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1 Biochemical formulation of gene regulation

We consider a gene regulatory network that is composed of a set of promoters with joint state G =
(G1,G2,...,Gn,), and the products of gene expression M = (M1, Ma,..., My,,) and P = (P1,Pa,...,
Pn, ), which comprise the set of all mRNA and protein species, respectively. We further assume that the
promoter species are localized in some small volume, while mRNA and protein species are contained in a
larger volume §2.

First, we consider N¢ effective reactions that describe mRNA transcription,
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where j is a reaction index running from 1 to Ng, with Ng the number of promoter states. We note that

(jfjl ) — 1 if mRNA M; is transcribed from a promoter in state G; and zero otherwise. We also note that



the promoters appear in equal proportions on the left-hand sides and the right-hand sides in the above
equation, and that they are hence conserved in the transcription process. Second, we consider translation
as the synthesis of protein P from mRNA M:

(1)
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here, j is a reaction index running from 1 to Njys, where Ny is the number of mRNA species. Moreover,
722(]1) =1 if M; is an mRNA-encoding protein P;.
Next, we consider the set of reactions which alter mRNA and protein concentrations post-transcriptional-
ly and post-translationally. In order to ease notation, we summarize mRNA and protein species in the
vector of gene products Z = (21,...,2n,) = (M1,....,Mn,, P1,...,Pn,), where Nz = Ny + Np. Such
processes typically represent the largest set of reactions, and may include: degradation of gene products;
post-transcriptional regulation, such as, for instance, by protein-mRNA interactions; post-translational
modification, such as phosphorylation; or other types of downstream pathways. The corresponding chemi-
cal equation can be written in the generic form
(1) W gz Fa )
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where j is a reaction index running from 1 to Ty, k( ) is the reaction rate of the 4t reaction, and s( ) and

5Y are the respective stoichiometric coefficients.

ij
Then, we include transcriptional feedback in which proteins act as transcription factors by binding to
the promoter,
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Here, the reaction index runs from 1 to 77 and tgj), fg) and S;; s Sij are the stoichiometric coefficients of
promoter and transcription factor in the binding and unbinding reactions, respectively. Finally, we include

interactions that spontaneously change the promoter state,
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such as are induced by chromatin remodeling or DNA looping in the presence of a transcription factor.

(2)

w18 the reaction rate of the j* reaction mediating transcriptional feedback,

Here, j runs from 1 to 13, k

and ug) and 225]2) are the stoichiometric coefficients for the promoter states. We note that, thus far, the

above decomposition has been completely general, in that it has not required any specific assumptions on
the underlying kinetics. We also note that, although we are only considering actively transcribed mRNA
here, our approach can be readily extended to include non-coding RNA and the resulting interactions.

2 Probabilistic formulation of gene regulatory networks

A probabilistic formulation of the gene regulatory networks outlined in the previous section requires the
specification of the probabilities per unit time for the above reactions to occur. Assuming well mixed
conditions, the resulting model can be formulated independently of the positions of the molecules involved.
The state of the network at any given time can then be described by the instantaneous promoter state
G = (ng,,nay, - -- ,nGNG), the vector of mRNA molecule numbers ny = (nag, nag, - - - ,nMNM), and
the vector of protein numbers np = (np,np,,... ,npNP). We further assume the RNA polymerase and



ribosome concentrations to be very abundant, so that they may be taken constant, and need not be modeled
explicitly.

The propensities of the transcription reaction in (1) then depend only on the rate of transcription and
the number of promoters in a given state. Similarly, the translational propensities in (2) are dependent on
the translation rates and the number of mRNA molecules:

0 — o)
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We note that the rate constant in the transcriptional propensity f}l)(G) has been rescaled by a factor of
), compared to the conventional notation for elementary reactions. We also remark that transcriptional
and translational activity implicitly depend on the RNA polymerase concentration in the nucleus and the
ribosome concentration in the cytosol, which have been absorbed into the rate constants k( ) Making use
of the combined vector of gene products nyz = (nz,,nz,,...,n ZNZ) as introduced in the prev10us section,
the propensity of protein-RNA interactions and protein—protein interactions, Eq. (3), can be formulated
according to the law of mass action,

£V (nz) Qk(l)HQ_SZJ (nz.),w; (7)
)

here, (nz,),, is the falling factorial (or Pochhammer symbol), which is defined as nz_ (nz, —1)...(ng, —m+
1). The propensities of protein-DNA interactions, Eq. (4), are then simply proportional to the occupation
of the promoter states and the protein concentrations. Similarly, for spontaneous promoter transitions,
recall Eq. (5), we find
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The biochemical processes described by the reactions in (1) through (5) can be divided into two groups:
(i) reactions that leave the promoter state unchanged, as given in (1) through (3); and (ii) reactions that
alter the promoter configuration and hence affect transcriptional activity, which are given by (4) and (5).
Group (i) comprises a total of Ry = Ty + Ny + Ng reactions, while group (ii) consists of Ry = T1 + Tb
reactions. It is worth noting that the propensities of group (i) are proportional to the cellular volume §2,
while the propensities for the reactions in group (ii) are proportional to the occupation of the promoter
state G, whose components only take the values 0 and 1 in the case of a single promoter. This difference
can be made explicit by denoting the instantaneous gene product concentration by

ny
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'z, ©)
and by expressing the propensities as
f“ G, z> i=1,
1;(G.nz { B2 i (10)

We note that f]@)(G, Z) is now the probability per unit time per unit volume for a reaction to occur, and
that it is thus a true reaction rate.



We are now able to formulate the Chemical Master Equation (CME) for the general family of gene
regulatory networks under consideration, which describes the time-evolution equation for the probability
II(G, Z,t) to find the system in a particular mesoscopic state (G, Z) at time ¢:
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where R is an Ng x Ry block matrix with elements [R];; = [fl-j — tij, Uij — uij, s@ = ég) - sg) is an

Nz x Ry matrix, and S(l) is an Nz x R; matrix given by

S“):[g 0 | a0 50 } (12)

with [g}” = Gij, [£ij = Fij, [g(l)]ij = §l(]1) and [§(1)]ij = 55]1.). The step operator E;Sij is defined by its
action on a function of the molecular populations as E;S”g(nl, s Ny eyiy) = g(na, ...,nig — Sij, .o, nN)

[1].

2.1 Conventional Linear Noise Approximation of the Chemical Master Equation

The CME, Eq. (11), can only be solved in particular simple cases [2, 3, 4, 5]. A common way of circumvent-
ing this intractability is the use of a linear noise approximation (LNA), which can be derived by truncating
van Kampen’s system size expansion after the leading order term [1, 6]:
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where the O(Q°)-term is given by the solution of the macroscopic rate equations and the term proportional

to Q=3 denotes a contribution due to stochastic fluctuations. The resulting rate equations are given by

dG)
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where f (2)([G], [Z]) = Q1P ((G),[Z]) have been rescaled to represent macroscopic rate functions. The
covariance matrix X now satisfies the matrix equation
dx r o1

=JEX¥+XJ

ENAN¢Y) ).
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here, J is the Jacobian of the rate equations in (14), while D (M) = S(l)diag(f(l))S(I)T and

Rdiag(f*) R ag(f )

D® — 16
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denote noise matrices that correspond to the reactions in groups (i) and (ii), respectively, as defined above.

(Similar partitions of the noise matrix have been analyzed in [7].) Eq. (15) can be solved algebraically at
steady state, or numerically in time course using the freely available software iNA [8]. Moreover, given
the solution of Eqs. (14) and (15), the corresponding probability distributions can also be inferred via the



system size expansion. Specifically, the marginal distribution of gene products according to the LNA is
given by a multivariate Gaussian distribution

(Z,1) = (27)" F det( £(1)"% exp { - (Z - [211)" =7 (1)(Z - [Z](1)) } ; (17)

2

where X 7 is the reduced covariance of gene products only. It is well known that Eq. (17) is centered
about the solution of the deterministic rate equations and, hence, that it is clearly unimodal. It is however
questionable if the ansatz in (13) is justified when considering the expression from a single promoter.
This concern is in part due to the fact that, in the single-promoter case, fluctuations are treated as small
perturbations of the deterministic dynamics.

Specifically, a system size expansion requires that the reaction propensities must satisfy the following
scaling,

FVmanz) =00 (52, 2) +0(2°) and fPnang) = 0f? (2, 2) +00),  (18)

in order for a deterministic limit to exist. Comparing the above expressions with the propensities given in
the preceding section, we see that (18) is indeed satisfied by the reactions in group (i), but not by those in
group (ii), since the propensities are proportional to the number of promoters in a particular state — which
is typically a small integer at low gene dosage — in the latter case. In the following we analyze, albeit using
a different technique, the respective regimes where the approximation in (17) is appropriate, and where
it fails to predict qualitatively the observed distribution of proteins. In the past, only little attention has
been paid to the accuracy of such distributions [9], or of the first two moments for Eq. (17) [10], in the
context of gene regulation.

3 Slow promoter fluctuations

We now devise a method that allows us to obtain insight into the full probability distributions induced
by expression of a single gene. Specifically, we analyze how the separation between promoter and product
timescales gives rise to qualitatively different distributions. We first note that the reactions in group (ii) are
the only ones that may change the promoter state. Hence, it follows that, if the reactions in group (i) are
fast while those in group (ii) are slow, the promoter is a slow species, while the process of gene expression
is fast. In order to account quantitatively for the resulting scale separation, we define the parameter u as
the ratio between the propensities of the reactions in groups (i) and (ii):

Qminf}l)
p=—— (19)
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J

where the factor of € is required for u to be dimensionless, since f(l) is a rate function, while f(2) is a
propensity. Rescaling f&l) =ulf M) and dropping the asterisk in the CME, Eq. (11), we find
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This procedure allows the fast dynamics of the products of gene expression, summarized in the vector Z,
to be described conditional on the state of promoter G. The slow dynamics then simply evolves with



the instantaneous protein concentrations replaced by their average values conditioned on the state of the

promoter. We note that the first term on the right-hand side in Eq. (20) gives the evolution of expression

products in group (i) reactions, while the second term describes the corresponding evolution — and, in

particular, the transition between promoter states — in group (ii). We also note that this second term is

conditionally independent of its products only in the absence of transcriptional feedback, i.e., if S@ = 0.
Using Bayes’ theorem, we can write II(G, Z,t) = II(Z |G, t)II(G, t), where

(G,t) =Y TG, Z,t) (21)
V4

is the marginal distribution of promoter states and the summation in Eq. (21) is taken over all possible
gene product concentrations Z. Substituting the above into Eq. (20), we obtain

Jl(Z|G,1) III(G,t)
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In the limit as u — oo in Eq. (22), we have
Lom(Z|G) =0, (24)

where 7 (Z|G) = lim, o I1 (Z|G,t). We note that, since Ly is time-independent and a genuine transition
matrix, Eq. (24) implies a stationary probability distribution 7 (Z|G) which can at least in principle be
obtained by solving Eq. (24). Marginalizing (22) using Eq. (21), we find

D (; L w<Z|G>> (G, 1) + O(u™), (25)

where the term in brackets is a conditional average of the slow dynamics over the protein concentrations.
Hence, we conclude that slow gene transitions occur with rates at which the protein numbers are replaced by
their expectation conditioned on the current promoter state. Similarly, the distribution of gene expression
products is a weighted sum of the probability that a product is found given a particular promoter state,
times the probability of the promoter being in that state:

I(Z,t) =) m(Z|G)(G,t)+O(u"). (26)
G

In simple terms, that result can be formulated as the dynamics of gene products being enslaved by the
dynamics of the promoter. In particular, the distribution of gene expression is then a superposition of
the stationary distributions n(Z |G), with promoter held constant, weighted with the probabilities of the
promoter being in a particular state II(G,t) (as a function of time).



3.1 Binary promoter switching: exact solution

We now illustrate the theory developed above in the example of a promoter with two internal states [11]:

o

G ==g"*, (272)
(on) (off)
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We note that k:((]OH) represents the basal rate of transcription here, according to the convention in Eq. (6);
moreover, we denote the promoter state by G = (ng, ng+) and the vector of gene product concentrations
by Z = (M, P). According to the separation into groups (i) and (ii) proposed above, Eq. (27a) clearly
represents the only pair of reactions affecting G. Hence, we have f12 = kon and f22) = ko, and fl(l) = kong,

2(1) = kjna+, f3 = ko"3t, and f(l) = k1"&, where "4 and "4 are the instantaneous concentrations of
mRNA and protein, respectively. Writing

pg‘;]}z:ﬂ'(M:Q,P—Q’nG—lng*—O) and pﬁ?:W(M—Q,P—Q‘nG—Ong*—l) (28)

we obtain two decoupled equations for the conditional probabilities of the on-state and the off-state at
steady state, which are identical modulo a factor of k:((]on) or k(()OH):

R (Pt — ™) + ko ((m o+ DRl — mplen)
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The above equations have been solved exactly by Bokes et al. [4], who found that the marginal distribution
of mRNA is Poissonian, while the marginal protein distribution p,, = > pmn can be obtained from the
recursion relation

— n—1—1
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0
where [ = k—l A= kQ ; (1 4+ A)(n—1—4) denotes the falling factorial or Pochhammer symbol, as before, and
M(a,b,z) is Kummer s function. Noting that the on-off transitions of promoter are independent of protein
levels, we can deduce the time evolution of the two promoter states from

aH(on)
= Fon (1 — TIOW) — f gTT(Om); (31)
here, I1(o") = II(ng = 1,ng~ = 0), and we have made use of the conservation of gene copy numbers, with
en = 1 — 110 Eq. (31) has the steady state solution o) — kofr;c et which implies IT(f) = konk%f,fcﬁ.
Using Eq. (26), we then conclude that the distribution of mRNA is a weighted sum of Poissonians
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Similarly, the protein distribution is given by
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with p(oIl M as in Eq. (30). We note that the explicit form of Eq. (30) does not permit to draw easy con-

clusions on the overall distribution functions. In the following, we hence develop approximative techniques
which will allow us to gain insight into these distributions in a more straightforward manner.

3.2 General solution using the conditional LNA

For any reasonably sized reaction network, the conditional distribution of gene products typically cannot be
obtained in closed form. In particular, this is the case when bimolecular reactions such as protein-mRNA
or protein-protein interactions are considered. It is, however, possible to describe the network dynamics
by performing a linear noise approximation for the expression products, while retaining the particulate
character of promoter fluctuations.

3.2.1 Conditional gene product distribution

We now seek to solve Eq. (24) via the LNA, which will yield a closed-form solution for the conditional
distribution of gene products. Explicitly, we make the ansatz

Z|G = [Z|G] + Q egq, (34)

which separates the instantaneous protein concentrations conditioned on a particular promoter state into
a deterministic component and the conditional fluctuations about it. Expanding the step operator

HE 52)—1——Q"Zv s 42 Zv sWsy. v, +o(Q3), (35)

where V, = 3(628|c)z and, equally, the vector of rate functions f;l) of the fast reactions, we obtain
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Using the fact that the conditional distribution of protein numbers and the distribution of € are related by
the inverse Jacobian determinant

21G)| ™
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in combination with Egs. (23a), (35) and (36) in Eq. (24), we obtain

" (216) =7 (ez10), (37)
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where [Jglij = Yo St 0z £5 (G, [Z|G)) and [Dglyj = X, S’ Ste) f8(G, [Z|G]). The above equa-

tion can be solved in a straightforward manner in terms of successive powers of Q2. To leading order (Q%),
we have

0=8WrM(q,[z|G)), (39)

the solution of which is simply the steady state of the rate equations for the group (i) reactions, with
the promoter state held constant. The next order QV is given by a Fokker-Planck Equation with linear
coefficients, which determines the conditional fluctuations

1
0= (—VTJG ez + 2VTDC,~V) ™ (€21c) - (40)



We note that the coefficients in Eq. (40) depend parametrically on the solution of Eq. (39). We also note
that the solution of Eq. (40) is a multivariate Gaussian distribution [1]. Transforming back to the original
variables Z, we find

-1
m(Z|G) = <2ﬂ)—¥det<zzlg)—%e—%(Z—[ZIG])Tzzlg(Z—[Z\GD. (41)
The covariance matrix Xz g = O e 7|G e; ) satisfies the equation
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which can be derived from Eq. (40). Moreover, we note that the coefficient matrices J g and D ¢ depend
on the conditional expectations [Z|G], as is already implied in the definition after Eq. (38). The result is
simply the LNA for the conditional distribution of gene products under steady state conditions.

3.2.2 Distribution of promoter states

We now seek to find an approximation for the distribution of the promoter states. Similarly to our derivation
of Eq. (35) in the previous section, we expand the step operator and the reaction propensities via

Nz ) , Yz
H ESi —1-Q 3 E VZSS) + o™ (43)
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respectively. Performing the conditional average over w(Z|G), as given by Eq. (41), we find

fm(a(jﬁ _ (Zz: Ly w(Z[G)) (G, 1) = (/ d(eziq) L1 7T(GZ|G)> (G.1)
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where we have used partial integration and the fact that <€Z\G>7r = 0. The result is a CME for the
slow promoter state whose propensities depend on the average product concentrations conditioned on the
promoter state. We note that, unlike in the previously considered binary gene, the current example includes
the effects of feedback, since the propensities depend explicitly on the downstream network.

Solution of the resulting CME, Eq. (45), is typically tractable, as (i) it involves only effective “unimolec-
ular” reactions, (ii) its state space is finite, and (iii) the number of interacting genes is small, e.g., tens to
a hundred in E. coli [12], and genes are present only in one or two copies numbers per cell. In order to
demonstrate how an explicit solution to Eq. (45) can be obtained, let us enumerate all of the Ng possible
promoter states as follows,

si=(ng =0,.,ng =1, NGy, = 0), (46)
such that the probability of being in either state can be written as the vector

TI(t) = (1, (¢), (%), ..., Ty, (1)) (47)



The above definition implies Zf\fo ITI; = 1. Eq. (45) is then represented by the Markov chain

dIl
— = W([Z|G)H(?). (48)

The transition matrix W is a function of the conditional expectations [Z|G| and assumes a particularly
simple form in the case of a single promoter with N¢ internal states, [W |;;(Z|G]) = >, Rikf,£2) (sj,[Z]s;])-
We note that, in this case, the above equations are simply the rate equations for the reactions in group (ii).

3.2.3 Distribution of expression products

Using Eq. (41), we find that the marginal distribution of gene expression products is a mixed Gaussian
distribution,

(Z.t) =Y (Z|G)(G,1), (49)
G

since m(Z|G), as given in Eq. (41), is Gaussian. We note that the time-dependence of the resulting reduced
distribution is only due to slow promoter fluctuations, as well as that is no particular restriction on the
general form of the distribution. However, in practice, we are interested in finite and small mixtures.

3.3 Modes of distribution

It is obvious that the distribution in (49) is a multivariate Gaussian and, hence, unimodal if the promoter
state is constant. The simplest situation — which is still non-trivial — arises in a configuration with two
promoter states:

I(Z,t) =1o(t)m0(Z) + (1 — Ho(t))m1(2Z). (50)

Let us denote the conditional means and variances of m; by p; and X;, respectively, where i = 0, 1.
The general theory of the modes of a distribution is very difficult to obtain analytically. In the case of
proportional covariance matrices, i.e., for ¥1 = 02X, it can be shown that the distribution can have
at most two modes [13]. (We remark that graphical techniques for the general case are also devised
there.) Using the fact that the corresponding marginal distributions are Gaussian, as well, that result can
immediately be applied to the marginal univariate distribution for a single gene product np;:

H(Zi,t) = Ho(t)ﬂ'()(zi) + (1 — Ho(t))Trl(Zi). (51)

Hence, the marginal distributions of a two-state promoter can have at most two modes that are independent
of the underlying downstream network. We note, however, that this statement does not extend to joint
distributions; in fact, a gene network with a binary promoter and Nz products, Eq. (50), can have as
many as Nz + 1 modes [14]. Specifically, it follows that a marginal bivariate density of a binary mixture
can have three modes, which is remarkable, as these modes are not evident from the reduced probability
distributions.

3.4 Binary promoter switching: approximate solution

Next, we apply our approximation — which is based on the conditional LNA — to the example of binary
gene expression in Eq. (27). It is now clear that the conditional expectation values of the fast mRNA and
protein concentrations can simply be obtained by solving the rate equations for the standard model of gene
expression

(on,off)
GO G+ M, M MyP,
ME g P (52)
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Figure S1: Accuracy of the conditional LNA. We compared the distributions obtained via the con-
ditional LNA (Eq. (56), solid blue) against the exact distributions derived in the case of slow promoter
fluctuations (Eq. (33), solid red) and stochastic simulation (dotted red). (A) For small cell volumes (2 = 1),
we find that both the exact distribution and the one obtained from simulation have the off-state peaked at
zero, whereas the conditional LNA distribution peaks away from zero. Nevertheless, the number of modes
as well as the on-state contribution are qualitatively well captured by the conditional LNA. (B, C) The
conditional LNA becomes increasingly more accurate as the cell volume (2 is increased, reflecting the limit
in which it has been obtained. For comparison, we also show the conventional LNA (solid gray), which
predicts the correct concentration and variance on average in this case; however, it cannot account for
the bimodality of the distribution functions, as its solution is invariably Gaussian. Parameter values are

kon = 0.01 koge = 0.01, k™ =10, & =1, &y = 100, ky = 10, and ks = 1.

We note that the above reaction diagram represents two models of gene expression with different translation

rates k(()on) and k(()OH). The conditional averages of the mRNA concentration in the two promoter states are

then given by

k((]on) k((]off)
Z3l(1,0)] ="~ and [Zul(0,1] ="~ (5%

where (1,0) and (0,1) denote the state G = (ng, ng«) in the on-configuration and the off-configuration,
respectively. The conditional expectation values for the protein concentration are then related to the ones
for mRNA by

20IG) = (201G, (54

Similarly, we can obtain the variances for each of the conditional models above; the result is

[Zm|G] 1 b
ZZ|G = QO k1 k1 1<{'€12-iJ-rk{'€23+k3 : (55)
ko+ks ks kaotks

Hence, it follows that the joint distribution of Z = (Z, Zp) is given by

[1(2) =2 (2m) " det( 2 ga)He 770D e (7121000
on off
I (2m) et 7)) be BTN Efon (220D, (56)
on off
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From Eq. (55), it is obvious that the covariance matrices for the on-state and the off-state are proportional,
which implies that the distribution can have at most two modes.

In Fig. S1, we compare the distributions obtained from the conditional LNA against the exact solution
(see Section 3.1) and against stochastic simulation. We find that, for low volumes Q (corresponding to
very low numbers of protein molecules), the conditional LNA only accounts for the shape of the on-state
contribution, but not for the one of the off-state (Fig. S1 A); nevertheless, it qualitatively predicts the
bimodal character of the distribution and its relative weights. For moderate Q-values (Figs. S1 B,C), the
overall agreement is excellent, which hence justifies the use of the underlying approximation.

3.5 Moments of distribution

Thus far, we have been concerned with “full” probability distributions. In the following, we sketch the
derivation of the moments of the distribution in Eq. (49), which are often of interest in practice. It is
straightforward to infer the mean value, which is defined as the sum of conditional expectations, weighted
with the probabilities of being in a particular promoter state:

(Z(t) =) _(ZIG):11(G,1). (57)
G
However, the above relation does not carry over to the covariances, which are given by

=Y WG, 1) [Z g6+ (ZIG] - (Z2()))(12|G] — (z1)'], (58)

G

where the first term is due to fast gene product fluctuations, and is of order Q~!, while the second term is
due to slow promoter fluctuations, and of the order 2. These scalings are conspicuous, as they imply the
presence of two contributions to the protein ﬂuctuatlons one from conditional protein fluctuations whose
coefficient of variation is expected to scale as (Z)~ 2 for small protein numbers and a second contribution
which, by the above equation, scales as (Z)° due to promoter noise. The latter hence resembles contributions
that are expected from extrinsic fluctuation sources, as are common to single-cell studies [15].

Making use of the definition of conditional moments as

pa(t ) = [Zi|G] = (Zi(1)),
oy 7 = (4G = (Zi)G) M (Z|G — (Zj|G))Y .. (Z:|G — (Z:|G))*), (59)
all higher-order moments can be expressed in terms of these via
((Zi(t) - <Zz-(t)>)°”(Zj<t) —(Zj)))" ... (Z:(t) = (Z=()))**)
rerEE B (2)(3) (1o
for all times. (The above expression is obtained from ((Zi() — (Z:(t))™ = (Zi(t) — [Z|G] + [Z:]G] —

(Z;(t)))* and an application of the binomial theorem.)

3.6 Time correlation functions and power spectra

We now evaluate two-time correlation functions under stationary conditions and obtain explicit expressions
for the resulting power spectra. Using the ansatz in (34) and the fact that (€ G)» = 0, we find

((2() = (2)) (2() —(2))" ) = A(t.¥) + Q@ Heze®) ez ()T, (61)



where the first term

A1) =Y ((1ZIG) - (2)) (121G - (2)) (G, 4G ¢)TI(G) (62)
G,G’

denotes the autocorrelation due to slow (promoter) fluctuations, while the second term is the autocorrelation
function of fast fluctuations:

(ezic() ege () = Y (eza(t) €5 (t)-IUG, |G, )G (63)
G,G’

We note that, under stationary conditions, Eqs. (61) through (63) are functions of the time difference ¢ — ¢’
only. Eq. (63) can be simplified significantly by noting that the first term decays on the fast timescale p,
while the second one decays on a much slower scale. Hence, we can approximate II(G,t|G’,t') by dg ¢
such that the above expression becomes

(ezic(t) ege (1) = Y (ezic(t)efic(t))x11(G). (64)
G

Specifically, this approximation neglects the impact of promoter switching on the gene product dynamics;
hence, it can be evaluated using a standard LNA [16], albeit applied to the conditional fluctuations:

o 1
B JG_iwiclg_’_iw?

(ez1c(t)ezi(t)x (65)

where J g and D g have been defined after Eq. (38). Since, however, no such argument holds for A (¢,t'),
an explicit expression for the transition probability II(G, t|G’,t’') needs to be obtained, as follows.

Solving Eq. (48) with initial condition d;; for ¢ > t' and the corresponding adjoint equation for ¢t < ¢/,
we find

(G |G t') = H(t — t)eW ) L H(# — )W '~ (66)

where H(7) is the Heaviside function. It then follows that, under stationarity, the two-time probability
distribution is given by

(G, ¢|G, (G = G(t—t') = H(t — e diag(TT) + H(t' — t)diag(I)eX 0. (67)

also,
T
A1) =([21G]-(2)) G(t-1)(2|G'-(2))" . (68)
Using the identity
0 ) 1
— (W—iw)r _ %
P)= [ dre — (69)
we find the Fourier transform of the function G (7) as
G(w) = / dre™™7 G (1) = F (w)diag(IT) + diag(IT) F T(w). (70)

We note that the above expression is singular for w — 0 because of the zero eigenvalue of the matrix W |
which is due to conservation of probability; however, one can easily convince oneself that the resulting
expression in (70) is not. It now follows that the Fourier transform of Eq. (61) is given by

1 1

5(w) = ([216) - (2)) G () (ZI6) - (2) + & S 6T Dar—
> (E); J

(71)

QS
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where the term multiplying Q! agrees with the usual result, found via LNA, for the conditional processes
[16] averaged over all promoter states. Finally, we note that integration of Eq. (71) yields the stationary
covariance

£ = [ 52800 = S 6 £+ (2IG) - (2)((2IG) - (2)7]. (72)

G

which is in agreement with Eq. (58), as derived from the distribution of expression products in (49).

3.7 Multiple identical gene copies

The scenario of multiple identical gene copies can be analyzed in a straightforward manner on the basis of
the case of just one promoter. Let us consider a single promoter that can be in one of N internal states.
Then, the probability of being in either of these states can be written as the vector

H(t) = (M (1), 2(2), - .., g (1)), (73)

where II;(t) = II(ng, = 0,...,ng, = 1, NGy, = 0,t) and Ef\;% II; = 1 because of promoter conserva-
tion. We note that II; can be obtained from Eq. (48), and that it thus depends on conditional product
concentrations through the transition rates.

The case of N identical promoters now follows from the fact that the probability of finding n promoters
in state 7 is proportional to %, since these promoters are independent. The joint probability for the
population in each state is hence multinomial in that case,

ng NNg—-1 1Ng
I, 1 II, ¢, 1I
1 Nag—1 Hy
H(nGl,...,nGNG,t):Nc! R & ' G' (74)
ng,! nay, ! nay,!

with mean values <1ﬁl> = II; that equal the average numbers of promoters in state ¢ and covariance

EG:<nGinGj>_<”Gi><nGj>: %:Hl) 1= (75)
= Ne N Ne / \ N = Y}

For N, — o0, a Central Limit Theorem applies, which implies that the distribution II(G, t) is asymptotically
normal. It then follows that the joint distribution II(Z, G,t) = n(Z|G)II(G,t) is a multivariate Gaussian
in this limit and, hence, strictly unimodal, independently of the underlying network; moreover, the mean
values correspond to solutions of the associated deterministic rate equations. The same conclusion then

applies to the marginal distribution of gene products, in agreement with results obtained via a standard
LNA.

4 Fast promoter fluctuations

For completeness, we now derive an analogous approximation for the probability distributions of gene
products in the case of fast promoter fluctuations. To that end, we rescale fka) =pu F? in Eq. (11);
dropping the asterisk, we then obtain

dll (G, Z, 1)

1
o = Lll(G 2.0+ LG 2,1, (76)

where Ly and £; are defined as in Eqgs. (23a) and (23b), respectively. Hence, in the limit of u — 0,
the first term corresponding to the reactions in group (i) is to be treated as slow, while the second one,
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which corresponds to group (ii) reactions, is to be considered fast. Using Bayes’ theorem, we may write
(G, Z,t) =1I(G|Z,t)II(Z,t) to find

TG Z, 1) ITI(Z, 1)
Lz, 4 m(@1z,0 7 )
_11(Z,4)LoTI(GZ, 1) + ;Llﬂ(G|Z,t)H(Z, 0. (77)

For pn — 0, we thus have II(G|Z,t) — 7(G|Z), and the reduced equations become
0=L17m(G|2), (78a)
11(Z
oMZ.Y _ (Z cow<Grz>> 11(Z.1). (78h)
ot e

analogously to the case of slow promoter fluctuations.

4.1 Distribution of promoter states

The promoter distribution now follows from Eq. (78a). Let us enumerate all of the Ng possible promoter
states as follows:

silZ = (ng, =0,..,ng, =1, NGy, = 0)|Z (79)
for fixed Z, such that the probability of being in either state can be written as the vector

II = (H(31|Z)’H(32|Z)""7H(3NG’Z))a (80)

which depends only on the value of Z, but not on time. The above vector satisfies Zf\i GI(si|Z) =1
because of promoter conservation; Eq. (78a) then becomes the Markov chain

0= W (Z)IL (81)

Assuming that all promoters are present only in a single copy, the matrix W is given by [W];;(Z) =

>k Rik f,f) (sjlZ, Z); hence, the above equation is formally equivalent to a set of macroscopic rate equations
for the promoter state.
4.2 Distribution of expression products

Since the promoter state G enters Ly only linearly via the transcription propensity, Eq. (6), the latter is
given by

(1 1
> 1G 2)n(Gl12) = £ (GI2), 2). (82)
G
It is obvious that (G|Z) can be calculated using the conventional statistical framework developed by Shea
and Ackers [17, 18]. Making use of the ansatz
Z=(2]+Q e (83)

for the gene product concentrations, we can expand Eq. (78b) as
d 1d[Z]
<at_Q2 dt V) H(EZ,t)
= (-08v- sWFN((G|2).(2]) - V' I ez + VI D2V + 0(Q73) ) ez, 1), (84)

15



where [J zli; = Y, S0z, £ ((G|2),[2]) and [D z]i; = 5, 54 S 15 ((G12), 12]). Equating terms

of orders Q2 and 00, respectively, we find

W _ swpoa)z).12), (852)
dt
TULD (97 e+ 97D V) ez ) (85b)

The solution to the last equation is a multivariate Gaussian with mean [Z] and variance X z(t), as deter-
mined by the equation

1

=2 )Y+ 22+ Dy (86)

2|

Transforming back to the concentration variable Z, we find the probability distribution
I(Z,t) = (271)’%det(Ez(t))*%e*%(Z*[Z(t)])TZ;(t)(Z*[Z(t)])_ (87)

Hence, the gene product distribution is clearly unimodal, in contrast to the case of slow promoter fluctua-
tions discussed in the previous section.

5 Applications

5.1 Global control of gene expression promotes multimodality

We consider a switch of two mutually repressing genes which also includes translational regulation, and
which is described by the set of reactions

P1+ Go % P1Ga, P2+ G1 % PaG, (88a)
G2 G+ My, GPy 5GP+ My, My =H Myi+P, My 5@, P o,

Go 25 Got M, GoPi 25 GoPi+ M, Mo 2 Mo+ Py, Mo B0, Py % o, (88b)
P1 + My % MoPy 2 o, (88¢)

Here, the reactions in (88a) account for transcriptional regulation without cooperativity, while those in (88b)
represent transcription, translation, and consequent degradation. We note that we consider the particular
case of an additional post-transcriptional regulation mechanism here, as given by (88c), in which protein
species P; inhibits the mRNA M, of protein species Ps. If the reactions in (88a) are slow, so is the joint
promoter state G = (ng,,ng,). The vector of gene product concentrations Z = (M, Mo, P, Py, My P))
can hence be characterized by its distribution conditional on the promoter state, the distribution of which
is evaluated explicitly in the following.

Conditional means

Promoter conservation implies the relations ng, p, = 1 —ng, and ng,p, = 1 —ng,; hence, the total promoter
state can be expressed as G = (ng,, na, ), which can be in one of four states, since both genes can be either
on or off. Letting a(ng,) = aang, +as(l —ng,) and B(ng,) = bang, +b3(1 —ng,) denote the transcription
rates of either promoter, where the transcription rates as 3 and b 3 are defined according to the convention
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in Eq. (6), we can then write

d[]‘fllt’G] = o(G) — a5[M, |G,
dU‘ZIG] = B(G) — bs[Ma|G] + by [M2P1|G] — bs[M>|G][P1|G],
d[lzlG] — ay[M1|G) — ag[P1|G] + br [Ma P1|G) — bs[ M| G[P1 |G,
d[P;lG] = by[Ma|G] — b[P| G,
(W = —b7[MsP1|G] + bs[Ms|G)[P1|G] — bg[Ma 1| G]. (89)

In the absence of post-translational regulation, bg = 0, the above equations are readily solved at steady
state by setting the time derivatives to zero, which yields

[MaP1|G] = 0,
MiIG) = Vi, = “E9. (P11G) = [Pijng,] = e,
MIG) = Mn,) = 20%) py1G) = (ing,) = 2062 (90)
5 5Y6

Hence, the conditional expectation values for the concentrations of P; and P» only depend on their respective
promoter states G and G2. Analogously, the same statement can be shown to hold for the variances, which
implies that P, and P, are independent conditional on G. Hence, Eq. (90) implies only two sets of solutions.
Moreover, and as shown below, P; and P> are also independent unconditionally.

Considering the case of post-transcriptional regulation, with bg # 0, we find

B(ng,) — bs[Mz|G]

[M2P|G] = . 7
b - — asaghs K
MG = a(ncl)’ [Ms|G] = o(asB(ng,) — asa(ng,)) — asaebs I+3(g)’
a5 2a5b5b9
- bs| M5 |G bal Mol G
[P1|G] _ CL4OC<nG'1) a5/3<nG’2) + as 5[ 2’ ]’ [PQ‘G] _ M’ (91)
asag be
where we have introduced the mRNA inhibition constant
Ky =it 02)
bs

and the abbreviation

R(G) = \/2a(ngl)a4a5bg(agb5K1 — B(nGQ)bg) + a%(bgﬁ(n@) + a6b5K1)2 + aibga(nGI)Q. (93)

We observe that, since [P;|G| and [P2|G] depend on both a and § in this case, P; and P» are not condi-
tionally independent. In particular, [P;|G] and [P»|G] differ for each of the four joint promoter states.

Distribution of promoter states

Under steady state conditions, the promoter distribution is now obtained from

—bl[PQ‘0,0] — al[Pl\0,0} a—1 0 b_1
a1[P1]0, 0] —b1[P»[1,0] —a—y b_1 0
0= II, 94
0 b1 [PQH, O] —a_1 — bfl al[P1|O, 1] ( )
bl [PQ’O, 0] 0 a_1 —b_1 — al[P1|0, 1]
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where IT = (I1(0, 0), I1(1, 0),I1(0, 1), II(1, 1)), and where the above transition matrix has been constructed
using the explicit expression for W for the single-promoter case given after Eq. (48). A graphical represen-
tation of the transition matrix linking the promoter states helps understand the effect of the two regulatory
regimes:

al[PﬂO, 1]

bl[P2|170]

Here, horizontal transitions represent the binding of Pj;, while vertical ones correspond to binding of
P, due to transcriptional regulation. In the absence of post-transcriptional regulation, we have [P»|0,0] =
[P>]1,0] = [P»|0], [P1]0,0] = [P1]0, 1] = [P1]0]; hence promoter binding does not correlate the promoters in
that regime. Defining the abbreviations Ky = b , K1 = aa—ll, and Ko = , the corresponding solution
for II can be obtained from the conditional expectatlons in Eq. (90):

1
K1[P1]0]

>
11(1,0) = <1+K1[P1|0]> <1+K2 Pz!O)
1,1) = <1+K11[P1\0]> <1 fQP]:\Z(‘)OM)

_( Ki[PO] uelipll
i, 1) = (1 + Kl[P1|O]) (1 + [P2|0]K2> v

Despite the presence of transcriptional regulation, the above result implies that both promoters and, hence,
their respective proteins are independent, i.e., that II(ng, , ng,) = Il(ng, )ll(ng,) as well as that II( Py, Py) =
II(P)II(Py).

When post-transcriptional regulation is present, i.e., for bg # 0, the promoter distribution is obtained
from Eq. (94) using the conditional expectations (91) and taking into account that [P0, 0] # [P1]0, 1] and
[P2’070] 7& [P2’170]:

1+ Ko+ K3[P»|1,0] + K1 Ko[ P10, 1]

11(0,0) = - ,
11(1,0) = (K1 Ko[P»|0,0][P1]0, 1] + K1[P10,0]) + Ko(KZ[P1|0,0][P1]0, 1] + K1[Py]0,0))
) - U ,
1100, 1) = K3[P|0,0)([P2[1, 0] K> + Ko +Ul) + Ko K1 K[ |0, 0][P[1,0]
TI(1,1) = K1 Ks([P2]1, 0 (K210, 0][P1]0, 1] + [0, 0]) + K1 Ko[F1]0, 0][P1[0, 1]) + Ko[1%]0, 0][F1]0, 1])

i ,
(96)
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where

U= Ko(Kl[P1|O, 1] + 1)([P2‘0,0]K2 + [P2|1, 0]K1K2[P1|0, 0] + K, [P1|0, O] + 1)
+ ([P2[1, 0] K2 + 1){[P0, 0](K1 K[ 1[0, 1] + K>3) + K:1[F41]0,0] + 1} (97)

Eq. (96) shows that both promoters are effectively correlated as a result of the regulation. A particularly
interesting aspect of joint regulation is that of detailed balance, which concerns the question of whether the
two promoters are in mutual equilibrium; in other words, the flux from the clockwise and counter-clockwise
transitions in the transition graph must be equal, leading to the condition

[P1|070] _ [P2|070]
[P1|07 1] B [P2|170]‘

(98)

We note that, in this case, the regulation of the two-promoter dynamics mimics that of an allosteric
complex. The above condition can for instance be satisfied for the particular choice of rate constants
as = by, ag = by, ag = by, a5 = b5, and ag = bg, as in Table S2, which implies that the transcription
and translation rates of both proteins are identical; however, it does not necessarily hold in general. We
note that, although the lack of detailed balance stemming from the interplay of transcriptional and post-
transcriptional regulation has been demonstrated for a specific two-promoter network here, our argument
can be extended in a straightforward manner to any gene regulatory network that involves slow promoters.

Conditional gene product distribution

It remains to find the solution of the Lyapunov equation, Eq. (42). The corresponding Jacobian can be
constructed either from its definition, as given after Eq. (38), or directly from Eq. (89); the result is

—as 0 0 0 0
0 —bs—bs[P|G]  —bs[Ma|G] 0 by
JG = ay —bg[P1|G] —ag — bg [MQ’G] 0 b7 . (99)
0 by 0 b 0
0 bs[P1|G] bs[M3|G] 0 —by—by

Using the definition of the matrix D ¢ given after Eq. (38), we identify the following non-vanishing matrix
elements

Dy = a(ng,) + as[Mi|GY,

Dy o = B(ng,) + bs[M2|G] + b7 [ M2 P1 |G| + bs[M2|G] [ P1|G],

D33 = as[Mi|G] + ag[P1|G] + b7 [M2 P2 |G] + bs[ M2 |G [P |G,

Dy = by[M2|G] + bg[ 2| G],

Ds 5 = by[MaP1|G] + bo[M2 P1|G] + bs[M2| G][ 1 |G,

Dy3 = D39 =—Dys=—Dsy=—Dss5=—Ds3=b;[MaPi|G] + bg[ M| G][P1|G], (100)

which can then be used in Eq. (15) to obtain X z|Gg- For each promoter, the latter yields a unique solution
for X 20,0, 2 z|(1,0)» 2 2|(0,1), and X z|1,1) whose explicit form is quite elaborate, and is hence omitted
here. More straightforwardly, the solution is obtained numerically using Eqgs. (91) and (96), from which
the steady state gene product distribution can be constructed as

1 1 ~Yz-|z Ty ! Z-1z
Z Z M(ng,, ne,)(2m)" Xz det(2Z|(nG1,nG2))_%e 5(Z—[Z|nayna,)) Z|(nG1,nG2)( [ \ncl,ncg]);

ng; =0ng,=0

(101)
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Figure S2: Mutual information shared between two proteins interacting via translational in-
hibition, shown as a function of the inverse mRNA inhibition constant K (strength of post-translational
control). Here, K has been varied via the bimolecular association constant bg, using Eq. (103), while the
remaining parameters are as given in Table S2, with the exception of a; = 0 = b;. The measure does not
exceed 0.15bit of information over the considered range of translational control.

similarly, one can obtain the reduced distribution functions II(P;, P2), II(P;), and II(P2). The mutual
information shared between the two protein species is defined by [19]

[1(Py, P5) ) . (102)

MI(Pl,PQ):/ dP1 / dPQH(Pl,PQ)lOgQ (W

Since the proteins are independent in the absence of post-transcriptional regulation, we have II(P;, P;) =
II(P)II(P,) and, hence, MI(Py, P,) = 0. In the absence of transcriptional regulation, the promoter distri-
bution is II(ng,, ng,) = 61,1; hence, the joint distribution is a Gaussian, for which the mutual information
reduces to the well known expression

1 (2 z/0,1))34
MI(Py, Py) = —= logy [ 1 — - , 103
( 1 2) 5 g2 ( [2Z|(1,1)]373[ZZ|(1’1)]4’4 ( )

where the second term in the brackets is simply the correlation coefficient of the conventional LNA. In
Fig. S2, we show the dependence of the mutual information on the mRNA inhibition constant K; which
measures the strength of post-translational control. In the general case which involves both transcriptional
and post-transcriptional regulation, the mutual information has to be evaluated numerically.

5.2 Birhythmicity in the expression of a genetic oscillator

For the genetic oscillator described in the main text, we formulated a simplified model that is based
on complex elementary reactions of Michaelis-Menten type, similarly to the negative feedback oscillator
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employed in [20]. The reactions and their associated propensities are given by

g Forr, g* o kogng,

g fon, g . KonTiGe,

¢ gip . kOne,

g* ﬂ G +P kgﬂQnG*,

P k—l> %) : kinp,

RP + P k—2> RP : %HPTLRP, (104)
Yp Y D O

R *2 Rp : Qin’:fgf;(%,

Rp R : Q%

We note that the first two reactions are the only ones that affect the promoter state, and that they are
henceforth assumed to be slow. Since the above reaction scheme obeys the conservation laws ny + ny, =
Y7]Q, nr + nr, = [Rr]Q, and ng + ng= = N, where N, is the gene dosage, the reduced vector of
gene product concentrations can be written as Z = (P, Yp, Rp), while the full promoter state is given by
G = (ng,ng).

We now calculate the power spectrum

1
S(w) = ([Z|G] — (2)) G () ([2|G] — (Z2))" + =) (G D 105
S (w) = ([2]G] - (2)) G (v) ([2]G] - (2)) +Q%: ( )Jc—z’w*GQngzw’ (105)
as found by Eq. (71). The above expression depends on (i) the promoter distribution, (ii) the conditional

means, and (iii) the conditional power spectra, which are given by the last term in Eq. (105). The calculation
is performed explicitly for the cases of one and two promoters in the following.

Promoter distribution

For a single promoter, the steady state promoter distribution is given by

kon
kon + koff

Using the above expression, the probability of N, identical promoters can be obtained from Eq. (74),

ko
and TIp=11(0,1) = —° (106)

HlEH(l,O): _k +kﬂ.
on o

Ne

H(ng,ng+) = < e

> H?GHéVC7nG5nG* Ne—ng»s (107)
which is the binomial distribution.

Conditional means

By virtue of Eq. (39), the conditional means of gene product concentrations obey

WU _ kg + K- — [PIG] ~ b[PIGIRIG]
diYp|G] _ ks([Yr] —[YPIG])  Kk[YP|G]
- (V7] = [YpIG]) + Kny  [YPIG] + K’
d[Rp|G] _  ks([Rr]—[Rp|G])  ke[Rp|G] (108)
dt ([RT] — [RP|G]) + Kwn3 [RP|G] + KM,g.
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The numerical values for one and two identical promoters, based on the parameter values in Table S3, are
given in Table Sb.
Power spectra of oscillations

Power spectra can be obtained by taking into account the explicit form of the relevant transition matrices.
For a single promoter, the latter reads simply

_ _koff kon
w N ( koff _kon > ’ (109)
from which we find
2k oIl 1 -1
G = ; 110
7(&)) (koff+kon)2+w2 < -1 1 >7 ( )

hence, the first term in Eq. (105) becomes

2]'ﬂofle
(koft + kon)? + w?

([ZiG] — (Z) G (w) (1Zi|G] — (Z:))" = ([Z:(1, 0] = [Z](0,1)])*. (111)

For two identical promoters, the transition matrix between the states (2,0), (0,2), and (1, 1) is given by

—2kom 0 kon
W = 0 —2on ot . (112)
2koff 2kon _koff - kon

A similar calculation as above now implies
([Zi|G) = (Z:)) G () ([Zi|G) = (Z:))" = D kosr(4k3g + ) ([Z:1(0,2)] — [Zi] (1, 1))

+ D™ on (4k3, + w?) ([Zi](2,0)] = [Z:](1, 1)])?
+ D7H([Zil(2,0)] — [Zil (0, 2)])k3gkon ([Z:](2, 0)] — 5[Z:(0,2)] + 4[Zi| (1, 1))
+D7H([Zil(2,0)] = [Zil (0, 2)]) kokd, (5[Z:](2,0)] — [Z31(0,2)] — 4[Zi] (1, 1)), (113)

with

w (koft + kon)? + 5w? (Kot + kon)* + 4(koft + Kon)®
dkoftkon '

In order to evaluate the power spectra of the conditional fast variables, as given by the second term in
Eq. (105), we employ the representation of the corresponding Jacobian

D=

(114)

—ap 0 B3

Jag = 51 —Q2 0
0 fa  —a3
—k1 — ko[Rp|G] 0 —ko[P|G]
ks([Yr]-[YP|G]) - k3K 3[P|G] . kaKara 0
= | Kums—[YpIG+[Y7] (Km3—YPIGI+[YT])2 (K4 +[YP|G])?
0 ks([Rr]—[Rp|G]) . ks K 51YpP|G] . ke K6
K 5—[Rp|G]+([RT] (Kum,5—[Rp|GI+[RT])? (Kum,6+[RpPIG])?
(115)

in terms of its eigenvalues, J g U (G) = diag(A1(G), A\2(G), A\3(G)) U (G) for each state G. Using a result
that can be found in [21], we obtain

1 1 1 —~ 1
%:H(G) Ta —wDG;g " ZGjH(G)%:USi(G)MG) — inGA;(G) +Z,wU]TS(G) (116)
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Figure S3: Increasing the gene dosage of the genetic oscillator. We doubled the copy number in the
genetic oscillator shown in Fig. 4A of the main text. For comparison with Figs. 4C and 4D there, we have
also accounted for dosage compensation by halving the transcription rate. In (A), we observe that increased
dosage leads to a new state in the oscillator output, while the modality of the downstream components
remains robust as a consequence of the ultrasensitive response. That new, undecided state corresponds
to one of the promoters occupying the high state, with the remaining one being in the low state. For
better comparison, the concentration of P (green) has been divided by a factor of two. Surprisingly, in
(B) we also observe a new period of oscillation in the power spectra of both kinases, which is predicted
by the conditional LNA (solid) and confirmed by stochastic simulation (dotted). We note that the new
mode in distribution and its characteristic frequency are not associated with those of any of the individual
promoter states, but that they correspond to the average promoter state; hence, they represent an emergent
property of the gene regulatory network. We also note that the conditional LNA captures all features of
the oscillatory dynamics, apart from higher-order harmonics which our theory does not describe [21].

for the second term in Eq. (105), where EG = U~'D U—*. The matrix of eigenvectors U can be written
in terms of the eigenvalues A(G), using the characteristic equation of J g:
Uij = B3, Usj=(az+Aj)(a1+2y), and Usj = (o1 + X)), (117)

where j = 1,2,3 and where the eigenvalues for the examples considered here are given in Table S5. The
noise matrix D ¢ has the following non-vanishing elements,

D11 = k"ng + k§Tng- + k1[P|G) + k2[P|G)[Rp|G],

o FDEIG]  KIPIGI(YE] - [VP|G)
2T Kua+[Yp|Gl T Kus— [Yp|G]+ Y1)
Das kG[RP’G] kS([RT] — [RP|G])[YP‘G]_ (118)

- KM,G + [RP‘G] KM75 — [RP|G] + [RT]

In particular, the form of Eq. (116) implies that the power spectrum has peaks at eigenvalues with
small real parts; the imaginary parts of these eigenvalues yield the frequencies of the resulting oscillations
[21]. Using the parameter values given in Table S3, we deduce that, in the case of a single promoter,
the frequencies are given by 0.26 and 0.61, see Table S5; in the case of two identical promoters, on the
other hand, there appears an additional frequency at 0.37. These predictions agree well with both the
approximated and the simulated power spectra, as shown in Fig. 4 of the main text and in Fig. S3.

Summarizing, the first term in Eq. (105) is given by (111) for a single promoter and by (113) for two
identical promoters. Using Eqs. (118) and (117) together with the eigenvalues given in Table S5 in (116),
the second term in Eq. (105) can be evaluated.
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5.3 Phenotype induction: transient bimodality and hysteresis

We consider a hypothetical experiment in which a transcriptional activator 7, induced at rate s(t), increases
transcriptional activity by binding to a target promoter. The corresponding reaction diagram can be written
as

s(t)

g —=T, (119a)
g+7% GT, (119b)
¢ 7 g4 m, (119¢)
o7 5 6T+ M,

ME M+ P, (119d)
M@Q?ﬂM1T&Q (119e)

Here, the stimulus s(¢) in Eq. (119a) is assumed to be varying slowly, while the degradation of 7T is fast.
The promoter state is then given by G = (ng, ngr), for which we will denote the on-state and the off-state
by (on) = (0,1) and (off) = (1,0), respectively. If we postulate fast degradation and slow binding of 7, as
described by the reactions in (119b), we have

[T|off] = SZ) (120)

Averaging the promoter state distribution over the slow promoter association dynamics, we find

(on)
AL i) o Fon gy pytem), (121)
dt ky

which implies that s(t) drives promoter activation. The above equation has the general solution

t
H(On) (t) — H(On) (to)efﬁ(tmt) + kon/ dt efﬁ(tlvt)s(t/% (122)
4 Jto
with
k t
B 1) = han(t — ) 4 222 / dr (7). (123)
4 J

While it is often easier to solve Eq. (121) numerically, we carry out the solution procedure explicitly for a
simple stimulus which can be realized experimentally, and which is given by a ramp of finite duration «a:

L oo<t<
s(t):{s% == (124)

S0 t> a,

In particular, we are interested in scenarios where the promoter is induced up to some t > «, at which
point the time-reverse experiment is performed by decreasing the ramp from the induced state to zero. We
denote the solutions to these two scenarios by Hgfm) (t) and o) (t), respectively.

In order to understand the implications of our experiment, we focus on three dynamical regimes: (i) the
slow-induction regime of a slowly varying ramp (a > 7¢ > p~ !, with 7 being the promoter timescale);
(i) the fast-induction regime of a fast ramp resulting in a step-function (7¢ > a > p~1); and, finally, (iii)

the intermediate regime, where 7¢ >~ o > 7.
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Slow induction

Regime (i) is realized by setting the left-hand side of Eq. (122) equal to zero, and by solving for IT°™). For
a > T, the probability of induction is proportional to the stimulus

0 t<0
M () =P = (AL 0<t<a, (125)
A t>a«
to lowest order, where A = % denotes the steady state probability after induction, [Ty = ISTZ is the

corresponding TF concentration, and Keq = ]Z‘ﬁf denotes the equilibrium constant of TF binding. Hence,
for slow induction, the forward and reverse induction experiments yield the same result. We also note that,
for sg > %, the final state is fully induced, in the sense that A ~ 1 then.

Fast induction

Regime (ii) follows by taking @ — 0 in Eq. (124): direct integration of the resulting piecewise constant
signal s(t) yields

(o) 0 t<0
Y™ (t) = , 126a
;@ A<1 - e—(kog+so’;—4)t> 0 (126a)
kot
TICm) (1) — {Ae b<0 (126b)
A t>0

We note that, in contrast to the regime of slow induction, the time-dependence is exponential, with different
rates for the forward and reverse experiments.

Intermediate regime

We now show that hysteresis persists if the promoter and induction timescales are of the same order;

)

however, as we will see, the solution for HECOS can only be performed semi-analytically in that regime.

Defining A\ = %% and writing erfi(x) = % Jo dt et for the imaginary error function, we can express the

solution to the forward experiment as

0 t<0
2  (kogtAn)?
- 1 B (o () e (52) 0550,
mton) ()™ (ot )20 g (1~ (ot e-e) t>a

here, II(®" is given as in Eq. (122).
When considering the reverse experiment, one starts from the induced state and slowly decreases the
induction rate, thus inverting time. The result is

I1(om) () ekertt t<0

t2—a2

Aekorr(t—a)=A(t*—a?) + 1 — eko(t—a)+A 52

o) (t) = (o +20)? ’
’ hoy/Fre B (ef (M) —enf (Barted)) 0<t<a

A t>a

(128)

where erf(z) = % fom dte** denotes the error function. Clearly, the two solutions coincide in the limits of
t — do00; however, for intermediate times, they are generally different, reflecting promoter memory.
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Distribution of expression products

Thus far, we have been concerned with determining promoter state distributions. In all three regimes
considered above, the gene product distribution is given by the Gaussian mixture

1Y (Zp,t) = 1§ (O)m(Zplon) + (1= TP (1)) w(Zploff), (129)
since we have assumed that the promoter timescales are much slower than those of gene products; here,
the conditional distributions in the above expression are as given in Section 4. We note that the above
expression is valid both for slow and for fast induction kinetics. Moreover, it is clear that, since the
transcription rates in both states are significantly different, there will be some intermediate time interval
in which the protein distribution enters a transient bimodal state. In regime (i), this observation is true
for forward and reverse induction experiments at equal induction rates. However, in regime (ii), increasing
and decreasing the induction rates does not yield identical protein distributions; rather, one observes a
dependence on the induction history and, hence, a hysteresis phenomenon. In particular, it follows from
the case of fast induction, Eq. (126), that the timescale ratio for induction and promoter decay in the
reverse experiment is given by

gy o (130)
Tf Keq

which is a measure of the hysteresis observable in the response of the gene network. In particular, the
memory of the system is greatly enhanced for either large perturbations [Ty or transcription factors with
small K¢q. Finally, we remark that regime (iii), for which the timescales of promoter and induction are of
the same order, has been considered in the main text using the parameter values in Table S4.

5.4 Positive cooperative feedback: comparison against deterministic bistability

Populations of isogenic cells exhibiting distinct subpopulations are commonly modeled by deterministic
rate equations whose steady state exhibits multiple steady states. Multistability often requires positive
genetic feedback interlinked with post-transcriptional kinetics in order to achieve an increase in effective
cooperativity, leading to an ultrasensitive response as, for example, in mycobacterial persistence [22].

Here, we study a simple example of bistability in positive autoregulation where cooperativity is achieved
via post-translational formation of oligomeric complexes. We consider a single gene G encoding a protein
P at basal levels and its dimeric and tetrameric forms D and Q, respectively. For simplicity we here do
not consider mRINA transcription explicitly. The tetrameric complex promotes the expression of P via the
DNA-protein complex GQ; hence, induction is cooperative. The set of elementary reactions comprising
this model are given by

kon
off
G5g+P, g0t govp, Pl g,
k k
9P =22 D, 9D —= Q, (131)
kmD ka

where we have assumed the oligomeric complexes to be stable so that their decay can be neglected. In
the following, we assume the association and dissociation of the dimer Q and the promoter G to be slow
compared to the remaining reactions. Next, we compare the solution of the deterministic rate equation
model corresponding to Eq. (131) against our conditional LNA of the CME, and against the results of
stochastic simulation.
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Figure S4: Comparison of deterministic bistability against stochastic bimodality. (A) Solutions
of the deterministic rate equation (solid white) are compared to the contours of the probability density
that is obtained from the conditional LNA as a function of the basal transcription rate 6. (B) Conditional
LNA solution for three parameters in the deterministically bistable (§ = 0.5, blue), marginally bistable
(6 = 1.5, red), and deterministically monostable (§ = 3, green) regimes. The solution of the deterministic
equation is also shown for comparison (solid black). We observe bimodality to be most evident outside of
the region of deterministic bistability (6 > 1.5), which is well confirmed by stochastic simulation (dotted).
(C) The same distributions as in (B) are presented on a logarithmic scale, demonstrating that, within the
region of deterministic bistability, the distributions obtained from the conditional LNA and from stochastic
simulation are indeed bimodal. In particular, the deterministic theory correctly predicts the modality of
the distributions (solid horizontal lines) in the deterministically bistable region, whereas it fails in the
monostable region. Parameter values are kop = 1073, kog = 2 x 1074 kap =1, kr =7, kp = 1. kg = 0.1,
kmp = 10, kpg = 1, and Q = 10.

Deterministic bistability

We define the apparent dissociation constant

koff ka kmD 2
Ko . 132
“ keon ko ( kp ) (132)

then, the deterministic rate equations for the reaction network (131) lead to the following condition

kr[P)*

0=64 Tl _
TR P

~ gplP) (133)
for the steady state protein concentration [P], where § and kp are the transcription rates according to our
convention in Eq. (6). Since the above equation cannot be solved in closed form, in Fig. S4A we illustrate
stable (solid white) and unstable (dashed white) numerical solutions.

Conditional LNA solution

By contrast, we now show that the conditional LNA obtained in the case of slow promoter dynamics does
indeed yield a closed-form solution for the full probability distribution, which is derived in the following.
Denoting the set of slow promoter states by Il,g = II(ng = 1,ngg = 0) and Iy, = II(ng = 0,ngg = 1),
and making use of promoter conservation, i.e., of I, = (1 —I,g), we find with Eq. (48) that the promoter
distribution is governed by

Ollon
ot

= _koffnon + kon[Q‘la O](l - Hon)a (134)
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where [Q|1,0] is the conditional expectation of tetramer concentration in the off-state. The conditional
expectations obtained from the conditional LNA, Eq. (39), satisfy the simple relation 0 = krngg + 6 —
kap[P|na, nagl, which yields

k )
[Plng,nag) = 122, (135)
dp
together with the relations
o kmQ\ ((kmp\?
(@I nagl = (522 ) (Dlnc.nagl = (522 ) (522 1Plng.naol. (136)
Q Q D

for the conditional expectations for the concentrations of dimeric and tetrameric complexes. Using the
above expressions together with Eq. (134), we find that the probability of finding the promoter in the
complexed state is given by

[P|1,0]*
Uon = ——57 1 137
T Kg+ [P[1,0]4 (137)
Hence, the distribution of protein concentrations is given by the Gaussian mixture
M(P) =B L o (PIPILOD2/(2p0.0)
Kd"‘ [P|1,O]4 271'213‘(170)
4
[P]1, 0] L PR, (138)
Kd + [P|1, 0} 27T2P|(0,1)
where the conditional protein fluctuations have variance
1
EPlnancq) = glFIne neql; (139)

as is obtained by solving Eq. (42).

The resulting probability distributions are compared to the deterministic solutions of Eq. (133) in
Fig. S4A, in dependence of the basal transcription rate §. We observe that the modes predicted by the
conditional LNA are in qualitative agreement with the solution of the deterministic equation; however, the
latter cannot predict its relative weights. Fig. S4A suggests that bimodality is most evident outside of the
region of deterministic bistability. We have verified this claim here by stochastic simulation of the full set
of elementary reactions in (131) in three regimes in which the solutions of the deterministic Eq. (133) are
bistable (blue), marginally bistable (red), and monostable (green), respectively, as shown in Figs. S4B and
C. The deterministic theory qualitatively predicts the modal values of the distributions (Fig. S4C, black
dashed) within the deterministically bistable region, but misses the stochastic bimodality in the monostable
region. By contrast, the conditional LNA accurately predicts the full distributions over the entire parameter
space.
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parameter value ‘ parameter value

kon 100 (fast), 0.1 (slow) | kog 100 (fast), 0.1 (slow)
k™) 40 | P 20
k1 10 | ko 10
ks 10 | )

Table S1: Parameter values for the model of binary promoter switching, Eq. (27), used in generating Fig. 2
of the main text. The rates denoted by kop ot distinguish the two limiting regimes of fast and slow promoter
transitions shown in Fig. 2.

parameter value | parameter value
al,bl 0.028 afl,bfl 0.01
a9 1.25 | by 1.25
as 0.75 b3 0.75
ay 10 b4 10
as 10 b5 10
ag 1 b6 1
by 1| bg 57
bg 1] Q 300

Table S2: Parameter values for which the mutual information shared between the two protein species is
optimal in the mutually repressing gene mechanism, Eq. (88). We note that the strength of translational

control can be measured by the inverse mRNA inhibition constant Kj = %, while transcriptional control

is proportional to the inverse DNA-protein dissociation constant K = aa;ll = bb‘—ll. The latter two have been

varied in Fig. 3 in the main text via the rate constants bg, a1, and by, respectively.

parameter  value | parameter  value
[Yz] 1| [Rr] 1
koft 0.001 | kon 0.001
i i | it it
k1 0.1 | ko 100
ks 1] kg 2
ks 1| kg 0.5
Ky, Ky2 001 | Kys, Kya o 0.01
Q 6000

Table S3: Parameter values for the genetic oscillator used in generating Figs. 4 (main text) and S3. We
note that we have accounted for dosage compensation here by rescaling the transcription rates with gene
dosage N..
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parameter value | parameter value
Q 5| « 10
kon 0.1 | kog 0.1
kgt 100 | Eg® 200
k1 10 | ko 10
ks 10 | ky 10

Table S4: Parameter values for the theoretical induction experiment used in generating Fig. 5 in the main
text. The analytical prediction of the protein distribution is constructed using Eq. (129) together with
(127) and (128) for forward and reverse induction, respectively.

quantity ‘ N.=1 N, =2
G (1,0) (0,1) (2,0) (0,2) (1,1)
Z|G] (2.00,0.51,0.67) (1.95,0.26,0.01) as (1,0) as (0,1) (2.00,0.35,0.49)

AG | (—11.14, —0.014 £i0.26) (—2.12,—0.020 £40.61) | as (1,0) as (0,1) (—5.68,—0.0040 + i0.37)

Table S5: Conditional means and conditional eigenvalues of the gene product concentration vector Z =
(P,Yp,Rp) and the Jacobian J g, respectively. We note that the imaginary parts of the eigenvalues
correspond to the frequencies observed in the power spectra for the genetic oscillator. The underlying
parameter values are given in Table S3.
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