[r]) (1-m gqEqBwl4 (1-Q2[r])
@] ) wBar : wBar v
(1-m) gEgBr wi4 QL' [r ] (1-m (-gEgqBr wil4 +w2) Q2'[r ]
wBar : wBar

Deqlalt = FullSimplify[
D[eqlLHSalt[Q1[r], Q2[r]] /- ARules, r] == D[eqlRHSalt[Q1l[r], Q2[r]] /- ARules, r]]

1
wBar QL[r ]
(=1+m QL[r] WLQL'[r]+ (-1+qEqB) w4 (QL[r] -Q2[r] +r (QU'[r] -Q2'[r])))) =

Deqg2alt = FullSimplify[
Dleq2LHSalt[Q1[r], Q2[r]] /. ARules, r] == D[eq2RHSalt[Q1l[r], Q2[r]] /- ARules, r]]

Q' [r] 1
Qr] wBar

(wBar QL'[r] +

(-1+m (qEqBwl4 (QL(r] -Q([r] +r QL'[r]) + (-qEQBr wil4 +w2) Q@' [r]) =

5
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Deqglalt /. {r - 0}
1

————— (WBar Q1"[0] + (-1+m) QL[O] ((-1+qEqB) wl4 (QL[O] -Q2[0]) +WwL QL' [0])) =0
wBar QL[0]
Deqg2alt /. {r » 0}
Q@'[0] (-1+m (qEqBwl4 (QL[0] - Q2[0]) +w2 R'[0]) 0
N
Q@ [0] wBar

DeqlROalt = Deqlalt /. {r - 0} /. {Q1[0] -» Q1Circ, Q2[0] -» Q2Circ}

——  (WBar QL'[0] + (-1+m) QICirc ((QLGrc-QCirc) (-1+9EqB) wi4 +wL QL'[0])) == 0
QLG rc wBar

Deq2R0Oalt = Deq2alt /. {r - 0} /. {Q1[0] -» Q1Circ, Q2[0] - Q2Circ}

Q' [0] (-1+m) ((QLGirc-Q@Circ) gegBwl4 + w2 Q' [0]) 0

@Circ : wBar -

Now we solve for Q,’[0] and Q,’[0]:
QiDRORule = Solve[ {DeglROalt, Deg2ROalt}, {Q1'[0], Q2'[0]}]
(-1+m QG rc (QLGrc-@Circ) (-1+qEgB) wi4
-QLC rcwl + mQLGi rc wl + wBar '
(-1+m (QLCrc-Q@Circ) QCi rc geqBwl4
-@C rcw2 + m@CG rc w2 + wBar }}
QAVRO := gEQBQ1'[0] + (1 - gEgB) Q2'[0]

{0y -

Q@'[0] - -

QAVROTerml = QAVRO /. QiDRORule[1]
(-1+m QlCGirc (QLGrc-@Circ) (-1+q9gEgB) qeqBwi4
~-QLCGircwl + mQLGi rc wl + wBar
(-1+m) (QLCrc-Q@Circ) @Circ (1-qEgB) geEqBwl14
-@Circw2 + m@Girc w2 + wBar
QAVROTerm2 = (1-m) (1-9EgB) qEgB Q1Circ (Q2Circ - Q1Circ) wl4 .
wBar - (1 -m) Q1Circwl
(1-m) (1-qEgB) gEgB (Q2Circ - Q1Circ) Q2Circ wl4 )
wBar - (1 -m) Q2Circ w2 ’
QAVROTerml - QAVROTerm2 // FullSimplify

0
QAVROTerm3 = (1-m) (1-9gEgB) gEqB w14
QiCirc Q2Circ ] )

(Q2Circ - Q1Circ)

wBar [1— (1-m) QiCirc 1-(1-m) Q2Circ

wl w2
wBar wBar

QAVROTerml - QAVROTerm3 7/ FullSimplify

0
QAVROTerm4 = (1 -m) (1-q9EgB) qEqB w14 (-n2Circ + xlCirc)
1 [ 1-xiCirc 1-n2Circ ]
- wl - - w2
wBar | 1- (1-m) (1-nlCirc) - 1-(1-m (1-n2Circ) —=
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QAVROTerm4 - QAVROTerm3 /. {w1Circ » 1 -si1Circ, n2Circ » 1 - s2Circ}

1 ] ) QlCirc @Circ
- (1-m (-QLCirc+@Crc) (1-9gEgB) qegBwl4 - - -
wBar 1- (1-m) QLG rcwl 1- (1-m QG rcw2
wBar wBar
1 ] ! slGrc s2CGirc
wBar (1-m (1-9gEgB) qEgB (-s1Circ +s2Circ) wi4 | amsiaicw - | Gmszaicw
wBar wBar
QAVROTerm4
1 1-n1Grc 1-m2CGrc ] ]
(1-m (1-q9gEqB) gEqBwl14 - - - (71Circ -n2Crc)
wBar 1- (1-m wl (1-51GCirc) 1- (1-m) w2 (1-m2Circ)
wBar wBar
7AVROTerm3
1 1-mCrc 1-72Grc ! !
(1-m (1-qEqB) gEQBwW14 - - - (-m1Circ+n2CG rc)
wBar 1- (1-m wl (1-71GCirc) 1- (1-m) w2 (1-m2Circ)
wBar wBar

We expcect the derivation of (r) a r = 0 to be minus the derivation of 7(r) at r = O:
(-QAVROTerm4) - 7AvROTerm3 // Simplify
0
This seemsto befine.
= Summary

In summary, we have found the derivation of 7(r) with respect tor, evalutated at r = 0, to be

d

7'(0) = a [0 71(r) + (1 = Og) m2(N)] |r=0 =
o o (9)
. . o o Wig 1- Ty 1- Ty
(1—m) Gg(L - ) (w5 — 73) —

1-A-mA-m)w /W 1-A-md-r)w/w/

We note that if we set m= 0 and take @ as the equilibrium frequency of allele B, if the polymorphism at locus B is maintained by
heterozygote superiority, then Eq. (9) isidentical to Eq. (32) of Ewens (1967), except that Ewens called w, and w,, what we call w, and
Wig4, respectively.

Settingr = 01in Eq. (6), we obtain

eqlRO = eqlLHSalt[Q1l[r], Q2[r]] == eqlRHSalt[Q1l[r], Q2[r]] /- ARules /. r -0
€q2R0 := eq2LHSalt[Q1l[r], Q2[r]] == eq2RHSalt[Q1[r], Q2[r]] /- ARules /. r -0
{eq1R0, eq2R0} // TableForm

. (I-mwi (1-QL[0])
Log[QL[0]] = - wBar

oo (-m w2 (1-Q[0])
Log[@[0]] == - B

or, replacing Q(0) -» 1 — 7},

Wy oy—1 o

(1-m) —=—(r) Log(1-m) (10)
w

and
W2 o\-1 o

(1-m) — =—(m) " Log(1-my) 1)
w

Plugging Egs. (10) and (11) into Eq. (9), we obtain

. o oy Wia 1-m 1-75
7' (0) = (1 - m) Gg(L - 8) (my — 7)) — T —= T —| (12
W l+(@m)  A-m)Log(l-my) 1+ (@mp) ~ (1—mp)Log(l— )
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1-x

Let us assume that 717 > 75 Further, we note that the function is a decreasing function of X, because its numerator is a

1+ (1-%) Log(1-¥)

decreasing function and its denominator an increasing function of x. Taken together, this suggest that the derivative in Eqg. (12) is
alsways positive and hence the optimal recombination rate is aways larger than zero.

1
Plot[(l-x)/ [1+ ; (1-x) Log[1-x11{, {x, 0, 1}, PlotRange -» {{0, 1}, Automatic}]

20
15

10

0 M P L L [ n |
0.2 0.4 0.6 0.8 1.0

However, we now recall that our general assumption was that w, < w and, with complete linkage (r = 0), the mutant A; cannot invade if
it initially occurs on the B, background. We therefore set 75 = 0 in Eq. (9), which yields

w 1-m ) 13)

o Wis
70 =1-mgel-0)m _[ - B —
w w-1-mw, 1-A-m@A-m)wW/W

Thisis poistive, if

) ) wBar 1- nlStar
FullSlmlefy[Reduce[ - >0/. {m- 0}, w2],
wBar - (L-m)w2 1-(1-m) (1-xlStar) wl/wBar

Assumptions -» {O<m< 1, O<xlStar <1, 0 < w2 < wBar < wl}]
wBar +wlL r1Star <wl | | Wl < W2 + (Wl - w2 + wBar ) n1St ar
w2 (1 - w1Star) > wl (1 - w1Star) - wBar w1Star
from which it follows that

nlStar
w2 > wl - ——— wBar
1 - xlStar

wBar 1 - xlStar

FullSimpIify[Solve[ =0/. {m- 0}, WZ]]

wBar - (1 -m) w2 ) 1-(1-m) (1-x1Star) wl/wBar
wBar n1St ar

-1+ 1St ar H

if there is no migration (m = 0) and, more generally

HM»M+

wBar 1 - nlStar
FullSimpIify[Solve[ - =0, WZ]]
wBar - (1-m)w2 1-(1-m) (1-xlStar) wl/wBar

(-1+m wl (-1+x1Star) - wBar 1St ar

{{ue- )
(-1+m) (-1+AStar)
(-1 +m) wl (-1+lStar) - wBar x1Star wBar swlStar ) )
- [Wl— ) // Simplify
(-1+m) (-1+xlStar) (1-m) (1-nlStar)
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m m
W2<W1—W70 <:>W1—W2>W70. (14)
L-m@-n) L-md-7)

Again, setting m = 0, we obtain the condition found earlier by Ewens (his Eqg. (36)). Although condition (14) is fully generic, it is not
very informative, because W depends on the equilibrium frequency ¢ and because we do not know 7 explicitly. Therefore, in the

following, we assume additive fitnesses and attempt to obtain approximate explicit conditions. We first consider the case of a monomor-
phic continent (g; = 0) and will then turn to the polymorphic continent (0 < g < 1).

Monomorphic continent with additive fithesses

Description

We start with the system of equations that must be solved to find the invasion probabilities 7; = 1 — 5, where 5 is the probability of
extinction of type i. We distinguish between the extinction probability s and the argument s of the probability-generating function
(pgf). Throughout, we assume additive fitnesses and a monomorphic continent (q. = 0). The s are obtained as the smallest solutions s
between 0 and 1 to the following system of equations:

fl (Slv 52) — E((b(1+b+am)—m(1—a+b)r)sl+(m(1—a+b)r)sz—b(1+b+am))/(b(1—a+b)) =5 (1)
fo(s1, ) = (b-(1-ay M) 1) $+(b (1+m(a-b))~(b-(1-a) M 1) $-b (1+ m(a-b))/(b (1-a+b) _ S 2
wherethe fi(s;, $) are the pgfs of the offspring distribution.

With complete linkage (r = 0), these two equations decouple and become

l+b+am

fi(s, ) = fis) = e rem T¥ =g ©)

_ l+am-bm (17 ) 4

fa(s1, ) =fa)=e ten =g @
Both equations are of the form

e 41-s) 5o e 4N =1— X;. (5)

Equation (5) hasa solution s € [0, 1) & Z > 1. Otherwise (Z < 1), it hasonly one solution, s = 1. Thisis easily verified by consider-
ing the plots below, and by realising that e=%% = 1 — x; always has asolution at x4, = 0, but it only has a second solution Xz € (0, 1]
if Z; > 1. Note that X1, = 0 < X2, and therefore 55, = 1 - X2, < S(q) = 1 . The extinction probability is given by the smallest solution
s between 0 and 1. Hence, wehave O < 5 < 1if and only if Z; > 1.
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Manipulate [
Plot[{l-x, Exp[-ZXx]}, {X, 0, 10}, PlotStyle » {{Black, Dashed}, {Black, Thick}},
PlotRange » {{-0.2, 1.2}, {-0.2, 1.2}}, AxeslLabel » {x, e**}], {{Z, 1}, -4, 4}]

0.8

0.6

0.4

0.2

-0.2

-0.2

eqfl = sl == Exp[(EE+FFr) sl -FFrs2-EE];
eqf2 = s2 == Exp[HHrsl+ (JJ+HHr) s2-3J];

{eqfl, eqf2} /. r » 0 // Simplify // TableForm

eFE (-1+s1) __ g1
e (-1452) __ g2

Implementation

= Exact probability-generating functions (pgf)
Clear[pgfl, pgf2]
We start with Equations (1) and (2) if full form.

pgfl[sl_, s2_] := @ ((b (1+b+am)-m (1-a+b) r) sl+(m (1-a+b) r) s2-b (L+b+am))/ (b (1-a+b))
pgf2[sl_, s2_] := e!((b-(1-a) m 1) sl+(b (1+m (a-b)) - (b-(1-a) m) r) s2-b (1+m (a-b)))/ (b (1-a+b))

As a check, we assess if they agree with an dternative way of writing them (see Mathematica Notebook
‘2LocContlsland_Stoch_Discr.nb’, expressions ‘ pgf1Add’ and ‘ pgf2Add’).

b2 (-1+4s1)+(-1+a) mr (s1-s2)+b (-1+am (-1+S1)+S1-mr s1+mr s2)

pgfl[sl, s2] -e b (1-a+b) // Simplify
0

(-1+a) mr (s1-s2)+b2 (m-ms2)+b (-1+r sl+am (-1+S2) +S2-r S2)
pgf2[sl, s2] -e b (1-a+b) // Simplify
0

m Approximate pgfs forr =0

pgflNoRec[sl_, s2_ ] := pgfl[sl, s2] /. {r » 0} // Simplify
pgf2NoRec[sl_, s2_ ] := pgf2[sl, s2] /. {r » 0} // Simplify

Asusual, let {Qq, Q2} be the smallest solution between 0 and 1 to the system fi(s;, ) =s {i =1, 2}.
pgflNoRec[Ql, Q2]

(1ebram (-1+QL)
e 1.a-b
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pgf2NoRec[Q1l, Q2]

(l+am-bm (-1+Q)
e “1:a-b

As mentioned above, for r = 0, the two equations decouple (the first isindependent of Q, and the second isindependent of Q).

We define
Zl:= (l+b+am) / (1-a+b);
Z2 = (l+m(a-b))/ (1-a+b);

FullSimplify[Reduce[Z2 < 1], Assumptions » {O<a<b<1,0<m<1}]

True

FullSimplify[Reduce[Z1 < 1], Assumptions » {0O<a<b<1,0<m<1}]

Fal se
where we note aready here that Z, < 1 and Z; > 1 always, given our assumption of a < b and given the natural restrictionof 0 < m< 1.
We reformulate the pgfsfor r = 0in terms of Z; in ageneric form.

PgfNR[s_] 1= EXp[-Z (1 -5S)]

Solve[Q == pgfNR[Q] /- Z > Z1, Q]

Solve::ifun : Inverse functions are being used by Solve, so some
solutions may not be found; use Reduce for complete solution information. >

1 b am
@ Lrab _l.ab -il-ab (1+b+am) }
-l+a-b

(-1+a-b) Product Log

{{Q% l+b+am H

Animplicit solution is still not available in general, because the equation y = e %Y is transcendental.
= Approximate solution forr =0
= Assuming small evolutionary for ces— Haldane's (1927) approximation

For the time being, we omit the subscriptsi. Recall that Q € [0, 1) if and only if Z >1. An interesting case is when invasion is just
possible, i.e. when 7 =1 — Qiscloseto zero. Thisis equivalent to Z being close to but larger than 1. We may therefore use the Ansatz

Z=1+¢, (6)
wheree > 0issmall.
ruleZ := {Z-> 1+¢€}

Of course, just by making this substitution, the equation of interest remains transcendental and, generically, it is not possible to find an
explicit solution.

PYTNR[Q]
e (1-Q2
Series[pgfNR[Q] /- {Z> (1+€)}, {e, 0, 1}] // Normal
el Qie!Q(-1+Q e
Solve[e™?+e™? (-1+Q) € = Q, Q]
Solve::nsmet : This system cannot be solved with the methods available to Solve. >
Solve[e ! Q+e !t (-1+Q e =Q Q]
However, with Z = 1 + €, we know that Q = Q(e) isafunction of €. Specificaly, we have
Q(e) = e 1*91-Q @)
pgfNR[s] /- rulez
e (1-8) (L+e)

A Taylor series expansion of Q(e) around € = 0 yields
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Series[e”"® 1*¢) | (e, 0, 2}] // Normal
1
e Qi (L1+Q er—elQ(-1+Q2&?
2
We know that, for € > 0 small, Q must be close to 1. So, we expand ¢~ -9 +9 ground Q = Q, = 0.

term7 = Series[e” ™ -9, (q, 1, 2}] // Simplify // Normal

1
1+(-1+Q (L+e) +5 (-1+Q)? (1+¢)?
1
testTerm7 =1- (1-Q) (L+e¢) +E (1-0)2 (1+€)?

1

1-(1-Q (1+e)+— (1-Q2? (1+¢)?
2

testTerm? - term7 // Simplify

0

Notice that it isimportant to expand this up to order O[Q]?. Equating this and solving for Q, we obtain
Solve[term7 = Q, Q]

1+e?

el

Approximating the second solution (Q # 1) assuming € > 0 small, we find

{1e>13, {Q-

1+€2
Series[ , {e,0, 1}]
(L+e)?
1-2e¢+0[e]?

Q=1-71~1-2¢,

and hence

T~ 2€

ignoring terms of order €2 and higher.

Toidentify € in the caseswhere Z = Z; or Z = Z,, wewrite Z intheform zZ; = 1 + ¢;.
Z1

l1+b+am

l-a+b
Z2

l+(@a-b)ym
l-a+b

Assuming small evolutionary forces, i.e. lettinga - a €, b > B e, m— e with g > 0 small, we expand Z; = Zi(e;) around g = O:

Z1 /. ruleSmallForces /. {e » €l}

1+Bel+o<elzu
l1-ael+pel

Z2 /. ruleSmallForces /. {€ » €2}

1+€2 (ae2-B€2) u

l-ae2+pBe2
Series[Zl /. ruleSmallForces /. {e » €1}, {€l, 0, 1}]

1+ael+0O[el]?

®

©)
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Series[Z2 /. ruleSmallForces /. {e » €2}, {€2, 0, 1}]

1+ (a-p) €2 +0[e2]?

For @ < B, we find that Z, < 1 always and, therefore, 7, = 1 — Q, = 0 dways. The interesting case is for Z;, which upon resubstitution
of @ - a/e;becomes

Zi=1+a (10)
l+ael /. ruleReturnOrigin /. {e » €l}
l+a
Comparing to our Ansatz in Eq. (6), we identify e; = a. Plugging Eq. (10) into Eqg. (8), we obtain
Q=1-m~1-2a (1D
From this, we conclude that
m=1-Q1~2a, (12)
which corresponds to Haldane' s (1927) approximation, where a is the advantage of a heterozygote.
To summarise, for r = 0 we obtain the approximate conditional invasion probabilities {r1, 72} ~ {24, 0}.

However, €; = a is a very rough approximation; most importantly it is independent of m, which, for a model with migration, is not
desirable. In the following, we try an alternative route by assuming only that a is small, but making no further assumption about b and
m.

= Assuming small a but arbitrary band m

Starting from
l1+b+am
Zi=———=1l+q, (13)
l-a+b

we again want to identify e;. We may write Z; as

am
1+b+am 1+b+am 1+ am 1

Zy = = = =(1+ ]
1-

l1-a+b l+b-a 1--2% 1+b
1+b 1+b

—. (14)

. . . 1 . . .
Recalling the geometric series = 1+r+r2+r3+ .., withr= ﬁ in our case, we find

am a a?
21=(1+ )[l+ + + ], (15)
1+b (1+Db)y?

1+b
am a a?
(1+ ] 1+ + // Expand
1+b l+b (1+b)?
a? a a®m a?m am
1+ + + +

.
(1+b)2 1+b (1+b)3 (1+b)2 1+b

which simplifiesto

(m+Da &m

Zi~1+ + , (16)
1+b (1 + b)?

ignoring terms O[a]® and higher, or to

(m+1)a

Zi~1l+ —, (17)
1+b

if we only consider terms up to order O[a]. We have thusidentified €; as

(m+1)a
Gy ——. (18)

1+b
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More directly, we have
Z1

l+b+am
l-a+b
ruleel = FullSimplify[Solve[l + €l == Z1, €1]]

a(l+m

{{er- m}}

FullSimplify[Series[el /. ruleel[l] /. a-»ae, {e, 0, 1}] /. {a»>a/€}] // Normal
a(l+m

1+b
Series[Z1, {a, 0, 2}] // Normal

a2 (1l+m a(l+m
1+ +

(1+h)? 1+b
Insertion of €; from Eq. (18) into Eq. (8) yields

aim+1)

Q]_:l—ﬂ]_zl—z (19)
b+1
as an approximation to the extinction probability Q;. Recall that we set r = 0. Recall further that s, = 1 whenever a< b, so that
Q2 =1- 7 =1awaysinour case.
Returning to the more accurate approximation of €; in Eq. (16), wefind
(m+Dla a@m 2a[l+b+@+a+bym]
Q=1-m=~1-2 + |=1- . (20)
1+b (1 + b)y? (1 + b)?
Theinvasion probability of interestatr = Oismy ~ W
(1+m)a
7lApproxl 1= 2 ——;
1+b
2a(l+b+ (1+a+b) m
7lApprox2 := ;
(1+b)?
Q1lApprox1 := 1 - w1Approxl;
Q1lApprox2 := 1 - 71Approx2;
Q2Approx1 :=1;
Q2Approx2 = Q2Approx1;
The steps in the preceding two sub-sections have been suggested by Josef Hofbauer (personal communication, March 2012).
Derivatives of f;(sq, s,) for r > 0 but small
Taking the logarithm on both sides, Egs. (1) and (2) can be written alternatively as
A+BnNs+Crs, —D=logs (21)
Ersi+(F+GnNs,-H=logs,, (22)

where
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l+b+am
rules := {5«-» —b} (» = -D %) (» Called E in the manuscript x)
l-a+

m

rules := {B—) -—} (» = -C *) (» Called F in the manuscript x)

m
rulec := {C—) —} (* = -8 *) (» And hence equal to -F,

with F as In the manuscript =x)

l+b+am
rulep := {D—) —} (* = & *) (» Equal to E in the manuscript x)
l1-a+b
b-(@1-a)m
rules := {8—) —} (» = -G %) (» Called H in the manuscript x)
b (1-a+b)
l1+m(a-b)
ruleF := {5“-» —} (» Called J in the manuscript x)
l1-a+b
b-(1-a)m
ruleg := {g-» ——} (* = =& *)
b(1-a+b)
(* And hence equal to -H in the manuscript x)
1+m(a-b)
rulew := {'H—> —} (* = F *) (* And hence equal to J in the manuscript =)
l1-a+b
Werecall that the Q; (i = 1, 2) are the smallest solutions between 0 and 1 to Egs. (21) and (22). Therefore, the Q; fulfill
(E+F|’)Q1—FI'Q2—E:|OQQ1 (23)
HrQ+(J-HnQy-J=1ogQ, (24)
where
l+b+am
rulek : {EE-» }
l1-a+b
ruleF := {F-» -—}
-(l-a)m
ruleH : {H-» }
b(l-a+b)
l1+m(a-b)
ruled := {J - —}
l1-a+b

In the following, we use Egs. (23) and (24).

We note from Egs. (23) and (24) that the Q; = 1 — 7; are functions of r, i.e. Q; = Q;(r) withi € {1, 2}. This system of equations implic-
itly defines the Q;, but — as shown above — an explicit solution cannot be found. Our goal is to find the derivative of Q;(r) with respect
tor, evaluated at r - 0. In the absence of an explicit solution we resort to implicit differentiation.

implF1LHS[Q1 , Q2 ] := (EE+Fr)Ql-FrQ2 -EE
implF1RHS[Q1_, Q2_1 :=Log[Q1]

ImplF2LHS[Q1_, Q2_]1 :=HrQ1l+ (J-Hr) Q2-J
implF2RHS[Q1_, Q2_1 := Log[Q2]
ImpIF1LHS[Q1[r], Q2[r]]

-EE+ (EE+Fr) QL[r] -Fr Q[r]

(» Take Q;=Q; (r) and differentiate with respect to
r. Do this for the LHS and RHS of both equations above. %)
DImpIF1LHS = D[impIFlLHS[Ql[r] » Q2[r]1, r]

FQL[r] -FQ2[r (EE+Fr) QL' [r] -Fr Q'[r]
DImpIF1RHS = D[impIF1RHS[Q1[r], Q2[r]]1, r]
Q' [r]
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DImpIF2LHS = D[implF2LHS[Q1[r], Q2[r]], r]
HQL[r] -HQI[r] +Hr Ql[r] + (J-Hr) Q"[r]
DImpIF2RHS = D[impIF2RHS[Q1[r], Q2[r]]1, r]
Q' [r]

Q[r]
From this, we obtain two equations for the derivatives Q, ' (r) and Q' (r) that also contain Qq(r) and Qy(r):

Degnl = DImpIF1LHS == DImpIF1RHS

QL [r]
FQL[r]-FQ[r]+ (EE+Fr)Q'[r] -Fr Q'[r] =
QL[r]
Degn2 = DImpIF2LHS == DImpIF2RHS
) ) Q@[r]
HQL[r] -HQ@[r] +Hr QU [r]+ (J-Hr)Q[r] =
QIr]
Q.'(n
FQuN-FQxnN+(E+FNQ(N-FrQy(r) = (25)
Qu(n)
Qy'(n)
HQ(N-HQM+HrQ/(N+J-HnNQ)/(n= (26)

Qa(r)
We want to solve for Q' (r) and Q' (r) at the position r = 0. We plug in our approximations for Q;(0) given in Eq. (19), and Q2(0) = 1.
Solve[{Deqgnl, Deqn2} /. r » 0, {Q1'[0]1, Q2'[01}1 7/ FullSimplify

, FQL[O] (-QL[O] +@[0]) , HQ[0] (-QL[0] +Q@[0])
{{a0 - . @'[0] > 1
-1+EEQL[0] ~1+JQ@0]
solApproxl = Solve[{Deqnl, Degn2} /. r - 0 /. {Q1[0] -» QlApprox1, Q2[0] -» Q2Approx1l},
{Q1°[0], Q2[01}1 // Simplify

2aF (1+m) 2aH(l+m
{a01 - @0 > —— 1}
(1+b) EE. b (1+b) (-1+J)
1+b-2a (1+m)

solApprox1[1] [ALl] /-
{Flatten[{rule&, rules, rulec, ruleo, rules, rules, ruleg, rule#}1} // FullSimplify

2aF (1+m) 2aH(1+m)

(a0~ L@ S
(1+b) EE—m (1+b) (-1+J)

2(1-a+bym@l+b-2a(1+m))

DQ1Approx1 = ;

b(1l+b) (1+b+2am)

2a(b-(1-a)m)

DQ2Approx1 = ;
(a-b) b (1+b)

Thisyields

21-a+bm[l+b-2a(l+ m)
Q1'(0) = (27
b(l+b)y(1+b+2am)

2alb-(1-am]

. (28)
(@a-bb1+b)

Q' (0) =

If the derivative of Q;(r) a r = O ispositive, the derivative of xj(r = 0) is negative, and vice versa.
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Simplify[DQ1Approxl > 0, Assumptions » assumeGeneral]

l+b>2a (1+m

FullSimplify[DQ2Approxl > 0, Assumptions -» assumeGeneral]

m>b+am

However, we are interested in the derivative of the weighted average invasion probability, 7(r), at r = 0, which we can obtain by noting
that

drn)  dlgm) + A= Qma)]

r dr (29)
_dm(n)  dmy(r) L d[1-Qn]  d[1-Qun)] _ dQu(n) . dQa(r)
(1-9 +4 =1-9 +4 =-|a +@- ]
dr dr dr dr dr
where § = ﬁ is the frequency of the B; allele at the initial marginal one-locus migration-selection equilibrium. Setting r = 0 and

substituting our previous approximations for Q;(0), we obtain
b-m(1-a)
gEgRule := gk » ——
b (1+m)
DrAverApproxl1 = -qEq DQ1Approx1 - (1 - gEq) DQ2Approxl /. geqRulle // FullSimplify

2(-1+a-bym(b+ (-1+a)ym (2a?+b+b?-2a (1+b (2+m)))

b2 (1+b) (—a+b) (1+m) (1+b+2am)

dm(r) 2(l-a+bymb-(1-aml{2a2+b+b%2-2a[l+b2+m)]}

|r=0: (30)
PPAl+by@a-b@l+m@+b+2am)

When is this positive?

DrAverApprox1

2(-l+a-bym(b+ (-1+a)m (2a?+b+b?-2a (1+b (2+m)))

b2 (1+b) (—a+b) (1L+m (L+b+2am)
assumeGeneral

{0<a<b<1 a+b<1, 0<r <0.5 0<m<1}
condApproxl1 = Simplify[DrAverApproxl > 0, Assumptions -» assumeGeneral]
(b+(-1+a)m (2a’+b (1+b)-2a (1+b (2+m)) <0
condApproxl // FullSimplify
(b+(-1+a)m (2a®°+b+b*-2a (1+b (2+m)) <0
The derivativein Eq. (30) is positive if
(b+(-1+aym(2a®+b+b?-2a(l+b2+m)) <0,
which can also be written as
(b-m(1-a)) (2a®-2a(1+2b)-2abm+b (1+b))
(b-(1-a)m (2a®+b (1+b)-2a (1+2b)-2abm)

%-((b+(-1+a)m) (2a®+b (1+b) -2a (1+b (2+m)))) // FullSimplify
0

[b-(1-am|[2a®+b(1+b)-2a(l+2b)-2abm|<0 (31)

We want to express this condition in terms of a critical selection coefficient a*, such that % 7(r) |r=oiS poSitive whenever a < a*.
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Fullsimplify[Reduce[(b+ (-1+a) m) (2a®°+b+b*-2a (1+b(2+m))) <0, a],
Assumptions -> {0 <a<b<1,a+b<1,0<r<0.5",0<m<1}]

(b (2+m@A4+3m) <m2+m3+2m) &&

(2a+ 1+b(2(1+ma+b(2+m@4+m)) <1+b(2+m |\b+am>m)) N

ME2+m@B+2m) =b (2+m@4+3m)&b+am+m || (b (2+m@A+3m) >m2+m3+2m) &&

(b+am< mi|2a+VvV1i+b 2 1+m +b2+m@4+m)) >1+b (2+m>))
Fullsimplify[Solve[(b+ (-1+a)m) (2a’+b+b?-2a (1+b (2+m))) ==0, a],
Assumptions » {0<a<b<1,a+b<1,0<r<0.5",0<m<1}]

{{ael—g}, {ae§(1+b(2+m)—\/1+2b(1+m)+b2 (2+m(4+m)) j},
m

{a»%[1+b @em o o1i2b@em b 2emdim) |}

1
FullSimpIify[Reduce[O< . (1+b(2+m) —A1+2b (Lamy +b2 (2+m (4+m)) ) <1],

Assumptions—>{0<a<b<1,a+b<1,0<r<0.5‘,0<m<1}]

True

1
FullSimpIify[Reduce[O< - (l+b(2+m) s 1+2b (Lam) +b? (2+m (4+m)) ) <1],
2

Assumptions->{0<a<b<1,a+b<1,0<r<0.5‘,0<m<1}]
Fal se

This suggests that the first value is the one we are interested in, i.e.

1
a*=5[1+b(2+m)—\/1+2b(1+m)+b2[2+m(4+m)]] (32)

1
critvalA := — (1+b(2+m) —\/1+2b(1+m) +b2 (2+m (4+m))
2

Plot[{critvalA /. (m-> 0.1}, critvalA/. {m-> 0.2}, critvalA/. {(m- 0.3},
critvalA/. {m-> 0.4}, critvalA /. {(m- 0.5}, critvalA/. {m-> 0.6},
critvalA/. {m-> 0.7}, critvalA /. {(m-> 0.8}, critvalA/. {m-> 0.9}, critvalA /. {m-> 1}},
{b, 0, 1}, PlotRange -» {{0, 1}, {0, 0.5}}, AspectRatio -» Automatic,
AxeslLabel » {b, a}, PlotLabel -» "Critical a for strictly-positive optimum r']

Critical a for strictly—positive optimum r

05

Plots of the approximate condition for ry,; # 0

From now on, we denote by rqy the recombination rate at which the average invasion probability 7(r) of A is maximised.



2LocContlsland_Stoch_Discr_OptRecombRate.nb |19

= As a function of a and b for a given migration rate m
= Theory

Wefirst determine the contour lines:

Simplify[Reduce[condApproxlFunc[a, b, m] == 0, {a, b}], Assumptions - assumeGeneral]

b+am=m||2a (2+m) +J174am+4a2 (2+4m+nf) =1+2b
We recognise that the first condition is equivalent to the definition of the critical migration rate for the stability of the marginal one-

locus migration-selection equilibrium at the B-locus, myg; , = ﬁ—a The second condition defines a new critical migration rate that
distinguishes between the regimes roy > 0 and rqy = 0. Thisis given by

mCritRRuIe:Solve[Za (2+m) +4/1-4am+4a? (2+4m+m?) =142b, m] // FullSimplify

2 (-1l+a)a+b-4ab+b?

t{m- 2ab })

b-2(1-aa-4ab+b?
My = 33)
2ab

In the plots below, the cyan and yellow contour lines both correspond to the case where ' (r = 0) = 0. As afunction of a (and m), the
cyan lineisgiven by b(a, m) = m(1 — a) and the yellow line by

1
b@ m=- (—1+4a+ 2am+ \/1+ 8a%?—4am+16a2m+ 4a2n? ) (34)

2

Solve[b+am:=m, b]

{{b>m-am}}

Solve[2a(2+m) +\/1—4am+4a2 (2+4m+m?) =1+2b, b]

{{be%[—1+4a+2am+J1+8az—4am+16azm+4azm2 ]}}

contourlfa_, m ] :=m(1-a);

1
- (—1+4a+2am+\/1+8a2-4am+16a2m+4a2m2);
2

Alternatively, we can express the contour line as a function of b and m:

contour2[a_, m_] :

Solve[b+am = m, a]
-b+m

tfar =0l

Solve[2a(2+m) +\/1—4am+4a2 (2+4m+m2) =1+2b, a]

{{a»%[2+4b+2bm7\/8(717b>b+(7274b72bm)2)},

{a»%[2+4b+2bm+\/8(717b>b+(7274b*2bm)2)}}

where only the first oneisbiologically valid (0 < a < 1).

contourlAltib_,m ] :=1-b/m;

contour2Alt[b_, m_] :

1
- (2+4b+2bm—\/8 (-1-b)b+ (-2-4b-2bm)2 |;
4

In the plots, the red line marks a = b (recall that we are interested in cases where a < b). Dark grey shading represents the parameter
space where, approximately, 7' (r =0) > 0= roy >0, and lighter grey shading represents the range where, approximately,
7'M <0=rg=0.

condApproxlFunc[aa_, bb_, mm_] :=
Chop[(b+ (-1+a) m (2a2+b (L+b)-2a(l+b (2+m))) /. {a>aa, bbb, m->mm}]
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Remarks to the plots below:

e Thered line correspondsto a = b. We are only interested in the case a < b, which corresponds to the area below
thered line.

e Thecyan line correspondsto a= (m—b)/m=1-b/m, which corresponds to the critical migration rate
Mgit2 = % The marginal one-locus migration-selection equilibrium Eg is existsif and only if m< mgi;» .

Existence of Eg isanecessary condition for the invasion of the A; mutant via Eg. The areaiin the plots above
the cyan line corresponds to the case m < Myt 2.

e Theyellow line has the following meaning: Whenever we are above the cyan line, the yellow line separates the
parameter space into a parameter sub-space where ' (0) < 0= rqy = 0 (dark grey, to the left of the yellow line)

and another one where 7' (0) > 0= rqy > 0 (dark purple, to the right of the yellow ling).
FullSimplify[a /. Solve[m=b/ (1-a), a]]
b

1_,
{r-
FullSimplify[Reduce[m<b/ (1-a), a], Assumptions»> {O<a<b<1l,a+b<1,0<m<1}]

b+am>m

a(b-a+n
mCrith :=

(a-r) (a-b) +r (1-a)
mCrit5 /. {r - 0} // FullSimplify
-1



2LocContlsland_Stoch_Discr_OptRecombRate.nb |21

n Plot
myM =0.3; (¥x0.3; 0.032; 0.5;%)
myBmin = 0. ;

myBmax = .6; (¥0.6;0.045;1. ;%)

myACoord = 2; (¥x0.025;2;%) (* To show a point of interest,
choose coordinates that are within the plot range =)

myBCoord = 2; (¥0.04;2;%) (» To show a point of interest,

choose coordinates that are within the plot range =)

myAmin = myBmin(x Do not change this. x);

myAmax = myBmax (+ Do not change this. x);

plotOptRecombRate = Show[ContourPlot[condApproxlFuncla, b, myM],

{b, myBmin, myBmax}, {a, myAmin, myAmax}, Contours -» {-100, O, 100},

ContourShading -» {Red, RGBColor[0.25, 0.25, 0.25], RGBColor[0.6, 0.6, 0.6], Blue},

FrameLabel - {"'Selection coefficient b", "Selection coefficient a"},

PlotRange -» {{myBmin, myBmax}, {myBmin, myBmax}, Full},

FrameTicksStyle - Directive[Medium, Black, FontSize -» 16],

LabelStyle » {Directive[FontSize - 20], FontFamily -» "Helvetica'"}, PlotPoints -» 60],
Plot[contourlAlt[b, myM], {b, myBmin, myBmax}, PlotStyle » {Thick, Cyan},

Filling » Bottom, FillingStyle - Directive[RGBColor[0.9, 0.9, 0.9], Opacity[1]]],
Plot[contour2Alt[b, myM], {b, myBmin, myBmax}, PlotStyle » {Thick, RGBColor[1, 1, 0]}1],
Plot[b, {b, myBmin, myBmax}, PlotStyle » {Thick, Red}, Filling -» Top,

FillingStyle - Directive[RGBColor[0.98, 0.98, 0.98], Opacity[1]]],
ListPlot[{{myBCoord, myACoord}}, PlotStyle » {RGBColor[O, 1, 0, 0.65]}11
(* Dark: critval < 0 & 7 [0] > 0 » rope # O3

Bright: critval > 0 & @ [0] < O - rgpe = 05 *)
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Figure 1: Classification of the behaviour of the average invasion probability as a function of the recombination rate, 7(r). The dark grey area indicates where the
derivative of 7(r) with respect to r, evalutated at r =0, is positive (z' (0) > 0) and the optimal recombination rate is therefore positive (1o > 0). The medium grey area

shows the parameter range for which x* (0) < 0 and therefore rq, = 0. Together, these two areas indicate where A, can invade via the marginal one-locus migration-
selection equilibrium Eg if r is sufficiently small. The light grey area shows where Eg does not exist and A; cannot invade. Finally, the area above a=b is not of
interest, as we focus on mutations that are weakly beneficial compared to selection at the background locus (a <b). The migration rate is m=0.3.
Export[figPath <> ""plotOptRecombRate. tiff",
Rasterize[plotOptRecombRate, ImageResolution » 721, "TIFF"]

/User s/Si non/Docunent s/LocAdD/r esul t /130606 /nonZer oOpt RecRat e/fi gures/
pl ot Opt ReconbRate. tiff
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Understanding the dependence of 7r(1)on m

We observed that 7rjincreases with the migration rate m, which is perhaps counterintuitive. Because ] is essentially determined by the
ratio of the margina fitnessw; of A; B; to the mean resident fitness w, we investigate the dependence of w; and w on m.

wlRule

wl > qEqBWIL3 + (1 - qEqB) wi4

wBarRule

wBar - qEqB? w33 + 2 (1 - qEqB) qEqB W34 + (1 - qEqB)? w44
gEgBRule

w34 - mw34 - wBar Ti | de

{aB - J
(-1+m) (W33 -w34)
wl3AddRule = wli3 - 1+ b;
wl4AddRule = wl4 - 1;
w33AddRulle :=w33 s 1-a+b;
w34AddRule = w34 - 1 - a;
w44AddRule = w44 - 1 -a-Db;

addFitRule := {wl13AddRule, wl4AddRule, w33AddRule, w34AddRule, w44AddRule}
b-m(1-a)
gEgBAddRule := gEGB » ——8
b (1+m)

wlAdd = wl /. wlRule /. addFitRule /. gEqBAddRule // Simplify

l1+b+am

1+m
wBarAdd = wBar /. wBarRule /. addFitRule /. gEqBAddRule // FullSimplify

(-1l+a-b) (-1+m)

1+m

wlAdd
wRatioAdd = ——— // FullSimplify
wBarAdd

l1+b+am

(-1l+a-b) (-1+m)

l+b+am
wlAddFunc[m ] := —
1+m

(l-a+b) (1-m)

wBarAddFunc[m_] :=
1+m

_ l+b+am
wRatioAddFunc[m_] :=

(L-a+b) (1-m)



2LocContlsland_Stoch_Discr_OptRecombRate.nb |23

Manipulate[Plot[{wlAddFunc[m] /. {a » mya, b - myb},
wBarAddFunc[m] /. {a -» mya, b » myb}, wRatioAddFunc[m] /. {a » mya, b » myb}},
{m, 0, 1}, PlotStyle -» {{RGBColor[0.6, 0.6, 0.91}, {Black}, {Black, Thick, Dashed}},
Frame -» True, FrameStyle » {{Black, Opacity[0]}, {Black, Opacity[0]}},
FrameLabel -» {""Migration rate m", "Fitness"},
LabelStyle » {Directive[FontSize -» 14], FontFamily - "Helvetica"}],

{{mya, 0.02}, 0, 1}, {{myb, 0.02}, 0, 1}]

1.0
0.5
7)) L
8 L
2 00}
'Lt L
-0.5}
-10L . . .,

0.0 02 04 06 08 1.0
Migration rate m

General rules and assumptions

ruleSmallForces := {a»ae,b->Be, M ue, r - pe}
ruleReturnOrigin := {a»a/e, B»>b/e,u->m/e, p>r/e}

ruleWeakMigration := {m > p e}

assumeGeneral := {O<a<b<l,a+b<1,0<r<0.5,0<m<1}

b-m+am
gEqRule := qgq » —— (» The frequency of the B; allele at the marginal one-

b (1+m)
locus migration-selection equilibrium =)

Functions

This function solves the system of transcendental equations obtained with the two-type branching process numerically. For a derivation,
see Mathematica notebook ‘ 2L ocContlsland_Stoch_Discr.nb’.
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probEstablAMApproxPolymContFunc: :usage =
""probEstablAMApproxPolymContFunc[r, ml, al, bl, 111, 121, 211, 221, qC]";
probEstablAMApproxPolymContFunc[r_, ml1_, al , bl_, w111 , 121 , ¥211 , ¥221 , qC_] :=

Module[{qEq, wbar, wl, w2, wi4, a1, pgfl, pgf2, gSol},

1
gEg= ———————— (bl-ml+al«ml+2xbl+mlxqC+
2%blx (1+ml)

\/(—4*bl* (-1+al+bl) *mlx (1+ml) »gC+ (b1l+ (-1+al) *ml+2*b1*ml*qC)2));
(» See 120820_twoLocusContinentlslandDiscreteDetPolyCont.nb =x)
wbar =1-al+blx (-1+2=%qEQ);
wl=1+blxgEq+ (-1+qgEQ) »yl111;
w2 =1+blx* (-1+qEQ) -qEqQ* y111 +y¥121 % (-1 +QEQ);
wld =1 -y111;
(» Leading eigenvalue of the mean matrix; Note that q. does xnotx enter here! x)

Al = - (—1+m1)*

2 wbar
(WL-rswld+w2+ (WL + r? «wld? + Wls (2% (-1 +2 % QEQ) * I+ Wld -2 % w2) +

2% (1-2%QEQ) » r W14 x w2 +w22)'?);
(» Probability generating functions x)
pgfl[sl_, s2 ] := Exp[
r(1-ml) « (L-9gEq) * (1 -s2) *»wld (1-ml) % (1-sl1) » (Wl-r=* (1-9gEqQ) »wl4d)

E

wbar wbar

r (1-ml) »qEq+ (1-sl) »wl4
pgf2[sl_, s2 ] := Exp[— qwt?ar -

(L-ml) » (1-S2) (—I"*qEQ*Wl4+W2)]

wbar
gSol = FindRoot[{pgfl[ql, q2] = g1, pgf2[ql, 2] = 92}, {ql, 0.5}, {92, 0.5}];
(» Return the probability of establishment, 1-q x)
Return[{al, (1-ql), (1-92), gEq+ (1-ql) + (1 -gEq) * (1-092), gEq} /. gSol]

E

Checks

m Using eight constants

b+br2+abm==b (l+b+am) // Simplify
True

(a-1)ymr-bmr=-m1-a+b) r// Simplify
True

(l-aymr+bmr=m(1-a+b) r//Simplify
True

br+((@-1)ymr==(b-(1-a)m)r //Simplify
True

b+abm-b”"2m=Db 1+m@-b)) 7/ Simplify
True

-br+ (1-a)mr= ((1-a)m-b) r // Simplify

True
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{(#+8r)sl+crs2 -p /. Flatten[{rule&, rules, rulec, rulen}]} ==
{((b@+b+am)-m@A-a+b)r)ysl+ m(l-a+b)r)s2-b@+b+am))/ (b @-a+b))} //
FullSimplify

True

{ersl+ (F+gr)s2-H /. Flatten[{rulesg, ruleF, ruleg, rulex}1} =
{(((b-(@@2-a)ymr)ysl+ (b @l1+m(a-b))-(b-(1-aym)yr)ys2-b(1+m(a-b)))/
(b(1-a+b))} // FullSimplify

True

= Using four constants (E, F, H, J)

myA = (1 -m) (wl3 ghat +wl4 (1-qghat) (1-r)) / wbar;
myB = (1 -m) r wl4d ghat / wbar;

myC = (1 -m) rwld (1 -ghat) / wbar;

myD = (1-m) (w24 (1 -ghat) +wld ghat (1-r)) / wbar;

Additive Fitnesses

wl4Rule = wl4 - 1;
b-m(1-a)
ghatRule = ghat » ——;
b (1+m)

w33 > 1l-a+b;
w34 - 1-a;

w44Rule = w44 - 1 -a-b;
wl3Rule = wl3 - 1 + b;
w24Rulle = w24 - 1 - b;

w33Rule
w34Rule

wbarRule =
wbar -» ghat? w33 + 2 ghat (1 - ghat) w34 + (1 - ghat)? w44 /. ghatRule /. w33Rule /. w34Rule /.
w44Rule;

lambdallAdd = myA /. wl3Rule /. wl4Rule /. ghatRule /. wbarRule // FullSimplify

l+b+am mr

l-a+b b
lambda21Add = myB /. wl4Rule /. ghatRule /. wbarRule // FullSimplify

(b+ (-1+a)mr
b (1-a+b)
lambdal2Add = myC /. wl4Rule /. ghatRule /. wbarRule // FullSimplify

mr

b
lambda22Add = myD /. w24Rule /. wl4Rule /. ghatRule /. wbarRule // FullSimplify

brabm-bZm-br +mr —amr

b-ab+b?

ARule = myA - lambdallAdd;
BRule = myB -» lambda21Add;
CRule = myC » lambdal2Add;
DRule = myD -» lambda22Add;

Assuming small evolutionary forces
assumeSmallForces := {a-»ae, b->Be,M>pue, r->pe}
resubst := {a»a/e,B->b/e,u->m/e,p->r/e}

Series[{{lambdallAdd, lambdal2Add}, {lambda21Add, lambda22Add}} /. assumeSmallForces,
{e, 0, 1}] /. resubst // Normal // MatrixForm

mr mr
lra-5- b
mr mr
r- 1+afbfr+T
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l+b+am
myE =

l-a+b

m
myF:——;

b

b-(1l-a)m
myH = ———;

b(l-a+b)

1+m(a-b)
myJ= —;

l-a+b

pgfl[sl ) s2 ] .= e-myA (1-s1) -myC (1-s2)
pgf2[sl ) s2 ] .= e-myB (1-s1)-myD (1-s2)

pgfl[sl, s2] /- ARule /. CRule

o [Tam 5 @sb-

mr (1-s2)
b

pgf2[sl, s2] /. BRule /. DRule

(bs(-1+a) m ¢ (1-s1) f\b+abmb2 mbrmr-amr) (1-s2)

e b (1-a+b) b-ab+b?

((b(l+b+am-m(l-a+b)r)ysl+(m(l-a+b)r)ys2-b((1l+b+am))/ (b(l-a+b)) ==

l+b+am mr
-|——— - —1 (1-5s1) -
l-a+b b

True

(b+ (-1+a)m) r (1-sl)

mr (1-s2)

// FullSimplify

(b+abm-b2m-br+mr-amr) (1-s2)

b(l1-a+bh)

b-ab+b?

(((b-(1-aymr)ysl+ (b l+m@a-b))-(b-(L-a)mr)ys2-b(1l+m(@a-hb)))/

(b (1-a+b)) /7 FullSimplify
True
l+b+am mr
—_— - — | (1-51) -
l-a+b b
(l+b+am (1-s1)

Collect[—[

l-a+b

mr (1-s2)

(b+(-1+a)ym)r (1-s1) (b+abm-b?m-br+mr-amr) (1-s2)

/.r-0, {1-51}]

Collect[— b (L-a+D)

(b+abm-b?m) (1-s2)

b-ab+b?

pngddl[sl , S2 1= e(myE+myF r) sl-myF r s2-myE

l+b+am l+bvam mr mr s2
e

- +
@ 1l-a+b 1l-a+b b

pngdd2[Sl ) s2 ] = emyH r sl+(myJ -myH r) s2-myJ

1+(a-bym (b-(1-a)mr sl 1+(a-bym (b-(1-a) r
@ 1tasb | blab) ( 1fa+ti - b[l—ad:) )52
l+b+am l+b+am mr mr s2
- +[ ——] sl+
l-a+b l-a+b b b
l+b+am mr mr (1-s2)
(—_) (1-s1) - L2759
l1-a+b b

True

b-ab+b?

// FullSimplify

/. r-0, {1-31}]
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l+(a-b)ym (b-(1-a)ymyrsi l+(@a-bym (b-((1-aymr
- + + - S2 ==

l-a+b b(l-a+b) l-a+b b(l-a+b)

(b+(-1+a)m) r (1-s1) (b+abm-b>m-br+mr-amr) (1-s2)

// FullSimplify
b(l-a+bh) b-ab+b?

True

Polymorphic continent with additive fithesses

Not shown in detail here.

Implementation

27

Derivatives of f;(sq, s,) for r > 0 but small

Assuming all evolutionary forces to be small




