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tion appli
ationOur se
ond appli
ation originates from online au
tions, whi
h are 
hallenging be
ause they involve user-generateddata: sellers de
ide when to post an au
tion, and bidders de
ide when to pla
e bids. This 
an result in individualau
tions that have extremely sparse observations, espe
ially during the early parts of the au
tion. In fa
t, well-do
umented bidding strategies su
h as early bidding (Bapna et al., 2004) or last-minute bidding (Roth & O
kenfels,2002; Shmueli et al., 2007) 
ause �bidding-draughts" (Jank & Shmueli, 2007) during the middle, leaving the au
tionwith barely any observations at all. Peng & Müller (2008) and Liu & Müller (2009) studied 
lustering and dynami
s ofsu
h sparse au
tion data while Jank et al. (2010) and Reithinger et al. (2008) proposed new methods for smoothingsparse au
tion data. Here, we study bidding re
ords of 843 digital 
amera au
tion that were listed on eBay betweenApril, 2007, and January, 2008. These au
tions were on 515 types of digital 
ameras, from 233 distin
t sellers.On average, there were 11 bids per au
tion. The timing of the bids was irregular and often sparse: some au
tions
ontained as many as 56 bids, while others in
luded as few as 1-2 bids. In this appli
ation we are parti
ularly interestedin investigating the pattern of variation of an au
tion's bidding path and de
omposing it into 
omponents that areattributable to the produ
t and 
omponents attributable to the bidding pro
ess.We analyzed a subset of our online au
tion data that 
onsist of 40 pairs of au
tions of digital 
ameras. Every pair
ontains two au
tions of exa
tly the same 
amera, so any observed di�eren
es in the au
tion out
ome must be due todi�eren
es in the seller or the bidding pro
ess. Figure 1 displays the raw au
tion data for the �rst three 
ameras. Sin
edi�erent au
tions have di�erent durations (e.g. 1-day au
tions vs. 7-day au
tions), we normalize au
tion-time to theinterval [0; 1℄, where t = 0 and t = 1 
orrespond to the beginning and end of an au
tion, respe
tively. We also re-s
alethe y-axis (�pri
e") to the average �nal pri
e so that all au
tions are 
omparable with respe
t to an item's value.Figure 1 shows that some au
tions in
lude as few as 3 bids, while others have as many as 20� 30 bids. The bid-timing. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .aDivision of Publi
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Stat Di et al.is irregular and unbalan
ed � often it is quite sparse at the beginning and middle phases of the au
tion but ratherdense towards the end; the reason is that bidders de
ide when to bid and their de
ision is driven by individually-varyingbidding strategies su
h as �last-minute" bidding and it may also re�e
t their rea
tion to 
ompetitor's bids.We point out that the bids in Figure 1 are not monotoni
ally in
reasing as would be expe
ted from an as
endingau
tion. The reason lies in eBay's proxy bidding system. In that system, an individual submits a �proxy bid," whi
his the maximum value he/she is willing to pay for the item (see Appendix for detailed explanations). Be
ause proxybids measure bidders' privately held willingness to pay (at the time of the bid), we refer to the traje
tories in Figure1 as the 
urrent maximum willingness to pay traje
tories. Thus the goal of our analysis will be to study the evolutionof willingness to pay over the 
ourse of an au
tion and how its variation 
an be broken up into 
omponents that areattributable to di�eren
es in the produ
t and 
omponents that are attributable to the bidding pro
ess itself.
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Figure 1. Au
tion traje
tories for three digital 
ameras with two au
tions per 
amera. The �x" axis represents normalized biddingtime with range t 2 [0; 1℄, and the �Y" axis 
orresponds to re-s
aled bidding pri
es. The two sub�gures in ea
h 
olumn showtwo au
tions from a spe
i�
 type of digital 
amera.To a

omplish that goal, we view bidding traje
tories as noisy realizations of underlying smooth pro
esses, and �tMFPCA models with one way ANOVA,Yi j(t) = �(t) + Zi (t) +Wi j(t) + �i j(t) = �(t) + N1∑k=1 �ik �(1)k (t) + N2∑l=1 �i j l �(2)l (t) + �i j (t):Here, �(t) is the overall mean fun
tion, Zi (t) is 
amera spe
i�
 deviation, Wi j(t) is within 
amera au
tion-spe
i�
deviation, and �i j(t) is residual noise or measurement error. Figure 2 shows observed data from all au
tions andestimated mean fun
tion �̂(t). As expe
ted, bidding pri
es in
rease with time on average, more rapidly towards the. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .Copyright 
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Support information for �Multilevel sparse fun
tional prin
ipal 
omponent analysis" Stat
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Figure 2. The raw au
tion data and estimated mean fun
tion �̂(t). The bla
k 
urve 
orresponds to �̂(t), whi
h demonstratesthe average shape of au
tion traje
tories a
ross all au
tions.end of au
tions. Next, we look at level 1 and level 2 prin
ipal 
omponents, whi
h extra
t dominating modes of variationsat the between and with 
amera level, respe
tively. Eigenvalues and Eigenfun
tions are shown in Table 1 and Figure3, respe
tively. Based on Table 1, level 1 and 2 explain 35:9% and 64:1% of the total variation, respe
tively. Thus,there is substantial amount of variation at both levels.Level 1 Level 2(Proportion explained: 35.9%) (Proportion explained: 64.1%)Component 1 2 3 1 2eigenvalue (�10�3) 6.2 3.6 2.3 19.4 3.4% var 48.2 27.8 18.1 84.6 14.6
um. % var 48.2 76.0 94.1 84.6 99.2Table 1. Estimated eigenvalues from eBay au
tion data. Level 1 and 2 
orrespond to between 
amera and within 
ameravariations, respe
tively. �% var" means per
entage of varian
e explained by 
orresponding 
omponents, while �
um. % var"means 
umulative per
entage of varian
e explained by 
urrent and prior 
omponents.We �rst look at level 1 eigenvalues and eigenfun
tions, whi
h 
apture modes of variations a
ross di�erent 
ameras.In Figure 3, the �rst row show the shapes of three leading eigenfun
tions f�(1)1 (t); �(1)2 (t); �(1)3 (t)g, while the se
ondrow display the types of variations resulting from them. The �rst eigenfun
tion (PC1) is mostly positive, indi
atingthat au
tions loading positively (negatively) on this 
omponent will always have higher (lower) values than average.Its magnitude is small at the beginning, in
reases and rea
hes maximum around t=0.2, then gradually de
reases to 0. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .Stat 2014, 00 1�7 3 Copyright 
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Figure 3. Estimated eigenfun
tions at level 1 (Rows 1-2) and level 2 (Rows 3-4). In Row 1 and 3, the solid lines representestimated eigenfun
tions. In Row 2 and 4, solid lines represent the overall mean fun
tion �(t), and the lines indi
ated by �+"and �-" are mean fun
tion plus or minus a multiple of �(1)1 (t), respe
tively.around t=0.8, and is 
lose to 0 after t=0.8. The sub�gure in Row 2 Column 1 demonstrates the type of variation indu
edby this 
omponent. The solid line represents the overall mean fun
tion, �(t), and the lines indi
ated by �+" and �-" areoverall mean fun
tion plus or minus a multiple of �(1)1 (t), respe
tively. Namely, �+" represents �(t) + 
 �(1)1 (t), and �-"represents �(t) + 
 �(1)1 (t) for some 
onstant 
. In terms of the bidding 
ontext, the �+" line represents an au
tion inwhi
h the pri
e in
reases rapidly at the beginning, almost �attens in the middle phase and in
reases somewhat towardsthe end. The �-" line 
orresponds to an au
tion in whi
h the pri
e �attens at the beginning, but keeps in
reasing after. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .Copyright 
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Support information for �Multilevel sparse fun
tional prin
ipal 
omponent analysis" Statt=0.2. This 
omponent explains 48:2% of variation at the between 
amera level. One 
an interpret other eigenfun
tionsin a similar manner. For example, the se
ond 
omponent that explains 27:8% of variation 
hara
terizes mostly thevariation at the later parts (t = 0:4 to t = 0:95) of au
tions. The third prin
ipal 
omponent explains 18:1% of thevariation. These three 
omponents together explain more than 90% of level 1 variation.The importan
e of these three prin
ipal 
omponents in the au
tion 
ontext is as follows. The �rst PC suggests thatwhile pri
e (or more pre
isely, willingness to pay) in
reases over the 
ourse of au
tions, there is signi�
ant variation inbidder's valuations during the early au
tion stages. This is in line with earlier resear
h that has do
umented that theearly au
tion phase is often swamped with �bargain hunters," i.e. bidders that are not very serious about the produ
titself but would like to �steal" it at a bargain pri
e. Over time, the e�e
t of bargain hunting diminishes and onlyserious bidders (with reasonable valuations) remain. The se
ond PC shows a distin
t di�eren
e in variation betweenthe early stages (until to 0.3 or so) and the later stages. This is in line with au
tions that experien
e di�erent early- andlate-stage dynami
s (Jank & Shmueli, 2007). For instan
e, au
tions that start out �fast" early, often see slow-downsin pri
e during the later stages; 
onversely, au
tions that pro
rastinate during the initial phases see tremendous pri
e-a

eleration towards the end. The se
ond PC 
aptures these di�eren
es in pri
e dynami
s. The third PC is noteworthybe
ause it 
aptures primarily di�eren
es in �nal pri
es. (Note that PC3 is largest in magnitude at t=1.0.) The reason isthat although we are 
onsidering au
tions for the same type of produ
t (i.e. digital 
ameras), one 
amera (e.g. a NikonCoolpix) has a di�erent value 
ompared to another 
amera (e.g. a Canon Powershoot) � PC3 
aptures di�eren
es inpri
es. It is also noteworthy that pri
e di�eren
es only surfa
e in the third prin
ipal 
omponent � the reason is that,as pointed out earlier, our traje
tories are already s
aled to the average pri
e and hen
e 
ontrol some of the variationin pri
e.We next look at level 2 eigenvalues and eigenfun
tions, whi
h 
hara
terize variations between di�erent realizations ofthe same 
amera. The third and fourth rows of Figure 3 display the leading eigenfun
tions at level 2. The �rst prin
ipal
omponent, whi
h explains the majority (84:6%) of the level 2 variation, 
aptures variations mostly at the later partsof au
tions. For example, a

ording to Row 1 Column 1 of Figure 3, an au
tion with positive loading demonstratesmore rapid in
rease in bidding pri
es between t = 0:2 and t = 0:8, while an au
tion with negative loading demonstratesslower in
rease in bidding pri
es between t = 0:2 and t = 0:8 and faster in
rease after t = 0:8. The se
ond prin
ipal
omponent explains 14:6% of the level 2 variation.From a domain-level point of view, level 2 eigenvalues are extremely 
urious: sin
e we are now looking at the se
ondlevel of the hierar
hy, we are 
ontrolling for produ
t-spe
i�
 di�eren
es. In other words, all observed variation is due tothe bidding pro
ess and bidders' 
hange in valuation for a produ
t. As pointed out earlier, most au
tion theory suggestthat a bidder's willingness to pay remains 
onstant a
ross the duration of an au
tion. That is, while one bidder mayhave a di�erent valuation 
ompared to another bidder, ea
h bidder's individual valuation does not 
hange as a resultof the au
tion pro
ess. Aggregated a
ross all bidders, we would thus expe
t to see willingness to pay to be distributedevenly � and with 
onstant varian
e � a
ross the entire au
tion duration. However, looking at the the �rst prin
ipal
omponent, we see that willingness to pay is most variable during mid- to end-au
tion (between t=0.5 and 0.7).That is, even after 
ontrolling for produ
t un
ertainty, bidders' valuations 
hange, and their valuation is most volatileimmediately before the �nal phase of an au
tion starts. In addition, PC2 suggests that willingness to pay be
omesextremely volatile towards the end of the au
tion. This may be 
aused by heated 
ompetition and last-moment biddingfrenzy that often sets in during that part of the au
tion.We also show �tted au
tion traje
tories (Figure 4) for four sele
ted 
ameras with two au
tions per 
amera. The�rst two 
olumns 
ompare two 
ameras that load di�erent on the �rst level 1 prin
ipal 
omponent, but similarly onremaining 
omponents. The third and fourth 
olumns 
ompare to 
ameras that load di�erent on the se
ond level 1prin
ipal 
omponent, but similarly on remaining 
omponents.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .Stat 2014, 00 1�7 5 Copyright 
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Figure 4. Fitted 
urves for four sele
ted digital 
ameras. The dots and thin lines show observed bidding pri
es, while thi
k solidlines display �tted 
urves. Camera 23 and 25 load positively and negatively on the �rst level 1 prin
ipal 
omponent, respe
tively,but similarly on remaining 
omponents. Camera 4 and 21 load positively and negatively on the se
ond level 1 prin
ipal 
omponent,respe
tively, but similarly on remaining 
omponents.Overall, the signi�
an
e of our analysis is that it allows, for the very �rst time, to partition bidders' willingness topay into temporally di�erent segments. In fa
t, level 1 analysis shows that early di�eren
es in willingness to pay 
anbe attributed mostly to produ
t di�eren
es; this is not surprising sin
e di�erent produ
ts are expe
ted to be valuateddi�erently. The surprising aspe
t is that bidders �digest" this di�eren
e (not immediately but eventually) during theearly au
tion stage. However, di�eren
es in willingness to pay still persist, even when 
ontrolling for the produ
t. Ourlevel 2 analysis suggests that bidders un
ertainty about the valuation is largest during mid- to late-au
tion. During thisperiod of time, other bidders pla
e bids, bidders update their own valuation and respond to the a
tion of 
ompetitors.And �nally, the se
ond PC of our level 2 analysis suggest that bidding frenzy or last-moment bidding 
an result inhuge variation in valuations whi
h - so is our guess - is mostly driven by emotion rather than by rationale.These results are interesting, espe
ially when we 
ompare the leading prin
ipal 
omponent from level 1 to that fromlevel 2. These two 
omponents suggest the di�eren
e in the patterns of variation at two levels. Between di�erent
ameras, the early to mid au
tion behavior seems to explain mu
h variation. Thus, au
tions for some 
ameras startwith relatively high pri
e and bidding pri
es in
rease slowly, while au
tions for others may start with low pri
e andbidding pri
es in
rease faster later. If we 
onsider the same 
amera, di�erent realizations of au
tions di�er mainly inthe mid to end au
tions. The MFPCA methodology allows us to separate these two sour
es of variations, and study. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .Copyright 
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omponent analysis" Statmodes of variations at both levels.2. Software implementationR 
odes to implement the proposed multilevel sparse fun
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