The effective migration rate
experienced by a neutral site linked to
two loci at migration-selection balance

We assume two loci under selection (A and B) and a third neutral locus C, each with two alleles denoted by A; and A, B; and By, and
C; and Cy, respectively. Let the frequencies of aleles Ay, Ay, By, By, CiandCz bep, 1-p, g, 1 -, nand1 — n, respectively. We
denote the recombination rate between locusi and j by r;; and consider a continuous-time model, such that second-order terms of

recombination rates can be ignored.

We first consider the case where the neutral locus lies between the selected loci, i.e. A-C—B. We denote the frequencies of the eight
haplotypes Aq Cl Bi, A1 Cl B,, Ay Cl B, Ay C]_ B, A1 Cz By, Ar Cz B, Ay C2 By, and Ao C2 B, by Y1, . Y8, respectlvely In this
case, the recombination rate between locus A and C is rac and the one between locus C and B is rcg. As mentioned, we ignore
interaction terms, so that rag = rac + rce.

Later, we consider the case where the neutral locus lies to the right (A-8-C) or to the left (C—A-B) of the two selected loci.

As outlined by Birger and Akerman (2011), the recursion equations due to selection and migration are immediately obtained from the
two-locus migration-selection model (eg. 2.2 in Burger and Akerman, 2011), because locus C is neutral.

In this context, we point out that equations (4.25) and (4.26) in Burger and Akerman (2011) are wrong and need to be replaced by

Order of loci: A-C-B

Rules and assumptions

i recScale := {rl-ple, r2 - p2e}

recBackScale := {pl->rl/e, p2>r2/€}

In[3]

pDef 1= y1 +y2 +Yy5 +Yy6
gbef :=yl+y3+y5+y7
nDef 1=yl +y2+y3+y4
DACDef = (yl+y2) (Y7 +y8) - (Y5 +Yy6) (y3+y4)
DCBDef := (y1l+y3) (Y6 +Y8) - (Y2 +y4) (Y5 +Yy7)
DABDef = (yl+y5) (Y4 +y8) - (Y2 +y6) (y3+Yy7)

"E DACBDef =yl -pqgn-pDCB-qDAC-nDAB /.

{p -» pDef, q -» qDef, n -» nDef, DCB - DCBDef, DAC -» DACDef, DAB -» DABDef}

O 9amToAILD := {

yl - pqn+pDCB+qDAC + nDAB + DACB,

y2-p(1-qgq)n -pDCB+ (1-q) DAC - n DAB - DACB,

y3- (1-p)gn + (1-p) DCB - q DAC - n DAB - DACB,

v4- (1-p) (1-q)n - (1-p) DCB - (1 -q) DAC + n DAB + DACB,

y5- pqgq (1-n) -pDCB-qgDAC+ (1-n) DAB - DACB,

y6->p (1-qg) (1-n) +pDCB- (1-q) DAC- (1 -n) DAB + DACB,

y7 - (1-p)gq(1-n) - (1-p) DCB + qDAC - (1 - n) DAB + DACB,

y8- (1-p) (1-q) (1-n) + (1-p) DCB+ (1-qg) DAC+ (1 -n) DAB - DACB
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T a1 IToGam = {

p->yl+y2+y5+y6,
(*1-p->y3+y4+y7+y8, )
q->vyl+y3+y5+y7,
(*1-0-y2+y4+y6+y8, *)
n->yl+y2+y3+y4

}

Derivation of recursion equations

= Relationships between LD coefficients, allele and gamete frequencies.

Before deriving the recursion equations, we recall some relationships between gamete frequencies, alele frequencies and linkage

disequilibria:

The gamete frequencies of marginal two-locus modelsin terms of the gamete frequencies of the three-locus model:
X1:=[ABil=Yy1+Ys

X2:=[A1B2l = Y2+ VY6

X3:=[A2B1] =y3+ Y7

Xq:=[A2B2] =Ya+ Vs

%= [ACi]=y1+ V2

X6 :=[A1Col = Y5+ Yo

X7:=[A2Cil=Y3+ Y4

Xg = [A2Col =y7 + Vs

X9:=[C1Bi]l=Yy1 + V3

X10:=[C1 Bl = Y2 + Vs

X1 = [C2 Byl = Y5 + Y7

X12 = [C2 B2l = Y6 + Vs

The alele frequencies in terms of the gamete frequencies:
P=Xi+X=Y1+Y2+Y¥Y5+ Vs

l-p=X3+X4=Yy3+Yya+y7+Ys

q=X1+X3= Y1 +Y3+Ys+Yy7

1-g=X+Xa=Yo2+Ya+Ys+Vs

N=Yy +Yy2+Y3+Ya

l1-n=ys+ys+yr+V¥s

The two-way linkage disequilibriain terms of allele and gamete frequencies:
Dag=X1—Pd =(Y1+Y¥5) — PA=X1Xg — X2 X3 = (Y1 + Y5) (Ya + Y8) — (Y2 + Y6) (Y3 + ¥7)

Dac=[A1Ci]-pn=(y1+Yy2) - pn=
(Y1 +Y2) = [(Y1 + ¥2) + (Y5 + Yo)I[(Y1 + Y2) + (Y3 + Ya)] = (Y1 + Y2) (Y7 + V&) — (V5 + Y6) (Y3 + Ya) = X5 Xg — Xg X7

Dcg =[C1Bil —qn=(y1 +y3) —qn=
(Y1 +Y3) = [(Y1 + ¥3) + (V5 + YDI[(Y1 + Y3) + (Y2 + Ya)] = (Y1 + ¥3) (V6 + Y8) — (Y2 + Ya) (Y5 + ¥7) = X9 X2 — X10 X11

The three-way linkage disequilibrium in terms of gamete frequencies, allele frequencies and two-way linkage disequilibria:
Dace =Y1 - PAn—pDcg —qDac —NDag =y1— paNn—ply1 + y3) —qnl — gy + ¥2) — pnl = n[(y1 + ¥s) - pdl
Some marginal two-locus gamete frequenciesin terms of alele frequencies and two-way linkage disequilibria:

X1 =pq + Dag
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X2=Pp(l-0) - Das
X3=(1-p) - Das
X4=(1-p)(1-09 +Das
Xs=pn +Dac

X6 = P(1—n) - Dac
X7=(1-pn-Dac
Xg=(1-p)(1-n)+Dac
Xg=Nnq + Dcs
X10=N(1 - ) — Dca
X11=(1-n)q-Dcg
X12=(1-n)(1-0) +Dce
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The three-locus gamete frequenciesin terms of allele frequencies and two-way linkage disequilibria:

y1=pgn+ pDcg + qDac + NDag + Dacs

Y2=p(L-gn - pDcg + (1 -0 Dac-nDag — Dacs

y3=(1-p)gn + (1 - p)Dcg —qDac — NDag — Dacs

Va=(1-p)A-Pn —(1-p)Dc — (1 -g)Dac + NDap + Dacs

Ys=pPg(1—n) — pDcg — qDac + (1 — ) Dag — Dacs

Yo=pP(L-g(L-n) +pDcg — (1) Dac—(1-n)Dap + Dacs

y7=1-p)q(l-n) —(1-p)Dc +qDac — (1 - n)Dap + Dacs
Ya=(1-pPA-P@-n) +(@1-p)Dcg + (1~ Dac+(1-n)Dag — Dacs

The recursion equation for y; (gamete A; N; By) in discrete time:

= Automatisation of constrution of difference equations under recombination

In[12]

gametesProduced[parentl_, parent2_, parentFreql_, parentFreq2_] :=

Module[{tup, factors, pfl, pf2, freqDist, 6},

pfl = parentFreql;
pf2 = parentFreq2;

5=1;

1 1 1 1
factors = {— (1-r1) 1-r2), —(1-r1)r2, —rir2, —r1(1-r2),
2 2 2 2

1 1 1 1
-rl(1-r2), —rlr2, —(1-r1) r2, — (1-rl) (1—r2)}*6*pf1*pf2;
2 2 2 2

tup = Tuples[Partition[Riffle[parentl, parent2], 2]1];

fregDist = Table[Sum[factors[i], {i, Flatten[Position[tup, Union[tup][iQl1]1}]1.,
{i, Length[Union[tup]]}];

Return[{Union[tup], fregDist}];

]

3= gametes = {{Al,

C1, B1}, {Al, C1, B2}, {A2, C1, B1},

(A2, C1, B2}, {Al, C2, B1}, {Al, C2, B2}, {A2, C2, B1}, {A2, C2, B2}}

ouriz= {{Al, C1, Bl},
{Al, C2, B1},

(A1, Cl, B2}, {A2, Cl, Bl}, {A2, Cl, B2},
(Al, 2, B2}, {A2, C2, Bl}, (A2, C2, B2}
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4= matings = Flatten[
Table[{gametes[i], gametes[j]}, {i, 1, Length[gametes]}, {J, 1, Length[gametes]}], 1]
Length[
%]

ouia= {{{Al, Cl, Bl}, {Al, Ci, Bl}}, {{Al, Ci, Bl}, {Al, C1, B2}},
{{A1, C1, Bl1}, {A2, C1, B1l}}, {{Al, C1, Bl1l}, {A2, C1, B2}},
{{A1, C1, Bl}, {Al, C2, B1}}, {{Al, C1, Bl1l}, {Al, C2, B2}}, {{Al1, C1, Bl}, {A2, C2, Bl}},
{{A1, C1, Bl}, {A2, C2, B2}}, {{Al, C1, B2}, {Al, C1, Bl}}, {{Al1, C1, B2}, {Al, Ci, B2}},
{{A1, C1, B2}, {A2, C1, B1l}}, {{Al, C1, B2}, {A2, C1, B2}}, {{Al1, Cl, B2}, {Al, C2, Bl}},
{{A1, C1, B2}, {Al, C2, B2}}, {{Al, C1, B2}, {A2, C2, Bl}}, {{Al1, C1, B2}, {A2, C2, B2}},

{{A2, C1, B1}, {A1, C1, Bl1l}}, {{A2, C1, Bl}, {Al, C1, B2}}, {{A2, C1, B1}, {A2, C1, B1l}},
{{A2, C1, B1}, {A2, C1, B2}}, {{A2, C1, Bl}, {Al, C2, B1}}, {{A2, C1, B1}, {Al, C2, B2}},
{{A2, C1, B1}, {A2, C2, Bl1}}, {{A2, C1, Bl}, {A2, C2, B2}}, {{A2, C1, B2}, {Al, C1, B1l}},
{{A2, C1, B2}, {A1, C1, B2}}, {{A2, C1, B2}, {A2, C1, B1}}, {{A2, C1, B2}, {A2, C1, B2}},
{{A2, C1, B2}, {A1, C2, Bl1}}, {{A2, C1, B2}, {Al, C2, B2}}, {{A2, C1, B2}, {A2, C2, Bl1l}},
{{A2, C1, B2}, {A2, C2, B2}}, {{Al, C2, Bl}, {Al, C1, B1}}, {{A1, C2, B1}, {Al, C1, B2}},
{{Al, C2, B1}, {A2, C1, Bl1l}}, {{Al, C2, Bl}, {A2, C1, B2}}, {{A1, C2, B1}, {Al, C2, B1}},
{{Al, C2, B1}, {A1, C2, B2}}, {{Al, C2, Bl}, {A2, C2, B1}}, {{A1, C2, B1}, {A2, C2, B2}},
{{Al, C2, B2}, {A1, C1, Bl1l}}, {{Al, C2, B2}, {Al, C1, B2}}, {{A1, C2, B2}, {A2, C1, B1l}},
{{Al, C2, B2}, {A2, C1, B2}}, {{Al, C2, B2}, {Al, C2, B1}}, {{A1, C2, B2}, {Al, C2, B2}},
{{Al, C2, B2}, {A2, C2, Bl1}}, {{Al, C2, B2}, {A2, C2, B2}}, {{A2, C2, B1}, {Al, C1, B1l}},
{{A2, C2, Bl1}, {A1, C1, B2}}, {{A2, C2, Bl}, {A2, C1, B1}}, {{A2, C2, Bl1}, {A2, C1, B2}},
{{A2, C2, B1}, {A1, C2, Bl1}}, {{A2, C2, Bl}, {Al, C2, B2}}, {{A2, C2, Bl1}, {A2, C2, Bl1}},
{{A2, C2, Bl1}, {A2, C2, B2}}, {{A2, C2, B2}, {Al, C1, B1}}, {{A2, C2, B2}, {Al, C1, B2}},
{{A2, C2, B2}, {A2, C1, Bl1}}, {{A2, C2, B2}, {A2, Cl1, B2}}, {{A2, C2, B2}, {Al, C2, Bl1l}},
{{A2, C2, B2}, {Al, C2, B2}}, {{A2, C2, B2}, {A2, C2, Bl1}}, {{A2, C2, B2}, {A2, C2, B2}}}
ou1s)= 64

nper= gameteFregs = {yl1, y2, y3, v4, y5, y6, y7, y8}

oupiel= {y1, y2, y3, y4, y5, y6, y7, y8}

n17:= FreqPairs = Flatten[Table[{gameteFreqs[i], gameteFreqs[jl}.,
{i, 1, Length[gameteFregs]}, {J, 1, Length[gameteFreqs]}], 1]
% //
Length

ouni7= {{yl, y1}, {y1, y2}, {y1, y3}, {yl, y4}, {yl, y5}, {yl, y6}, {y1, y7}, {yl, y8},
(y2, y1}, {y2, y2}, {y2, y3}, {y2, y4}, {y2, y5}, {y2, y63}, {y2, y7}, {y2, y8},
{y3, y1}, {y3, y2}, {y3, y3}, {y3, v4}, {y3, y5}, {y3, y63}, {y3, y7}, {y3, y8},
(y4, y1}, {y4, y2}, {y4, y3}, {y4, yv4}, {y4, y5}, {y4, y6}, {y4, y7}, {y4, y8},
{y5, y1}, {y5, y2}, {y5, y3}, {y5, y4}, {y5, y5}, {y5, y6}, {y5, y7}, {y5, y8},
(y6, y1}, {y6, y2}, {y6, y3}, {y6, y4}, {y6, y5}, {y6, y6}, {y6, y7}, {y6, y8},
(y7, y1}, {y7, y2}, {y7, y3}, {y7, y4}, {y7, y5}, {y7, y63}, {y7, y7}, {y7, y8},
{y8, y1}, {y8, y2}, {y8, y3}, {y8, y4}, {y8, y5}, {y8, y6}, {y8, y7}, {y8, y8}}

ouigl= 64
MapThread [gametesProduced [#1[1], #1[2], #2[1], #2[21] &,
{matings[1 ;; 2], fregPairs[l ;; 2]}] // TableForm
Al Cl1 B1 (1-r1) (1-r2)yl%+r1 (1-r2)y1%2+ (1-r1)r2yl1?+rlr2yl?
Al 1 Bl S (A-11) (1-r2)yly2+ 201 (1-r2)yly2+ > (1-11)r2yly2+ rlr2yly?2
S (1-r11) (1-12)yly2+ 201 (1-r2)yly2+  (1-11)r2yly2+ r1r2yly2

o= recSep = MapThread[gametesProduced [#1[1], #1[2], #2[1], #2[2]] &, {matings, freqPairs}];
TableForm[recSep]

Out[20]//TableForm=

Al Cl B1 (1-r1) (1-r2)y1%2+r1 (1-r2)y1%+ (1-r1)r2y12+rir2y1?

AL CL BL 5 (1-71) (1-r2)yly2+2r1 (1-r2)yly2+> (1-r1)r2yly2+2rir2yly2
Al C1 B2 %(141) (17r2)yly2+%rl(lfr2) y1y2+§ (17r1)r2y1y2+%r1r2y1y2
Al Cl Bl S (L-rl) (1-12)yly3+ 211 (1-r2)yly3+ > (1-r1)r2yly3+ rir2yly3
A2 Cl Bl %(1—rh u-rz)y1y3+§r1<1-r2>y1y3+§(1-r1>r2y1y3+§r1r2y1y3
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1

r1(17r2)y1y4+5(17r1)r2y1y4

(1frl)(17r2)yly4+§rlr2y1y4
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(1-r1) (1-r2)y1y5+§r1 (1-r2) y1y5+% (1-r1) r2y1y5+%r1r2y1y5
(1-r1) (1-12)yly5+ 211 (1-r2)yly5+2 (1-r1)r2yly5+>r1r2ylys

(1-r1) <1-r2)y1y6+§r1 (1-r2)yly6
(1-r1)r2yly6+ rir2ylyé
(1-r1) r2y1y6+§r1r2y1y6
(1-r1) (1-r2)y1y6+§r1 (1-r2)yly6

(1-r1) (17r2)yly7+§ (1-r1)yr2yly7

ri(1-r2)yly7+ rlr2yly7
ri(1-r2)yly7+ rlr2yly7

(1-r1) <1-r2)y1y7+§ (1-r1)r2yly7

(1-rl1) (1-r2)yly8
(1-r1)r2yly8

rlr2yly8
rl(1-r2)ylys8
rl(1-r2)yly8
rir2yly8

(1-r1)r2yly8
(1-rl1) (1-r2)yly8

(1-r1) (1-12)yly2+ 211 (1-r2)yly2+
(1-r1) <1-r2)y1y2+§r1<1-r2>y1y2+
1-r1) (1-r2)y2%2+r1 (1-r2)y22+(1-r1)
ri(l-r2)y2y3+; (1-r1)r2y2y3

(1-11) (1-r2)y2y3+ rir2y2y3
(1-r1) <1-r2)y2y3+§r1r2y2y3

ri <1-r2)y2y3+§ (1-r1)r2y2y3
(1-rl) (17r2)y2y4+§r1 (1-r2)y2y4+
(1-r1) (17r2)y2y4+%r1 (1-r2)y2ya+

(1-rl r2y2y5+%rlr2y2y5

(1-rl (17r2)y2y5+§r1(17r2)y2y5
(1-rl (17r2)y2y5+§r1(17r2)y2y5
(1

)
)
)
7r1)r2y2y5+%r1r2y2y5

(1-11) (1-12)y2y6+ 11 (1-12)y2y6+
(1-r1) <1-r2)y2y6+§r1 (1-r2)y2y6 +

(1-rl)yr2yly2+
(1-rl)yr2yly2+
2y22+r1r2y2?

(1-rl)yr2y2y4+
(1-rl)yr2y2y4+

(1-rl)r2y2y6 +
(1-rl)r2y2y6 +

Srir2yly2
Srir2yly2

%r1r2y2y4
%r1r2y2y4

Srlr2y2ye
Srlr2y2ye
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(1-r1) u—w2)y2y8+§(1—rhr2y2y8
(1-11) (1-r2)yly3+ rl (1-12)yly3+
(1-11) (1-r2)yly3+ rl (1-12)yly3+
r1(17r2)y2y3+%(17r1)r2y2y3
(1-11) (1-r2)y2y3+ rir2y2y3
(1-11) (1-r2)y2y3+ rir2y2y3
ri(l-r2)y2y3+; (1-r1)r2y2y3
1-r1) (1-r2)y32+r1(1-r2)y3%2+(1-rl)
(1-11) (1-12)y3y4+ 11 (1-r2)y3yd+
(1-rl) (17r2)y3y4+§r1(17r2)y3y4+
r1<1-r2)y3y5+§r1r2y3y5

(1-r1) (1-r2)y3y5+ > (1-r1)r2y3y5
(1-r1) u-rz)y3y5+§<1-rmr2y3y5
ri(1-r2)y3y5+ r1r2y3ys

rl (1-r2)y3y6

rir2y3y6

(1-rl)r2y3y6

(1-r1) (1-r2)y3y6

(1-rl) (1-r2)y3y6

(1-rl)yr2y3y6

rlr2y3y6

rl (1-r2)y3y6

(1-rl) (17r2)y3y7+§r1 (1-r2)y3y7+
(17r1)(1fmhy3y7+§rl(1fr2)y3y7+
1-r1
1-r1
1-r1
1-rl

(17r2)y3y8+§r1 (1-r2)y3y8
r2y3y8+§rlr2y3y8
r2y3y8+§rlr2y3y8

(
(
(
( (17r2)y3y8+§r1(17r2)y3y8

)
)
)
)
(1-r1) (1-r2)ylyd+ >rir2yly4
rl (1-r2)ylyd+=(1-r1)r2yly4
rl (1-r2)ylyd+=(1-r1)r2yly4
(1-r1) (1-r2)ylyd+ >rir2yly4
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(1-rl1) (1-r2)y4dy5
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(1-rl)yr2y4dy5
(1-rl) (1-r2)y4y5
rl (1-r2)y4dy5
rlr2y4y5

)
)
)
)

r1(17r2)y4y6+—§r1r2y4y6

(1-rl) (17r2)y4y6+§ (1-rl)r2y4y6
(1-r1) (17r2)y4y6+% (1-r1)r2ydy6
ri(1-r2)yay6+ rir2yay6
r2yay7+ > rir2yay7

(1-12) y4y7+ 211 (1-r2) y4y7
(17r2)y4y7+§r1(17r2)y4y7
r2y4y7+§rlr2y4y7

(1-11) (1-r2)y4y8+ rl (1-12)y4dy8+
(1-71) (1-12)y4y8+ 11 (1-r2)ydy8+
(1-r1) <1-r2)y1y5+§r1(1-r2>y1y5+
(1-r1) <1-r2)y1y5+§r1<1-r2>y1y5+
r2y2y5+%r1r2y2y5
(1-12)y2y5+ 211 (1-r2)y2y5
(1-12)y2y5+ 211 (1-r2)y2y5
r2y2y5+§rlr2y2y5
ri(1-r2)y3y5+ rir2y3ys

(1-rl) ufrmy3y5+§(17rhr2y3y5
(1-rl) ufrmy3y5+§(17rhr2y3y5
r1(17r2)y3y5+—%r1r2y3y5

rlr2y4y5

rl (1-r2)y4dy5

-rl) (1-r2)y4dy5

-rlyr2y4y5

-rlyr2y4y5

-rl) (1-r2)y4dy5

rl (1-r2)y4y5

rir2y4y5s

1 )
1 )
1 )
1 )
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2y42 +rlr2y4?

(1-rl)yr2y4y8+
(1-rl)yr2y4y8+
(1-r1)r2yly5+
(1-r1l)r2yly5+

1-r1) (1-r2)y5%+r1 (1-r2)y5%2+ (1-r1)r2y52+rlr2y5?

lr1r2y2y4
rir2y2y4

N RN

rir2y3y4
rir2y3ya

N|RN |-

Lr1r2y4ys
rir2y4y8

N RN

rir2yly5s
rir2yly5s

N[RPN |-

(1-11) (1-r2)y5y6+ 71 (1-r2)y5y6+  (1-r1)r2y5y6+ rir2y5y6
(1-11) (1-r2)y5y6+ 11 (1-r2)y5y6+ > (1-r1)r2y5y6+ rir2y5y6

7



8 | 2LocContlsland_Determ_effMigRate.nb

(1-r1) (1—r2)y5y7+§r1 (1-r2)y5y7 +
(1-r1) (1—r2)y5y7+%rl (1-1r2)y5y7 +

(1-r1)r2y5y7+2rir2y5y7
(1-r1)r2y5y7+2rlr2y5y7

B1
B1

=
Q[R

(1-r1) (1-r2)y5y8+§r1r2y5y8
ri(1-r2)y5y8+  (1-r1)r2y5y8
r1 <1-r2)y5y8+§ (1-r1)r2y5y8
(1-r1) (1—r2)y5y8+§r1r2y5y8

B1
B2
B1
B2

RREE
QRLA

(1-11) (1-r2)yly6+ 11 (1-r2)yly6
ﬁ % gé (1—rl>r2yly6+§r1r2y1y6
ﬁ 2 g% (1—r1)f2y1y6+%r1r2y1y6

(1-11) (1-r2)yly6+ 11 (1-r2)yly6

(1-rl) (17r2)y2y6+§r1 (1-r2)y2y6 +
(1-r1) (17r2)y2y6+§r1 (1-r2)y2y6+

(1-rl) r2y2y6+%r1r2y2y6
(1-11)r2y2y6+:rir2y2y6

BR

rl (1-r2)y3y6

rlr2y3y6
Al C1 Bl
Al C1 B2 (1-r1)r2y3y6
Al C2 Bl
Al C2 B2 (1-rl1) (1-r2)y3y6
A2 Cl1 B1 _ _
2 & B2 (1-rl1) (1-r2)y3y6
A2 C2 Bl (1-r1)r2y3y6
A2 rir2y3y6

rl (1-r2)y3y6

r1(1-r2)y4y6+ rlr2ydyé
(1-r1) <1-r2)y4y6+§ (1-r1)r2y4y6
(1-r1) (1—r2)y4y6+§ (1-r1)r2y4y6
ri(1-r2)y4y6+ rlr2y4yé

B2
B2
B2
B2

RBEE
[RRA

(1-11) (1-r2)y5y6+ 1l (1-12)y5y6+
(1-11) (1-r2)y5y6+,rl (1-12)y5y6+
1-r1) (1-r2)y62+r1 (1-r2)y6%2+ (1-r1)
r1(17r2)y6y7+%(17r1)r2y6y7
(1-11) (1-r2)y6y7+2r1r2y6y7
(1-11) (1-r2)y6y7+ rir2y6y7
r1(1-r2)y6y7+; (1-11)r12y6y7

(1-11)r2y5y6+:rir2y5y6
(1-11)r2y5y6+ rir2y5y6
2y62+r1r2y6?

B1
B2

B2

B1
B2
B1
B2

REBEE & RBR
QRBR R 8RB

Al @2 B2 (1-71) (1-r2)y6y8+ 2r1 (1-r2)y6y8+> (1-r1)r2y6y8+ - rir2y6ys

A2 C2 B2 (1-r1) (17r2)y6y8+%r1(17r2) y6y8+§ (17r1)r2y6y8+%r1r2y6y8
(1-r1) (1-r2)yly7+ 2 (1-r1)r2yly7

NS Bl ri(1-r2)yly7+ rlr2yly7
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(1-rl)yr2y2y7
(1-rl) (1-r2)y2y7
rl(1-r2)y2y7
rlr2y2y7
rlr2y2y7
rl(1-r2)y2y7
(1-rl) (1-r2)y2y7
(1-rl)yr2y2y7

(1-r1) u—r2)y3y7+%r1(1—r2)y3y7+%(1—r1)r2y3y7+%r1r2y3y7
(1-11) (1-12)y3y7+ 11 (1-r2)y3y7+ 2 (1-r1)r2y3y7+ r1r2y3y7
(1-r1)r2ydy7+ rir2ydy7

(1-11) (1-12) y4y7+ 11 (1-r2)y4y7

(1-r1) u—r2)y4y7+%rl(l—r2)y4y7

(1-r1>r2y4y7+§r1r2y4y7

(1-r1) (17r2)y5y7+§r1(17r2)y5y7+§(17r1)r2y5y7+%r1r2y5y7
(1-11) (1-r2)y5y7+ 71 (1-12)y5y7+ > (1-r1)r2y5y7+ > rir2y5y7
rl(17r2)y6y7+§(17r1)r2y6y7

(1-r1) (17r2)y6y7+%r1r2y6y7

(1-r1) (17r2)y6y7+§r1r2y6y7

r1(17r2)y6y7+%(lfrl)r2y6y7

1-r1) (1-r2)y72+r1 (1-r2)y7?+ (1-r1)r2y72+rlr2y7?

(1-r1) u—r2)y7y8+%r1(1—r2)y7y8+%(1—r1)r2y7y8+%r1r2y7y8
(1-r1) (1-12)y7y8+ 11 (1-r2)y7y8+ 2 (1-r1)r2y7y8+ rlr2y7y8

(1-rl1) (1-r2)yly8

(1-r1)r2yly8

rlr2yly8

rl (1-r2)yly8

rl (1-r2)yly8

rlr2yly8

(1-rl)yr2yly8

(1-rl1) (1-r2)yly8

(1-rl) (17r2)y2y8+§ (1-rl)yr2y2y8
ri(1-r2)y2y8+ rir2y2ys
ri(l-r2)y2y8+ rir2y2ys

(1-11) (1-r2)y2y8+  (1-r1)r2y2y8
(1-rl (17r2)y3y8+§r1(17r2)y3y8
(1-rl r2y3y8+§rlr2y3y8

(1-rl r2y3y8+§rlr2y3y8

(1

-rl E

)
)
)
) (17r2)y3y8+5r1 (1-r2)y3y8

(1-71) (1-12)y4y8+ 211 (1-r2)ydy8+ 2 (1-r1)r2y4y8+ rlr2y4ys
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S (1-r1) (1-12)y5y8+ r1r2y5y8
ﬁ g E% %rl(lfrZ)y5y8+%(17r1)r2y5y8
g g Eflz %rl(lfrZ)y5y8+§(171r1)r2y5y8

3 (1-r1) (17r2)y5y8+5r1r2y5y8
Al 2 B2 %(141) (1—r2)y6y8+%r1(1—r2) y6y8+§ (1-r1)r2y6y8+:rir2y6y8
A2 C2 B2 S (1-r1) (1-12)y6y8+ 11 (1-r2)y6y8+ > (1-r1)r2y6y8+ rir2y6ys
A2 @ Bl S (1-r11) (1-12)y7y8+ 11 (1-r2)y7y8+  (1-11)r2y7y8+ r1r2y7ys8
A2 Q2 B2 S (1-11) (1-12)y7y8+ 211 (1-r2)y7y8+  (1-11)r2y7y8+ r1r2y7y8
A2 C2 B2 (1-r1) (1-r2)y82+r1 (1-r2)y82+ (1-r1)r2y82+rir2y8g?

recSep[l, 1]
recSep[1l, 2]

({Al, Cl, B1}}

{(A-r1) (1-r2)y1%+r1 (1-r2)y1?+ (1-r1)r2yl®+rir2y1?}
indices = Table[Position[recSep[i, 1], gametes[2]]1, {i, Length[recSep]}]

{0 (023, {3 {23y, {3 ({23, {3, ({23, ({233, {{1}), ({23}, {{1}}, {{2}}, {{1}},
{12y, ({33, {3 023y {3 (3 (3 {4233, (3 {3 {4233, ({133, (3, {3, {{2}},
{11y, (3 O3 4 L0233 4y {23 4 {3 (3 (3 {2y, ({13}, ({2}, {{1}}, {},
{0y O O {82y O O {3 0 O3 ) 123y, {41y, (3 O {3 {3 (3 {3}

Flatten[Table[Part[recSep, i, 2] [Flatten[indices[i]]]l, {i, Length[indices]}]] //
Total // FullSimplify

y22+r1 (r2y3y6+y4 (y5-r2y5+y6)) +
V2 ((1-r2+r1 (-1+2r2))y3+y4+y5-r2y5+y6+ (-1+rl) ((-1+r2)y7-y8)) +
y1(y2+r2 (y4d+y6+y8) +rl (yd-2r2y4-r2y8))

i sumPerOffspringGamete [gametes_, gametelndex_, separateRecursions_] :=

Module[ {indices, recSep, sum},
recSep = separateRecursions;
indices =
Table[Position[recSep[i, 1], gametes[gametelndex] ], {i, Length[recSep]}];
sum = Flatten[Table[Part[recSep, i, 2][Flatten[indices[il]].,
{i, Length[indices]}]] // Total;
Return[sum]
]

m Differential equations under recombination
= |n termsof gamete frequencies

recl = sumPerOffspringGamete[gametes, 1, recSep] // FullSimplify
y1241r2y2 (y3+y5+y7) +rl (r2ydy5+y3 (yS5+y6-r2y6) +y2 (y3-2r2y3-r2y7)) +
y1(y2+y3+ (1-r2+r1 (-1+2r2))y4+y5+y6-1r2y6-(-1+rl) (y7+y8-r2y8))
The corresponding continuous-time differential equation:
y1D = FullSimplify[Series[recl -yl /. recScale, {e, 0, 1}] /. recBackScale // Normal]
y12+11y3 (y2+y5+y6) +r2y2 (y3+y5+y7) +
yl1 (-1+y2+y3-(-1+r1+r2)y4+y5+y6+y7+y8-1r2 (y6+y8) -rl (y7+y8))
Collect[ylD, {rl, r2}]
~y1l+y12+yly2+yly3+ylyd+yly5+yly6+yly7 +yly8+
r2 (-ylyd+y2 (y3+y5+y7) -yl (y6+y8)) +rl (-ylyd+y3 (y2+y5+y6) -yl (y7+y8))
FullSimplify[(-yl+y1® +yly2+yly3+yly4+yly5+yly6+yly7 +ylys8),
Assumptions - {y8 ==1-yl1 -y2-y3-y4-y5-y6-y7, y1+y2+y3+y4+y5+y6+y7 +y8 == 1}]
0
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We note that ‘y1D’ can be simplified to

In[22]

ylDotRec := -rl (y1l (1-p) -y3p) -r2 (yl (1-q) -y2q)

ylDotRec-ylD /. {p->Yyl+y2+y5+y6, 0>yl +y3+y5+y7} //.
{yl-1-(y2+y3+y4d+y5+y6+y7+y8)} // Simplify

0

The following test term is from an independent derivation of Reinhard Burger (personal communication).

In[23]:=

testTerml -= r2 (y[2] (Y[3] +YI[5]1 +YI[7]) -y[1] (Y[4] +Y[6] +YI[8])) +
rl (y[3] (y[2] +Y[5] +Y[6]) -y[1] (Y[4] +Y[7] +YI[8])) /-
{y[1l] » y1, y[2] »y2, y[3] »y3, Y[4] » Y4, Y[5] » Y5, Y[6] » Y6, Y[7] » Y7, y[8] » y8}

r2 (-yly4d+y2 (y3+y5+y7) -yl (y6+y8)) +
rl (-yly4d+y3 (y2+y5+Yy6) -yl (y7 +y8)) - testTerml // Simplify

0
rec2 = sumPerOffspringGamete[gametes, 2, recSep] // FullSimplify

y22+r1 (r2y3y6+y4 (y5-r2y5+y6)) +
Y2 ((1-1r2+r1 (-1+2r2))y3+y4+y5-1r2y5+y6+ (-1+r1) ((-1+r2)y7-y8)) +
yl(y2+r2 (yd+y6+y8) +rl (yd-2r2y4-r2y8))

y2D = FullSimplify[Series[rec2 -y2 /. recScale, {e, 0, 1}] /. recBackScale // Normal]
y22+r1y4 (yl+y5+y6) +r2yl (y4 +y6 +y8) +

y2 (-1+y1l-(-1+r1+r2)y3+y4+y5+y6+y7-1r2 (y5+y7) +y8-rl (y7+y8))
Collect[y2D, {rl, r2}]

—y2 +yly2 +y22 +y2y3+y2y4 +y2y5+y2y6 +y2y7 +y2y8 +

r2 (-y2y3-y2 (y5+y7) +yl (y4+y6+y8)) +rl (-y2y3+y4 (yl+y5+y6) -y2 (y7 +y8))
FuIISimpIify[(—y2+y1y2+y22+y2y3+y2y4+y2y5+y2y6+y2y7+y2y8),

Assumptions » {y8 = 1-yl-y2-y3-y4-y5-y6-y7, yl+y2+y3+y4+y5+y6+y7 +y8 = 1}]
0

y2DotRec = -rl (y2 (1-p) -y4p) -r2 (y2q-yl (1-q))

y2DotRec -y2D /. {p->Yyl+y2+y5+Yy6, ->yl+y3+y5+y7} //.

{Y1-1-(y2+y3+y4+y5+y6+y7+y8)} // Simplify
0

The following test term is from an independent derivation of Reinhard Birger (personal communication).

testlerm2 :=r2 (-y[2] (Y[3] +Yy[5] +YI[7]) +Y[1] (Y[4] +Y[6] +Y[8])) +
rl(y[4] (y[1] +y[5] +y[6]) -yI[2] (Y[3] +Y[7] +Y[8])) /.
{y[1] » y1, y[2] »y2, y[3] » y3, y[4] » ¥4, Y[5] » ¥5, y[6] - ¥6, y[7] » y7, y[8] - y8}

r2 (-y2y3-y2 (y5+y7) +yl (y4+y6+y8)) +
rl (-y2y3+y4 (yl+y5+y6) -y2 (y7 +y8)) - testTerm2 // Simplify

0
rec3 = sumPerOffspringGamete[gametes, 3, recSep] // FullSimplify

y32+y3y4+y3y5-r1y3y5+r2y4y5-rlr2y4y5+y3y6-rly3y6-r2y3y6+
r1r2y3y6+y3y7+r2y4y7+y2 (y3-rly3-r2y3+2rlr2y3+rlr2y7) +
y3y8-r2y3y8+yl (y3+r2y4d+rl (yd-2r2y4+y7+y8-r2y8))

y3D = FullSimplify[Series[rec3-y3 /. recScale, {e, 0, 1}] /. recBackScale // Normal]

y32+r2y4 (yl+y5+y7) +rlyl (y4d+y7+y8) +
y3 (-1+yl-(-1+r1l+r2)y2+y4+y5+y6-1rl1 (y5+y6) +y7+y8-r2 (y6+y8))

11
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Collect[y3D, {ril, r2}]

~y3+yly3+y2y3+y32+y3y4+y3y5+y3y6+y3y7+y3y8+

r2 (-y2y3+y4 (yl+y5+y7) -y3 (y6+y8)) +rl (-y2y3-y3 (y5+y6) +yl (y4+y7+y8))
FullSimplify[(-y3+yly3+y2y3+y3”+y3y4+y3y5+y3y6+y3y7+y3ys),

Assumptions -» {y8 ==1-yl1-y2-y3-y4-y5-y6-y7,yl+y2+y3+y4+y5+y6+y7+Yy8 == 1}]
0

In[24]:=

y3DotRec := -rl (y3p-yl (1-p))-r2(y3 (1-q) -vy4q)

y3DotRec -y3D /. {p->Yyl+y2+Yy5+VyY6, q->VY1+y3+y5+y7} //.
{y1-1-(y2+y3+y4+y5+y6+y7+y8)} // Simplify

0

The following test term is from an independent derivation of Reinhard Birger (personal communication).

testTerm3 t=r2 (y[4] (Y[1] +Y[5] +YI[7]1) -YI[3] (Y[2] +Y[6] +YI[8])) +
rl (-y[3] (Y[2] +YI[5] +Y[6]) +Y[1] (Y[4] +Y[7]1+YI[8])) /-
{y[1] »yl,y[2] »¥y2, y[3] »¥y3, y[4] »y4, Yy[5] » y5, y[6] »¥6, y[7] »y7, y[8] -» y8}

r2 (-y2y3+y4 (y1+y5+y7) -y3 (Y6 +Vy8)) +
rl (-y2y3-y3 (y5+y6) +yl (y4+y7+y8)) - testTerm3 // Simplify

0
rec4 = sumPerOffspringGamete[gametes, 4, recSep] // FullSimplify
v4 (y1l+y2+y3+y4+y5+y6+y7+y8) +r2 (-y4 (yl+y5+y7) +y3 (y2+y6+y8)) +
rl ((-1+r2)yd4y5- (r2y3+y4)y6+y2 (y3-2r2y3+y7-r2y7+y8) +yl (-y4+2r2y4+r2y8))
y4D = FullSimplify[Series[rec4 -y4 /. recScale, {e, 0, 1}] /. recBackScale // Normal]
v4 (-1+yl+y2+y3+y4+y5+y6+y7+y8) +
r2 (-y4 (yl+y5+y7) +y3 (y2+y6+y8)) +rl1 (-y4 (yl+y5+y6) +y2 (y3+y7+y8))
Collect[y4D, {rl, r2}]
v4 (-1+yl+y2+y3+y4+y5+y6+y7+y8) +
r2 (-y4 (yl+y5+y7) +y3 (y2+y6+y8)) +rl1 (-y4 (yl+y5+y6) +y2 (y3+y7+y8))

FullSimplify[(y4 (-1+y1+y2+y3+y4+y5+y6+y7+y8)),
Assumptions -» {y8 ==1-yl1-y2-y3-y4-y5-y6-y7,yl+y2+y3+y4+y5+y6+y7 +y8 =1}]

0

In[25]

y4DotRecC := -rl (ydp-y2 (1-p)) -r2 (ydq-y3 (1-q))

y4DotRec -y4D /. {(p->Yyl+y2+y5+y6, q->Y1+y3+y5+y7} //.
{(Y1-1-(y2+y3+y4+y5+y6+y7+y8)} // Simplify

0

The following test term is from an independent derivation of Reinhard Blrger (personal communication).

testTermd = r2 (-y[4] (Y[1] +Y[5] +Y[7]) +YI[3] (Y[2] +Y[6] +Y[8])) +
rl (-y[4]1 (y[1]1 +yI[5] +Yy[6]) +YI[2] (Y[3]1 +YI[7]1 +YI[8])) /.
{y[1]l » y1, y[2] »y2, y[3] »y3, y[4] » y4, Y[5] » ¥5, y[6] » Y6, Y[7] » y7, Y[8] » y8}
r2 (-y4 (y1+y5+y7) +y3 (Y2+Yy6+Yy8)) +
rl (-y4 (yl+y5+y6) +y2 (y3+y7+y8)) - testTermd // Simplify
0

rec5 = sumPerOffspringGamete[gametes, 5, recSep] // FullSimplify

y3y5-rl1y3y5+y4y5-rlydy5-r2y4y5+rlr2y4y5+y52+
r2y3y6-rlr2y3y6+y5y6+y5y7+rly6y7+r2y6y7-2rlr2y6y7-
(-1+r2)y2 (y5+r1y7) + (1-r1-r2+2rlr2)y5y8+yl (yS5+r2y6+rly7+rlr2y8)



In[26]:=
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y5D = FullSimplify[Series[rec5-y5 /. recScale, {e, 0, 1}] /- recBackScale // Normal]
y52+11 (yl+y2+y6) y7 +12y6 (yl+y3+y7) +

y5 (-1+y1l+y2-r2y2+y3-rly3+y4+y6+y7+y8-(rl+r2) (yd+y8))

Collect[y5D, {ril, r2}]

—y5+y1y5+y2y5+y3y5+y4y5+y52+y5y6+y5y7+y5y8+

rl (-y3y5+ (yl+y2+y6)y7-y5 (y4+y8)) +r2 (-y2y5+y6 (yl+y3+y7) -y5 (y4+y8))
FullSimplify[(-y5+yly5+y2y5+y3y5+y4y5+y5° +y5y6 +y5y7 +y5y8),

Assumptions -» {y8 ==1-yl1-y2-y3-y4-y5-y6-y7,yl+y2+y3+y4+y5+Yy6+y7+Yy8 == 1}]
0

y5DotRec 1= -rl (y5 (1-p) -y7p) -r2 (y5 (1-q) -y6Q)

y5DotRec-y5D /. {p->Yyl+y2+y5+y6, g->yl+y3+y5+y7} //.

{yl-1-(y2+y3+y4d+y5+y6+y7+y8)} // Simplify
0

The following test term is from an independent derivation of Reinhard Burger (personal communication).

In[27]:=

testTermS 1= r2 (y[6] (y[1] +Y[3] +YI[7]) -y[5] (Y[2] +Y[4] +YI[8])) +
rl ((y[1] +y[2] +y[6]) Y[7]1 -YI[5] (YI[3] +Y[4] +Y[8])) /.
{y[1] »y1, y[2] »y2, y[3] »y3, y[4] »y4, Y[5] » ¥5, y[6] »¥6, Y[7] » Y7, y[8] » y8}

rl (-y3y5+ (yl1+y2+y6) y7-y5 (y4+y8)) +
r2 (-y2y5+y6 (yl+y3+y7) -y5 (y4 +y8)) - testTerm5 // Simplify

0
rec6 = sumPerOffspringGamete[gametes, 6, recSep] // FullSimplify

y6 (yl+y2+y3-rly3+y4+y5+y6+y7-rl (yd+y7)) + (rl (yl+y2+y5) +y6)y8+

r2 (yd (ys5-r1ly5) -y6 (yl+y3-rly3+y7-2rl1y7) +y2 (y5+rly7)+ (y5-rl1l (yl1+2y5))y8)
y6D = FullSimplify[Series[rec6 - y6 /. recScale, {e, 0, 1}] /- recBackScale // Normal]
y6 (-1+yl+y2+y3-r1y3+y4+y5+y6+y7-rl (yd+y7)) +

(r1 (yl+y2+y5) +y6)y8+r2 (-y6 (yl+y3+y7) +y5 (y2+y4 +y8))
Collect[y6D, {rl, r2}]
~y6 +yly6+y2y6 +y3y6+y4y6 +y5y6+y62 +y6y7 +y6Yy8 +

rl (-y3y6-y6 (y4+y7) + (yl+y2+y5)y8) +r2 (-y6 (yl+y3+y7) +y5 (y2+y4+y8))
FuIISimpIify[-y6+y1y6+y2y6+y3y6+y4y6+y5y6+y62+y6y7+y6y8,

Assumptions » {y8 =1-yl-y2-y3-y4-y5-y6-y7,yl+y2+y3+y4+y5+y6+Yy7+y8 == 1}]
0

y6DotRec := -rl (y6 (1-p) -y8p) -r2 (y6qg-y5 (1-q))
y6DotRec-y6D /. {Pp->Yyl+y2+y5+y6, d->yl+y3+y5+y7} //.

{(yl1-1-(y2+y3+y4+y5+y6+y7+y8)} // Simplify
0

The following test term is from an independent derivation of Reinhard Birger (personal communication).

testTermb := -rl1y[6] (Y[3] +Y[4] +VYI[7]) +rl (Y[1] +Vy[2] +YI[5]) YI[8] +
r2 (-y[6]1 (y[1] +y[3]1 +Y[7]) +YI[5] (Y[2] +Y[4] +YI[8])) /-
{y[1l] »y1, y[2] »y2, y[3] »y3, Y[4] » y4, Y[5] » ¥5, Y[6] »Vy6, Y[7] » Y7, y[8] » y8}

rl (-y3y6-y6 (Y4 +y7) + (Y1 +y2+y5) y8) +
r2 (-y6 (yl+y3+y7) +y5 (Y2 +y4 +y8)) - testTerm6 // Simplify
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In[28]:=

rec7 = sumPerOffspringGamete[gametes, 7, recSep] // FullSimplify

y7 (yl+y2-r2y2+y3+y4+y5+y6-1r2 (yd+y6) +y7) + (r2 (yl+y3+y5) +y7)y8+

ri1(yd (y5-r2y5) +y3 (y5+r2y6) - (yl+y2-r2y2+y6-2r2y6)y7+ (y5-r2 (yl+2y5))y8)
y7D = FullSimplify[Series[rec7 -y7 /. recScale, {e, 0, 1}] /. recBackScale // Normal]
y7 (-1+yl+y2-r2y2+y3+y4+y5+y6-r2 (y4d+y6) +y7) +

(r2 (yl+y3+y5) +y7)y8+rl (-(yl+y2+y6)y7+y5 (y3+yd+y8))
Collect[y7D, {rl, r2}]

—y7+y1y7+y2y7+y3y7+y4y7+y5y7+y6y7+y72+y7y8+

r2 (-y2y7+ (-y4-y6)y7+ (yl+y3+y5)y8) +rl (- (yl+y2+y6)y7+y5 (y3+y4+y8))
FuIISimpIify[—y7+y1y7+y2y7+y3y7+y4y7+y5y7+y6y7+y72+y7y8,

Assumptions » {y8 =1-yl-y2-y3-y4-y5-y6-y7,yl+y2+y3+y4+y5+y6+y7+y8=1}]
0

y7DotRec = -rl1 (Yy7p-y5 (1-p)) -r2 (y7 (1-q) -y80q)

y7DotRec -y7D /. {p->Yyl+y2+y5+Yy6, ->Yyl+y3+y5+y7} //.

{Yl1-1-(y2+y3+y4+y5+y6+y7+y8)} // Simplify
0

The following test term is from an independent derivation of Reinhard Birger (personal communication).

In[29]:=

testTerm7 = -r2 (y[2] +Yy[4] +Y[6]) Y[7] +r2 (Y[1] +Y[3] +Y[5]) YI[8] +
rl (- (y[1] +y[2] +Yy[6]) Y[7]1 +YI[5] (Y[3] +Y[4] +Y[8])) /.
{y[1] » y1, y[2] »y2, y[3] » Y3, y[4] » Y4, Y[5] »¥5, y[6] » ¥6, y[7] » y7, y[8] » y8}

r2 (-y2y7+ (-y4-y6) y7+ (yl+y3+y5) y8) +
rl (- (yl+y2+y6) y7+y5 (y3+y4+y8)) - testTerm7 // Simplify

0
rec8 = sumPerOffspringGamete[gametes, 8, recSep] // FullSimplify
r2 (y2+y4+y6)y7-r2 (yl+y3+y5)y8+y8 (yl+y2+y3+y4+y5+y6+y7+y8) +
rl(y6 (y3+y4+y7) - (yl+y2+y5)y8+r2 (-y2y7-y6 (y3+2y7) +yly8+y5 (y4+2y8)))
y8D = FullSimplify[Series[rec8 -y8 /. recScale, {e, 0, 1}] /. recBackScale // Normal]
r2 (y2+y4+y6)y7+rly6 (y3+yd+y7) -rl (yl+y2+y5)y8-
r2(yl+y3+y5)y8+y8 (-1+yl+y2+y3+y4+y5+y6+y7+y8)
Collect[y8D, {rl, r2}]
y8 (-1+yl+y2+y3+y4+y5+y6+y7+y8) +
r1(y6 (y3+y4+y7) + (-yl-y2-y5)y8) +r2 ((y2+y4+y6)y7+ (-yl-y3-y5)y8)

FullSimplify[y8 (-1 +yl+y2+y3+y4+y5+y6+y7+y8),
Assumptions » {y8 ==1-yl1-y2-y3-y4-y5-y6-y7,yl+y2+y3+y4+y5+y6+y7+y8 =1}]

0
y8DotRec = -rl (y8p-y6 (1-p)) -r2(y8q-y7 (1-q))
y8DotRec-y8D /. {Pp->Y1l+y2+y5+y6, d-»>Yyl+y3+y5+y7} //.

{(Yl1-1-(y2+y3+y4+y5+y6+y7+y8)} // Simplify
0

The following test term is from an independent derivation of Reinhard Birger (personal communication).

testTerm8 = r2 (y[2] +Yy[4] +Y[6]) Y[7] +r1y[6] (Y[3] +Y[4] +YI[7]) -
rl (y[1] +y[2] +Yy[5]) y[8] -r2 (y[1] +y[3] +Y[5]) yI[8] /-
{y[1l] » y1, y[2] »y2, y[3] » y3, y[4] » y4, Y[5] » Y5, Y[6] »y6, Yy[7] » Y7, y[8] » y8}



rl (y6 (y3+y4+y7) + (-yl-y2-y5) y8) +
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r2 ((y2+y4 +y6) y7+ (-yl-y3-y5) y8) - testTerm8 // Simplify

0
Some further tests:

ylDotRec + y5DotRec // FullSimplify

r2((-1+q)yl-y5+q (y2+y5+y6)) +rl ((-1+p)yl-y5+p (y3+y5+y7))

15

A bit of algebra confirmsthat thisisequal to (rac + rcs) (Pq— Y1 — ¥5) = —fas Dag, as expected from the marginal two-locus system.

y2DotRec + y6DotRec // FullSimplify

-r2 ((-1+09)yl-y5+0q (y2+y5+y6)) +rl ((-1+p)y2-y6+p (y4+y6+y8))

Again, some algebra confirms that this is equal to (rac + rcg) (—pq + Y1 + ¥5) = ras Dag, as expected from the marginal two-locus

system. To seethis, note that Dag can aso be defined as —(y. + Ye) + p(1 — Q).
y3DotRec + y7DotRec // FullSimplify

-r1 ((-1+p)yl-y5+p (y3+y5+y7)) +r2 ((-1+0q) y3-y7+q (y4+y7+y8))

Noting that Dag can aso be defined as —(ys+y7)+(1-p)q, one can show that this is equa to

(rac +ree) (—=pQq + Y1 + ¥5) = rag Dag, as expected from the marginal two-locus system.

y4DotRec + y8DotRec // FullSimplify

-rl((-1+p)y2-y6+p (y4+y6+y8)) -r2 ((-1+0q)y3-y7+q (y4+y7+y8))

whichisequal to (rac + res) (Y2 + Y6 — P(1 — Q) = —rag Dag, as expected from the marginal two-locus system.

= |ntermsof allelefrequenciesand LD

allToGam

P->Y1l+y2+y5+y6, q->yl+y3+y5+y7, n>yl+y2+y3+yd}

DACBDefAIt :=yl - (Yl+y2+Yy5+y6) (Y1+Y3+Y5+Yy7) (Y1+Yy2+y3+y4d) -

(Y1+y2+y5+y6) ((Yl+y3) (Y6+Y8) - (Y2+Yy4) (YS+Y7)) -
(Y1+y3+Yy5+Yy7) ((Yl+y2) (y7+Yy8) - (Y5 +Yy6) (y3+Yy4)) -
(Y1+y2+y3+y4) ((Y1+Y5) (Y4+Y8) - (Y2+Y6) (Y3 +Y7))

DACBDefAlt - DACBDeT
0
DACBDef // FullSimplify

y1l-(yl+y2+y3+y4) (yl+y2+y5+y6

(Y1+y2+y3+y4) (-(y2+y6) (y3+y7

(Y1+y2+y5+y6) (- (y2+y4) (y5+y7
)

(Y1l +y3+y5+y7) -
+(yl+y5) (y4+y8)) -
+ (yl+y3) (y6+y8)) -
+(yl+y2) (y7 +y8))

— — — —

(Y1l +y3+y5+y7) (- (y3+y4) (y5+y6
DANB[1] //. {x_[i_, J_1 > x[i]1} /.

{y[1] »y1, y[2] »y2, y[3] »¥y3, y[4] » y4, y[5] » y5, y[6] »y6, y[7] »y7, y[8] -» y8}

DANB[1]
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In[30]:=

pDotRec := D[pDef /. {yl -» yl[t], y2 » y2[t], Y5 - y5[t], y6 » y6[t]}, t] /.
{yl"[t] » ylDotRec, y2 " [t] -» y2DotRec, y5" [t] -» y5DotRec, y6 " [t] » y6DotRec} /.
gamToALILD // FullSimplify
gDotRec :=D[gDef /. {yl »>yl[t], y3>y3[t], Y5> Yy5[t], Y7 ->y7[t]}, t] /.
{yl"[t] » ylDotRec, y3"[t] -» y3DotRec, y5" [t] -» y5DotRec, y7 " [t] » y7DotRec} /.
gamToALILD // FullSimplify
nDotRec := D[nDef /. {yl -» yl[t], y2 » y2[t], y3 - y3[t], y4 > vy4[t]}, t] /.
{yl"[t] » ylDotRec, y2 " [t] -» y2DotRec, y3 " [t] -» y3DotRec, y4 " [t] » y4DotRec} /.
gamToALILD // FullSimplify
DACDotRec := D[DACDef /. {yl -»>yl[t], Y2 - y2[t], y3 > y3[t],
y4 - y4[t], y5 - y5[t], y6 - y6[t], y7 - y7[t], y8 »y8[t]}, t] /.
{yl-[t] » ylDotRec, y2 " [t] -» y2DotRec, y3 " [t] -» y3DotRec, y4 " [t] » y4DotRec,
y5*"[t] -» y5DotRec, y6 " [t] » y6DotRec, y7 " [t] » y7DotRec, y8" [t] -» y8DotRec} /.
{xX_[t] » x} /- gamTOANILD // FullSimplify
DCBDotRec := D[DCBDef /. {yl -» yl[t], Y2 » y2[t], y3 - y3[t], y4 » y4[t],
y5 - y5[t], y6 > y6[t], y7 > y7[t], y8 »y8[t]}, t] /.
{yl-[t] » ylDotRec, y2 " [t] -» y2DotRec, y3 " [t] -» y3DotRec, y4 " [t] » y4DotRec,
y5*"[t] -» y5DotRec, y6 " [t] » y6DotRec, y7 " [t] » y7DotRec, y8" [t] -» y8DotRec} /.
{xX_[t] » x} /- gamTOANILD // FullSimplify
DABDotRec := D[DABDef /. {yl -» yl[t], y2 - y2[t], y3 - y3[t], y4 » y4[t],
y5 - y5[t], y6 > y6[t], y7 > y7[t], y8 »y8[t]}, t] /.
{yl-[t] » ylDotRec, y2" [t] -» y2DotRec, y3 " [t] -» y3DotRec, y4 " [t] » y4DotRec,
y5"[t] -» y5DotRec, y6 " [t] » y6DotRec, y7 " [t] » y7DotRec, y8" [t] -» y8DotRec} /.
{x_[t] » x} /- gamTOANILD // FullSimplify
DACBDotRec := D[DACBDef /. {yl » yl[t], y2 ->y2[t], y3 > y3[t],
y4 - y4[t], y5 - y5[t], y6 - y6[t], y7 - y7[t], y8 »y8[t]}, t] /.
{yl-[t] » ylDotRec, y2 " [t] -» y2DotRec, y3 " [t] -» y3DotRec, y4 " [t] » y4DotRec,
y5*"[t] -» y5DotRec, y6 " [t] » y6DotRec, y7 " [t] » y7DotRec, y8" [t] -» y8DotRec} /.
{x_[t] » x} /- gamTOANILD // FullSimplify

{pDotRec, gDotRec, nDotRec, DACDotRec, DCBDotRec, DABDotRec, DACBDotRec} // TableForm

0

0

0

-DACr1
-DCBr 2

-DAB (rl1+r2)
-DACB (r1+r2)

An independently derived test term (Reinhard Birger, personal communication):
testTerm 1=yl - (Y1+y2+y3+y4) (Y1+y2+Yy5+y6) (Y1+y3+y5+y7) -
(Y1+y2+y3+y4) (- (Y2+Y6) (Y3+Y7) + (YL+Y5) (Y4+Yy8)) -

(Y1+y2+y5+y6) (- (y2+y4) (YS+Y7) + (YL+y3) (Y6 +Y8)) -
(Y1+y3+Yy5+Yy7) (- (y3+y4) (Y5+Y6) + (Yl+y2) (Y7 +y8))

DACBDef - testTerm // FullSimplify
0
testTerm

(Y1+y2+y5+y6) (yl+y3+y5+y7) -

-y2-y6) (y3+y7) + (yl+y5) (y4+y8)) -

-y2-y4) (y5+y7) + (yl+y3) (y6+y8)) -
+

-y3-y4) (y5+y6) + (yl+y2) (y7+y8))
n371= DACBRule :=yl-pgn-p (yl+y3-qn) -q (yl+y2-pn) -n(yl+y5-pqQ)

y1l-(yl+y2+y3+y4
(yl+y2+y3+yd) (
(Yl +y2+y5+y6) (
(Yl +y3+y5+y7) (

_ — — —
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= Differential equations under migration

= |n termsof gamete frequencies

ylDotMig := -myl
y2DotMig 1= -my2
y3DotMig 1= -my3
y4DotMig 1= m (nC - y4)
y5DotMig 1= -my5
y6DotMig 1= -my6
y7DotMig 1= -my7
y8DotMig :=m (1 - nC -y8)

FullSimplify[ylDotMig + y2DotMig + y3DotMig + y4DotMig + y5DotMig + y6DotMig +
y7DotMig + y8DotMig, Assumptions » {y1+y2 +y3 +y4+y5+y6 +y7 +y8 == 1}]

0

FullSimplify[ylDotMig + ySDotMig /. {y2+y4 +y6 +y8 -» X2 + X4} /.
{Y3+Y4+y7 +y8 » x3 +x4}]1 /. {yl+y5 > x1}

-mx1

FullSimplify[y2DotMig + y6DotMig /. {yl+y3 +y5+y7 -» X1 + X3, Y3 +y4 +y7 +y8 -» X3 + xX4}] /.
{y2 +y6 -» X2}

-mx2

FullSimplify[y3DotMig + y7DotMig /. {y1l+Y2+Yy5+y6 » X1 +X2, Y2 +y4 +y6 +y8 -» X2 + xX4}] /.-
{y3 +y7 -» x3}

-mx3

FullSimplify[y4DotMig + y8DotMiIg /. {y1+Y2+y5+y6 -» X1+ X2, Y1 +y3 +y5+y7 -» x1 +x3}] /-
{y4 +y8 -» x4}

-m(-1+x4)
= Intermsof allelefrequenciesand LD
allToGam

(P->yYl+y2+y5+y6, q->yl+y3+y5+y7, n>yl+y2+y3+yd}
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In[46]:=

pDotMig = D[pDef /. {yl -» yl[t], y2 » y2[t], Y5 - y5[t], y6 » y6[t]}, t] /.
{yl"[t] -» ylDotMig, y2" [t] -» y2DotMig, y5" [t] » y5DotMig, y6 " [t] » y6DotMig} /.
gamToALILD // FullSimplify
gDotMig :=D[gDef /. {yl »>yl[t], y3>y3[t], Y5> y5[t], Y7 ->y7[t]}, t] /.
{yl"[t] -» ylDotMig, y3"[t] -» y3DotMig, y5" [t] » y5DotMig, y7 " [t] -» y7DotMig} /.
gamToALILD // FullSimplify
nDotMig = D[nDef /. {yl -» yl1[t], y2 » y2[t], y3 - y3[t], y4 »>y4[t]}, t] /.
{yl"[t] -» ylDotMig, y2" [t] -» y2DotMig, y3~"[t] » y3DotMig, y4 " [t] -» y4DotMig} /.
gamToALILD // FullSimplify
DACDotMig := D[DACDef /. {yl -» yl[t], Y2 - y2[t], y3 > y3[t],
y4 - y4[t], y5 - y5[t], y6 - y6[t], y7 - y7[t], y8 »y8[t]}, t] /.
{yl-[t] -» ylDotMig, y2"[t] » y2DotMig, y3 " [t] -» y3DotMig, y4 " [t] -» y4DotMig,
y5*" [t] -» y5DotMig, y6 " [t] -» y6DotMig, y7 " [t] » y7DotMig, y8 " [t] -» y8DotMig} /.-
{xX_[t] » x} /- gamTOANILD // FullSimplify
DCBDotMig := D[DCBDef /. {yl -» yl1[t], y2 » y2[t], y3 - y3[t], y4 » y4[t],
y5 - y5[t], y6 > y6[t], y7 > y7[t], y8 »y8[t]}, t] /.
{yl-[t] -» ylDotMig, y2"[t] » y2DotMig, y3 " [t] -» y3DotMig, y4 " [t] -» y4DotMig,
y5*" [t] -» y5DotMig, y6 " [t] -» y6DotMig, y7 " [t] » y7DotMig, y8 " [t] -» y8DotMig} /.-
{xX_[t] » x} /- gamTOANILD // FullSimplify
DABDotMig := D[DABDef /. {yl -» yl[t], y2 » y2[t], y3 - y3[t], Y4 » y4[t],
y5 - y5[t], y6 > y6[t], y7 > y7[t], y8 »y8[t]}, t] /.
{yl-[t] - ylDotMig, y2"[t] » y2DotMig, y3 " [t] -» y3DotMig, y4 " [t] -» y4DotMig,
y5*" [t] -» y5DotMig, y6 " [t] -» y6DotMig, y7 " [t] » y7DotMig, y8 " [t] -» y8DotMig} /.
{x_[t] » x} /- gamTOANILD // FullSimplify
DACBDotMig := D[DACBDef /. {yl -» yl[t], y2 -»y2[t], y3 > y3[t],
y4 - y4[t], y5 - y5[t], y6 - y6[t], y7 - y7[t], y8 »y8[t]}, t] /.
{yl-[t] - ylDotMig, y2"[t] » y2DotMig, y3 " [t] -» y3DotMig, y4 " [t] -» y4DotMig,
y5*" [t] -» y5DotMig, y6 " [t] -» y6DotMig, y7 " [t] » y7DotMig, y8 " [t] -» y8DotMig} /.
{x_[t] » x} /- gamTOANILD // FullSimplify

Test of the pattern rule x_[t]->x:

D[DACBDef /. {yl »>yl[t], Y2 »y2[t], Y3 > Yy3[t],
y4 - y4[t], y5 - y5[t], y6 - y6[t], y7 > y7[t], y8 > y8[t]}, t] /.
{yl"[t] -» ylDotMig, y2"[t] -» y2DotMig, y3"[t] -» y3DotMig, y4 " [t] -» y4DotMig,
y5 " [t] » y5DotMig, y6 " [t] - y6DotMig, y7 " [t] - y7DotMig, y8" [t] - y8DotMig} /.
ruleRemoveDummy /. gamToAIILD // FullSimplify

m (-DACB+DCBp + DACq + (n-nC) (DAB-pqQ))
% - DACBDotMig // FullSimplify
0

ruleRemoveDummy := {y1l[t] » yl, y2[t] » y2, y3[t] » VY3,
y4[t] - y4, y5[t] »y5, y6[t] » Y6, y7[t] -» y7, y8[t] - y8}

{pDotMig, qDotMig, nDotMig, DACDotMig, DCBDotMig, DABDotMig, DACBDotMig} // TableForm

In[5

@
1

,mp

,mq

m (-n +nC)

-m(DAC+ (-n +nC) p)

-m(DCB+ (-n+nC) Q)

-DABm+ mp q

m (-DACB+DCBp + DACq + (n-nC) (DAB-pq))
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= Differential equations under selection
= |n termsof gamete frequencies

In[54]

ylDotSel 1=yl (a (y3+Yy4+y7 +y8) +b (Y2 +Yy4 +y6 +y8))
y2DotSel :=y2 (a (y3+y4+y7+y8) -b (y1+y3+y5+Yy7))
y3DotSel :=y3 (-a (Y1+y2+y5+y6) +b (Y2 +y4 +y6 +y8))
y4DotSel :=y4 (-a (Y1+y2+y5+y6) -b (y1l+y3+y5+Yy7))

y5DotSel :=y5 (a (y3+Yy4+y7+y8) +b (Y2 +y4 +y6 +Yy8))
y6DotSel :=y6 (a (y3+Yy4+y7+y8) -b (Yl +y3+y5+Yy7))
y7DotSel :=y7 (-a (Y1+y2+y5+y6) +b (Y2 +y4 +y6 +y8))
y8DotSel :=y8 (-a (Y1+y2+y5+y6) -b (yl+y3+y5+Yy7))

FullSimplify[ylDotSel + y5DotSel /. {y2+y4+y6 +Yy8 » X2 +Xx4} /.
{y3+y4+y7+y8 - X3 +x4}] /- {yl+y5 - x1}
x1 (b (x2 +x4) +a (x3 +x4))

FullSimplify[y2DotSel + y6DotSel /. {yl+y3 +y5+y7 -» X1 +X3, Y3 +y4+y7 +y8 -» X3 +x4}] /.
{y2 + y6 -» x2}

X2 (-b (x1+x3) +a (x3 +x4))

FullSimplify[y3DotSel + y7DotSel /. {yl+y2+y5+y6 -» X1 +X2, Y2 +y4+y6 +y8 -» X2 + xX4}] /.
{y3 +y7 -» x3}

X3 (-a (X1 +x2) +b (x2 +x4))

FullSimplify[y4DotSel + y8DotSel /. {yl+y2+y5+y6 » X1 +X2, y1+y3+y5+y7 -» x1+x3}] /-
{y4 +y8 » x4}

-(a (x1+x2) +b (x1+x3)) x4
= Intermsof allelefrequenciesand LD
allToGam

(P->yl+y2+y5+y6, q->yl+y3+y5+y7, n>yl+y2+y3+yd}
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In[62]:=

pDotSel :=D[pDef /. {yl > yl[t], y2 »>y2[t], Y5 - Yy5[t], y6 > y6[t]}, t] /.
{yl®"[t] -» ylDotSel, y2~[t] -» y2DotSel, y5" [t] -» y5DotSel, y6 " [t] -» y6DotSel} /.
gamToALILD // FullSimplify
gbotSel :=D[gDef /. {yl > yl[t], y3>y3[t], Y5> Yy5[t], Y7 ->y7[t]}, t] /.
{yl®[t] -» ylDotSel, y3~"[t] -» y3DotSel, y5"[t] -» y5DotSel, y7 " [t] -» y7DotSel} /.
gamToALILD // FullSimplify
nDotSel :=D[nDef /. {yl -» yl[t], Y2 - y2[t], y3 - Yy3[t], y4 > vy4[t]}, t] /.
{yl®"[t] -» ylDotSel, y2 " [t] -» y2DotSel, y3~"[t] -» y3DotSel, y4"[t] -» y4DotSel} /.
gamToALILD // FullSimplify
DACDotSel := D[DACDef /. {yl ->yl[t], Y2 »y2[t], y3 - Yy3[t],
y4 - y4[t], y5 - y5[t], y6 - y6[t], y7 - y7[t], y8 »y8[t]}, t] /.
{yl"[t] -» ylDotSel, y2 " [t] -» y2DotSel, y3"[t] -» y3DotSel, y4 " [t] -» y4DotSel,
y5 " [t] -» y5DotSel, y6 " [t] -» y6DotSel, y7 " [t] -» y7DotSel, y8"[t] - y8DotSel} /.
{xX_[t] » x} /- gamTOANILD // FullSimplify
DCBDotSel := D[DCBDef /. {yl -» yl[t], Y2 » y2[t], y3 - Yy3[t], Y4 » y4[t],
y5 - y5[t], y6 > y6[t], y7 > y7[t], y8 »y8[t]}, t] /.
{yl"[t] - ylDotSel, y2 " [t] -» y2DotSel, y3"[t] - y3DotSel, y4 " [t] - y4DotSel,
y5 " [t] -» y5DotSel, y6 " [t] -» y6DotSel, y7 " [t] -» y7DotSel, y8"[t] - y8DotSel} /.
{xX_[t] » x} /- gamTOANILD // FullSimplify
DABDotSel := D[DABDef /. {yl -» yl[t], Y2 - y2[t], y3 - Yy3[t], y4 » y4[t],
y5 - y5[t], y6 > y6[t], y7 > y7[t], y8 »y8[t]}, t] /.
{yl"[t] - ylDotSel, y2 " [t] -» y2DotSel, y3"[t] - y3DotSel, y4 " [t] - y4DotSel,
y5 " [t] -» y5DotSel, y6 " [t] -» y6DotSel, y7 " [t] -» y7DotSel, y8"[t] - y8DotSel} /.
{x_[t] » x} /- gamTOANILD // FullSimplify
DACBDotSel := D[DACBDef /. {yl > yl[t], y2 ->y2[t], y3 > y3[t],
y4 - y4[t], y5 - y5[t], y6 - y6[t], y7 - y7[t], y8 »y8[t]}, t] /.
{yl"[t] - ylDotSel, y2 " [t] - y2DotSel, y3"[t] -» y3DotSel, y4 " [t] - y4DotSel,
y5 " [t] -» y5DotSel, y6 " [t] -» y6DotSel, y7 " [t] -» y7DotSel, y8"[t] - y8DotSel} /.
{x_[t] » x} /- gamTOANILD // FullSimplify

{pDotSel, gbotSel, nDotSel, DACDotSel, DCBDotSel, DABDotSel, DACBDotSel} // TableForm

bDAB-a (-1+p)p

aDAB-b (-1+q)q

a DAC + b DCB

b DACB + a (DAC- 2 DACp)

aDACB+bDCB (1-2q)

DAB (a+b-2ap-2bq)

a (-2 DABDAC+ DACB - 2 DACBp) +b (DACB -2 DABDCB - 2 DACBQ)

m Differential equations under selection, migration and recombination
= Remark

Aswe are assuming continuous-time dynamics, interactions of selection, migration and recombinations are ignored and the order of the
processesisirrelevant. Therefore, the overall differential equations are obtained by adding those for the single processes.

= |n termsof gamete frequencies
" yiDot 1= y1DotSel + y1DotMig + ylDotRec
y2Dot := y2DotSel + y2DotMig + y2DotRec
y3Dot := y3DotSel + y3DotMig + y3DotRec
y4Dot := y4DotSel + y4DotMig + y4DotRec

y5Dot := y5DotSel + y5DotMig + y5DotRec
y6Dot := y6DotSel + y6DotMig + y6DotRec
y7Dot := y7DotSel + y7DotMig + y7DotRec
y8Dot := y8DotSel + y8DotMig + y8DotRec

Simplify[y4DotSel + y4DotMig]
m(nC-y4) -y4 (a (yl+y2+y5+y6) +b (yl+y3+y5+y7))
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{ylDot, y2Dot, y3Dot, y4Dot, y5Dot, y6Dot, y7Dot, y8Dot} // Simplify // TableForm

-myl+r2 ((-1+q9)yl+qy2) +rl ((-1+p)yl+py3) +yl (b (y2+y4+y6+y8) +a (y3+yd+y7+y8)
-my2-r2 ((-1+q)yl+qy2) +rl ((-1+p)y2+pyd) +y2 (-b (yl+y3+y5+y7) +a (y3+y4+y7+y8
-my3-rl ((-1+p)yl+py3)+r2 ((-1+q)y3+qy4) +y3 (-a (yl+y2+y5+y6) +b (y2+y4+y6 +y8
mnC-y4) -rl ((-1+p)y2+pyd) -r2 ((-1+q)y3+qy4d) +y4 (-a (Yyl+y2+y5+y6) -b (yl+y3+y
-my5+r2 ((-1+q9)y5+qy6) +rl ((-1+p)y5+py7) +y5 (b (y2+y4+y6+y8) +a (y3+yd+y7+y8)
-my6-r2 ((-1+q)y5+qy6) +rl ((-1+p)y6+py8) +y6 (-b (yl+y3+y5+y7) +a (y3+y4+y7+y8
-my7 -rl ((-1+p)y5+py7) +r2 ((-1+q)y7+qy8) +y7 (-a (yl+y2+y5+y6) +b (y2+y4+y6 +y8
(-a (Yyl+y2+y5+y6) -b (yl+y3+y5+y7))y8-m(-1+nC+y8) -rl ((-1+p)y6+py8) -r2 ((-1+

Map[Collect[#, {m, rl, r2}] &,
{ylDot, y2Dot, y3Dot, y4Dot, y5Dot, y6Dot, y7Dot, y8Dot}] // TableForm

-myl+r2 (-(1-q9q)yl+qy2)+rl (-(1-p)yl+py3)+yl (b (y2+y4+y6+y8) +a (y3+yd+y7+y8)
-my2+r2 ((1-q)yl-qy2) +rl (-(1-p)y2+py4d) +y2 (-b (yl+y3+y5+y7) +a (y3+yd+y7+y8)
-my3+rl ((1-p)yl-py3)+r2 (-(1-q9q)y3+qyd) +y3 (-a (yl+y2+y5+y6) +b (y2+yd +y6+y8)
mnC-y4) +rl ((1-p)y2-pyd) +r2 ((1-q)y3-qy4) +y4 (-a (yl+y2+y5+y6) -b (yl+y3+y5+
-my5+r2 (-(1-q9)y5+qy6) +rl (- (1-p)y5+py7) +y5 (b (y2+y4+y6+y8) +a (y3+yd+y7+y8)
-my6+r2 ((1-q)y5-qy6) +rl (-(1L-p)y6+py8) +y6 (-b (yl+y3+y5+y7) +a (y3+yd+y7+y8)
-my7 +rl ((L-p)y5-py7) +r2 (-(1-q9)y7+qy8) +y7 (-a (yl+y2+y5+y6) +b (y2 +y4 +y6+y8)
m(1-nC-y8) + (-a (yl+y2+y5+y6) -b (yl+y3+y5+y7))y8+rl ((1-p)y6-py8) +r2 ((1-q)y

Intermsof allele frequenciesand LD
nDotMig

m(-n +nC)

nDotSel

a DAC+ b DCB

pDot := pDotSel + pDotMig + pDotRec

gDot := gDotSel + gDotMig + gDotRec

nDot := nDotSel + nDotMig + nDotRec

DACDot := DACDotSel + DACDotMig + DACDotRec
DCBDot := DCBDotSel + DCBDotMig + DCBDotRec
DABDot := DABDotSel + DABDotMig + DABDotRec
DACBDot := DACBDotSel + DACBDotMig + DACBDotRec

{pDot, gbot, nDot, DACDot, DCBDot, DABDot, DACBDot} // Simplify // TableForm

bDAB- (m+a (-1+p)) p

abDAB- (im+b (-1+Q))q

aDAC+bDCB+m(-n+nC)

b DACB +a (DAC-2DACp) -m(DAC+ (-n+nC) p) -DACr1

aDACB+bDCB (1-2q) -m(DCB+ (-n+nC) q) -DCBr2

-DABm+mpq+DAB (a+b-2ap-2bq) -DAB (rl+r2)

a (-2 DABDAC+ DACB -2 DACBp) +b (DACB-2DABDCB -2 DACBq) + m (-DACB + DCBp + DACq + (n -nC) ([

Collect[DACBDot, {DAB, DAC, DCB, DACB}]

DAB (-2aDAC-2bDCB+m(n-nC)) + DCBmp +
DACmg-m(n-nC)pqg+DACB (a+b-m-2ap-2bqg-rl-r2)

FullSimplify[(a+b-m-2ap-2bg-rl-r2)]
a+b-m-2ap-2bqgq-r1-r2
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Map[Collect[#, {m, rl, r2}] &,
{pDot, gDot, nDot, DACDot, DCBDot, DABDot, DACBDot}] // TableForm

bDAB-mp-a (-1+p)p

aDAB-mg-b (-1+0q)q

aDAC+bDCB+m(-n+nC)

b DACB+a (DAC-2DACp) + m(-DAC- (-n+nC) p) -DACr1

aDACB+bDCB (1-2qg) +m(-DCB- (-n+nC) q) -DCBr2

DAB (a+b-2ap-2bqg) +m(-DAB+pq) -DABrl1-DABr2

a (-2 DABDAC+ DACB-2 DACBp) +b (DACB-2 DABDCB -2 DACBq) + m(-DACB+ DCBp + DACqg + (n-nC) (L

These are the differential equations given by BA2011 for n, Dac, Dcg and Dacg, Which are obvioudly different from those just above.

4= nDotTarget :=m ((NC-n) (p+q-pq) -DAC (1-q) -DCB (1 -p) +DACB) +aDAC + b DCB

DACDotTarget := -(rl+m (1-p+pq) -a (1-2p)) DAC +
mp (1-p)DCB+m (NC-n) pDAB+ (b-mp) DACB+m (nC-n) p (Pp+q-pq)
DCBDotTarget := - (r2+m (1-q+pq) -b (1-2q)) DCB+mq (1 -q) DAC +

m(nC-n) qDAB+ (a-mqg) DACB+m (nC-n)q (p+q-pdq)

DACBDotTarget :=mpqg (nC-n) (p+q-pq) +mq (1-(1-q) p) DAC+mp (1- (1-p) q) DCB -
mnC-n) (p+q) DAB- (rl+r2+m (1-pq)-a(1l-2p)-b (1-2q)) DACB +
m (nC -n) DAB? + (m (1-q) -2a) DABDAC + (m (1 - p) - 2 b) DAB DCB - m DAB DACB

Internal equilibrium

= Coordinates
Werecall the differential equations:

inee;= dIFFEQS =
Map[Collect[#, {m, rl, r2}] &, {pDot, gDot, DABDot, nDot, DACDot, DCBDot, DACBDot}];
diffEqgs // TableForm
Out[89]//TableForm=
bDAB-mp-a (-1+p)p
aDAB-mg-b (-1+q)q
DAB (a+b-2ap-2bqg) +m(-DAB+pq) -DABrl1-DABr2
aDAC+bDCB+m(-n+nC)
b DACB+a (DAC-2DACp) + m(-DAC- (-n+nC) p) -DACr1
aDACB+bDCB (1-2q) +m(-DCB- (-n+nC) q) -DCBr2
a (-2 DABDAC + DACB - 2 DACBp) +b (DACB-2 DABDCB - 2 DACBq) + m(-DACB+ DCBp + DACqg + (n -nC) (I

neoj= diFFEqsTarget = Map[Collect[#, {m, rl, r2}] &,
{pDot, gDot, DABDot, nDotTarget, DACDotTarget, DCBDotTarget, DACBDotTarget}];
diffEgsTarget // TableForm
Out[91])//TableForm=
bDAB-mp-a (-1+p)p
aDAB-mg-b (-1+q)q
DAB (a+b-2ap-2bqg) +m(-DAB+pq) -DABrl1-DABr2
aDAC+bDCB+m (DACB-DCB (1-p) -DAC(1-qg) + (-n+nC) (p+g-pq))
b DACB+aDAC (1-2p) +m(-DACBp +DAB (-n+nC) p+DCB (L -p)p+ (-n+nC)y p (p+g-pq) - DAC (1 -
aDACB+bDCB (1-2q) +m(-DACBq+DAB (-n+nC)qg+DAC(1-gq)qg+ (-n+nC)q (p+q-pqg) -DCB (1-
-2aDABDAC-2bDABDCB+aDACB (1-2p) +bDACB (1-2q) +m(—DABDACB+DAB2 (-n +nC) + DAB DCB

For testing purposes, we introduce eguations independently derived by Reinhard Birger (Mathematica Notebook
‘Three_Loci_genl.nb’, personal communication):

2= testEqs := {-(-1+p) pa+DABB-pu, DABa-(-1+9)qgpB-qu,
-DABr1-DABr2+DAB (1-2p) a+DAB (1-2q) B-DABu+pqu,
DANa +DNBB + (-n+nC) u, ~-DANrl +DAN (1 -2p) a+DANBB + (-DAN + (n-nC) p) u,
-DNBr2 + DANBa + (DNB-2DNB Q) B-DNBu+nqu-nCqu,
-DANB r1 - DANB r2 + (-2 DAB DAN + DANB - 2 DANB p) a + (DANB - 2 DABDNB - 2 DANB q) B -
DANBu + DABNnu-DABNCu +DNBpu+DANgQu-npqu+nCpqu} /-
{a>a, B>Db, u->m, DANB -» DACB, DAN -» DAC, DNB - DCB}

diffEqgs - testEqgs // FullSimplify
{0, 0, 0, 0, 0, 0, O}
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which confirms the equations.

BA2011 (eg. 3.15) showed the coordinates of the internal stable equilibrium to be

nosp= R1 z= \/(a+b+r)2-8m (ri+r2)

ine4)= PEQBA := 81 (b>-a*+6ar-r’-4mr+ (a-b+r)R1) /. {r>rl+r2}

ar

gEQBA : = e (a®-b?+6br-r>-4mr+ (b-a+r)R1) /. {r>rl+r2}
r

1

DABEGBA := ———— ((a-b-r) (a+b-r) (a-b+r) ((a+b+r) -R1) -

32abr?
amr (@®+b”+r’-2ab-2ar-2br)-8m’r?) /. {r > rl+r2}

NEQBA = nC

DACEQBA :=0

DCBEQBA :=0

DACBEQBA :=0

We have used the assumption that higher-order recombination terms can be ignored, and thereforer =ry + r».

o= ruleApplyEq = {p » pEgBA, q - gEQBA, n -» nEQBA,
DAB -» DABEQBA, DAC -» DACEQBA, DCB - DCBEQBA, DACB -» DACBEQBA}

We have
diffEqgs /. ruleApplyEq // FullSimplify
{0, 0, 0, 0, 0, 0, 0}

which confirms that this is indeed an equilibrium. We omit the proof that this equilibrium is asymptotically stable (cf. Burger and
Akerman 2011). Instead, we directly proceed to the computation of the Jacobian matrix.

diffEgsTarget /. ruleApplyEq 7/ FullSimplify
{0, 0, 0, 0, 0, O, O}
The equations of BA2011 obviously also represent an equilibrium.
= Jacobian matrix and effective migration rate
= Generic

npozi= J o= Map[Table[D[#, {i}], {i, {p, 9, DAB, n, DAC, DCB, DACB}}] &, diffEgs]
J // MatrixForm

Out[103]//MatrixForm=

-m-a (-1+p)-ap 0 b

0 -m-b (-1+q) -bq a
-2aDAB+mq -2 b DAB + mp a+b-m-2ap-2bqgq-r1-r2

0 0 0

-2aDAC+m(n-nC) 0 0

0 -2b DCB+m(n-nC) 0

-2abDACB+m(DCB- (n-nC) q) -2bDACB+m(DAC- (n-nC) p) -2aDAC-2bDCB+m(n-nC)y m(D
Asan intermediate step, we set n, Dac, Dcg, and Dacg to their equilibrium valuesne, 0, 0, and O, respectively.

4= JPrep =J /. {n - nC, DAC -» 0, DCB - 0, DACB -» 0} // FullSimplify;
JPrep // MatrixForm

Out[105]//MatrixForm=

a-m-2ap 0 b 0 0 0
0 b-m-2bq a 0 0 0
-2aDAB+mgq -2bDAB+mp a+b-m-2ap-2bq-rl-r2 0 0 0
0 0 0 -m a b
0 0 0 mp a-m-2ap-rl 0
0 0 0 mq 0 b-m-2]
0 0 0 m(DAB-pq) -2aDAB+mg -2b DA

Now we plug in the equilibrium coordinates into the generic matrix of first-order partial derivatives:
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ruleApplyEq
1

{pei (—a2+b2+6a(r1+r2) —4m(rl+r2) -
8a (r1+r2)

rl+r2)2+(a-b+rl+r2) \/78m(r1+r2) +(@a+b+rl+r2)? )

1
qg-o> ———— [az—b2+6b (rl+r2) -4m(rl+r2) - (r1l+r2)%+
8b (r1+r2)

1

(-a+b+rl+r2) J—Sm(r1+r2) +(@a+b+rl+r2)? ) n - nC, DAB -
32ab (r1+r2)2

(—sz (rl1+r2)?-4m(rl+r2) (a®-2ab+b*-2a (r1+r2)-2b (rl+r2)+ (rl+r2)%) +
(a-b-r1-r2) (a+b-r1-r2) (a-b+rl+r2)

(a+b+r1+r27J78m(r1+r2) s(@+berlsr2)? )] DAC - 0, DCB - 0, DACB»O}

npoei= JEQGeneric = JPrep /. ruleApplyEq // FullSimplify;
JEqGeneric // MatrixForm

Out[107]//MatrixForm=

—a?+b2+6a (r1+r2)-4m(rl+r2)-(rl+r2)2+(a-b+ri+ri
4 (rl+r2)

a-m-

0

8nt (rl+r2)2+4m(rlsr2) (a2+(-bsrlsr2)2-2a (b+rl+r2))-(a-b-r1-r2) (a+b-r1-r2) (a-b+ri+r2) a+b+rl+r27\/78m(r1+r2)+(a+b+rl+r

16b (r1+r2)2
0

0

JEqGeneric[4 ;; 7, 4 ;; 71 // MatrixForm

m [7a2+b2+6 a(r:

m[az—b2+6b (ri-

m[—[—a2+b2+6a (r1+r2)-4m(rl+r2)-(rd1+r2)2+(a-b+rl+r2) \/—Sm(r1+r2>+(a+b+r1+r2)2 ] [az—b2+6b (rl+r2)-4m(rl+r2)—(rl+r2)2+(-
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JEqGeneric[4 ;; 7, 4 ;; 71

1
{{—m a, b, 0}, {7m(—a2+b2+6a(rl+r2) -
8a(rl+r2)

4mrl+r2) - (rl+r2)2+ (afb+r1+r2)\/78m(r1+r2) +(@+b+rl+r2)? |,
1

a-m-r1- —— (—a2+b2+6a(r1+r2) —4mrl+r2) - (rl+r2)%+
4 (rl+r2)

(a-b+rl+r2) \/78m(rl+r2) +(@+b+rl+r2)? ) 0, b},
1

{7m(a2—b2+6b (rl+r2) -4mrl+r2)-(rl+r2)%+
8b (r1+r2)

(7a+b+r1+r2>\/78m(rl+r2)+ (a+b+rl+r2)? ] 0,
1

b-m-r2- — (az—b2+6b (rl+r2) -4m(rl+r2) - (rl+r2)%+
4 (rl+r2)

(7a+b+r1+r2>\/78m(rl+r2)+ (a+b+rl+r2)? ] a},
1

{ m[—(—a2+b2+6a(r1+r2)74m(r1+r2)7(r1+r2)2+
64ab (r1+r2)?

(a—b+r1+r2>\/—8m(r1+r2> + (a+b+r1+r2)zj (az—b2+6b (rl+r2) -

Am(rl+r2) - (rl+r2)%2+ (-a+b+rl+r2) \/—8m(r1+r2)+ (a+b+rl+r2)2 j +

2 [—Sn? (rl+r2)?-4m(ri+r2) (a®+ (-b+rl+r2)?-2a (b+rl+r2))+
(a-b-rl1-r2) (a+b-r1-r2) (a-b+rl+r2)

[a+b+r1+r2—\/—8m(r1+r2) +(@a+b+rl+r2)? ]])

1
- (8m2 (rl+r2)2+4mri1+r2) (a®+ (-b+rl+r2)?-2a (b+rl+r2)) -
16b (r1+r2)2
(a-b-rl-r2) (a+b-rl1-r2) (a-b+rl+r2)

(a+b+r1+r2—\/—8m(r1+r2) +(@a+b+rl+r2)? ) +2m(rl+r2) [az—b2+6b (rl+r2) -

Amrl+r2) - (r1+r2)2+ (—a+b+rl+r2) stm(rl+r2) +(@a+b+rl+r2)? )J

- (Sm2 (rl+r2)?2+4m(r1+r2) (a®+ (-b+rl+r2)?-2a (b+rl+r2)) -
16a (r1+r2)2
(a-b-r1-r2) (a+b-r1-r2) (a-b+rl+r2)

[a+b+rl+r2—\/—8m(r1+r2) + (a+b+r1+r2)2)+

2mrl+r2) (7a2+b2+6a<r1+r2) —Amrl+r2) - (rl+r2)%+

(a-b+rl+r2) \/78m(r1+r2) +(@a+b+rlsr2)? ))

(—a—b+2m—r1—r2—\/—8m(r1+r2> +(@+b+rl+r2)? ]H
2

Now we proceed analogous to the previous steps, but starting from egs. (4.25) and (4.26) in BA2011 for the differentials of
n, DAC, DCB and DACB-



26 | 2LocContlsland_Determ_effMigRate.nb

npog;= JTarget = Map[Table[D[#, 1], {i, {p, q, DAB, n, DAC, DCB, DACB}}] &, diffEqsTarget]
JTarget // MatrixForm

Out[109]//MatrixForm=

-m-a (-1+p)-ap

0

-2 aDAB+mq
m(DCB+ (-n+nC) (1-Qq))
-2aDAC+m (-DACB+DAB (-n+nC) +DCB (1 -p) -DCBp+ (-n+nC) p (1-q) -DAC (-1 +
m(-DCBqg + (-n+nC) (1-q)q)
-2aDACB+m (-DABDCB-DAB (-n+nC) + DACBq+DCBpqg+ (-n+nC) p (1-q) g+DAC (-1+q) q+DCB

nii0r= JPrepTarget = JTarget /. {n - nC, DAC -» 0, DCB -» 0, DACB - 0} // FullSimplify;
JPrepTarget // TableForm

Out[111]//TableForm=
a-m-2ap
0

-2 aDAB +mq

0
0
0
0

0

b-m-2bq
-2 b DAB + mp
0

0

0

0

OO0 oo Y 9 T

JPrep // TableForm

a-m-2ap
0

mq

0

0

0

0

JPrep - JPrepTarget // TableForm

O O OO OO
O OO O OO

0 0

O OO OO0 OoOOo

0
0

+b-m-2ap-2bqg-rl-r2 0

m(p (-1+0q) -q)

-mp (DAB+p+q-pa)

-mq (DAB+p+q-pQq)
-m(DAB+p (-1+q) -q) (DAB-p

0 b 0
b-m-2bq a 0
mp a+rb-m-2ap-2bqg-rl-r2 0
0 0 -m
0 0 mp
0 0 mq
0 0 -mpq
0 0

0 0

0 0

-m-m(p (-1+q) -q) -m(-1+q)

mp+mp (p+Qq-pq) -m-m(-1+p-pa)
mg+mqg (p+g-paq) m(-1+q)q

-mpg+mpq (p+g-pq)

mg-m(l+p(-1+0q))q

We note that the two matrices differ. At least one must be wrong.

Now we plug in the equilibrium coordinates into the generic matrix of first-order partial derivatives:

0 0

0 0

0 0

a b
a-m-2ap-rl 0

0 b-m-2
mq mp

0 [
0 [
0 [
-m(-1+p)

m(-1+p)p [

-m-m(-1+g-pq) !
mp-mp (1+(-1+p)q)
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JTarget /. ruleApplyEq // MatrixForm

m- —a%+b2+6a (r1+r2)-4m(rl+r2)-(rl+r2)2+(a-b+ri+r2) \/78m(r1+r2)+(a+b+rl+r2)z —alo1sc
8 (rl+r2)
0
m|a?-b2+6b (r1+r2)-4m(rl+r2)-(rl+r2)2+(-a+b+ri+r2) \/—8m(r1+r2)+(a+b+r1+r2)2 -8nf (ri+r2)2-4m(rl+r2) (a®-2ab+b?-2a
8b (r1+r2) B
0
0
0
0
m Usingthe Ansatzme = —Ay = m2z
JEqGeneric // MatrixForm
72a+r1+r2+%7\/78m(r1+r2) +(a+b+rl+r2)2 - a
+
0
8nt (rl+r2)2+4m(rlsr2) (a2+(-bsrlsr2)2-2a (b+rler2))-(a-b-rl-r2) (a+b-ri-r2) (a-b+ri+r2) a+b+rl+r27\/78m(r1+r2)+(a+b+rl+1
16 b (r1+r2)2
0
0
0
0

Simplify[Series[Det[JTarget - x IldentityMatrix[7] /. X » -mz], {m, O, 1}7],
Assumptions » {a20, b >0, r1 >0, r2=>0}] // Normal

-abm@ (-1+2p)+b (-1+2q) +rl+r2) (a(-1+2p) (2DAB+ (-1+2p) (-1+2Qq)) +
(-1+2q) (b (1+2DAB-2p-2g+4pq) + (-1+2p) (rl+r2)))
(ri(r2(p+ q quz)+b(3q2+p(71+4q73q2)+q(71+DAszz)+z))+

a(r2(-3p?>(-1+q)-q+p (-1+DAB+4q-22)+2z)+b (DAB*+q-30°-
3p (1-49+39%) +2DAB (pq-2)-z+2qz+p (1-7q+129*°+2z-4qz))))



28| 2LocContlsland_Determ_effMigRate.nb

Simplify[Solve[% == 0, z]]
{{z-(r1(-b (p+quABq74pq73q2+3pq2) +(P+d-pq)r2)+
a (b (DAB* +2DABpq- (-1+3p) (p (-1+q) -q) (-1+30q)) -
(3p* (-1+q) +q-p (-1+DAB+4q))r2))/
(rl(b(-1+2q)+r2)+a(b(1+2DAB-2p-2q+4pq) + (-1+2p) r2))}}
Thisis obviously not the same asin Birger and Akerman (2011, Eq. 4.30).

Applying the same Ansatz to the Jacobian obtained from the differential equations developed in this Mathematica Notebook yields the
correct solution:

Simplify[Series[Det[JEgGeneric - x ldentityMatrix[7] /. X -» -mz], {m, O, 1}],
Assumptions - {a=20,b >0, r1>0, r2>0}] // Normal

abm(a+b+rl+r2)2@m+r2)z+rl (r2 (-1+z)+bz))
Simplify[Solve[% = 0, z]]

rir2
{{Z% (a+rl) (b+r2) }}

which isidentical to eg. (4.30) in BA2011.

= Assuming weak migration

The coordinates of the internal equilibrium under the assumption of weak migration, up to and including first-order terms of m, can be
obtained from eg. (4.1) in BA2011.

n1121= PEQBAWeakMig = FullSimplify[Series[pEgBA, {m, 0, 1}] // Normal,
Assumptions - {O<a<b,0<m,0<rl, 0<r2}];
qEgBAWeakMig = FullSimplify[Series[qEgBA, {m, 0, 1}] // Normal,
Assumptions » {O<a<b,0<m,0<rl, 0<r2}];
DABEgBAWeakMig = FullSimplify[Series[DABEgBA, {m, O, 1}] // Normal,
Assumptions » {O<a<b,0<m,0<rl, 0<r2}];

{pPEgBAWeakMig, gEqBAWeakMig, DABEgBAWeakMig} // TableForm

m(a+rl+r2)

a (a+b+rl+r2)

1- m (b+rl+r2)
b (a+b+rl+r2)
m

a+b+rl+r2

Checking these against first-order termsw.r.t. mof Eq. (4.1) in BA2011:

m b
1-—|1- —] - pEgBAWeakMig /. {r » r1 +r2} // FullSimplify
a a+b+r
0
m a
1--— (1— —) - gEgBAWeakMig /. {r » r1 +r2} // FullSimplify
b a+b+r
0
m
- DABEgBAWeakMig /. {r » r1+r2} // FullSimplify
a+b+r
0

nis= ruleApplyEqWeakMig == {p -» pEqBAWeakMig, q » qEqBAWeakMig,
n -» nC, DAB -» DABEqBAWeakMig, DAC -» 0, DCB - 0, DACB - 0}

ruleApplyEqWeakMig
m@a+rl+r2) mb+rl+r2)
{pel— , g->1- ,
a(a+b+rl+r2) b@+b+rl+r2)
m
n-nC, DAB-> ——————, DAC-0, DCB 0, DACB- 0]
a+b+rl+r2
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a-m-2ap 0 b 0 0 0
0 b-m-2bq a 0 0 0
-2aDAB+mgq -2bDAB+mp a+b-m-2ap-2bq-rl-r2 0 0 0
0 0 0 -m a b
0 0 0 mp a-m-2ap-rl 0
0 0 0 mq 0 b-m-2]
0 0 0 m(DAB-pq) -2aDAB+mq -2b DA
Now we see the block structure claimed in eg. (4.27) of BA2011.
6= JEQq = JPrep /. ruleApplyEqWeakMig // FullSimplify;
JEq // MatrixForm
Out[117]//MatrixForm=
2bm
-a+m- a+b+rl+r2 0 b (
2am

0 -b+m- a+b+rl+r2 a (

m(-ab+(b-m (b+rl+r2)) a (2b+my+m(rl+r2) 2 (a+b) m
b (a+b+rl+r2) mi{l- a (a+b+rl+r2) -a-b+3m-rl-r2- a+b+rl+r2 (
0 0 0 -
0 0 0 m(1- m
a (¢
m
0 0 0 m(1 - 5e
m m (a+rl
0 0 0 a+bsrisr2 ( T a (a+b+r

The matrix above should correspond to the one given in Box 1 in BA2011, but it does not. For instance, the difference between the

elements at the bottom right position is:

2 (a+b)ym

-a-b+3m-r1-r2-

FullSimplify

-m

a+b+rl+r2

(a+b+2r)
_ _a_b_r+2m—] /- {r>rl+r2}//

a+b+r

nis= JEQTarget = JPrepTarget /. ruleApplyEqWeakMig // FullSimplify;

JEqTarget // MatrixForm

Out[119]//MatrixForm=

2bm
-a+m- a+b+ri+r2 0 b
0 “b+m- —2am a
a+b+rl+r2
m(-ab+(b-m (b+rl+r2)) m 1_a(2b+m)+m(r1+r2) —a-b+3m-ri1-r2- 2 (a+b) m
b (a+b+rl+r2) a (a+b+rl+r2) a+b+rl+r2
0 0 0
m(a2-m(ri1+r2)+a (b-mril
0 0 0 _ -
m(-ab-(b-m) (b+rl+r2)
0 0 0 -
m (a2 b+a (b+m) (b+r
0 0 0 -m(-1+ m{a’bea Bum (b

ab (

But the matrix above is a so different from the one presented in Box 1 in BA2011.
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JEq // MatrixForm

2bm
-a+m- a+b+rl+r2 0 b (
0 “b+m- —2am a (
a+b+rl+r2
m(-ab+(b-m (b+rl+r2)) m 1_a(2b+m)+m(r1+r2) _a-b+3m-rl-r2- 2 (a+b) m (
b (a+b+rl+r2) a (a+b+rl+r2) a+b+rl+r2
0 0 0 -
0 0 0 m(1- 7
a (z
0 0 0 m(1- "
b (e
m m(a+rl
0 0 0 a+bsrilsr2 ( T a (a+b+r
npzop= JEQN = JEQ[{4, 5, 6, 7}, {4, 5, 6, 7}1;
JEgN // MatrixForm
Out[121]//MatrixForm=
-m a
m(l— m(a+rl+r2) ) _a+m-rl- 2bm
a (a+b+rl+r2) a+b+rl+r2
m(l— m (b+r 141 2) ) 0 b+m-r2- _2am_
b (a+b+rl+r2) a+b+rl+r2
m ( m(a+rl+r2) ) ( m (b+r1+r2) )) m(-ab+(b-m (b+rl+r2)) mi(1 a (2b+m)+m(rl+r2) a
a+b+rl+r2 a (a+b+rl+r2) b (a+b+rl+r2) b (a+b+rl+r2) a (a+b+rl+r2)
If we now assume that the migration rate mis wesk, we obtain
inzz;= JEQmSmall = Simplify[Normal [Series[JEq, {m, 0, 1}11]
JEgmSmall // MatrixForm
Out[123]//MatrixForm=
2
—a+m- - 2Pm 0 b 0 0
a+b+rl+r2
2am
0 -b+m- a+b+rl+r2 a 0 0
m(-a+b+rl+r2) 2bm m(a+b+3 (rl1+r2))
a+b+rl+r2 m- a+b+rl+r2 -a-b-rl-r2. a+b+rl+r2 0 0
0 0 0 -m a
2b
0 0 0 m -a+m-rl1- —=>M_
a+b+r1+r2
0 0 0 m 0 -b+m
m(-a+b+rl+r2)
0 0 0 m arbirlir2 m

In[124]:=

JEgNmSmall := JEgmSmall[4 ;; 7, 4 ;; 71
JEgNmSmall // MatrixForm

Out[125]//MatrixForm=

-m a b 0
2
m -—a+m-rl-_2°2m 0 b
a+b+rl+r2
2am
m 0 -b+m-r2- PO a
m (-a+b+rl+r2) 2bm m (a+b+3 (r1+r2))
=l a+b+ri1+r2 = a+b+rl+r2 -a-b-rl-r2+ a+b+rl+r2
This can alternativel be written as
_ m(@a-b+r)
JEgNmSmal IDispl := {{-m, a, b, 03}, {m, -a-rily ——, 0, b},
a+b+r

mb-a+r) m(b-a+r) m(@a-b+r)

{m,o,—b—r2+ aibor ,a},{—m, arber a+bs+r

JEgNmSmal IDispl - JEqNmSmall /. {r » r1+r2} // Simplify

{{o0, o, 0, 03, {0, 0, 0, O}, {O, O, O, O}, {O, O, O, 0}}

,-a-b-r+

m(@a+b+3r)

3

a+b+r
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JEgNmSmal IDispl // MatrixForm

-m a b
m —as+ M@ g 0 b
a+b+r
m 0 b+ m —-r2 a
a+b+r
m m (-a+b+r) m(a-b+r) _a-b-r + m(a+b+3r)
a+b+r a+b+r a+b+r

ni26l= JEQNTarget = JEqTarget[{4, 5, 6, 7}, {4, 5, 6, 7}1;
JEgNTarget // MatrixForm
Out[127]//MatrixForm=
. n? (a+r1+r2) (b+rl+r2)
ab (a+b+ri1+r2)2
m(a?-m(ri+r2)+a (b-mer1+r2)) (@®b-n? (r1+r2) (b+rl+r2)+a?b (2b+m-2 (r1+r2))+a (b+ri+r2) (b2-nf+b (meri+r2)))
aZb (a+b+r1+r2)3
m(-ab- (b-m (b+r1+r2)) (-a®b+n? (rl+r2) (b+rlsr2)-a?b (2b+m2 (rl+r2))-a (b+rl+r2) (b2-nf+b (merlsr2)))
ab? (a+b+r1+r2)3

-m{-1+

m (a? b+a (b+m) (b+r1+r2)+m(rl+r2) (b+rl+r2))
ab (a+b+ri1+r2)2

m _(1- m(a+rl+r2) ) (17 m (b+rl+r2) )) m(17
a+b+rl+r2 a (a+b+rl+r2) b (a+b+rl+r2)

Eigenvalues[JEgN] // Simplify

A very large output was generated. Here is a sample of it:

{ROOt [a3bn?+2a2 b2 P + <«<133>> +
(a®+3a’b+3ab?+b®+3a?r1+6abr1+3b?r1+3ar1?+3br1?+r13+3a’r2+6abr2+
3b%r2+6arlr2+6brlr2+3r1°r2+3ar2?+3br22+3r1r2%+r2%) u1* g, 1],

Root [a3bm3+2a2b2m'5+<<133>>+ (a3+3a2b+3ab2+b3+3a2r1+6abr1+
3b?r1+3ar1?+3br12+r1®+3a?r2+6abr2+3b?r2+6arlr2+
6brir2+3r1?r2+3ar2?+3br22+3r1r2%+r23) ul* & 2|, Root |

aSbm+ «<1> + <«<133> + (a3+3a2b+3ab2+b3+<<13>> +3br22+3r1r22+r23)n14&,

3],

Root [a3bm3+2a2 b2 m? + «<133>> +

(a®+3a’b+3ab?+b*+3a’r1+6abr1+3b?r1+3ar1®+3br1*+r13+3a’r2+6abr2+
3b%r2+6arlr2+6brir2+3r1°r2+3ar2?+3br22+3r1r2%+r2%) ul* &, 4]}

Show Less || Show More || Show Full Output || Set Size Limit...

Eigenvalues[JEgNTarget]

A very large output was generated. Here is a sample of it:

{Root[

4a1°b3m+<<1731>>+<a3b2+6a7b3+15a6b4+20a5b5+15a4b6+6a3b7+a2b8+6a7b2r1+
30ab3r1+60a°b4r1+60a*b°r1+30a%b%r1+6a2b’r1+15a°b?r12+60a°b3r12+
90a*b*r12+60a%h°r12+15a2b%r12+20a°b2r1%+60a*b3r1%+60a3b?r1d+
20a2b5r1% +15a%*b?r1% + «<38> +60a°b?r1%3r22+60a2b3r1%r22+15a2b2r1%r22+
20a°b?2r28+60a*b3r2%+60ab*r2%+20a2b%r2%+60a*b?2r1r2%+120a%b3r1r2%+
60a?b*r1r2%+60a3b?2r12r2%+60a2b3r12r2%+20a2b2r13r2%+15a*b2r2*+
30abhdr2*+15a2b*r2*+30a%b2r1r24+30a2b3r1r2*+15a2b2r12r2%+
6a*b?r2°+6a2b3r2°+6a2h’r1r2°+a2h?r2°) nl® & 1|, <2, Root [«<1> & 4]}

Show Less || Show More || Show Full Output || Set Size Limit...
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m Usingthe Ansatzme = —Ay =Mz

JEq
2bm 2am
{{—a+m— -, 0, b, 0, 0, O, O}, {O, -b+m- ———
a+b+rl+r2 a+b+rl+r2
{m(fab+(b—m) (b+rl+r2)) 1 a(2b+m)+m(r1+r2)]
, M - )
b@a+b+rl+r2) [ a(@+b+rl+r2)
2 (a+b)ym
—a-b+3m-rl-r2- , 0,0, 0, o}, (0, 0, 0, -m a, b, 0},
a+b+rl+r2
m@a+rl+r2) 2bm
{o, 0, O,m[l— ] —a+m-rl-———— 0, b},
a(a+b+rl+r2) a+b+rl+r2
mb+rl+r2) 2am
{0. 0, O,m[l— ],O, -b+m-r2- —— | a},
b@a+b+rl+r2) a+b+rl+r2

{o, 0, 0, m m

m(-ab+((b-m (b+rl+r2)

~ |1 -
a+b+rl+r2 [ a

m@a+rl+r2)

b@a+b+rl+r2)

2 (a+
-a-b+3m-rl1-r2-
a+b+r

Simpl ify[Series[Det[JEqTarget— x ldentityMatrix[7] /- X -» -m

(a+b+rl+r2)

mMb+rl+r2) ]
b (a+b+r1+r2)]

a(a+
b) m

aibiriarz))

) a22b+m +m(rl+r2)
, m[l—

b+rl+r2) ]

rir2

,a, 0,0, 0, o},

(rl+a) (r2+b)

J. .0 n]]

ab(-a-b-r1-r2) (a®?b+ab®?+abrl+abr2+ (a+b+rl+r2) (3ab+2brl+2ar2))m+O[m?

JEqTarget // TableForm

2bm
-a+m- a+b+rl+r2 0
0 -b+m-
m(-ab+(b-m) (b+rl+r2)) mil1- a (
b (a+b+rl+r2)
0 0
0 0
0 0
0 0

Dimensions[JEqTarget]

{7, 7}

2am
a+b+rl+r2

2b+m)+m(rl+r2)

a (a+b+rl+r2)

b

a

~a-b+3m-r1-r2- 2@bm

a+b+ri+r2

0

0

. n (a+rl+r2) (b+
ab (a+b+rl+r
m (a%-m(r1+r2)+a (b-

m(-ab-(b-m) (b+rl+

Simplify[Series[Det[JEqTarget - x ldentityMatrix[7] /. X > -mz], {m, O, 1}1] // Normal

abm@+b+ri+r2)2 (@b (-4+2)+r2 (-2+2z)) +rl (b (-2+2z)+r2 (-1+2)))

Simplify[Solve[% == 0, z]]

(2a+rl) (2b+r2)
{{Z% (a+rl) (b+r2) }}

This does not yield the same term as the one given in eg. (4.30) of BA2011, which suggests that the equations (4.25) and (4.26) in

BA2011 are wrong.

Applying the same Ansatz to the Jacobian obtained from the differential equations developed in this Mathematica Notebook, however,

yields the correct solution:
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Simplify[Series[Det[ (JEq /- ruleApplyEQ) - x IdentityMatrix[7] /. X > -mz], {m, O, 1}],
Assumptions » {a=20,b =20, r120, r2>0}] // Normal

abm(a+b+rl+r2)2@m+r2)z+rl (r2 (-1+z)+bz))
Simplify[Solve[% == 0, z]]

rir2
{{Z% (a+rl) (b+r2) }}

whichisidentical to eg. (4.30) in BA2011.

We can aso use the approximate Jy for small m:

Simplify[Series[Det[ (JEgmSmall /. ruleApplyEQ) - x IdentityMatrix[7] /. X > -mz],
{m, 0, 1}], Assumptions-» {a=20,b>0,r1>0, r2=>0}] // Normal

abm(a+b+rl+r2)2 (@a+r2)z+rl (r2 (-1+z) +bz))
Simplify[Solve[% = 0, z]]

rir2
{{Z% (a+rl) (b+r2) }}

m Starting directly from eqg. (4.28) in BA2011
Next, we directly start with Jy given in Box 1 (eg. 4.28) of BA2011 and compute the eigenvalues.
in12s;= JEQNBA2011 :=

(a-b+r) b-a+r
{(—m, a, b, m}, {m, -a-ril+m ——, 0, b—m}, {m, 0, -b-r2+m —, a—m},
a+b+r a+b+r
(b-a+r) (a-b+r) (a+b+2r)
{—m,m , m ,—a—b—r+2m—}}/.{r->r1+r2}
a+b+r a+b+r a+b+r
JEQNBA2011 // MatrixForm
-m a b m
m -—a-r1l-+ m(a-b+rl+r2) b-m
a+b+rl+r2
m (-a+b+rl+r2)
m 0 -b-r2+ a+b+rl+r2 a-m
m m (-a+b+rl+r2) m(a-b+rl+r2) —a-b-rl-r2=+ 2m(a+b+2 (rl1+r2))
a+b+rl+r2 a+b+rl+r2 a+b+rl+r2

FullSimplify[Eigenvalues[JEqQNBA2011], Assumptions » {O<a<b, 0<m, 0<r}]

{Root[

a*bnt+3a%b?nf+3a?b3nf+ab*nf+anf-a?bnf-ab?nf+b3nf+2a%bnfri+3a?b?nfri-
b*mfri-2a?bnmri+2b®mri+3a?nfri-6abnfri+3b?nfri-a®nfri1?-3a%bnfri?-
6ab’nfr1?-4b®nfri12+4abmr1?+8b?>nfri1?-anfr1?-bnfri12-3a?nfrid-
8abnfr1®-6b2nmfr1®+4anfr1®+10bmr1®-3nfri1®-3anfri1*-4bnfri*+
AmPr1*-nfri1®-a*nfr2+3a?b?mr2+2ab®nmfr2+2a8mr2-2ab’?mr2+3a?nfr2-
6abnfr2+32nfr2+a*mrir2+4albmrir2+6a2b2mrir2+4ab®mrir2+b*mrir2-
6a’nfrir2-12a?bnfrir2-12ab?nfrir2-6b3nfrir2+8a’nfrir2+8abnfrir2+
8b?mrir2-2anfrir2-2bnfrir2+4a®mri1?r2+12a?bmr1?r2+12ab’>mri1?r2+
4b°mri12r2-17a?nfri1?r2-34abnfr12r2-20b?nfr12r2+18anfr1?r2+24bnfri?r2-
anfr1?2r2+6a’mr1®r2+12abmr1®r2+6b°mri1®r2-20anfr1®r2-22bnfri3r2+
16nmri®r2+4amrl*r2+4bmr1*r2-8nfr1*r2+mr1°r2-4a®nfr22-6a%?bnfr22-
3ab?nmr22-b¥nfr22+8a?mr22+4abnr22-anfr22-bnfr22+4a8mr1r22+
12a2bmrilr22+12ab?mr1r22+4b3mr1r22-20a?nfrir22_-34abnfrir2?-
17b®nfrir2?2+24anmfrlr22+18bnPr1lr22-9nfrir22+12a2mr1?r2?2+24abmri1?r22+
12b®mr12r22-35anmfr1?r22-35bnfr1?2r22+24nfr1?r22+12amr13r22+12bmr18r22 -
19nfr13r22+4mr1*r22-6a’nfr28-8abnmr2®-3b2nfr22+10anfr22+4bnfr28-
3nfr2d+6a?mrir2®+12abmrir22+6b2mrir28-22anfrir2®-20bnfrir2d+
16nmPrir2®+12amr1?r28+12bmr12r23-19nfr1?2r28+6mr1r23-4anfr2*-
3bnfr2*+4nmPr2*+4amrir2*+4bmrir2-8nfrir2*+4mr1?r2* -nfr25+mri1r2%+
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(a5b+4a4b2+6a3b3+4a2b4+ab5—a4bm—3a3bzm—3a2b3m—ab4m—2a4n12+4a2b2n?—
2b*nmt-a®nmP+a’bnf+rab®nm-binP+5a*br1+16a3b?r1+18a’b3r1+8ab*r1+b%r1-
8albmrl-19a’b?mr1-14ab®mr1-3b*mr1-6adnfri+2a’bnmfrl+2ab?nfril-
6b®nfri+3a’mrl+2abnmrl+3b°mri1+10a®bri12+24a?b?r12+18ab%r1?+
4b*r1?2-18a’bmr1?2-29ab’?mr12-11b3mr12-6a’nfri1?+4abnfr12-2b%nfri?+
S5anfr1l?>+5bnr12+10a’br1®+16ab?r1%+6b3r1®-16abmr1®-13b2mr1d-
2anmfr1®+2bnfr1®+mri1®+5abri1*+4b%r1*-5bmr1*+br1%+a°r2+8a*br2+
18a%b?r2+16a’b®r2+5ab*r2-3a*mr2-14abmr2-19a’b?mr2-8ab®mr2 -
6anfr2+2a’bnfr2+2ab’nfr2-6b°nfr2+3a?mr2+2abnfr2+3b2nfr2+
5a*r1r2+32a®brlr2+54a?b?r1r2+32ab%r1r2+5b%*r1ir2-12a®mrir2-
50a?bmrlr2-50ab?mr1r2-12b3mrir2-8a?nfrir2+8abnfrlir2-8b2nfrlr2+
10anmfrlr2+10bnrlr2+10a%r1%r2+48a%br1°r2+54ab?r12r2+16b3r1%r2 -
18a’mr1?2r2-58abmr1?r2-31b°mri1®r2-2anfr1?r2+2bnfr1?r2+3nPr1?r2+
10a%r1%r2+32abr13r2+18b%r1%r2-12amr1®r2-22bmr13r2+5ar1*r2+
8bri1*r2-3mr1*r2+r1°r2+4a*r22+18abr22+24a%b%r22+10ab%r2?-
11a®mr22-29a’bmr22-18ab?mr2?2-2a?nmfr22+4abnmfr22-6b%>nfr22+
S5amr22+5bnmr22+16a°r1r22+54a’br1r2?2+48ab?r1r22+10b%r1r2%-
31a?mri1r2?2-58abmrir2?2-18b?mri1r2?+2anfrir2?2-2bnfrl1r22+3nmrilr22+
24a%r1%r22+54abr1?r2?2+24b%r1%r22-29amr1?r2?2-29bmri1%r2?2+16ar13r22+
18br1%r22-9mr13r22+4r1%r22+6a°r2%+16a’br22+10ab?r2®-13a’mr2° -
16abmr2®+2anfr2®-2bnfr28+nfr2®+18a?r1r23+32abr1r2®+10b%r1r2%-
22amrir2®-12bmr1r2®+18ar1?2r2%+16br12r2%-9mr12r23+6r1%r2%+4a%r2%+
5abr2*-5amr2*+8arlr2*+5brir2*-3mrir2*+4r1%r2*+ar2°+r1r2°) ul+

(a®+6a*b+13a*b?+13a’b®+6ab*+b°-a*m-4a’bm-6a°b®m-4ab®m-b*m-
2a®nf-2a’bnf-2ab®nf-2b®nf+5a*r1+24a®br1+39a°b”r1+26ab3rl+
6b*r1-8a°mr1-26a?bmri-28ab’mri1-10b®mr1-2a?nfri1-2b%nfri+
10a%r1%2+36a’br1?2+39ab?r12+13b°%r1%2-18a’mr1?2-40abmri1?-22b>mr1?+
6anmfrl®?+6bnfr1?+10a%r1®+24abr1®+13b%r13-16amr1®-18bmr13+
6mr1®+5ar1*+6br1*-5mr1*+r1°+6a*r2+26a%br2+39a%b?r2+24ab%r2+
5b*r2-10a®mr2-28a’bmr2-26ab’?mr2-8b°mr2-2a?nfr2-2b2nfr2+
24a°r1r2+78a’brlr2+78ab?r1r2+24b%r1r2-40a?mrlr2-80abmrilr2-
40b?’mri1r2+12anfrir2+12bnfrlr2+36a%r12r2+78abr1?r2+39b%r1%r2-
50amr1?r2-52bmr1?r2+18nfr1?r2+24ar1®r2+26br13r2-20mr13r2 +
6ri1*r2+13a°r22+39a’br22+36ab’r22+10b3r22-22a’°mr22-40abmr2?-
18b°mr22+6anfr22+6bnfr22+39a%r1r2?2+78abri1r2?2+36b%r1r22-52amrlr2?-
50bmr1r22+18nfri1r22+39ar12r22+39br12r22-30mr1%r22+13r1%r22+
13a%r2%+24abr28+10b%r28-18amr2®-16bmr23+6nfr2%+26ar1r2®+
24br1r2°-20mr1r2®+13r1%r2°+6ar2*+5br2*-5mr2*+6r1r2*+r2°) ul?+

(2a*+8a’b+12a’b*+8ab®+2b*-a’m-3a’bm-3ab’m-b>m+8ar1+24a”bril+
24ab’r1+8b%r1-7a’°mri-14abmr1-7b>mr1+12a%r12+24abri1?+12b%r1?-
1l1amr1?-11bmr12+8ar1®+8br1®-5mr1®+2r1*+8a%r2+24a’br2+
24ab?r2+8b%r2-7a’?mr2-14abmr2-7b>mr2+24a%r1r2+48abrir2+
24b%r1r2-22amrlr2-22bmrlr2+24ar1?r2+24br1%2r2-15mr12r2 +
8r1%r2+12a%r2?2+24abr22+12b%r22-11amr2?-11bmr22+24arlr2?+
24br1r22-15mr1r22+12r1%r22+8ar2%+8br23-5mr23+8r1r2%+2r2%) u13+

(a®+3a’b+3ab®+b*>+3a’r1+6abr1+3b°r1+3ar1?+3br1®+r1®+3a°r2+6abr2+
3b*r2+6arlr2+6brir2+3r1%r2+3ar2°+3br22+3r1r22+r2%) n1* & 1],

Root [a*bnf +3a®b?nf +3a’b®nf +ab?nf+a’nf -a?bnf -ab®nf +b3nf +
2abnfr1+3a2b?nfrli-b*nfri1-2a%2bmrl+
2bmPri+3a?nfri-6abnfri+3b2nfri-asnfri?-
3a’bnfr1?-6ab?nfr1?-4b3nfri1®2+4abnfri?+
8b?mr12-anfri1?-bnfr1?-3a’nfr1®-8abnfrid-
6b2nmfr1d+4anmr1®+10bmr1®-3nfr1®-3anfri1*-
4bnfri*+4nfr1*-nfr1®-a*nfr2+3a’b?nfr2+
2ab®mfr2+2a:mr2-2ab?mr2+3a’nfr2-6abnfr2+
3b2nfr2+a*mrir2+4abmrir2+6a2b?mrilr2+
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4ab®mrir2+b*mrir2-6anfrir2-12a’bnfrir2-
12ab?nfrir2-6b3nfrir2+8a?nfrir2+8abnfrlr2+
8b?mrir2-2anfrir2-2bnfrir2+4a®mri1r2+
12a’bmri1?r2+12ab?mr12r2+4b°mr1?r2-17a2nfri1?r2 -
34abnfri1?r2-20b°nfr1?r2+18anfr1?r2+24bnmr1?r2 -
onfri12r2+6a’mr1®r2+12abmr1®r2+6b>mr1ér2 -
20anfr1®r2-22bnfr1dr2+16nPr13r2+4amri1®r2+
4bmr1%r2-8mr1*r2+mr1®r2-4a®mr22_-6a’bnfr22-
3ab?nmfr22-b¥nfr22+8a?mr22+4abmr2?2-anfr2?-
bnfr22+4a8mri1r22+12a?bmr1r22+12ab®mri1r22+
403mr1r22-20anfrir2?2-34abnmfrlr22-17b%>nfrir2?+
24amr1r2?2+18bnmrir22-9nfrir2?2+12a’mr1?r22+
24abmr1?r22+12b%mr12r22-35anfri12r2? -
35bnfri12r22+24mri1?r22+12amr1®r22+12bmr18r22 -
19nfr13r22+4mr1*r22-6a2nfr28-8abnfr2d-
3b?nfr22+10amr22+4bmr28-3nfr22+6a’mri1r2®+
12abmrir2®+6b?mrir23-22anfrir2®-20bnfr1r2%+
16mrir2®+12amr1?r28+12bmr12r2%-19nfri1?r2%+
6mr1®r28-4anfr2*-3bnfr2*+4mr2*+4amrir2*+
Abmrir2*-8nmfrir2*+4mr1?r2*-nfr2%+mr1r25+
(a5b+4a4b2+6a3b3+4a2b4+ab5—a4bm—3a3bzm—3a2b3m—ab4m—2a4mz+4a2b2m’-—
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2b*nmt-a®nP+a’bnf+ab®nf-binP+5a*br1+16a%b?r1+18a’b%r1+8ab*r1+b%r1-

8a®bmrl-19a’b?mr1-14ab®mr1-3b*mr1-6anfri+2a’bnmfrl+2ab?nfril-
6b®nfri+3a’mri+2abnmrl+3b°nmri1+10a®bri12+24a?b?r12+18ab%r1?+
4b*r12-18a’bmr12-29ab?mri1?-11b®mr12-6a’nfr1?+4abnfr1?-2b%nfri?+
S5amr1?+5bnfr12+10a’br1®+16ab?r13+6b3r1°-16abmr1®-13b>mr1d-
2anfr1®+2bnfr1®+mr1®+5abr1*+4b%r1*-5bmr1*+br1®+a°r2+8a*br2+
18a®b?r2+16a’b3r2+5ab*r2-3a*mr2-14abmr2-19a’b?>mr2-8ab®mr2 -
6anfr2+2a’bnfr2+2ab’nfr2-6b3nfr2+3a°mr2+2abnmr2+3b>nmr2+
5a*r1ir2+32a®brlr2+54a’b?r1r2+32ab®r1r2+5b%*r1ir2-12a®mrir2-
50a’bmrir2-50ab’mrir2-12b°mrir2-8a?nfrir2+8abnfrir2-8b2nfrir2+
10anmrlr2+10bnfrir2+10a%r1?r2+48a’br1?r2+54ab?r12r2+16b%3r12r2 -
18a’mr1?r2-58abmr1?r2-31b?mr12r2-2anfr1?r2+2bnfr1?r2+3nfr1?r2+
10a%r13r2+32abr1%r2+18b%r13r2-12amr1r2-22bmr13r2+5ar1*r2+
8bri1*r2-3mr1*r2+r15r2+4a*r22+18a%br22+24a%b%r2?2+10ahb%r2?-
11a®mr22-29a?bmr2?2-18ab?mr2?2-2a?nfr22+4abnfr22-6b%>nfr22+
S5anmfr22+5bmr22+16a%r1r22+54a’br1r2?2+48ab?r1r22+10b%r1r22-
31a’?mri1r2?-58abmrir2?2-18b°mri1r22+2anfrir2?-2bnfrir22+3mrir2%+
24a%r1%r2°+54abr1?r22+24b%r1%r22-29amr1?r22-29bmr12r22+16ar1%r22+
18br13r22-9mr1r22+4r1%r22+6a°r2°+16a’br2®+10ab?r2%-13a2mr2° -
16abmr2®+2anfr22-2bnmfr28+nr2%+18a%r1r2°+32abr1r28+10b%r1r23-
22amrir2®-12bmrir2®+18ar1?r23+16br12r2°-9mr1?r23+6r1%r23+4a%r2%+
5abr2*-5amr2*+8arlr2*+5br1r2*-3mri1r2*+4r1%r2%+ar2%+r1r2°) ul+
(a®+6a*b+13a*b?+13a’b®+6ab*+b°-a*m-4a’bm-6a°b>m-4abdm-b*m-
2a®nf-2a’bnf-2ab?nf-2b3nf+5a*r1+24a°br1+39a?b?r1+26absri+
6b*r1-8a®mr1-26a?bmri-28ab’mr1-10b®mr1-2a?nfri1-2b%nfri+
10a%r1%2+36a’br12+39ab?r12+13b%r1?2-18a’mr12-40abmri1?-22b>mr1?+
6anfr1?+6bnfri2+10ar1%+24abr1®+13b2r1%-16amr1®-18bmr1%+
6nfri®+5ar1*+6br1*-5mri1*+r1%+6a*r2+26a°br2+39a’b?r2+24ab3r2+
5b*r2-10a®mr2-28a’bmr2-26ab’?>mr2-8bmr2-2a?nfr2-2b%nfr2+
24a%r1r2+78a%br1r2+78ab?r1r2+24b%r1r2-40a’mri1r2-80abmrir2-
40b?’mrir2+12anfrir2+12bnfrlr2+36a%r12r2+78abr1?r2+39b%r1%r2-
50amr1?r2-52bmr1?r2+18nfr1?r2+24ar1®r2+26br1%r2-20mr13r2 +
6r1*r2+13ar22+39a?br22+36ab?r22+10b%3r22-22a’mr22-40abmr2?-
18b°mr22+6anfr22+6bnfr22+39a%r1r22+78abr1r2?2+36b%r1r2?2-52amrir2?
50bmr1r22+18nfr1r22+39ar1?r22+39br12r22-30mr12r22+13r1%r22+
13a%r2%+24abr23+10b2r28-18amr2®-16bmr23+6nfr2%+26ar1r2®+
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24br1r2®-20mr1r23+13r1%r2%+6ar2*+5br2*-5mr2*+6r1r2%+r2%) u1?+
(2a*+8a’b+12a’b*+8ab’+2b*-a’m-3a’bm-3ab’m-b>m+8ar1+24a”bril+
24ab?r1+8b%r1-7a’mri1-14abmr1-7b°mri1+12a%r12+24abr1?+12b%r12-
11amr1?-11bmr12+8ar1®+8br1®-5mr13+2r1*+8a%r2+24a%br2+
24ab?r2+8b%r2-7a’mr2-14abmr2-7b?mr2+24a%r1r2+48abrlr2+
24b%r1r2-22amrlr2-22bmrlr2+24ar1?r2+24br1%2r2-15mr12r2 +
8r1%r2+12a%r2?2+24abr22+12b%r22-11amr2?-11bmr22+24arlr2?+
24brlr22715mr1r22+12r12r22+8ar23+8br2375mr23+8r1r23+2r24)ttl3+
(a®+3a’b+3ab®+b>+3a’r1+6abr1+3b*r1+3ar1?+3br1”+r1®+3a°r2+6abr2+
3b%r2+6arlr2+6brlr2+3r1%r2+3ar2?+3br22+3r1r2%+r23) nl* &, 2],
Root [a*bn?+3a’b?nf +3a’b3nf+abinf+adnf-a?bnf-ab?nf+b3nf.
2abnfr1+3a?b?nfrl-b*nmfri-2a%bmrl+
2b3mr1+3a?nfri-6abnfri+3b2nfri-a®nfri1?-
3a’bnfr12-6ab?nmfr1?2-4b¥mfr1?2+4abnfri?+
8b?mr12-anfri1?-bnfr12-3a’nfr1®-8abnfrid-
6b2nfri®+4anmr1®+10bnr1®-3nfri1d-
3amrl*-4bnfri1*+4mrl1*-nfr1®-a*nfr2+
3a?b?nfr2+2ab®mr2+2amr2-2ab®nfr2+
3a?nfr2-6abnfr2+3b2nfr2+a*mrir2+
4a%bmrir2+6a?b?mrir2+4ab®mrir2+b*mrir2-
6a’nfrir2-12a?bnfrir2-12ab’nfrir2-
6b°nfrir2+8a’nfrlr2+8abmrlr2+8b%nfrir2-
2anfrir2-2bnfrir2+4amr1?r2+12abmri1?r2+
12ab?mri1?r2+4b3mr12r2-17a?nfr12r2-
34abnfri?r2-20b?nfr1?2r2+18anfri?r2+
24bnPr1?2r2-9nfri12r2+6a’mr1®r2+12abmr1dr2+
6b?mr18r2-20anfr1®r2-22bnfr1r2+16mPr13r2+
damrl*r2+4bmr1*r2-8nfr1*r2+mr1%r2 -
4anfr22-6a’bnmfr22-3ab®nfr22-b3nfr22+
8a?mr22+4abmr22-anfr22-bnfr22+4amr1r2?+
12a’bmrir22+12ab®mri1r22+4b3mri1r22-
20a®nmfri1r22-34abnfrir2?2-17b2nfrir22+
24amr1r22+18bnfrir22-9nfrir22+12a?mr12r22+
24abmr1?r2?2+12b2mr12r2?2-35anfr1?r22 -
35bnfri12r22+24mri1?r22+12amr1r22+12bmr13r22 -
19nfr13r22+4mri1*r2?2-6a’nfr28-8abnfr2d-
3b?nfr22+10amr2®+4bmr28-3nfr22+6a’mrir2d+
12abmrir2®+6b2mrir2®-22anfrir2®-20bnfrir2%+
16nmfrir28+12amr1?r23+12bmr12r2%-19nfri12r2%+
6mr1dr23 _d4anfr2*-3bnfr2*+4mr2t+4amrir2t+
4bmrlr2*-8nfrir2*+4mr1?2r2* - nfr25+mr1r2%+
(a®b+4a’b?+6a’b®+4a’b*+ab’-a*bm-3a’b®’m-3a’b>’m-ab*m-2a*nf+4a’b’nf -
2b*nt-a®nmf+a’bnf+rab?nf-b3nf+5a*bri+16a®b?r1+18a’b%r1+8ab*r1+b5r1-
8a®bmrl-19a’b?mr1-14ab®mr1-3b*mri1-6anfri+2a’bnfrli+2ab®nfril-
6b3nfri+3a’nmfri+2abnfri+3b2nPri1+10a®bri12+24a?b?r12+18ab%r12+
4b*r12-18a’bmr1?2-29ab?mri1?-11b®mr12-6a’nfri?+4abnfri?-2b%nfri?+
S5anmri?+5bnfri12+10a’br1®+16ab?r1®+6b%r1°-16abmr1®-13b2mri1d-
2anfr1®+2bnfr1i®+mri1®+5abri1*+4b%r1*-5bmri1*+bri1%+a%r2+8a*br2+
18a°h?r2+16a’b%r2+5ab*r2-3a*mr2-14a°bmr2-19a?b?>mr2-8ab®mr2-
6alnfr2+2a’bnfr2+2ab?nfr2-6b3nfr2+3a?nfr2+2abnmfr2+3b2nfr2+
5a*r1r2+32a%brir2+54a?b?r1r2+32ab3r1r2+5b%ri1r2-12amri1r2-
50a’bmrir2-50ab?mrir2-12b®mrir2-8a?nfrir2+8abnfrir2-8b%nfrir2+
10anmrir2+10bnrlr2+10a%r12r2+48a?br1?r2+54ab?r1?r2+16b3r1%r2 -
18a’mri1?2r2-58abmr1?r2-31b?mr12r2-2anfr1?r2+2bnfr1?2r2+3nmr12r2+
10a?r1%r2+32abr1®r2+18b%r1%r2-12amr1®r2-22bmr1%r2+5ar1*r2+
8br1*r2-3mri1%r2+r1°r2+4a*r22+18a%br22+24a%b%r22+10ab3r2° -
11a®mr22-29a’bmr2?2-18ab’?mr22-2a?nfr22+4abnfr22-6b%>nfr22+
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5anmfr22+5bnmr22+16a%r1r22+54a’br1r2?2+48ab?r1r22+10b%r1r22-
31a’?mri1r2?-58abmri1r2?2-18b2mrir2?2+2anfrir22-2bnfrlr22+3nmPrir22+
24a%r1%r2°+54abr1?r22:24b%r1%r22-29amr1?r22-29bmr12r22+16ar1%r22+
18br13r22-9mr1r22+4r1*r22+6a°r2°+16a’br2®+10ab?r2%-13a2mr2° -
16abmr2®+2anfr22-2bnfr28+nr2%+18a%r1r2%+32abr1r28+10b2r1r23-
22amrir2®-12bmr1r2°+18ar1?2r2°+16br1%2r2%-9mr12r2%3+6r1%r2%+4a%r2%+
5abr2*-5amr2*+8arlr2*+5brir2*-3mr1r2*+4r12r2*+ar2®+r1r2°%) ul+
(a®+6a*b+13a*b*+13a’b®+6ab*+b°-a*m-4a’bm-6a°b®m-4ab’m-b*m-
2a®nt-2a’bnf-2ab?nf-2b®nf+5a%*r1+24a%br1+39a?b?r1+26absrl+
6b*r1-8a®mr1-26a’bmri1-28ab’mr1-10b®mr1-2a?nfr1-2b2nfri+
10a%r12+36a’br1?2+39ab?r12+13b%r1%2-18a’mr12-40abmri1?-22b>mr1?+
6anfrl®?+6bnfr1?+10a%r1®+24abr1®+13b%r1®-16amr1®-18bmr1d+
6nfri®+5ar1*+6br1*-5mr1*+r1°+6a*r2+26a%br2+39a?b?r2+24ab3r2+
5b*r2-10a°mr2-28a?bmr2-26ab’mr2-8b°mr2-2a’nmfr2-2b%nfr2+
24a%r1r2+78a%’brlr2+78ab?r1r2+24b%r1r2-40a’mrlr2-80abmrir2-
40b°mrir2+12anfrir2+12bnfrir2+36a°r12r2+78abr1?2r2+39b%r1%2r2 -
50amr1?r2-52bmr1?r2+18nfr1%r2+24ar1%r2+26br13r2-20mr13r2 +
6r1*r2+13a%r22+39a?br22+36ab?r22+10b3r22-22a°mr22-40abmr2?-
18b°mr22+6anfr22+6bnfr22+39a?r1r22+78abr1r2?2+36b%r1r2?2-52amrlr2®-
50bmr1r22+18nfr1r22+39ar1?r22+39br1?r22-30mr12r22+13r13r22+
13a%r2%+24abr23+10b%r28-18amr2®-16bmr23+6nfr2%+26ar1r2®+
24br1r22-20mr1r23+13r1%r23+6ar2*+5br2* -5mr2*+6r1r2*+r2°%) =l1?+
(2a*+8a’b+12a’b*+8ab’+2b*-a’m-3a’bm-3ab’m-b>m+8a’r1+24a”bril+
24ab’r1+8b%r1-7a’mril-14abmrl-7b®mrl+12a®r1%®+24abr1?+12b%r1%-
1lamr1®?-11bmr1?+8ar1®+8br1®-5mr1®+2r1*+8a%r2+24a°br2+
24ab’r2+8b%r2-7a’mr2-14abmr2-7b>mr2+24arir2+48abrir2+
24b?r1r2-22amrlr2-22bmrir2+24ar1®r2+24br1?r2-15mr1°r2+
8r13r2+12ar2?2+24abr22+12b%r22-11amr2?2-11bmr22+24arlr2?+
24br1r22-15mr1r2?+12r1%r2*+8ar2°+8br2°-5mr2°+8r1r2%+2r2%) u1®+
(a®+3a’b+3ab’+b®+3a’r1+6abr1+3b*r1+3ar1?+3br1?+r1%+3a’r2+6abr2+
3b%r2+6arlr2+6brlr2+3r1%r2+3ar2?+3br22+3r1r2%+r2°%) ul* &, 3],
Root [a*bnf +3a®b?nf+3a?b3nf +abnf+a®nf-a?bnf -ab?nf+b3nf+
2a’bnfri+3a?b?nfri-b*nfri-2a?bnfrl+
2b®nmPri+3a?nfri-6abnfri+3b%nfri-
a®nfri12-3a’bnfri1?2-6ab?nfri?-4p3nfri2+
4abmr1?+8b%?mri12-anfr1®2-bnfri?-
3a?nmr1®-8abnfr1®-6b2nfrid+4anfrid+
10bmr1®-3nfri1®-3anfr1*-4bnfri*+
AmPr1*-nfri1®-a*nfr2+3a?b?nfr2+2ab®nfr2+
2amPr2-2ab?mr2+3a’nfr2-6abnfr2+
3b?nfr2+a*mrir2+4abmrlr2+6a2b?mrlr2+
4ab®mrir2+b*mrir2-6asnfrir2-12a’bnfrir2-
12ab?nfrir2-6b3nmfrir2+8a®nmrir2+
8abmrir2+8b%nmfrir2-2anfrir2-2bnfrir2+
4amri1®r2+12a2bmr1?r2+12ab®mr1?r2 +
4b3mr1?r2-17a®nfr1?r2-34abnfri1?r2 -
20b%2nfr12r2+18anfr1?r2+24bnmri1?r2 -
oanfri1r2+6a’°mr1®r2+12abmr1®r2+6b°mr13r2-
20anfr1®r2-22bnfr1dr2+16nPr13r2+4amri1®r2+
4bmr1*r2-8nfri1*r2+mr1®r2-4anfr22-
6a’bnfr22-3ab?nfr22-b3nfr22+8a’nmrr22+
4abnfr2?-anfr22-bnfr22+4a®mr1r22+
12a’bmrir22+12ab®mri1r22+4b3mri1r22-
20a%nfri1r2?-34abnfrlr2?2-17b%nfrir2%+
24amrl1r22+18bnfrir22-9nfrir22+12a2mr12r22+
24abmr1?r2?2+12b®mr12r2?2-35anfr1?r22 -
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35bnfri12r22+24mri1?r22+12amr1dr22+
122bmr13r22-19nfr1dr22+4mr1*r2?2-6anfr28 -
8abnfr2®-3b2nfr22+10amr2 +4bmr2d-
3nfr2d+6a?mrir2®+12abmrir28+6b2mr1r28-
22anfrir2®-20bnfrir2%+16nfrir23+
12amr1?r28+12bmr12r2%-19nfr12r28 +6mr1dr2% -
4anfr2*-3bnfr2*+4nmr2*+4amrir2t+
4dbmrlr2* -8mrir2* +4mr1?r2* - nfr2°+mr1r2%+
(a5b+4a4b2+6a3b3+4a2b4+ab5—a4bm—3a3bzm—3a2b3m—ab4m—2a4mz+4a2b2n?—
2b*nf-a®nf+a’?bnf+ab?nmP-b3m+5a*br1+16a°b?r1+18a?b3r1+8ab*r1+b%r1-
8albmrl-19a’b?mr1-14ab®mr1-3b*mri1-6anfri+2a’bnmfrl+2ab?nfril-
6b®nfri+3a’mrl+2abnmrl+3b°nmri1+10a®bri12+24a®b?r12+18ab%r1?+
4b*r12-18a’bmr12-29ab?mr1?-11b®mr12-6a’nfri?+4abnfr1?-2b2nfri?+
S5anmrl?+5bnfr1?+10a?br1®+16ab?r1®+6b%r1%-16abmr1®-13b%>mr1® -
2anmfr1®+2bnfr1®+nmri1d+5abri1*+4b%r1*-5bmr1*+br1%+a°r2+8a*br2+
18a%b?r2+16a°b3r2+5ab*r2-3a*mr2-14a®bmr2-19a%b?mr2-8ab3mr2 -
6anfr2+2a’bnfr2+2ab®nfr2-6b°nfr2+3a?mr2+2abnfr2+3b2nfr2+
5a*r1ir2+32a®brlr2+54a®b?r1r2+32ab®r1r2+5b%*r1ir2-12a®mrir2-
50a’bmrlr2-50ab?mr1r2-12b3mrir2-8a?nfrir2+8abnfrlir2-8b%nfrlr2+
10anfrlr2+10bnmrlr2+10a%r1%r2+48a%br1°r2+54ab?r12r2+16b3r1%r2 -
18a’mr1?2r2-58abmr1?r2-31b?mr1%r2-2anfr1?r2+2bnfr1?r2+3nPr1?r2+
10a%r1%r2+32abr13r2+18b%r1%r2-12amr1®r2-22bmr13r2+5ar1*r2+
8bri1*r2-3mr1*r2+r1°r2+4a*r22+18abr22+24a%b%r22+10ahb%r2?-
11a®mr22-29a’bmr22-18ab?mr2?2-2a?nfr22+4abnmfr22-6b%>nfr22+
S5amr22+5bnmr22+16a°r1r22+54a’br1r2?2+48ab?r1r22+10b%r1r22-
31a?mri1r2?2-58abmrir2?2-18b?mri1r2?2+2anfrir2?2-2bnmfri1r22+3mrilr22+
24a%r1%r2°+54abr1?r22+24b%r1%r22-29amr1?r22-29bmr12r22+16ar1%r2?+
18br1%r22-9mr13r22+4r1%r22+6a°r2%+16a’br22+10ab?r2°-13a’mr2° -
16abmr2®+2anfr2®-2bnfr28+nfr2®+18a?r1r23+32abr1r2®+10b%r1r23-
22amrir2®-12bmr1r2®+18ar1?r23+16br12r2°-9mr12r2%3+6r1°%r2%+4a%r2*+
5abr2*-5amr2*+8arlr2®+5brir2*-3mrir2*+4r1%r2*+ar2®+r1r2°) ul+
(a®+6a*b+13a*b?+13a’b®+6ab*+b°-a*m-4a’bm-6a°b®>m-4ab®m-b*m-
2a®nf-2a’bnf-2ab®nf-2b®nf+5a*r1+24a®br1+39a°b”r1+26ab3r1+
6b*r1-8a°mr1-26a?bmri-28ab’mri1-10b®mr1-2a?nfri-2b%nfri+
10a°r1%2+36a’br12+39ab?r12+13b°%r1%2-18a’mr12-40abmri1?-22b>mr1?+
6anfr1?+6bnfri2+10ar1®+24abr1®+13b2r1%-16amr1®-18bmr1%+
6nmr1®+5ar1*+6br1*-5mr1*+r1°+6a*r2+26a%br2+39a%b?r2+24ab%r2+
5b*r2-10a®mr2-28a?bmr2-26ab’?mr2-8b®mr2-2a?nmr2-2b%nfr2+
24a°r1r2+78a’brlr2+78ab?r1r2+24b%r1r2-40a?mrlr2-80abmrilr2-
40b?’mrir2+12anfrir2+12bnfrlr2+36a%r12r2+78abr1?r2+39b%r1%r2-
50amr1?r2-52bmr1?r2+18nfr1?r2+24ar1®r2+26br13r2-20mr13r2 +
6r1*r2+13a%r22+39a?br22+36ab?r2?2+10b%r22-22a’mr22-40abmr2? -
18b°mr22+6anfr22+6bnfr22+39a%r1r2?2+78abri1r2?2+36b%r1r22-52amrlr2?-
50bmr1r22+18nfri1r22+39ar12r22+39br12r22-30mr1%r22+13r1%r22+
13a%r2%+24abr28+10b%r28-18amr2®-16bmr28+6nfr2%+26ar1r2®+
24br1r2°-20mr1r2®+13r1%r2°+6ar2*+5br2*-5mr2*+6r1r2*+r2°) ul?+
(2a*+8a’b+12a’b*+8ab’+2b*-a’m-3a’bm-3ab’m-b>m+8ar1+24a”bril+
24ab’r1+8b%r1-7a’mrl-14abmrl-7b®>mrl+12a®r1?+24abr1?+12b%r1% -
1l1amr1?-11bmr12+8ar1%+8br1®-5mr1®+2r1*+8a%r2+24a%br2+
24ab?r2+8b%r2-7a?mr2-14abmr2-7b°>mr2+24a%r1r2+48abrlr2+
24b%r1r2-22amrlr2-22bmrlr2+24ar1?r2+24br1%2r2-15mr12r2 +
8r1%r2+12a%r2?2+24abr22+12b%r22-11amr2?-11bmr22+24arlr2?+
24brlr22715mr1r22+12r12r22+8ar23+8br2375mr23+8r1r23+2r24)ttl3+

(a®+3a’b+3ab®+b*+3a’r1+6abr1+3b°r1+3ar1®+3br1®+r1°+3a°r2+6abr2+
3b%r2+6arlr2+6brlr2+3r1%r2+3ar2?+3br22+3r1r2%2+r23%) ul* & 4]}
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Simplify[
L . (m, 0, 1]]

Series[Det[JEqNBAZOll -x ldentityMatrix[4] /. X » -m ]
(rl+a) (r2+b)

o[m?
This confirmsthat eq. (4.29) of BA2011 is consistent with matrix Jy given in their eq. (4.28).
= Assuming tight linkage (weak recombination)
The coordinates of the internal equilibrium under the assumption of tight linkage, i.e. r << min(a, m), up to and including first-order
terms of r, can be obtained from eqg. (4.2) in BA2011.
{pPEgBA, qEqBA, DABEQBA} // MatrixForm

—a2+b2+6a (r1+r2)-4m(rl+r2)-(ri1+r2)2+(a-b+ri+r2) \/—Sm(r1+r2>+(a+b+r1+r2)2
8a (rl+r2)

a2-b2+6b (r1+r2)-4m(rl+r2)-(rd1+r2)2+(-a+b+ri+r2) \/—8m(rl+r2)+(a+b+r1+r2)2
8b (r1+r2)

-8nf (r1+r2)2-4m(r1+r2) (a®-2ab+b?-2a (r1+r2)-2b (rl+r2)+(rl+r2)2)+(a-b-r1-r2) (a+b-ri-r2) (a-b+ri+r2) (a+b+r1+r27\/ -8m(

32ab (r1+r2)2

2= PEqQWeakRec = Ful ISimplify[
Series[pEgBA /. {rl - ple, r2->p2€}, {€,0, 1}]1 /- {pl>rl/e, p2>r2/€} // Normal,

Assumptions » {O<a<b,0<m,0<rl, 0<r2}] // FullSimplify;
gEqWeakRec = FullSimplify[Series[qEQBA /. {rl > ple, r2 - p2e€}, {e, 0, 1}] /.

{pl>rl/e, p2>r2/€} // Normal,
Assumptions -» {O<a<b,0<m,0<rl, 0<r2}] // FullSimplify;

DABEgWeakRec = Ful ISimplify[Series[DABEQBA /. {r1 - ple, r2 - p2e}, {e, 0, 1}] /.

{pl>rl/e, p2->r2/€} // Normal,
Assumptions -» {O<a<b,0<m,0<rl, 0<r2}] // FullSimplify;

{pEgWeakRec, qEqWeakRec, DABEqWeakRec} // TableForm

-a*+a® (-3b+m)+a’?b (-3b+2m) +b (b-m) m(ri+r2)+a (-b3+b2 meb m(ri1+r2)+nt (ri+r2))

B a (a+b)?
-a®b-b*+b3 mebn? (r1+r2)+a? (-3bZ+bmem(rl+r2))+a (-3b3+2bZ mibm(rl+r2)-n? (ril+r2))
B b (a+b)3
(a*b-b? (b-m) m(r1+r2)+a® (3b2-m(r1+r2)-b (merl+r2))+a? (3b3+bm(ri+r2)+n? (r1+r2)-2b? (merl+r2))+ab (b3+bm(ri+r2)-2nf (ri+
ab (a+b)*

Checking these against first-order terms of eq. (4.1) in BA2011:

m rm b m b
1- - - - (——1 ) - pEqWeakRec /. {r » r1 +r2} // FullSimplify
a+b (a+b)2la a+bla
0
m rm a m a
1- - [— + (1— —]) - gEqWeakRec /. {r » r1+r2} // FullSimplify
a+b (a+b)2 \b a+b b
0
m m rm m m b a
(1— ]— [1— (1— ) [2————]]—DABEqWeakRec/. {r->rl+r2}//
a+b a+b (a+b)? a+b a+b a b
FullSimplify
0

nnzz;= ruleApplyEgWeakRec : =
{p » pEgWeakRec, g » geqWeakRec, n » nC, DAB » DABEqWeakRec, DAC » 0, DCB -» O, DACB - 0}
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ruleApplyEqWeakRec
1
{pe—i (—a4+a3 (-3b+m) +a%b (-3b+2m) +
a(a+b)3
b(b-mm(rl+r2)+a(-b>+b>m+bm(ri+r2)+nf (r1+r2))),
1
q->-——— (-a®b-b*+b®m+bnf (r1+r2)+a® (-3b>+bmsm(ri+r2))+
b (a+b)3
a(-3b%+2b®m+bm(rl+r2) -nf (r1+r2))), n-nC
1
DAB> ————— m(a’b-b” (b-mm(ri+r2)+a® (3b?-m(rl+r2)-b m+rl+r2))+
ab (a+hb)?

a? (3b%+bm(ri+r2) +nf (r1+r2) -2b% m+rl+r2)) +
ab (b>+bm(ril+r2)-2nf (r1+r2)-b?> (m+ril+r2))), DAC-0, DCB- O, DACB—>O}

JPrep // MatrixForm

a-m-2ap 0 b 0 0 0
0 b-m-2bgq a 0 0 0
-2abDMAB+mq -2bDAB+mp a+b-m-2ap-2bqg-rl1-r2 0 0 0
0 0 0 -m a b
0 0 0 mp a-m-2ap-rl 0
0 0 0 mq 0 b-m-2]
0 0 0 m(DAB-pq) -2aDAB+mq -2b DA

Now we see the block structure claimed in eqg. (4.27) of BA2011.

innz3= JEQWeakRec = JPrep /. ruleApplyEqWeakRec // FullSimplify;
JEgWeakRec // MatrixForm

Out[134]//MatrixForm=

1 8 b (b- b 1+r2
afm+7(8a<,1+i>+ m(b (b-m +a (bem)) (r +r>) 0
4 a+b (a+h)3
1 m 8
0 b—m+2(8b(—l+ﬁ)+f
mlb (8737,“)78m{a2‘a(b mbm (r1r2) 715 (ab @ib)? @ib-m - (a2+a (b m+bm (b (b-m+a (bsm)) u1>rz>';\ mla (g,ﬂ),a’““’ (b-m+a (bem) (r1:r2) 715 (ab @b)2
ab (asb)3 (a+b)* asb (asb)?
8b 8a
0 0
0 0
0 0
0 0

nnzs;= JEQNWeakRec = JEqWeakRec[{4, 5, 6, 7}, {4, 5, 6, 7}1;
JEgNWeakRec // MatrixForm

Out[136]//MatrixForm=

-m
m (a (B—S—r“) 7erb (b-m+a (b+m)) (ril:r2) )
a+b (a+b)3 a
8a
gmy 8m(aZ+a (b-m+bm (rir2)
m|b (87—)7—'
a+b (a+h)3

8b

gmy B8m(aZ:a (b-mbm (r1.r2) 8m| 8m(b (b-mia (bem) (ri:r2)| 64m(ab (@:h)? (@sb-m -(a®+a (b-m<bm (b (b-m+a (bsm) (rir2))
mfb<8 )7—(( )7 - - - )+ mb(S—

a+b (a+b)3 a+b (a+b)3 (asb)4

64ab
m Usingthe Ansatzme = —Ay = mz

JEqWeakRec
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1

{{—7 (a*+a® (3b-m +a’b Bb-m +a (b+m (b>-2m(ri+r2))+
(a+h)3
bm(b?-2b (r1+r2)+2m(r1+r2)}), 0, b, 0, 0, 0, 0},
1
{0, ——— (-b*+b®m-a® (b+m +2bnf (r1+r2) +a® (-3b°-bm+2m(ri+r2)) +
(a+b)s
a(-3b°+b?m+2bm(rl+r2)-2nf (r1+r2))), a 0, 0, 0, o},
1
{7m(—a4b+b2 (b®-b*m+2bm(r1+r2)-3nf (rl+r2))+
b (a+b)*

ab (2b-3bm(r1+r2) +4nf (r1+r2) +b* (-m+2 (r1+r2))) +
a® (-2b%+m(ri+r2) +b (m+2 (r1+r2))) +
a? (-4bm(ri+r2) -nf (r1+r2)+b®> (m+4 (r1+r2)))),

1
m(a®+a® (2b-m +b? (b-mmrl+r2)+a®> @2mrl+r2)+b (-m+2 (r1+r2)))+

a(a+b)?
ab (-b®-4bm(ri+r2)+4nf (rl+r2) +b® (M+2 (r1+r2))) +
a? (-2b%-3bm(r1+r2) -3nf (r1+r2) +b? (m+4 (r1+r2)))),

a?+b2-2m(rl+r2)+b (-m+rl+r2)+a (2b-m+rl+r2)

_ , 0,
a+b
0, 0, 0, {0, 0,
0, -m a, b, 0},
1
{O, 0,0 -————m(-a*+a® (-3b+m +a’b (-3b+2m +
a(a+bh)d
b-mmrl+r2)+a(-b>+b>m+bm(ri+r2)+nf (ri+r2))),
1
a-m-rl+ ———2(-a*+a® (-83b+m +a’b (-3b+2m +b (b-m m(ri+r2)+
(a+b)3
a(-b*+b>m+bm(ri+r2) +nf (r1+r2))), O, b},
1
{0, 0,0 -————m(-a®b-b*+b>m+bnf (r1+r2)+a® (-3b%+bm+m(ri+r2))+
b (a+b)3
a(-3p*+2b®m+bm(rl+r2)-nf (r1+r2))), 0,
1
b-m-r2+ ———2(-a®b-b*+b>m+bnf (r1+r2)+a® (-3b%+bm+m(ri+r2)) +
(a+b)3
a(—3b3+2b2m+bm(r1+r2)—m’-(r1+r2>)),a},
1
{O, 0,0 —————m(-(-a*b-b*+b¥m+bnf (r1+r2)+a® (-3b>+bm+mri+r2))+

ab (a+b)8

a(-3p*+2b®m+bm(rl+r2)-nf (r1+r2))) (-a*+a® (-3b+m +

a’b (-3b+2m +b (b-mm(ri+r2)+a (-b*+b>m+bm(ri+r2)+nf (rl+r2))) +
(@a+b)y?m(a*b-b” (b-mm(ri+r2)+a® (3b2-mri1+r2)-b m+rl+r2))+

a? (3b3+bm(ri+r2) +nf (r1+r2)-2b% Msrl+r2)) +

ab (b3+bmril+r2)-2nf (r1+r2)-b2 m+rl+r2)))),
1

b (a+b)*

ab (2b3-3bm(r1+r2) +4nf (r1+r2) +b® (-m+2 (r1+r2))) +
a® (-2b2+m(rl+r2) +b (M+2 (r1+r2))) +
a? (-4bm(ri+r2) -nf (r1+r2)+b*> (m+4 (r1+r2)))),
1

m(-a*b+b® (b®-b®m+2bm(ri+r2)-3nf (r1+r2))+

a(a+h)?
ab (-b*-4bm(r1+r2)+4nf (r1+r2) +b® (M+2 (r1+r2)))+

m(a®+a® (2b-m +b? (b-mmrl+r2)+a®> @2m@rl+r2)+b (-m+2 (rl+r2)))+

41
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a2 (-2b%-3bm(rl+r2) -3nf (r1+r2) +b2 (med (r1+12)))),
aZ+b%2-2mrl+r2) +b (-m+rl+r2)+a (2b-m+rl+r2)

) a+b }}

Applying the same Ansatz as above to the Jacobian obtained from the differential equations yields the following ratio between the

effective and actual migration rate, %:
ruleApplyEgWeakRec

1

{p%—i (-a*+a® (-3b+m +a’b (-3b+2m +
a(a+b)3

b(-mmrl+r2)+a(-b>+b>m+bm(ri+r2)+nf (r1+r2))),

1
qg->-——— (-a®b-b*+b®m+bnf (r1+r2)+a® (-3b%>+bmsm(ri+r2))+
b (a+hb)3
a(-3b%+2b®m+bm(rl+r2)-nf (r1+r2))), n-nC
1
DAB > ———————m(a*b-b® (b-mm(ri+r2)+a® (83b2-mrl+r2)-b m+rl+r2))+
ab (a+b)*

a? (3b%+bm(ri+r2) +nf (r1+r2) -2b*> m+rl+r2)) +
ab (b®+bm(ri+r2)-2nf (r1+r2) -b?> (m+rl+r2))), DAC- 0, DCB -0, DACB»O}

Simplify[
Series[Det[ (JEqWeakRec /. ruleApplyEgWeakRec) - x ldentityMatrix[7] /. X-» -mz],
{m, 0, 1}], Assumptions-» {a=20,b >0, r1>0, r2=>0}] // Normal

abm(a+b+rl+r2)2 (@am+r2)z+rl (r2 (-1+z)+bz))
Simplify[Solve[% = 0, Zz]]

rir2
{{Z% (a+rl) (b+r2) }}

Hence, we see that the effective migration rate does not only apply for weak migration, but also for weak recombination.

= Graphical exploration of approximation
= Generic

We compare the approximate effective migration rate to the exact (negative) eigenvalue of Jy computed numerically.

In[137]:=

ril r2
approxEffMigRateACBFuncfa_, b_, m , rl_, r2_] :=m ( ] ( ]
a+rl b+r2

In[138]:=

exactEffMigRateACBFunc[a_,b_,m_,rl1_,r2 ]:=Module [ {IN} ,JN={{-m,a, b,0} {

Return[-Max[Re[Eigenvalues[JIN]]1]]

]

mya = 0.002;
myb = 0.4;
mym = 0.0024;

myrl = 0.01 % (10) ;

myr2 = 0.01 % (30) ;

{exactEffMigRateACBFunc[mya, myb, mym, myrl, myr2],
approxEffMigRateACBFunc[mya, myb, mym, myrl, myr2],
approxEffMigRateACBFunc[mya, myb, mym, myrl, myr2] /

exactEffMigRateACBFunc[mya, myb, mym, myrl, myr2] - 1}

{0.00102183, 0.0010084, -0.0131391}

The exact (blue) and approximate (red) effective migration rate:

8 a (rl+r2)

m
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Manipulate[Plot[{exactEffMigRateACBFunc[mya, myb, m, myrl, myr2],
approxEffMigRateACBFunc[mya, myb, m, myrl, myr2]1}, {m, O, .1},
Frame -» True, FrameStyle - Table[{Black, Opacity[0]}, {i, 1, 2}],
FrameLabel - {"'"Migration rate m", "Effective mig. rate"},
LabelStyle » {Directive[FontSize -» 14], FontFamily - "Helvetica"}],
{{mya, 0.02}, O, 1}, {{myb, 0.4}, 0, 1}, {{myrl, 0.02}, O, 1}, {{myr2, 0.02}, 0, 1}]

mya :D

myb

myrl :D
myr2 CD

M
U

0.015}

0.010}

Effective mig. rate

0.005}

0.000b— . .
000 002 004 006 008 0.10

Migration rate m

Order of loci: A-B-C

We note that the definitions given in equations (1) to (37) above remain unchanged. The algorithm for the construction of difference
equations under recombination a so remains the same.

Dac=Y1—PAn—pDcg —gDac —NDag =Yy1 - PAn—p[(y1 +y3) —qnl = q[(y1 + ¥2) — PNl = n[(y1 + ¥5) — pd] @)
= Deriving the difference equations under recombination

nnso- gametes2 = {{Al, B1, C1}, {Al, B2, C1}, {A2, B1, C1},
(A2, B2, Cl1}, {Al, B1, C2}, {Al, B2, C2}, {A2, B1, C2}, {A2, B2, C2}}

oufizgl= {{Al, Bl, Cl1}, {Al, B2, Cl}, {A2, B1, Cl}, {A2, B2, Cl},
{Al, B1, C2}, {Al, B2, C2}, {A2, Bl1l, C2}, {A2, B2, C2}}
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matings2 = Flatten[Table[ {gametes2[i], gametes2[j]},
{i, 1, Length[gametes2]}, {Jj, 1, Length[gametes2]}], 1]
Length[

%]

{{{A1, B1,
{{A1, B1,
{{A1, B1,
{{A1, B1,
{{A1, B2,
{{A1, B2,
{{A2, B1,
{{A2, B1,
{{A2, B1,
{{A2, B2,
{{A2, B2,
{{A2, B2,
{{A1, B1,
{{A1, B1,
{{A1, B2,
{{A1, B2,
{{A1, B2,
{{A2, B1,
{{A2, B1,
{{A2, B1,
{{A2, B2,
{{A2, B2,

64

The gamete frequencies remain the same, as we have defined the list

Cly,
Cly,
Cly,
Cly,
Cly,
Cly,
Cly,
Cly,
Cly,
Cly,
Cly,
Cly,
C2},
C2},
C2},
C2},
C2},
C2},
C2},
C2},
C2},
2},

(A1, B,
(A2, B,
(A1, BL,
(A2, B2,
(A2, B,
(A1, B2,
(A1, BL,
(A2, B2,
(A2, B,
(A1, B2,
(A1, BL,
(A2, B2,
(A2, B,
(A1, B2,
(A1, BL,
(A2, B2,
(A2, B,
(A1, B2,
(A1, BL,
(A2, B2,
(A2, B,
(A1, B2,

Cl}y, {{Al,
Cly, {{Al,
G213, {{AL,
G213, {{AL,
Cly, {{Al,
G213, {{AL,
Cl}y, {{A2,
Cly, {{A2,
G211, {{A2,
Cly, {{A2,
G213y, {{A2,
G213, {{AL,
Cliy, {{Ad,
G213, {{AL,
Cliy, {{Al,
Cl}y, {{Al,
G213, {{AL,
Cly, {{A2,
G213y, {{A2,
G211, {{A2,
Cly, {{A2,
G211, {{A2,

B1,
B1,
B1,
B2,
B2,
B2,
B1,
B1,
B1,
B2,
B2,
B1,
B1,
B1,
B2,
B2,
B2,
B1,
B1,
B2,
B2,
B2,

{gametes2, gameteFreqs} // TableForm

Al
B1
C1

yl

Al
B2
C1

y2

A2
B1
C1

y3

A2
B2
C1

y4

AL AL
BL B2
@2 @
ys  yé

A2
B1
c2

y7

Cl}, {AL,
Cl}, {A2,
Cl}, {A1,
Cl}, {A1,
Cl}, {A2,
Cl}, {A2,
Cl}, {A1,
Cl}, {A1,
Cl}, {A2,
Cl}, {A2,
Cl}, {A1,
C2}, {A1,
CZ}, {Azy
CZ}, {Azy
C2}, {A1,
C2}, {A1,
CZ}, {Azy
CZ}, {Azy
C2}, {A1,
C2}, {A1,
CZ}, {Azy
CZ}, {Azy

B2,
B2,
B2,
B1,
B2,
B1,
B2,
B1,
B2,
B1,
B2,
B1,
B2,
B1,
B2,
B1,
B2,
B1,
B2,
B1,
B2,
B1,

Cl}},

Cl}3,

G233, {{AL,
Cly3}, {{AL,
Cly3}, {{AL,
G233, {{AL,
Cly3y, {{A2,
G233, {{A2,
G233, {{A2,
Cly3y, {{A2,
G233, {{A2,
Cly3}, {{AL,
Cly3}, {{AL,
G233, {{AL,
Cly3}, {{AL,
G233, {{AL,
G233, {{A2,
Cly3y, {{A2,
G233, {{A2,
Cly3y, {{A2,
Cly3y, {{A2,
G233, {{A2,

‘gametes2’ appropriately:

Obviously, then, the pairs of frequencies applying to the matings remain the same, too:

{matings2, fregPairs} // TableForm

Al
Al
yl
yl

Bl C1
Bl C1

Al
Al
yl
y2

Bl C1
B2 C1

Al B1 Cl
A2 B1 Cl
yl
y3

Al Bl Cl
A2 B2 Cl
yl
y4

Al Bl Cl1
Al Bl C2
yl
y5

MapThread[gametesProduced [#1[1], #1[2], #2[11, #2[2]] &,
{matings2[1 ;; 2], freqPairs[l ;; 21}] // TableForm

Al

Al
Al

Bl C1

Bl C1
B2 C1

B1,
B2,
B2,
B2,
B1,
B1,
B2,
B2,
B2,
B1,
B1,
B1,
B2,
B2,
B1,
B1,
B1,
B2,
B2,
B2,

Al
Al
yl
y6

Cly,
Cly,
Cly,
Cly,
Cly,
Cly,
Cly,
Cly,
Cly,
C2},
C2},
C2},
C2},
C2},
C2},
C2},
C2},
C2},
C2},
2},

Yy (1-r2)y1%2+r1 (1-r2)y1?+ (1-r1)r2y12+rir2y1?
(1-r1) (1-12)yly2+ 211 (1-r2)yly2+ 3 (1-r1)r2yly2+ rlr2yly?2
(1-rl) (17r2)y1y2+§rl(lfr2)y1y2+%(17r1)r2y1y2+§r1r2y1y2

{A2,
{AL,
{AL,
{A2,
{A2,
{AL,
{AL,
{A2,
{A2,
{AL,
{AL,
{A2,
{A2,
{AL,

{A2,
{A2,
{AL,
{AL,
{A2,

B1,
B2,
B1,
B2,
B1,
B2,
B1,
B2,
B1,
B2,
B1,
B2,
B1,
B2,
B1,
B2,
B1,
B2,
B1,
B2,

Al
A2
yl
y7

G213,
Cl33,
G211,
G213,
Cl33,
G211,
Cl33,
Cl33,
G213,
Cl33,
G213,
G211,
Cl33,
G213,
Cl33,
Cl33,
G213,
Cl33,
G213,
G211}

Bl C1
Bl C2
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In[1401= recSep2 =
MapThread[gametesProduced [#1[1], #1[2], #2[11, #2[2]] &, {matings2, fregPairs}];
TableForm[recSep2]

MapThread::mptd : Object matings2 at position {2, 1} in
MapThread[gametesProduced[H#1[1], H1[2], #2[1], H2[2]] &, {matings2, {{y1, y1}, {y1, y2}, {y1, y3}, {y1, y4},
{y1,y5}, {yl,y6}, {yl, y7},{yl, y8}, {y2, y1}, {y2, y2}, {y2, y3}, {y2, y4}, {y2, y5}, {y2, y6}, {y2, y7}, {y2, y8},
{y3, y1}, {y3,y2}, {y3, y3}, {y3, y4}, <12, {y5, y1}, {y5, y2}, {y5, y3}, {y5, y4}, {y5, y5}, {y5, y6}, {y5, y7},
{y5, y8}, {y6, y1}, {y6, y2}, {y6, y3}, {y6, y4}, {y6, y5}, {y6, y6}, {y6, y7}, {y6, y8}, {y7, y1}, {y7, y2}, «14>}}
] has only O of required 1 dimensions. >

MapThread::mptd : Object matings2 at position {2, 1} in
MapThread[gametesProduced[&1[1], #1[2], #2[1], #2[2]] &, {matings2, {{y1, y1}, {y1, y2}, {y1, y3}, {y1, y4},
{yl,y5} {yl, y6}, {yl, y7}, {y1, y8} {y2, y1}, {y2, y2}, {y2, y3}, {y2, y4}, {y2, y5}, {y2, y6}, {y2, y7}, {y2, y8},
{y3,y1}, {y3,y2}, {y3,y3}, {y3, y4}, <12, {y5, y1}, {y5, y2}, {y5, y3}, {y5, y4}, {y5, y5}, {y5, y6}, {y5, y7},
{y5, y8}, {y6, y1}, {y6, y2}, {y6, y3}, {y6, y4}, {y6, y5}, {y6, y6}, {y6, y7}, {y6, y8}, {y7, y1}, {y7, y2}, <14>}}
] has only O of required 1 dimensions. >

Out[141])//TableForm=
MapThr ead [ganet esProduced [#1[1], #1[2], #2[1], #2[2]] &
{matings2, {{yl, y1}, {y1, y2}, {y1, y3}, {y1, y4}, {yl, y5}, {y1, y6}, {yl, y7}, {yl, y8},
{y2, y1}, {y2, y23}, {y2, y3}, {y2, y4}, {y2, y5}, {y2, y6}, {y2, y7}, {y2, y8},
{y3, y1}, {y3, y2}, {y3, y3}, {y3, v4}, {y3, y5}, {y3, y6}, {y3, y7}, {y3, y8},
{y4, y1}, {y4, y23}, {y4, y3}, {y4, y4}, {y4, y5}, {y4, y6}, {y4, y7}, {y4, y8},
{y5, y1}, {y5, y2}, {y5, y3}, {y5, y4}, {y5, y5}, {y5, y6}, {y5, y7}, {y5, y8},
{y6, y1}, {y6, y2}, {y6, y3}, {y6, y4}, {y6, y5}, {y6, y6}, {y6, y7}, {y6, y8},
{y7, y1}, {y7, y23}, {y7, y3}, {y7, y4}, {y7, y5}, {y7, y6}, {y7, y7}, {y7, y8},
{y8, y1}, {y8, y2}, (y8, y3}, {y8, y4}, {y8, y5}, {y8, y6}, {y8, y7}, {y8, y8}}}]

indices2 = Table[Position[recSep2[i, 1], gametes2[2]]1, {i, Length[recSep2]}]
(03 {023y, (3 {233, (3, (4333, (3, ({333, {{2}3), {{1}}, {{2}3}, ({11}, {{3}}, ({11},
({333, {1y, (3, {233, (3, {3 {3, (8333, {3, 0} ({233, ({133, {3, {3}, {{3}},

{1y O 0 O3 {033 {3 {833 {3 O3 {3 (3 {333, ({13}, {{3}}, ({11}, {3,
O O O O (883 O O O O O O (8083 ({1 {3 O (0 {1 () {3}

Flatten[Table[Part[recSep2, i, 2][Flatten[indices2[i]]], {i, Length[indices2]}]] //
Total // FullSimplify

y22+r1ydy5-r1r2ydy5+r2y3y6-1r1r2y3y6+rlydy6+r2ydy6-2r1r2ydy6+
y2 (y3-r1ly3+y4+y5-r2y5+y6+y7+rl (-1+r2)y7+y8+rl (-1+2r2)y8-r2 (y7+y8)) +
yl (y2+r2y6+rl (y4d+r2y8))

m Differential equations under recombination
= |ntermsof gamete frequencies

recTildel = sumPerOffspringGamete[gametes2, 1, recSep2] // FullSimplify
y12 412 (y2 +y3+y4) y5+11 (-r2y4y5+y3 (y5-2r2y5+y6-r2y6) +y2 (y3+r2y7)) +
y1 (y2+y3+y4-rly4d+y5+y6-r2y6+y7+rl (-1+2r2)y7+y8+rl (-1+r2)y8-r2 (y7+y8))
The corresponding continuous-time differential equation:

yTildelD =
FullSimplify[Series[recTildel -yl /. recScale, {e, 0, 1}] /. recBackScale // Normal]

y124+712 (y2+y3+y4) y5+1r1y3 (y2 +y5+y6) +

y1 (-1+y2+y3+y4-rly4d+y5+y6-r2y6+y7+y8- (rl+r2) (y7+y8))

Collect[yTildelD, {ril, r2}]

~y1+y12+yly2 +yly3+yly4d +yly5+yly6+yly7 +yly8+

r2 ((y2+y3+y4)y5-yly6-yl (y7+y8)) +rl (-ylyd+y3 (y2+y5+y6) -yl (y7+y8))
FuIISimpIify[(—y1+y12+y1y2+y1y3+y1y4+y1y5+y1y6+y1y7+y1y8),

Assumptions » {y8 == 1-yl1-y2-y3-y4-y5-y6-y7, y1+y2+y3+y4+y5+yY6+y7 +y8 == 1}]
0
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We note that ‘yTildelD’ can be simplified to

In[142]

yTildelDotRec = -rl (y1l (1-p) -y3p) -r2 (yl (1-n) -y5n)

yTildelDotRec - yTildelD /. {p->yl+y2+y5+y6, 0->yl+y3+y5+y7, n->yl+y2+y3+y4} //.
{yl-1-(y2+y3+y4d+y5+y6+y7+y8)} // Simplify

0

recTilde2 = sumPerOffspringGamete[gametes2, 2, recSep2] // FullSimplify

y22+r1ydy5-r1r2ydy5+r2y3y6-rlr2y3y6+rlydy6+r2ydy6-2rlr2ydy6+
y2 (y3-r1ly3+y4+y5-1r2y5+y6+y7+rl (-1+r2)y7+y8+rl (-1+2r2)y8-r2 (y7+y8)) +
y1l (y2+r2y6+rl (yd+r2y8))

yTilde2D =
FullSimplify[Series[recTilde2 -y2 /. recScale, {e, 0, 1}] /. recBackScale // Normal]

y22 412 (yl+y3+y4)y6+rlyd (yl+y5+y6) +
y2 (-1+yl+y3-r1ly3+y4+y5-1r2y5+y6+y7+y8- (rl+r2) (y7+y8))
Collect[yTilde2D, {ril, r2}]
—y2+yly2+y22 1 y2y3+y2y4+y2y5+y2y6+y2y7 +y2y8+
r2 (-y2y5+ (yl+y3+y4)y6-y2 (y7+y8)) +rl (-y2y3+y4 (yl+y5+y6) -y2 (y7+y8))
FUllSimplify[(-y2+yly2+y22+y2y3+y2y4+y2y5+y2y6+y2y7+y2y8),
Assumptions -» {y8 ==1-yl1-y2-y3-y4-y5-y6-Yy7,yl+y2+y3+y4+y5+y6+y7+Yy8 == 1}]
0
We note that ‘yTilde2D’ can be simplified to

In[143]:=

yTilde2DotRec = -rl (y2 (1-p) -y4p) -r2 (y2 (1 -n) -y6n)

yTilde2DotRec -yTilde2D /. {(p->yl+y2+y5+y6, Q->yl+y3+y5+y7, n->yl+y2+y3+y4d} //.
{(Yl1>1-(y2+y3+y4+y5+y6+y7+y8)} // Simplify

0
recTilde3 = sumPerOffspringGamete [gametes2, 3, recSep2] // FullSimplify

y32 +y3y4 +y3y5-r1y3y5-r2y3y5+2r1r2y3y5+r1r2y4y5+y3y6 -
rly3y6-r2y3y6+rlr2y3y6+y3y7+r2y4dy7 - (-1+rl1)y2 (y3+r2y7) +
y3y8-r2y3y8+yl (y3+r2y7+rl (yd+y7-2r2y7+y8-r2y8))

yTilde3D =
FullSimplify[Series[recTilde3 -y3 /. recScale, {e, 0, 1}] /. recBackScale // Normal]

y324+r2 (yl+y2+y4) y7 +1r1yl (y4d+y7+y8) +

y3 (-1+yl+y2-rly2+y4+y5+y6- (rl+r2) (y5+y6) +y7+y8-r2y8)
Collect[yTilde3D, {ril, r2}]

~y3+yly3+y2y3+y32+y3y4+y3y5+y3y6+y3y7 +y3y8+

r2 (-y3 (y5+y6) + (yl+y2+y4)y7-y3y8) +rl (-y2y3-y3 (y5+y6) +yl (y4+y7+y8))
FuIISimpIify[(—y3+y1y3+y2y3+y32+y3y4+y3y5+y3y6+y3y7+y3y8),

Assumptions » {y8 == 1-yl-y2-y3-y4-y5-y6-y7, y1+y2+y3+y4+y5+y6+y7 +y8 == 1}]
0

We notethat ‘yTilde3D’ can be simplified to

In[144]:=

yTilde3DotRec = -rl (y3p-yl (1-p)) -r2 (y3 (1-n) -y7n)

yTilde3DotRec -yTilde3D /. {p->Y1l+y2+Yy5+Yy6, q->Y1l+y3+y5+y7, N>yl+y2+y3+yd} //.
{yl-1-(y2+y3+y4d+y5+y6+y7+y8)} // Simplify
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recTilde4d = sumPerOffspringGamete[gametes2, 4, recSep2] // FullSimplify
v4 (yl+y2+y3+y4d- (-1+1r2) (yS5+y6+y7)) + (r2 (yl+y2+y3) +y4)y8+
rl1 ((-1+r2)y4y5+ (r2y3-y4+2r2y4)y6+y2 (y3+y7-r2y7+y8-2r2y8) -yl (yd+r2y8))

yTildedD =
FullSimplify[Series[recTilde4 -y4 /. recScale, {e, 0, 1}] /. recBackScale // Normal]

(-1+yl)yd+y4 (y2+y3+y4- (-1+r1r2) (yS5+y6+Yy7)) +
(r2 (yl+y2+y3) +y4)y8+rl (-y4 (yl+y5+y6) +y2 (y3+y7+y8))

Collect[yTilde4D, {rl, r2}]
(-1+yl) y4+y2y4+y3y4+y42+y4y5+y4y6+y4y7+y4y8+
r2 (-y4 (y5+y6+y7) + (yl+y2+y3)y8) +rl (-y4 (yl+y5+y6) +y2 (y3+y7+y8))
FUlISimplify[((-1+yl) y4+y2y4+y3y4+y4? + yAy5+y4y6 + yAy7 + y4ys),
Assumptions » {y8 == 1-yl1-y2-y3-y4-y5-y6-y7, y1+y2+y3+y4+y5+y6+y7 +y8 == 1}]
0
We notethat ‘yTilde4D’ can be simplified to

In[145]:=

yTilde4DotRec := -rl (ydp-y2 (1-p)) -r2 (y4 (1 -n) -y8n)

yTilded4DotRec -yTildedD /. {(p->yYl+y2+y5+y6, g-yl+y3+y5+y7, Nn->yl+y2+y3+y4d} //.
{(Yl1-1-(y2+y3+y4+y5+y6+y7+y8)} // Simplify

0
recTilde5 = sumPerOffspringGamete[gametes2, 5, recSep2] // FullSimplify

y3y5-r1y3y5-r2y3y5+2r1lr2y3y5+y4y5-rlydy5-r2y4y5+
rir2ydy5+y52+r1r2y3y6+y5y6+y5y7 +rly6y7 - (-1+r2)y2 (y5+rly7) +
y5y8-r1y5y8+yl (yS5+rly7+r2 (y6+y7-2rly7+y8-rly8))

yTilde5D =
FullSimplify[Series[recTilde5-y5 /. recScale, {e, 0, 1}] /. recBackScale // Normal]

y52 411 (yl+y2+y6) y7+r2yl (y6+y7 +y8) +

y5 (-1+yl+y2-r2y2+y3-r1ly3+y4-r2 (y3+y4) +y6+y7+y8-rl (y4+y8))
Collect[yTilde5D, {ril, r2}]

~y5+yly5+y2y5+y3y5+y4y5+y52+y5y6 +y5y7 +y5y8 +

rl1(-y3y5+ (yl+y2+y6)y7-y5 (yd+y8)) +r2 (-y2y5+ (-y3-y4)y5+yl (y6+y7 +y8))
FuIISimpIify[(—y5+y1y5+y2y5+y3y5+y4y5+y52+y5y6+y5y7+y5y8),

Assumptions » {y8 = 1-yl1 -y2-y3-y4-y5-y6-y7, yl+y2+y3+y4+y5+y6+y7 +y8 == 1}]
0

We note that ‘yTilde5D’ can be simplified to

In[146]:=

yTilde5DotRec := -rl (y5 (1-p) -y7p) -r2 (ySn-yl (1-n))

yTilde5DotRec - yTilde5D /. {(p->Y1l+y2+y5+y6, ->Yyl+y3+y5+y7, N->yl+y2+y3+y4} //.
{Y1-51-(y2+y3+yY4+y5+y6+y7+y8)} // Simplify

0
recTilde6 = sumPerOffspringGamete [gametes2, 6, recSep2] // FullSimplify
y6 (yl+y2+y3-rly3+y4+y5+y6+y7-rl (yd+y7)) + (rl (yl+y2+y5) +y6)y8+

r2 (-(yl+y3+y4)y6+y2 (y5+y7-rly7+y8-2rl1ly8) +rl (ydy5+y3y6+2y4y6-yly8))
yTilde6D =

FullSimplify[Series[recTilde6 -y6 /. recScale, {e, 0, 1}] /. recBackScale // Normal]
y6 (-1 +yl+y2+y3-rly3+y4+y5+y6+y7-rl (y4d+y7)) +

(rl (yl+y2+y5) +y6)y8+r2 (- (yl+y3+y4)y6+y2 (y5+y7 +y8))
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Collect[yTilde6D, {ril, r2}]

~y6+yly6+y2y6 +y3y6+y4y6 +y5y6+y62 +y6y7 +y6Yy8 +
rl (-y3y6-y6 (yd+y7) + (yl+y2+y5)y8) +r2 (- (yl+y3+y4)y6+y2 (y5+y7+y8))
FullSimplify[(-y6+yly6+y2y6 +y3y6 +y4y6 +Yy5y6+y6”+y6y7 +y6y8),
Assumptions -» {y8 ==1-yl1-y2-y3-y4-y5-y6-y7,yl+y2+y3+y4+y5+y6+y7+Yy8 == 1}]
0
We note that ‘yTilde6D’ can be simplified to

In[147]:=

yTilde6DotRec = -rl (y6 (1-p) -y8p) -r2 (ybn-y2 (1-n))

yTilde6DotRec - yTilde6D /. {(p->yl+y2+y5+y6, q->YyYl+y3+y5+y7, Nn>yl+y2+y3+yd} //.
{y1-1-(y2+y3+y4+y5+y6+y7+y8)} // Simplify

0
recTilde7 = sumPerOffspringGamete[gametes2, 7, recSep2] // FullSimplify

y7 (Yyl+y2+y3+y4+y5+y6+y7+y8) +
rl(y4 (y5-r2y5) +y3 (y5-2r2y5-r2y6) + ((-1+2r2)yl+ (-1+r2)y2-y6)y7+
(r2yl+y5)y8) +r2 (- (yl+y2+y4)y7+y3 (y5+y6+y8))

yTilde7D =
FullSimplify[Series[recTilde7 -y7 /. recScale, {e, 0, 1}] /. recBackScale // Normal]

y7 (-1+y1+y2+y3+y4+y5+y6+y7+y8) +
rl (-(yl+y2+y6)y7+y5 (y3+y4+y8)) +r2 (- (yl+y2+y4)y7+y3 (y5+y6+y8))

Collect[yTilde7D, {ril, r2}]
y7 (-1+y1l+y2+y3+y4+y5+y6+y7+y8) +
rl(-(yl+y2+y6)y7+y5 (y3+y4d+y8)) +r2 (- (yl+y2+y4)y7+y3 (y5+y6+y8))

FulllSimplify[ (Y7 (-1+yl+y2+y3+y4+y5+y6+y7+y8)),
Assumptions -» {y8 == 1-yl1 -y2-y3-y4-y5-y6-y7, yl+y2+y3+y4+y5+y6+y7+y8 ==1}]

0
We note that ‘yTilde7D’ can be simplified to

M yTilde7DotRec 1= -1l (y7p-y5 (L-p)) - r2 (y7n-y3 (1-n))

yTilde7DotRec - yTilde7D /. {p->yl+y2+y5+y6, d->Yyl+y3+y5+y7, n->yl+y2+y3+y4} //.
{y1-1-(y2+y3+y4+y5+y6+y7+y8)} // Simplify

0
recTilde8 = sumPerOffspringGamete[gametes2, 8, recSep2] // FullSimplify
rly6 (y3+y4+y7) -rl (yl+y2+y5)y8+y8 (yl+y2+y3+y4+y5+y6+y7+y8) +
r2 (y4 (y5-rly5+y6-2rly6+y7) - (yl+y2+y3)y8+rl (-y3y6+y2y7+yly8+2y2y8))

yTilde8D =
FullSimplify[Series[recTilde8 -y8 /. recScale, {e, 0, 1}] /. recBackScale // Normal]

rly6 (y3+y4+y7) +r2y4 (y5+y6+y7) -r2 (yl+y2+y3)y8-
rl (yl+y2+y5)y8+y8 (-1+yl+y2+y3+y4+y5+y6+y7+y8)

Collect[yTilde8D, {ril, r2}]
y8 (-1+yl+y2+y3+y4+y5+y6+y7+y8) +
r2 (y4 (yS+y6+y7) + (-yl-y2-y3)y8) +rl (y6 (y3+yd+y7) + (-yl-y2-y5)y8)

FulllSimplify[(y8 (-1+yl+y2+y3+y4+y5+y6+y7+y8)),
Assumptions -» {y8 ==1-yl1-y2-y3-y4-y5-y6-y7,yl+y2+y3+y4+y5+y6+y7 +y8 =1}]

0
We note that ‘yTilde8D’ can be simplified to
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In[149]:=

yTilde8DotRec = -rl (y8p-y6 (1-p)) -r2 (y8n-y4 (1-n))

yTilde8DotRec - yTilde8D /. {p->yl+y2+y5+y6, 0->yl+y3+y5+y7, n->yl+y2+y3+y4} //.
{yl-1-(y2+y3+yd+y5+y6+y7+y8)} // Simplify
0

= Intermsof allelefrequenciesand LD

allToGam
P->Y1l+y2+y5+y6, q->yl+y3+y5+y7, n>yl+y2+y3+yd}
MO pTildeDotRec t= D{pDef /. {yl - y1[t], y2 - y2[t], Y5 - y5[t], y6 - Y6[t]}, t] /.
{yl"[t] » yTildelDotRec, y2"[t] -» yTilde2DotRec, y5"[t] - yTilde5DotRec,
y6 " [t] » yTilde6DotRec} /. gamToAIILD // FullSimplify
gTildeDotRec :=D[gDef /. {yl > yl[t], y3->y3[t], Y5> Yy5[t], Y7 ->y7[t]}, t] /.-
{yl"[t] -» yTildelDotRec, y3"[t] -» yTilde3DotRec, y5"[t] » yTilde5DotRec,
y7 " [t] » yTilde7DotRec} /. gamToALILD // FullSimplify
nTildeDotRec := D[nDef /. {yl -» yl1[t], y2 » y2[t], y3 - y3[t], y4 »>vy4[t]}, t] /.
{yl"[t] » yTildelDotRec, y2"[t] -» yTilde2DotRec, y3"[t] - yTilde3DotRec,
y4 " [t] » yTilde4DotRec} /. gamToALILD // FullSimplify
DACTildeDotRec := D[DACDef /. {yl -» yl[t], y2 > y2[t], y3 - y3[t],
y4 - y4[t], y5 - y5[t], y6 - y6[t], y7 > y7[t], y8 »y8[t]}, t] /.
{yl*"[t] - yTildelDotRec, y2 " [t] -» yTilde2DotRec, y3"[t] -» yTilde3DotRec,
y4 " [t] -» yTilde4DotRec, y5" [t] - yTilde5DotRec, y6 " [t] -» yTilde6DotRec,
y7"[t] -» yTilde7DotRec, y8" [t] -» yTilde8DotRec} /.
{X_[t] » X} /- gamToAlILD // FullSimplify
DCBTildeDotRec := D[DCBDef /. {yl - yl[t], y2 -»y2[t], y3 - y3[t],
y4 - y4[t], y5 » y5[t], y6 - y6[t], y7 > y7[t], y8 » y8[t]}, t] /.
{yl"[t] » yTildelDotRec, y2 " [t] -» yTilde2DotRec, y3"[t] -» yTilde3DotRec,
y4 " [t] -» yTilde4DotRec, y5" [t] - yTilde5DotRec, y6 " [t] -» yTilde6DotRec,
y7"[t] -» yTilde7DotRec, y8" [t] -» yTilde8DotRec} /.
{X_[t] » X} /- gamToAlILD // FullSimplify
DABTildeDotRec := D[DABDef /. {yl - yl[t], y2 »y2[t], y3 - y3[t],
y4 - y4[t], y5 - y5[t], y6 - y6[t], y7 - y7[t], y8 »y8[t]}, t] /.
{yl*"[t] - yTildelDotRec, y2 " [t] -» yTilde2DotRec, y3"[t] -» yTilde3DotRec,
y4 " [t] -» yTilde4DotRec, y5" [t] - yTilde5DotRec, y6 " [t] -» yTilde6DotRec,
y7 " [t] -» yTilde7DotRec, y8" [t] -» yTilde8DotRec} /.
{X_[t] » X} /- gamToAlILD // FullSimplify
DACBTildeDotRec := D[DACBDef /. {yl -» yl[t], Y2 - y2[t], y3 > y3[t],
y4 - y4[t], y5 - y5[t], y6 - y6[t], y7 - y7[t], y8 »y8[t]}, t] /.
{yl"[t] - yTildelDotRec, y2 " [t] -» yTilde2DotRec, y3"[t] -» yTilde3DotRec,
y4 " [t] -» yTilde4DotRec, y5" [t] - yTilde5DotRec, y6 " [t] -» yTilde6DotRec,
y7"[t] -» yTilde7DotRec, y8" [t] -» yTilde8DotRec} /.
{xX_[t] » X} /- gamToAlILD // FullSimplify

{pTildeDotRec, qTildeDotRec, nTildeDotRec, DACTildeDotRec,
DCBTildeDotRec, DABTildeDotRec, DACBTildeDotRec} // TableForm

0

0

0

-DAC (r1+r2)
-DCBr 2
-DABr1
-DACB (r1+r2)

= A comment to the differential equations under migration and selection

The differential equations under migration and selection are independent of the ordering of the loci, as long as gametes and their
frequencies are defined consistently (such as given above).



50| 2LocContlsland_Determ_effMigRate.nb

m Differential equations under selection, migration and recombination
= |n termsof gamete frequencies
e yTildelDot := y1DotSel + ylDotMig + yTi ldelDotRec
yTilde2Dot := y2DotSel + y2DotMig + yTilde2DotRec

yTilde3Dot := y3DotSel + y3DotMig + yTilde3DotRec
yTilde4Dot := y4DotSel + y4DotMig + yTilde4DotRec

yTilde5Dot := y5DotSel + y5DotMig + yTilde5DotRec
yTilde6Dot := y6DotSel + y6DotMig + yTilde6DotRec
yTilde7Dot := y7DotSel + y7DotMig + yTilde7DotRec
yTilde8Dot := y8DotSel + y8DotMig + yTilde8DotRec

{yTildelDot, yTilde2Dot, yTilde3Dot, yTilde4Dot, yTilde5Dot,
yTilde6Dot, yTilde7Dot, yTilde8Dot} // Simplify // TableForm

-myl+rl ((-1+p)yl+py3d)+r2 ((-1+n)yl+ny5) +yl (b (y2+y4+y6+y8) +a (y3+yd+y7+y8)
-my2+rl ((-1+p)y2+pyd) +r2 ((-1+n)y2+ny6) +y2 (-b (yl+y3+y5+y7) +a (y3+yd+y7+y8
-my3-rl ((-1+p)yl+py3)+r2 ((-1+n)y3+ny7) +y3 (-a (yl+y2+y5+y6) +b (y2+y4+y6+y8
mmC-y4) -rl ((-1+p)y2+pyd) +y4 (-a (Yyl+y2+y5+y6) -b (yl+y3+y5+y7)) +r2 ((-1+n) y«
-my5-r2 ((-1+n)yl+ny5) +rl ((-1+p)y5+py7) +y5 (b (y2+y4+y6+y8) +a (y3+y4d+y7+y8)
-my6-r2 ((-1+n)y2+ny6) +rl ((-1+p)y6+py8) +y6 (-b (yl+y3+y5+y7) +a (y3+y4+y7+y8
-my7 -r2 ((-1+n)y3+ny7) -rl ((-1+p)y5+py7) +y7 (-a (yl+y2+y5+y6) +b (y2+y4+y6 +y8
(-a (yl+y2+y5+y6) -b (yl+y3+y5+y7))y8-m(-1+nC+y8) -r2 ((-1+n)yd+ny8) -rl ((-1+

Map[Collect[#, {m, rl, r2}] &, {yTildelDot, yTilde2Dot, yTilde3Dot,
yTilde4Dot, yTilde5Dot, yTilde6Dot, yTilde7Dot, yTilde8Dot}] // TableForm

-myl+rl (-(1-p)yl+py3d)+r2 (-(1-n)yl+ny5) +yl (b (y2+y4+y6+y8) +a (y3+yd+y7+y8)
-my2+rl (- (1-p)y2+pyd) +r2 (-(L-n)y2+ny6) +y2 (-b (yl+y3+y5+y7) +a (y3+yd+y7+y8
-my3+rl ((1-p)yl-py3)+r2 (-(1-n)y3+ny7)+y3 (-a (yl+y2+y5+y6) +b (y2+y4 +y6 +y8)
mmC-y4) +rl ((1-p)y2-py4) +y4 (-a (yl+y2+y5+y6) -b (yl+y3+y5+y7)) +r2 (-(1-n)ys
-my5+r2 ((1-n)yl-ny5) +rl (-(1-p)y5+py7) +y5 (b (y2+y4+y6+y8) +a (y3+yd+y7+y8))
-my6+r2 ((1-n)y2-ny6) +rl (- (1-p)y6+py8) +y6 (-b (yl+y3+y5+y7) +a (y3+yd+y7+y8)
-my7+r2 ((1-n)y3-ny7) +rl ((1-p)y5-py7) +y7 (-a (Yyl+y2+y5+y6) +b (y2+y4+y6+y8))
m(1-nC-y8) + (-a (yl+y2+y5+y6) -b (yl+y3+y5+y7))y8+r2 ((1-n)yd-ny8)+rl ((1-p)y

n)
n)

= Intermsof allelefrequenciesand LD

nDotMig

m(-n +nC)

nDotSel

a DAC + b DCB
MRS pTildeDot = pDotSel + pDotMig + pTi ldeDotRec
gTildeDot := gbotSel + gDotMig + qTi ldeDotRec
nTildeDot := nDotSel + nDotMig + nTildeDotRec
DACTildeDot := DACDotSel + DACDotMig + DACTi ldeDotRec
DCBTildeDot := DCBDotSel + DCBDotMig + DCBTi ldeDotRec

DABTi ldeDot := DABDotSel + DABDotMig + DABTi ldeDotRec
DACBTi ldeDot := DACBDotSel + DACBDotMig + DACBTi ldeDotRec

{pTildeDot, qTildeDot, nTildeDot, DACTildeDot,
DCBTildeDot, DABTildeDot, DACBTildeDot} // FullSimplify // TableForm

bDAB- (m+a (-1+p)) p

aDAB- (im+b (-1+q)) q

aDAC+bDCB+m(-n+nC)

b DACB+m(n-nC) p+a (DAC-2DACp) -DAC (m+rl+r2)

aDACB+m(n-nC)qg+b (DCB-2DCBq) - DCB (m+r2)

-DABm+mpq+DAB (a+b-2ap-2bq) -DABr1

a (-2 DABDAC + DACB - 2 DACBp) +b (DACB-2 DABDCB -2 DACBq) + m(-DACB+ DCBp + DACq + (n -nC) (I
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Map[Collect[#, {m, rl, r2}] &, {pTildeDot, gTildeDot, nTildeDot,
DACTildeDot, DCBTildeDot, DABTildeDot, DACBTildeDot}] // TableForm

bDAB-mp-a (-1+p)p

aDAB-mg-b (-1+0q)q

aDAC+bDCB+m(-n+nC)

b DACB+a (DAC-2DACp) + m(-DAC- (-n+nC) p) -DACr1 -DACr2

aDACB+bDCB (1-2qg) +m(-DCB- (-n+nC) q) -DCBr2

DAB (a+b-2ap-2bqg) +m(-DAB+pq) -DABr1l

a (-2 DABDAC + DACB- 2 DACBp) +b (DACB-2 DABDCB -2 DACBq) + m(-DACB+DCBp + DACq + (n -nC) (I

Map[Collect[#, {DAC, DAB, DCB, DACB}] &, {pTildeDot, qTildeDot, nTildeDot,
DACTildeDot, DCBTildeDot, DABTildeDot, DACBTildeDot}] // TableForm

bDAB-mp-a (-1+p)p

aDAB-mg-b (-1+q)q

aDAC+bDCB+m(-n+nC)

bDACB-m(-n+nC) p+DAC(a-m-2ap-rl-r2)

aDACB-m(-n+nC)q+DCB (-m+b (1-2q) -r2)

mpg+DAB (a+b-m-2ap-2bq-rl)

DAB (-2bDCB+m(n-nC)) +DCBmp-m(n-nC) pg+DAC (-2aDAB+mq) +DACB (a+b-m-2ap-2bq

™1 =
Map[Collect[#, {DAC, DAB, DCB, DACB}] &, {pTildeDot, qTildeDot, nTildeDot, DACTildeDot,
DCBTildeDot, DABTildeDot, DACBTildeDot}] /. {rl - rAB, r2 - rCB}; TM1 // TableForm

bDAB-mp-a (-1+p)p

aDAB-mg-b (-1+q)q

aDAC+bDCB+m(-n+nC)

b DACB-m(-n+nC) p+DAC (a-m-2ap-rAB-rCB)

aDACB-m(-n+nC) g+DCB (-m+b (1-2q) -rCB)

mpg+DAB (a+b-m-2ap-2bq-rAB)

DAB (-2bDCB+m(n-nC)) +DCBmp-m(n-nC) pq+DAC (-2aDAB+mq) +DACB (a+b-m-2ap-2bq

For comparison, we print the differential equations for the case of the ordering A — C — B from above:

Map[Collect[#, {m, rl, r2}] &,
{pDot, gDot, nDot, DACDot, DCBDot, DABDot, DACBDot}] // TableForm

bDAB-mp-a (-1+p)p

aDAB-mg-b (-1+q)q

aDAC+bDCB+m(-n+nC)

b DACB+a (DAC-2DACp) + m(-DAC- (-n+nC) p) -DACr1

aDACB+bDCB (1-2q) +m(-DCB- (-n+nC) q) -DCBr2

DAB (a+b-2ap-2bqg) +m(-DAB+pq) - DABr1 -DABr2

a (-2 DABDAC+ DACB -2 DACBp) +b (DACB-2DABDCB -2 DACBq) + m (-DACB + DCBp + DACq + (n -nC) ([

Map[Collect[#, {DAC, DAB, DCB, DACB}] &,
{pDot, gDot, nDot, DACDot, DCBDot, DABDot, DACBDot}] // TableForm

bDAB-mp-a (-1+p)p

aDAB-mg-b (-1+q)q

aDAC+bDCB+m(-n+nC)

bDACB-m(-n+nC)p+DAC(a-m-2ap-rl)

aDACB-m(-n+nC)q+DCB (-m+b (1-2q) -r2)

mpq+DAB (a+b-m-2ap-2bqgq-rl-r2)

DAB (-2bDCB+m(n-nC)) +DCBmp-m(n-nC) pg+DAC (-2aDAB+mq) +DACB (a+b-m-2ap-2bq
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TM2 = Map[Collect[#, {DAC, DAB, DCB, DACB}] &,
{pDot, gDot, nDot, DACDot, DCBDot, DABDot, DACBDot}] /. {rl - rAC, r2 » rCB};
™2 //
TableForm

bDAB-mp-a (-1+p)p

aDAB-mg-b (-1+q)q

aDAC+bDCB+m(-n+nC)

bDACB-m(-n+nC) p+DAC (a-m-2ap-rAC)

aDACB-m(-n+nC)q+DCB (-m+b (1-2q) -rCB)

mpg+DAB (a+b-m-2ap-2bq-rAC-rCB)

DAB (-2bDCB+m(n-nC)) +DCBmp-m(n-nC) pg+DAC (-2aDAB+mq) +DACB (a+b-m-2ap-2bq

A comparison shows that only the differentials of Dac and Dag change.
MapThread[Simplify[#1 == #2] &, {TM1, TM2}] // TableForm

True

True

True

DAC (rAB-rAC+rCB) ==
True

DABr AB == DAB (r AC+r CB)
DACBr AB == DACBr AC

MapThread[Simplify[#1 == #2] &,
{Map[Collect[#, {m, rl, r2}]1 &, {pTildeDot, qTildeDot, nTildeDot, DACTildeDot,
DCBTildeDot, DABTildeDot, DACBTildeDot}], Map[Collect[#, {m, rl, r2}] &,
{pDot, gDot, nDot, DACDot, DCBDot, DABDot, DACBDot}]1}] // TableForm

True
True
True
DACr2 ==0
True
DABr2 == 0
True

Internal equilibrium

= Coordinates
Werecall the differential equations:

ni7z= difFEgsTilde = Map[Collect[#®, {m, rl, r2}] &, {pTildeDot, qTildeDot,
DABTildeDot, nTildeDot, DACTildeDot, DCBTildeDot, DACBTildeDot}];
diffEgsTilde // TableForm
Out[173])//TableForm=
bDAB-mp-a (-1+p)p
aDAB-mg-b (-1+q)q
DAB (a+b-2ap-2bqg) +m(-DAB+pq) - DABr1
aDAC+bDCB+m(-n+nC)
b DACB +a (DAC-2DACp) + m(-DAC- (-n+nC) p) -DACr1 -DACr2
aDACB+bDCB (1-2q) +m(-DCB- (-n+nC) q) -DCBr2
a (-2 DABDAC+ DACB-2 DACBp) +b (DACB-2 DABDCB -2 DACB(q) + m(-DACB+ DCBp + DACq + (n-nC) (L

BA2011 (eg. 3.15) showed the coordinates of the internal stable equilibrium to be

npi74p= R2 1= \/(a+b+r)2—8mrl
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1
na7s- PEqTilde = (b>-a’+6ar-r’-4mr+ (a-b+r)R2) //. {r > ri}
8ar
1
gEqTilde := . (a®-b*+6br-r>-4mr+ (b-a+r)R2) //. {r > rl}
8br
B 1
DABEqTilde := ——— ((a-b-r) (a+b-r) (a-b+r) ((a+b+r) -R2) -
32abr?

amr (a®2+b”®+r?-2ab-2ar-2br)-8m?r?) //. {r > rl}
nEqTilde :=nC
DACEqTilde := 0
DCBEqTilde := 0
DACBEqQTilde =0

We have used the assumption that higher-order recombination terms can be ignored, and thereforer =r; + r».

nsz;= ruleApplyEqTilde := {p » pEqTilde, q -» qEqTilde, n -» nEqTilde,
DAB - DABEqTi lde, DAC -» DACEqTilde, DCB -» DCBEqTilde, DACB - DACBEqTi lde}

We have
diffEqsTilde /. ruleApplyEqTilde // FullSimplify
{0, 0, 0,0, 0, 0, 0}

which confirms that this is indeed an equilibrium. We omit the proof that this equilibrium is asymptoticaly stable (cf. Birger and
Akerman 2011). Instead, we directly proceed to the computation of the Jacobian matrix.

= Jacobian matrix and effective migration rate
= Generic

npes= JTilde = Map[Table[D[#, {i}], {i, {p, q, DAB, n, DAC, DCB, DACB}}] &, diffEqsTilde]
JTilde // MatrixForm

Out[184]//MatrixForm=

-m-a (-1+p)-ap 0 b

0 -m-b (-1+q9) -bg a
-2aDAB+mq -2 b DAB + mp a+b-m-2ap-2bqg-r1l

0 0 0

-2abDAC+m(n -nC) 0 0

0 -2bDCB+m(n-nC) 0

-2aDACB+m(DCB- (n-nC)q) -2bDACB+m(DAC- (n-nC)p) -2aDAC-2bDCB+m(n-nC) m
D[diffEqsTilde[7], DACB]

-m+a (1-2p)+b (1-2q)-rl-r2

FullSimplify[Normal [Series[% /. ruleApplyEqTilde, {m, O, 1}]11,
Assumptions -» {O<a<b,0<rl, 0<r2}]
m@a+b+3rl)

-a-b-r1+ —m——— 12
a+b+rl

D[diffEqs[7], DACB]
-m+a (1-2p)+b(1-2q)-rl-r2

FullSimplify[Normal [Series[% /. ruleApplyEq, {m, O, 1}11],
Assumptions » {O<a<b,0<rl, 0<r2}]

2 (@a+b)ym
-a-b+3m-r1-r2- ——Mm ————
a+b+rl+r2

m@+b+3(rl+r2))
%-|-a-b-rl-r2+ // FullSimplify
a+b+rl+r2

0

For comparison

53

(Df
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J // MatrixForm

-m-a (-1+p)-ap 0 b
0 -m-b (-1+q9)-bg a

-2 aDAB+mq -2 b DAB + mp a+rb-m-2ap-2bqg-rl-r2
0 0 0
-2aDAC+m(n-nC) 0 0
0 -2bDCB+m(n-nC) 0

-2aDACB+m(DCB- (n-nC)q) -2bDACB+m(DAC- (n-nC) p) -2aDAC-2bDCB+m(n-nC)y m(D
Asan intermediate step, we set n, Dac, Dcg, andDacg to their equilibrium valuesng, 0, 0, andO, respectively.

ines;= JTildePrep = JTilde /. {n - nC, DAC - O, DCB - 0, DACB - 0} // FullSimplify;
JTildePrep // MatrixForm

Out[186]//MatrixForm=

a-m-2ap 0 b 0 0 0
0 b-m-2bq a 0 0 0
-2aDAB+mq -2bDAB+mp a+b-m-2ap-2bq-ril 0 0 0
0 0 0 -m a b
0 0 0 mp a-m-2ap-rl-r2 0
0 0 0 mq 0 b-m-2
0 0 0 m (DAB-pq) -2 aDAB+mq -2b DA
Now we plug in the equilibrium coordinates into the generic matrix of first-order partial derivatives:
nns7)= JEQGenericTilde = JTildePrep /. ruleApplyEqTilde // FullSimplify;
JEqGenericTilde // MatrixForm
Out[188]//MatrixForm=
—a?+b2+6arl-4mrl-r12+(a-b+rl) v/ -8 mri+(a+b+ri1)2
a-m-
ar1l
0
8nfri2+4mrl (a?+(b-r1)2-2a (b+rl))-(a-b-r1) (a+b-r1) (a-b+rl) a+b+ri1-/ -8 mrl+(a+b+r1)? ]+2 mri [a27b2+6br174 mril-r12+(-a
16br12
0
0
0
0
Thisisacomplicated matrix. Below, we instead plug in the weak-migration approximation to the internal equilibrium.
innso= JEQGenericTildemSmall := Simplify[Normal [Series[JEqGenericTilde, {m, 0, 1}]11,
Assumptions » {O<a<b,0<m<b,0<rl, 0<r2}]
JEqGenericTildemSmall // MatrixForm
Out[190]//MatrixForm=
—g gy MDD 0 b 0 0 0
a+b+rl
m(-a+b+r1l)
0 -b+ P rTE a 0 0 0
m(-a+b+rl) m(a-b+rl) m(a+b+3r1)
a+b+rl a+b+rl -a-b-rl+ a+b+rl 0 0
0 0 0 -m a b
0 0 0 m —a-r1+ ™20 o 0
a+b+ri
0 0 0 m 0 _p oy mialrl) o
a+b+rl
0 0 0 “m m (-a+b+rl) m(a-b+rl)
a+b+rl a+b+rl

For comparison
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JEgmSmall // MatrixForm

2bm
— m- ————
a+ a+b+ri+r2 0 b
2
0 ~b+m- 220 a
a+b+rl+r2
m(-a+b+r1+r2) 2bm m(a+b+3 (r1+r2))
a+b+ril+r2 m a+b+rl+r2 a-b-rl-r2« a+b+rl+r2
0 0 0
0 0 0
0 0 0
0 0 0

ino11= JEQNGenericTilde = JEqGenericTilde[4 ;; 7, 4 ;; 71
JEgNGenericTilde // MatrixForm

Out[192]//MatrixForm=

0 0
0 0
0 0
-m a
2bm
m - m-rl-———
a-+ a+b+rl+r2
m 0 -b+m
m (-a+b+rl+r2) 7
m a+b+rl+r2 m
-m

m (7a2+b2+6 arl-4mril-r12+(a-b+rl) /-8 mril+(a+b

8arl

m (a27b2+6 bri-4mri-r12+(-a+b+r1) v/ -8 mri+(a+b

8brl

m(7[7a2+b2+6ar174 mrl-r12+(a-b+rl) \/ -8 mri+(a+b+r1)?2 ] (a27b2+6br174 mri-r12+ (-a+b+rl) v/ -8 mr 1+ (a+b+r1)2 ]+2 (78m’- ri2-4r

In[193]:=

Assumptions - {O<a<b,0<m<b,0<rl, 0<r2}]
JEgNGenericTildemSmall // MatrixForm

Out[194]//MatrixForm=

64abri1?

JEgNGenericTildemSmall := Simplify[Normal [Series[JEgNGenericTilde, {m, 0, 1}1],

-m a b 0
m —a-rl.m@brh 5 0
a+b+rl
m 0 _b + m -r2 a
a+b+rl
-m m(-a+b+rl) m(a-b+r1) —a-b-rl+ m(a+b+3r1) _r2
a+b+ri a+b+rl a+b+rl
TM3 = JEgNGenericTildemSmall /. {rl -» rAB, r2 - rBC};
TM3 // MatrixForm
-m a b
m -a-rAB; M@AS)  pgo 0 b
a+b+r AB
m 0 b+ M - rBC a
a+b+r AB
-m m (-a+b+r AB) m (a-b+r AB) _a-b-rAB+ m (a+b+3 r AB) _rBC
a+b+r AB a+b+r AB a+b+r AB
For comparison:
JEgNmSmall // MatrixForm
-m a b
2bm
m 7a+m7rlia+b+rl+r2 0 b
m 0 “b+m-r2- —22m_ a
a+b+rl+r2
m(-a+b+rl+r2) _ 2bm a4 h _ m (a+b+3 (r1+r2))
m a+b+ri+r2 m a+b+ril+r2 a-b-rl-r2+ a+b+rl+r2
TM4 = JEgNmSmall /. {rl -» rAC, r2 -» rCB};
TM4 // MatrixForm
-m a b
m -—a+m-rAC- — 2°M™ 0 b
a+b+r AC+r CB
m 0 “b+m-rCcB- —28Mm __ a
a+b+r AC+r CB
m (-a+b+r AC+r CB) _ 2bm a4 h B m (a+b+3 (r AC+r CB))
m a+b+r AC+r CB a+b+r AC+r CB a-b-rAC-rCB+ a+b+r AC+r CB
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FullSimplify[JEgNGenericTildemSmall - JEqNmSmall] // MatrixForm

0 0 0 0
2bm
r2 (-1-
0 (a+b+rl) (a+b+rl+r2) 0 0
2amr2
0 0 - 0
(a+b+rl) (a+b+rl+r2)
0 2amr2 2bmr2 2 (a+h) mr2
(a+b+rl) (a+b+ril+r2) (a+b+rl) (a+b+ril+r2) (a+b+r1) (a+b+rl+r2)

m Usingthe Ansatzme = —Ay = m2z

JEqGenericTilde // MatrixForm

—a?+b2+6arl-4mril-r12+(a-b+rl) v/ -8 mri+(a+b+r1)2

- m-
a ar1l

0

8nfri2+4mril (a?+(b-r1)2-2a (b+rl))-(a-b-ri1) (a+b-r1) (a-b+r1) (a+b+r14/ -8mril+(a+h+r1)? ]+2 mri [a27b2+6br174 mrl-r12+(-a

16br12
0

0

0

Simplify[Series[Det[JEqgGenericTilde - x ldentityMatrix[7] /. X -» -mz], {m, O, 1}],
Assumptions » {a=20,b >0, r1=>0, r2>0}] // Normal

abm@+b+rl) (a+rl+r2)
(b2z+r2(r1 (-1+2) +r2 (-1+2z) +az) +b ((@a+rl)z+r2 (-1+22)))

Simplify[Solve[% == 0, z]]
r2(b+rl+r2)
{{z- })
(b+r2) (a+b+rl+r2)
whichisidentical to eg. (4.30) in BA2011. Or, alternatively and more directly:

JEgNGenericTildemSmall // MatrixForm

-m a b
m —a-rls ™M@ o 0 b
a+b+rl
- 1
m 0 _b+m(a+7b+r)_r2
a+b+rl
m(-a+b+rl) m(a-b+rl) A h m(a+b+3r1) B
m a+b+ri a+b+rl a-b-rlx a+b+ri r2

Simplify[Series[Det[JEgNGenericTildemSmall - x ldentityMatrix[4] /. X » -mz], {m, O, 1}],
Assumptions » {a=20,b >0, r1=>0, r2=0}] // Normal

-m(@a+rl+r2) (b?z+r2 (r1 (-1+2z)+r2 (-1+z)+az)+b ((@a+rl)z+r2(-1+2z2)))
Simplify[Solve[% == 0, z]]
r2(b+rl+r2
([ ora o)
(b+r2) (a+b+rl+r2)
= Assuming weak migration

The coordinates of the internal equilibrium under the assumption of weak migration, up to and including first-order terms of m, can be
obtained from eg. (4.1) in BA2011.
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ines;= PEQTildeWeakMig = FullSimplify[Series[pEqTilde, {m, O, 1}] // Normal,
Assumptions » {O0<a<b,0<m,0<rl, 0<r2}];
geEqTildeWeakMig = FullSimplify[Series[gEqTilde, {m, O, 1}] // Normal,
Assumptions » {O0<a<b,0<m,0<rl, 0<r2}];
DABEqTi ldeWeakMig = FullSimplify[Series[DABEqTilde, {m, O, 1}] // Normal,
Assumptions » {O0<a<b,0<m,0<rl, 0<r2}];

{pEgTildeWeakMig, gEqTildeWeakMig, DABEqTildeWeakMig} // TableForm

m(a+rl)

a (a+b+rl)
ab+(b-m (b+rl)
b (a+b+r1)

m
a+b+rl

Checking these against first-order terms of eg. (4.1) in BA2011:

m b
1-—-(1- —] - pEgTildeWeakMig /. {r » r1} // FullSimplify
a a+b+r
0
m a
1--— (1— —) - gEqTildeWeakMig /. {r » r1} // FullSimplify
b a+b+r
0
- DABEqTi ldeWeakMig /. {r » r1} // FullSimplify
a+b+r
0

nog;= ruleApplyEgWeakMigTilde = {p » pEgTildeWeakMig, g » qEqTildeWeakMig,
n » nC, DAB - DABEqTi ldeWeakMig, DAC » O, DCB -» 0O, DACB - 0}

ruleApplyEgWeakMigTilde

m(a+rl) ab+(b-m (b+rl)
{pel— , q- ,
a(a+b+rl) b@+b+rl)
m
n-nC DAB> ———, DAC- 0, DCB - 0, DACB»O}
a+b+rl

JTildePrep // MatrixForm

a-m-2ap 0 b 0 0 0
0 b-m-2bq a 0 0 0
-2aDAB+mq -2bDAB+mp a+b-m-2ap-2bq-ril 0 0 0
0 0 0 -m a b
0 0 0 mp a-m-2ap-rl-r2 0
0 0 0 mq 0 b-m-2
0 0 0 m (DAB-p Q) -2 aDAB+mq -2b DA

Now we see the block structure claimed in eqg. (4.27) of BA2011.
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ineor= JEqTilde = JTildePrep /. ruleApplyEgWeakMigTilde // FullSimplify;
JEqTilde // MatrixForm

Out[200]//MatrixForm=

—a+m- -2bm 0 b 0
a+b+ri
2am
0 -b+m- a+b+rl a 0
m(-abs(b-m (bsrl)) m(a%-a (b+m-rl)-mri) 2 (a+b) m
b (a+b+rl) a (a+b+rl) -a-b+3m-rl- a+b+rl 0
0 0 0 -m
0 0 0 m(1-M) —a-m-rls
a (a+b+rl)
0 0 0 m(ab+(b-m) (b+rl))
b (a+b+rl)
ma+rl)
(ab+(b-m (b+rl)) lliaca“n‘m)
m|m- -
m(-ab+ (b
0 0 0 a+b+rl b (a-
ot~ JEQNTilde = JEqTilde[{4, 5, 6, 7}, {4, 5, 6, 7}1;
JEgNTilde // MatrixForm
Out[202]//MatrixForm=
-m a b
m(l_M) _a_m_rl+M_r2 0
a (a+b+rl) a+b+rl
m(ab+(b-m) (b+rl)) 0 B (b+rl) (b-mer2)+a (b+msr2) a
b (a+b+rl) a+b+rl
(@abs(b-m (berl)) [17 m‘a:li‘
mlm i a (asber1)
m(-ab+(b-m) (b+rl)) m (a?-a (b+m-r1)-mr1) _a2+b?arl (-3merlsr2)+b (-m2
a+b+rl b (a+b+r1) a (a+b+rl) a+b+r
JEqTildemSmall -= Simplify[Normal [Series[JEqTilde, {m, 0, 1}1]]
JEqTildemSmall // MatrixForm
2b
—a+m- =20 0 b 0 0 0
a+b+rl
0 ~b+m- 2am a 0 0 0
a+b+rl
m (-a+b+r1) m(a-b+r1) _a-b-rl+ m(a+b+3r1) 0 0
a+b+rl a+b+ri a+b+ri
0 0 0 -m a b
0 0 0 m —a-ris M@ o 0
a+b+rl
0 0 0 0 _p 4 Miasbirl) o
a+b+rl
m (-a+b+rl) m (a-b+r1)
0 0 0 m a+b+rl a+b+rl
JEgNTildemSmall = JEqTildemSmall[4 ;; 7, 4 ;; 71
JEgNTildemSmall // MatrixForm
-m a b
m —a-rl.m@brh 5 0 b
a+b+rl
m 0 _b+m(fa+b+rl) _r2
a+b+rl
-m m(-a+b+rl) m (a-b+r1) —a-b-rl+ m(a+b+3r1) _r2
a+b+ri a+b+rl a+b+rl

JEgNTildemSmall - JEqNGenericTildemSmall
{{0, 0, 0, 0}, {0, 0, O, O}, {0, O, O, O}, {0, O, O, O}}
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m Usingthe Ansatzme = —Ay =Mz

JEqTilde
2bm 2am
{{-a+m- .0, b, 0,0, 0, o}, {o, b+m-— a0, 0, 0, o},
a+b+rl a+b+rl
{m(—ab+(b—m) (b+r1)) m(a?-a (b+m-rl)-mri)
b@+b+rl) ' a(a+b+rl) ’
2 (a+b)ym
“a-b+3m-ri-——" 0,0, 0, o}, {0, 0,0, -m a, b, 0},
a+b+rl
m(a+rl) 2m(a+rl)
{o, 0, 0, m[l—iJ, —a-m-rl+ " _r2 0, b},
a(a+b+rl) a+b+rl
m(ab+ (b-m (b+rl)) (b+rl) (b-m+r2)+a (b+m+r2)
{o, 0, 0, , 0, - , a}, {o, 0, 0,
b@+b+rl) a+b+rl
(abs (b-m (bsrl)) (173”?;'3"“1\)
m|m- . ) )
m(-ab+ (b-m (b+r1)) m(a?-a (b+m-r1)-mri)
a+b+rl ' b@+b+rl) ’ a(a+b+rl) '
1
—7(a2+b2+r1(73m+r1+r2)+b(7m+2r1+r2)+a(2bfm+2r1+r2))}}
a+b+rl

Applying the same Ansatz as above to the Jacobian obtained from the differential equations yields the following ratio between the
effective and actual migration rate, %:

ruleApplyEgWeakMigTilde

m(a+rl) ab+ (b-m (b+rl)
{p%l— , -
a(a+b+rl) b@+b+rl)
m
n->nC, DAB> —, DAC-> 0, DCB > 0, DACB%O}
a+b+rl
Simplify[

Series[Det[ (JEqTilde /. ruleApplyEqWeakMigTilde) - x ldentityMatrix[7] /. X » -mz],
{m, 0, 1}1, Assumptions-» {a20,b >0, r12>20, r2=>=0}] // Normal

abm@+b+rl) (a+rl1+r2)
(b22+r2 (rl(-1+2z)+r2 (-1+z)+az)+b ((a+rl)z+r2(-1+22)))

Simplify[Solve[% = 0, Zz]]
r2(b+rl+r2)

{{z- 3
(b+r2) (a+b+rl+r2)
Or, aternatively and more directly:

JEgNTildemSmall // MatrixForm

-m a b
“berl
m -—a-rls ™M@ 5 0
a+b+rl
m 0 7b+m(fa+b+rl) r2
a+b+rl
m (-a+b+rl) m(a-b+rl) m(a+b+3r1)
m a+b+rl a+b+rl a-b-ril+ a+b+rl r2

= Assuming tight linkage (weak recombination)

The coordinates of the internal equilibrium under the assumption of tight linkage, i.e. r << min(a, m), up to and including first-order
terms of r, can be obtained from eq. (4.2) in BA2011.
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{pEqTilde, qEqTilde, DABEqTilde} // MatrixForm

—a?+b2+6arl-4mri-ri12+(a-b+ri)

-8mril+(a+b+ri1)?

8arl

a2-b2+6bri-4mri-r12+(-a+b+r1) A/ -8 mri+(a+bh+ri1)?

8brl

-8nfri12-4mrl (a?-2ab+b?-2ar1-2bri+ri?)+(a-b-rl) (a+b-rl) (a-b+ri) (a+b+r1— -8mrl+(a+b+r1)? ]

32abr1?

inz03= PEQTildeWeakRec = FullSimplify[Series[pEqTilde, {ri1, 0, 1}1 // Normal,
Assumptions » {O<a<b,0<m,0<rl,0<r2}] // FullSimplify;
gEqTildeWeakRec = FullSimplify[Series[qEqTilde, {r1l, 0, 1}] // Normal,
Assumptions » {O<a<b,0<m,0<rl,0<r2}] // FullSimplify;
DABEqTi ldeWeakRec = FullSimplify[Series[DABEqTilde, {rl, 0, 1}] // Normal,
Assumptions » {O<a<b,0<m,0<rl,0<r2}] // FullSimplify;

{pEqTildeWeakRec, gEqTildeWeakRec, DABEqTi ldeWeakRec} // TableForm

a (a+b)? (a+b-m)-m (b (b-m)+a (b+m)) ri

a (a+b)3
m m (a?+a (b-m)+bm) ri
Tash b (a+h)3

m| (a+b)2 (a+b-m) -

(a+a (b-m+bm) (b (b-m+a (b+m))r1
ab

(a+h)*

Checking these against first-order terms of eg. (4.1) in BA2011:

m rm b m b
1o [-- [--1
a+b (a+b)2la a+bla
0
m rm a m a
1- - [—+ (
a+b (a+b)2 \b a+b
0
m m rm m m
) e 55
a+b a+b (a+b)? a+b a+b
FullSimplify
0

LT

] - pEgTildeWeakRec /. {r » r1} // FullSimplify

1- —]) - gEqTildeWeakRec /. {r » r1} // FullSimplify
b

a
- —]] - DABEqTildeWeakRec /. {r » rl} //
b

nzosi= ruleApplyEqWeakRecTilde := {p » pEqTildeWeakRec, g -» qEqTildeWeakRec,
n -» nC, DAB - DABEqTildeWeakRec, DAC -» 0, DCB - 0, DACB - 0}

ruleApplyEgWeakRecTilde

a(a+b)2(@a+b-m-mb@bd-m+ab+m)rl

(-

a(a+b)3

m((@a+b)2 @+b-m -

m m(a+a (b-m +bmri

» 01— - '

a+b b (a+Db)3

(a?+a (b-m)+bm) (b (b-m)+a (b+m)) rl)

n - nC, DAB -
(a+b)?4
JTildePrep // MatrixForm
a-m-2ap 0 b
0 b-m-2bgqg a
-2abDMB+mq -2bDAB+mp a+b-m-2ap-2bqg-ril
0 0 0
0 0 0
0 0 0
0 0 0

Now we see the block structure claimed in eqg. (4.27) of BA2011.

,W@»O,HB»O,D%B»O}

0 0 0
0 0 0
0 0 0
-m a b
mp a-m-2ap-rl-r2 0
mq 0 b-m-2
m (DAB-p q) -2 aDAB+mq -2b DA
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inzo71= JEQWeakRecTilde = JTildePrep /. ruleApplyEgWeakRecTilde // FullSimplify;
JEqWeakRecTilde // MatrixForm

Out[208]//MatrixForm=

ms -a (a+b)? (a+b-2m+2m(b (b-my+a (b+m)) ril 0
(a+b)?
0 -(a+b)2 (b (b-m)+a (b+m))+2m(a%+a (b-m+bm) rl
(a+b)3
-(a-b) b (a+b)? (a+b-m) m:m (2 b (a+b)+(a-3b) m (a?+a (b-m+bm r1 a (a-b) (a+b)? (a+b-m mkm(2a®+2ab-3ambm) (b (b-m+a (b+
b (a+b)* a (a+b)*4
0 0
0 0
0 0
0 0

inzo9)= JEQNWeakRecTi lde = JEqWeakRecTilde[{4, 5, 6, 7}, {4, 5, 6, 7}1;
JEgNWeakRecTilde // MatrixForm

Out[210]//MatrixForm=

-m
m(a (a+b)? (a+b-m-m(b (b-m+a (b+m)) r1) i
3 -m-rl+—
a (a+b)
m(a2+a (b-my+bm) ri1
m(1_m _m@abmbmrl
a+b b (a+b)3
m(-ab (a+b)* (a+b-2m) (a+b-m+(a+b)? (a+b-2m m(ad+b3-(a-b)2m) ri-n? (a’+a (b-m+bm (b (b-m+a (b+m))ri?) -(a-b) b (a+b)?

ab (a+b)®
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m Usingthe Ansatzme = —Ay =Mz
JEqWeakRecTi lde

—a(a+b)2(@+b-2m+2m@ (b-m +a (b+m)ri
{{*m* , 0, b, 0, 0, 0, o},
(a+h)3

-(a+b)? (b (b-m +a (b+m)+2m(a®+a (b-m +bmrl

{o, ,a 0,0, 0, o},
(a+h)3
1
{74(7(a7b)b(a+b)2(a+bfm>m+m(2b(a+b>+(a73b>m) (a®>+a (b-m +bmri1),
b (a+b)
1
ﬁ(a(afb) (a+b)? (a+b-m m+m(2a®+2ab-3am+bm (b (b-m +a (b+m)ri1),
a(a+h)
(a+b-2mr1l
—a-b+m-—— """ 0,0, 0, o}, (0, 0,0, -m a, b, 0},
a+b
m(a(a+b)? (@a+b-m -m(b (b-m +a (b+m)ri)
0, 0, O, ,
{ a(a+h)d
~—a(a+b)?2 (a+b-2m +2mMb(b-m+ab+m)rl
“m-rl-+ -r2, 0, b},
(a+b)3
m m(a®+a (b-m +bmri
{o, 0, 0, m|1- - , 0,
a+b b (a+b)3
-b (a+b)? (a+b-2m +2m(a*+a (b-m +bmri
—m+ -r2, a},
(a+h)s
1
{O, 0,0, ————m(-ab(a+bh)* (a+b-2m (@a+b-m + (a+b)? (a+b-2m m
ab (a+h)®
1
(®+b®-(a-b)?mri-nf (a®+a (b-m +bm (b (b-m +a (b+m)r1?), ———
b (a+hb)*
(-(@a-b)yb(a+bh)? (a+b-mm+m(2b (a+b)+(@a-3b)ym (a®+a (b-m +bmrij,
1
ﬁ(a(afb) (a+b)? (a+b-m m+m(2a®+2ab-3am+bm (b (b-m +a (b+m)ri1),
a(a+h)

aZ+b?2-2mrl+b (-m+rl+r2)+a (2b-m+rl+r2) }}
a+b
Applying the same Ansatz as above to the Jacobian obtained from the differential equations yields the following ratio between the

effective and actual migration rate, %:

ruleApplyEgWeakRecTi lde

a(a+b)2(@a+b-m -mb(b-m+abim)rl m m(a®+a(b-m+bmril

{p- L gqo1- - :
a(a+b)3 a+b b (a+b)3

a%+a (b-my+bm) (b (b-m)+a (b+m)) r1
m((a+b)2 (@asb-m - 2 >ab Bl )

n - nC, DAB - , DAC- 0, DCB - 0, DACB%O}
(a+hb)4

Simplify[Series[Det][
(JEgWeakRecTilde /. ruleApplyEqWeakRecTilde) - x ldentityMatrix[7] /. X -> -mz],
{m, 0, 1}1, Assumptions-» {a20,b >0, r1=>20, r2=>0}] // Normal

abm@+b+rl) (a+rl1+r2)
(b*z+r2 (r1 (-1+2z)+r2 (-1+z)+az)+b ((a+rl)z+r2 (-1+22)))

Simplify[Solve[% = 0, Zz]]
r2 (b+rl+r2
{fro o))
(b+r2) (a+b+rl+r2)
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Hence, we see that the effective migration rate does not only apply for weak migration, but also for weak recombination.

= Graphical exploration of approximation

= Generic

We compare the approximate effective migration rate to the exact (negative) eigenvalue of Jy computed numerically.

In[211]:= _ r2 (b+ril+r2)
approxEffMigRateABCFuncfa_, b_, m_, rl _, r2_] :=m

(b+r2) (a+b+rl+r2)

m (—a2+b2+6 arl
In[212]

exactEffMigRateABCFunc[a_,b_,m_,rl1 ,r2_]:=Module [ {IN} ,JN:{{-m,a, b,0} {

Return[-Max[Re[Eigenvalues[JIN]11]11]

]

mya = 0.002;
myb = 0.4;
mym = 0.0024;

myrl = 0.01 % (10) ;

myr2 = 0.01 % (30) ;

{exactEffMigRateABCFunc[mya, myb, mym, myrl, myr2],
approxEffMigRateABCFunc[mya, myb, mym, myrl, myr2],
approxEffMigRateABCFunc[mya, myb, mym, myrl, myr2] /

exactEffMigRateABCFunc[mya, myb, mym, myrl, myr2] - 1}

{0. 00102813, 0.00102601, -0.00206156}

The exact (blue) and approximate (red) effective migration rate:
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Manipulate[Plot[{exactEffMigRateABCFunc[mya, myb, m, myrl, myr2],

approxEffMigRateABCFunc[mya, myb, m, myrl, myr2]},

{m, 0, mMax}, PlotRange » {{0, mMax}, Automatic}, Frame - True,

FrameStyle -» Table[{Black, Opacity[0]}, {i, 1, 2}],

FrameLabel - {"'"Migration rate m", "Effective mig. rate"},
LabelStyle » {Directive[FontSize -» 14], FontFamily - "Helvetica"}],

{{mya, 0.02}, 0, 1}, {{myb, 0.4}, 0, 1}, {{myrl, 0.02}, O, 1},

{{myr2, 0.02}, 0, 1}, {{mMax, 0.1}, O, 10}]

mya :G
myb
myrl :G
myr2 :D
mMax CD

(]

0.004}
0.003}

0.002"

Effective mig. rate

0.001"

0000 . . .
0.00 0.02 0.04 0.06 0.08 0.10

Migration rate m

» Remark

The only difference between configurations A — C — B8 and A — B — C seems to be in the fourth element of the fourth row of the
respective Jacobian matrices Jy. We double check thisin the following:

JIMTestACB :=
m (a-b + rAB) m (b -a+rAB)
{(—m,a,b,O},{m,—a—rAC+—,0,b},{m,O,—b—rCB+—,a},
a+b+rAB a+b+rAB
m(b-a+rAB) m(a-b+rAB) m (a+b+3rAB)
{-m, : ,-a-b-rABy 1]
a+b+rAB a+b+rAB a+b+rAB
m (a-b+rAB)
IMTestABC := {{-m, a, b, 0}, {m, ~a-rAC+ — | 0, b},
a+b+rAB
m (b - a+rAB)
{m. 0, -b-rcBs ———, a},
a+b+rAB
m(b-a+rAB) m (a-b+rAB) m (a+b+3rAB)
{-m, : ,-a-borAC ——— ]
a+b+rAB a+b+rAB a+b+rAB

FuIISimpIify[
rAC rCB

(a+rAC) (b+rCB)

Normal [Series[Det[JMTestACB -x ldentityMatrix[4]] /- X > -m

(m, 0, 1}”] /. {rAB - rAC + rCB}
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FullSimpIify[
rCB (b + rAC)
(b+rCB) (a+b+rAC)

Normal [Series[Det[JMTestABC -x ldentityMatrix[4]] /- X > -m

(m, 0, 13]]] /- {rAC - raB + rcs)
0

This confirms that the only difference isin the fourth element of the fourth row of the two matrices.

Order of loci: C-A-B

For reasons of symmetry, we directly obtain

rl(a+r1+r2)
me=m . )
@+ry)@+b+ry+ry)

= Graphical exploration of approximation

= Generic

We compare the approximate effective migration rate to the exact (negative) eigenvalue of Jy computed numerically.

In[213]:= B rl (a+rl+rl)
approxEffMigRateCABFuncfa _, b _, m , rl , r2_] :=m

(a+rl) (a+b+rl+r2)

m (az—b2+6 b r2-

In[214]:=

exactEffMigRateCABFunc[a_,b_,m_,rl1 ,r2_ ]:=Module [ {IN} ,JN={{—m, b,a,0} {

Return[-Max[Re[Eigenvalues[JIN]1]11]

mya = 0.002;

myb = 0.4;

mym = 0.0024;

myrl = 0.01 %= (10) ;

myr2 = 0.01 %= (30) ;

{exactEffMigRateCABFunc[mya, myb, mym, myrl, myr2],
approxEffMigRateCABFunc[mya, myb, mym, myrl, myr2],
approxEffMigRateCABFunc[mya, myb, mym, myrl, myr2] /

exacteEffMigRateCABFunc[mya, myb, mym, myrl, myr2] - 1}

{0. 000969913, 0. 000592636, -0.38898}

The exact (blue) and approximate (red) effective migration rate:



66 | 2LocContlsland_Determ_effMigRate.nb

Manipulate[Plot[{exactEffMigRateCABFunc[mya, myb, m, myrl, myr2],
approxEffMigRateCABFunc[mya, myb, m, myrl, myr2]1}, {m, O, .1},
Frame -» True, FrameStyle - Table[{Black, Opacity[0]}, {i, 1, 2}],
FrameLabel - {"'"Migration rate m", "Effective mig. rate"},
LabelStyle » {Directive[FontSize -» 14], FontFamily - "Helvetica"}],
{{mya, 0.02}, O, 1}, {{myb, 0.4}, 0, 1}, {{myrl, 0.02}, O, 1}, {{myr2, 0.02}, 0, 1}]

mya :D

myb

myrl :D
myr2 :D

(]

0.0302
0.025
0.020
0.015-
0.010
0.005

0.0000
0.00 002 004 006 008 0.10

Migration rate m

Effective mig. rate
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1
{{a—m——(—a2+b2+6ar1—4mr1—r12+ (a-b+rl) \/—8mr1+ (a+b+r1)2), 0, b, 0,0,0,
4rl

1
o}, {o, b-m-m

(az-b2+6br1—4mrl—r12+ (-a+b+rl) \/—8mr1+ (a+b+r1)2),

1
a,0,0,0, 0}, {— 8m?r1>+4mrl (a®+ (b-r1)?-2a (b+rl)) -
16 b ri?

(a-b-rl) (a+b-rl) (a-b+rl) (a+b+r1—\/—8mr1+ (a+b+r1)2)+

2mril [az—b2+6br1—4mr1—r12+ (-a+b+rl) \/—8mrl+ (a+b+r1)2]),

1
(8m2r12+4mr1 (a®+ (b-r1)?-2a (b+rl)) -

16 ari?
(a-b-rl) (a+b-rl) (a-b+rl) (a+b+r1—\/—8mr1+ (a+b+r1)2)+

2mrl [—a2+b2+6arl—4mr1—r12+(a—b+r1) \/—8mr1+ (a+b+r1)2]),

1
(-a—b+2m-r1—\/-8mr1+ (a+b+r1)2], 0, 0,0, O}, {0, 0,0, -m, a, b, 0},
2

{O, 0, 0, m(—a2+b2+6ar1—4mr1—r12+ (a-b+ril) \/—8mr1+ (a+b+r1)2],

8arl

1
a—m—rl——(—a2+b2+6ar1—4mrl—r12+ (a-b+ril) \/—8mr1+ (a+b+r1)2)—r2, 0,

4rl
1
b}, {0, 0, 0, m(az—b2+6br1—4mrl—r12+ (-a+b+rl) \/—8mr1+ (a+b+r1)2),
8bril
1
0, b-m——(az-b2+6brl—4mr1—r12+ (-a+b+rl) \/—8mr1+ (a+b+r1)2)-r2, a},
4r1

—m(—(—a2+b2+6arl—4mr1—r12+ (a-b+ril) \/—8mr1+ (a+b+r1)2)
64abril?

{o,o, 0,
(az—b2+6br1—4mr1—r12+ (-a+b+rl) \/—8mr1+ (a+b+r1)2]+

2(-8m2r12—4mr1 (a®+ (b-r1)?-2a(b+rl)) +
(a-b-rl) (a+b-rl) (a-b+rl) (a+b+rl—\/—8mr1+ (a+b+r1)2])],
1
(8m2r12+4mr1 (@®+ (b-r1)?-2a(b+rl)) - (a-b-rl) (a+b-ri)

16 b r1?
(a-b+ril) [a+b+r1—'\/—8mrl+ (a+b+rl)2)+

2mril (az—b2+6br1—4mr1—r12+ (-a+b+rl) \/—8mr1+ (a+b+r1)2]),

1
(8m2r12+4mr1 (@®+ (b-r1)?-2a (b+rl)) -

16ari?
(a-b-rl) (a+b-rl) (a-b+rl) (a+b+rl—\/-8mr1+ (a+b+r1)2)+

2mril (—a2+b2+6ar1—4mr1—r12+(a—b+r1) \/—8mr1+ (a+b+r1)2]],

(-a—b+2m-r1—\/-8mr1+ (a+b+r1)? —2r2)}} /-{rl-r2,r2-rl,a-»b, b-a}

N |-
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1
{{b—m——[az—b2+6br2—4mr2—r22+ (-a+b+r2) \/—8mr2+ (a+b+r2)? ] 0, a, 0, 0, 0,
4r2

1
0}, {O, a—mf—(7a2+b2+6ar274mr27r22+ (afb+r2)\/78mr2+ (a+b+r2)? j
4r2
b, 0, 0, O, o}, {7 (Sm?r22+4mr2 (b2 + (a-r2)2-2b (a+r2)) -
16ar2?

(-a+b-r2) (a+b-r2) (-a+b+r2) [a+b+r2—\/—8mr2+ (a+b+r2)? ) +

2mr2 [7a2+b2+6ar274mr27r22+ (a-b+r2) \/78mr2+ (a+b+r2)? ]]

1
- (8n?r22+4mr2 (b?+ (@a-r2)?2-2b (a+r2)) -
16 br2?

(-a+b-r2) (a+b-r2) (~a+b+r2) [a+b+r2—\/—8mr2+ (a+b+r2)? ) +

2mr2 [az—b2+6br2—4mr2—r22+ (-a+b+r2) \/—8mr2+ (a+b+r2)? ]J

1
— (—a—b+2m—r2—v—8mr2+ (a+b+r2)2 ) 0, 0, O, O}, {0, 0, 0, -m b, a, 0},
2

1
br2

{0, 0, 0, m(az—b2+6br2—4mr2—r22+(—a+b+r2) \/—8mr2+ (a+b+r2)? J

1
bfmfrlfrzf—[a27b2+6br274mr27r224r (-a+b+r2) \/78mr2+ (a+b+r2)? ) 0, a},
4r2

{O, 0, 0, m(fa2+b2+6ar274mr27r22+ (a-b+r2) \/78mr2+ (a+b+r2)? ) 0,

8ar2

1
a—m—rl——(—a2+b2+6ar2—4mr2—r22+ (a-b+r2) \/—8mr2+ (a+b+r2)? ] b},
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