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I. Data

The data that we analyze here were obtained from observations
on large flocks of starlings, Sturnus vulgaris, in the field. Using
stereometric photography and innovative computer vision tech-
niques (1, 2) the individual 3D coordinates and velocities were
measured in cohesive groups of up to 4,268 individuals (3, 4). As
summarized in Table S1, we have data from 21 distinct flocking
events, with flock sizes ranging from 122 to 4,268 individuals and
linear extensions from 9.1 to 85.7 m. Each event consists of up to
80 consecutive 3D configurations (individual positions and ve-
locities) at time intervals of 1/10 s. All events correspond to
strongly ordered flocks, with polarization [from Eq. 13 of the main
text] between |P| = 0.844 and |P| =0.992. The border of each flock
at each instant of time has been computed using the a-shape al-
gorithm (5), as explained in detail in ref. 2.

Il. The Maximum Entropy Approach

The concept of entropy has its roots in thermodynamics, roughly
150y ago. The idea that we can use maximum entropy as a strategy
to construct simplified models outside of equilibrium thermody-
namics is now more than 50 y old (6). Here, so that our discussion
is self-contained, we review this general strategy (see also ref. 7
and appendix A.7 in ref. 8).

We assume that the state of the system can be described by a set
of variables that we shall call v={V;,V,---,Vx}, by analogy with
the velocities of birds in a flock. Although we can measure, for
example, the velocity of every bird in a flock, we typically can not
collect enough data to make reliable estimates of very compli-
cated quantitates. As an example, with N variables describing the
state of the system, we need more than N independent mea-
surements to be sure that the covariance matrix of these varia-
bles is not artificially singular. What does seem reasonable is to
assume that there is a much smaller set of observables, {O,(v)}
with y=1,2, ..., K, that we can extract from the system, and that
we have enough data to make reliable statements about the
average values of these observables, {(O,(V)) ey, }-

Our task is to build a probability distribution P(v) such that
we reproduce, exactly, the expectation values of the K observ-
ables, that is

<Oﬂ(v)>exp’ [S1]

V))p =D P(M)O,(v)=

for all u=1,2,...,K; it is useful to phrase the normalization of
the distribution as a similar constraint, the statement that the
average of the function Oy(v) =1 must equal the experimental
value of 1.

The problem is that that there are infinitely many distributions
that can satisfy the constraints in Eq. S1. Out of all these dis-
tributions, we want to find the one that has as little structure as
possible, so that we can derive the minimal consequences of the
experimental observations {(0,(V))y, }. Asking for a probablhty
distribution P(v) that has as little structure as possible is equiv-
alent to asking that the variables v that we draw out of this dis-
tribution be as random as possible. Shannon proved that the
only measure of (lack of) structure or randomness that is
consistent with several simple constraints is the entropy of the
distribution (9, 10),
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SP)==> P(¥)In P(v). [S2]

Thus, we are looking for the distribution P(v) that maximizes the
entropy in Eq. S2 while obeying the experimental constraints
from Eq. S1. Such constrained optimization problems can be
solved using the method of the Lagrange multipliers (11): we
introduce a generalized entropy function,

P-4 (0,00

#=0

SIP: {hu)] = )p=(OuW)ep|: 1831

where a multiplier 4, appears for each constraint to be satisfied,

and then we maximize S both with respect to the probability

distribution P(v) and with respect to the parameters {4, }.
Maximizing with S respect to P(v) gives

K

- Z 4Oy )

p=1

P(v)= ! exp

Z((4)) ’ (541

where Z({4,}) =exp (49 — 1). Since optimizing with respect to g
will enforce normalization of the distribution, we can write,
explicitly,

[S5]

Z{A}) Zexp[ Zﬂ O,(v)

Maximizing with respect to {4,} gives us the set of K simultaneous
equations in Eq. S1, which we can now write more explicitly as

K
<Oll (V) >exp = % Z O}l (V) €Xp |:_ ; /IDOD (V)

[Se6]

We note that, in general, this is a very nonlinear set of equations
for the parameters {4, }, and very hard to solve. In section IV we
exploit special features of the flock problem—in particular, the
strong polarization of the flock—to simplify this problem so that
we can make analytic progress.

Maximum entropy distributions are mathematically equivalent
to the Boltzmann distribution in statistical physics. We recall that
if a physical system in state v has energy E(v), then when it comes
to equilibrium at temperature 7 the probability that is in any
particular state is given by

E(v)} [S7]

1
PBoltz(V) ZZCXP{_ICB—T )

where kg is Boltzmann’s constant, and serves to convert between
conventional units of temperature and energy. Comparing with
Eq. S4, we see that the maximum entropy distribution is equiv-
alent to a Boltzmann distribution with an effective energy

K
k—= Z [S8]

We note that this energy is the sum of several terms, one for each
of the observables whose expectation value we fix based on exper-
imental data.
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It also is useful to note the connection of the maximum entropy
approach with more conventional model building. If we take the
form of the probability distribution in Eq. S4 as given, then our
problem is only to fit the parameters {4,}. A standard method is
maximum likelihood. If we have N, independent samples of the
system’s state, v(1),v(?) ... v() then the probability that the
model generates these data is given by

Z

Proder(data) = TP (V). [S9]

l
—_

Substituting from Eq. S4 we can make this more explicit:

sl 100

{A}exp[ le/i ;0 }

Then we can form the normalized log probability,

Proder(data) =
[S10]

1 1 & .
]vsln Proder(data)= —In Z({A,}) - E Ay [ . ?:1 0, (V(l))}
[S11]

K
== Z({A}) =D 4(04(V))y,  [812]
p=1

where in the last step we recognize the normalized sum over sam-
ples as the experimental expectation value. Now if we want to
maximize the probability, or likelihood, we should differentiate
with respect to the parameters and set the result to zero:

oln Proge(data) 0ln Z({4 }

o, = %, ~(0u()) oy [813]

However, with the explicit expression for Z in Eq. S5, we can
compute
dn Z({4})_ 1 9Z({A})
0y Z({A}) 04,

L s K [S14]
=771\ 3, - j'I./Ol/
zu@})a@e"p{ 2,40.0)
K
_ 78 Zexp[—z/l,,O,, [S15]
K
= Z {” {nyob [S16]
[S17]

We recognize this as the expectation value of O, (v) with respect
to the probability distribution P(v). Thus, we have

an Z({4,})

T = —(0,())ps [S18]

and hence Eq. S13 becomes
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(04(v))p=(0, (v)>exp. [S19]
That is, once we have the form of the maximum entropy distribu-
tion in Eq. 3 of the main text, maximizing the likelihood of the
data with respect to parameters is equivalent to imposing the
constraints in Eq. S1.

lll. Maximum Entropy Model for Flocks

Let us now apply the maximum entropy approach to the case of
bird flocks. The state of the system is characterized by the set
v={Vi, V2., Vi } of the individual bird velocities. As discussed in
the main text, we consider observables that measure the local
correlations between birds and their neighbors, and the mean
and variance of flight speeds.

When we look at a snapshot of the flock, we can identify bird j
as being in the neighborhood of bird i (j€ N;) if it is one of the
closest n, neighbors. Then we measure the mean square differ-
ence in velocity between a bird and those in its neighborhood,

R o PO
i

0 i=1

[S20]

where we have normalized by a scale vy to obtain a dimensionless
measure; in solving the model we shall see that it is natural to set
this scale equal to the observed mean speed of the birds. It will
be convenient to write this in a slightly different form, so we in-
troduce matrix 71;; =1 if j € \Vj and 72; = 0 otherwise. Then we have

N

Qll’lt Z

i=1 j=1

|V — ;[ [S21]

We notice that the indices i and j appear symmetrically, but the
matrix 7;; is not symmetric, since being in the neighborhood is
not a symmetrical relationship (if you are my nearest neighbor, I
might not be your nearest neighbor). Only the symmetric part
survives the summation, so we can write

ni;|Vi —V;
th ZNVOHCZZ 1]|l ]‘

i=l j=1

[S22]

where nj = (flij +flji)/2.
In addition to Qjy, we chose as observables the mean speed
and the mean square speed across the flock,

1 N

V=g §i=1: Vi [S23]
13,

V2=N§ v, [S24]

where v; = |vi| is the speed of bird i.

Eq. S8 tells us that the effective energy function or Hamilto-
nian for a maximum entropy model is composed of one term for
each of the observables whose expectation values we match to
the data. Thus, we should have

H(v) =1 Qunt + 12V + 23V, [S25]
and the probability distribution
P e $26
V)=
M= 2, ) (5261
20f 13
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It will be useful to absorb factors of N so that the effective energy
becomes extensive, that is proportional (on average) to the num-
ber of birds in the flock, while the parameters of the model
remain formally independent of N. Similarly, we would like to
separate the choice of units for velocity from the dimensionless
parameters of our model, so we introduce a scale vy as above.
Thus, we write

N
2]
e > i [827]

i=1

With P(v) « exp[—H(v)], we obtain Eq. 3 of the main text.

IV. Solving the Model

Maximum entropy methods involve building models grounded in
measurements of average quantities. Since the state of our system
is defined by the velocities of all of the individual birds, it might
seem that to define an average we need many snapshots of the
entire flock. However, the quantities that interest us are local—
they describe the behavior of individual birds (V; and V) or
of individuals relative to their neighbors (Qint). Thus, we can
compute averages of these local operators over all of the birds in
the flock, and since the flocks are large we expect that this will be
equivalent to averaging over an ensemble of snapshots. Indeed,
we shall see that the expectation values computed over the many
birds in a single snapshot do not fluctuate much from moment to
moment, and correspondingly the parameters J and g also do not
vary systematically with time during the flocking events, or even
across different flocks. This is similar to what we found in the
analysis of directional ordering alone (7).

The first step in using the maximum entropy model is to compute
the partition function Z(J,g, u). Since the role of Z(J,g,u) is to
enforce normalization, we have

Z(J,8,1) /dve ™

where dv is the volume element in the space of all of the (3D)
velocities, dv = [],dVi.

[S28]

A. Computation with Free Boundary Conditions. We begin by treating
all birds as equivalent, without regard to their location in the in-
terior or on the boundary of the flock, and we return to this below.
It will be useful to think of the velocity as being composed of a
speed and a direction, V; =v;s;j, where |sj| =1. Translating into
these variables, we obtain from Eq. S27:

N

u
H(v) =7 Znuh}lsl VJS]| +2 2 Zv - v1

01]

[S29]

N N
e 3;@[1/ —2ViVi8; - 8 +V; }+%va—§02vi [S30]

o2 E nijvivisi - Sj+

01]

1 & N u
ﬁz <g+]Znik)vi2—v—Zvi.
Vo =1 k=1 U]
[S31]

Notice that the term controlling the mean square speed now has
two contributions, one from the direct control parameter g and
one from the social interactions with neighbors, «J.

In addition to rewriting the Hamiltonian, we also need to
express the volume element dv in terms of the new direction and
speed variables. For each bird,
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v =vidvid®sis(|si| - 1), [S32]
where the delta function enforces the constraint that §; is a unit
vector, and the factor v? is the Jacobian of the transformation. In
the limit that speed fluctuations are small—which they are in the
flock—the effect of the Jacobian can always be absorbed into
a redefinition of the parameters ¢ and g, so we drop this term
here. Thus, we have

Z(J,g, 1) /Hdvd sio ( |s,—1)exp[ 5 Zn,lvvjs, i
1 )2
_%;<g+J;nik)v?+% ;vi}.

[S33]

Now we want to use the fact that fluctuations are small to
simplify our calculation; we can verify, at the end, that the
fluctuations predicted by the model really are small, and hence
that our approximations are consistent. This is a now classical
approximation scheme in the theory of magnetism (12), but we go
through the details here in the hopes of making the calculation
accessible to a broader audience.

We can write the speeds as

vi=V(1+e), [S34]

where V' is the mean speed over the flock from Eq. S23,

1 N
=% levi, [S35]

and ¢; is the fractional fluctuation around this mean; we expect
lei| < 1. Notice that with this definition we have

[S36]

i
m

Transforming from integrating over speeds to integrating over
their fluctuations, we have

N N N
HdV1=VNdV<HdEi>5(Z€j> .
i=1 i=1 j=1

To say that fluctuations in direction are small requires a bit
more care. We can average the unit vectors §; to obtain the
polarization of the flock as in Eq. 13 of the main text,

N
Z [S38]
i=1

This polarization has a magnitude P and a direction that we will
denote by the unit vector fi, so that P =Pfi. We expect that flight
directions of individual birds will be close to fi, so we can write

[S37]

2 |

S =ski+ 7, [S39]
where 7; is a (small) vector perpendicular to fi, and the longi-
tudinal term siL is necessary to be sure that s; remains a unit
vector. As with the € above, not all N of these variables are
independent, since the definition of the polarization in Eq. S38
requires that

30of 13


www.pnas.org/cgi/content/short/1324045111

L T

/

1\

BN AS PN AN D

1 XN: .
P=—1>"sk [S40]
N =
and
N
> &=0 [S41]
i=1
Thus, we have
N
Hd3§15(\§i|—1)
24 N
/d /dP Hdznidsfﬁ(\/[sﬂzﬂﬁi2—1)}
i=1
1 L N
5| P-5 ;si 5 ;ni : [S42]
Now, if we substitute into Eq. S31, we have
JV2 N
H(v)= anj (1+e)(1+¢€) (s + 7 n:J)
0 ij=1
2o N , Ny
+— +IS np |(1+6)? ==LV S43
21% ;(g ;nlk ( 51) Vo [ ]

Although we have changed variables in a way that makes it
easy to make the approximation that fluctuations are small,
we have not actually used this approximation yet in simplifying
the Hamiltonian.

We notice that one set of delta functions in Eq. S42 enforces

st=y\1- |7~ 1= |7 )2+,

where we now use the approximation that |#;| is small. If
we substitute this into Eq. S43, then to be consistent we
should keep only terms up to second order in %; and €;. The
result is

[S44]

2
H(v)= - JV anj 1+¢€)(1+¢)
0 ij=1

222(g+]2nlk> (1+€) —]LV [S45]

()|

Znu( #1217 )2+ 7 7).

01]1

A crucial simplification is that the terms related to speed fluctua-
tions (e;) are decoupled from those related to directional fluctua-
tions (#;). Thus, we have, as in Eq. 6 of the main text,

H(V)=Har ({7 }) + Hp({e}) +Eo(V), [S46]
where Ey(V) is the effective energy when all €; =0,
g’
Eo(V) =N (—2 —ﬂV) . [S47]
2vg
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Collecting terms, and dropping constants independent of {7}
and {e;}, we find that

Hair ({7i}) =27 ZN,J;:. 7 [S48]
ij=1
e
Hol{e}) =3 > (g8i +INy)eie, [S49]
0 ij=1
where the matrix Nj has the form
N
Nij = —nj +5ij Znik. [S50]
k=1

In trying to compute the partition function, we will need to
integrate not just over the local variables {¢;, #; }, but also—as can
be seen from the volume elements in Eqs. S37 and S42—over
the global variables V, P, and fi. The integral over the direction
of polarization is simple because there is no dependence of the
integrand on fi; this is a consequence of the overall rotational
invariance in our formulation of the problem. The integral over
the magnitude of the polarization is also simple, since the delta
function just gives us

[S51]

The integral over V' is more interesting, since the " dependence
of the integrand is dominated by Ey(}V). Thus, we need to do an
integral of the form

Zy / dv e El) [S52]

The key point is that £y « N, and so the integrand is very sharply
peaked around some V.. However, the average of Vis one of the
quantities that we are fixing from the data, so we must have
V.=(V) exp? and this serves to set the parameter p, as explained
in the main text. Importantly, the factor of N ensures that the
variations in V around V. will be very small in large flocks, and
hence we can replace V — Vi =(V),, everywhere else in our
calculations. We are also free to choose the scale vo= (V)

. . exp’
and then we can simplify

Hair {”1 [S53]

ZNuﬂ:l 7,

1]1

1

N
Ho({e}) =5 > (¢8; +INi)eie;. [S54]
ij=1

~2

This separation of direction and speed variables in the Ham-
iltonian means that the partition function can be factorized,

Z(J,g. 1) x Z4ie(]) Zp(J, 8)e2, [S55]
where
N N
ZarlJ) = / {Hd%} 5( > m) ¢ Hanl{m)) [S56]
i=1 i=1
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[y

Now we have to do the integrals in Eqs. S56 and S57,
but these are not very difficult because they are Gaussians.
The behavior of these integrals is determined by the structure
of the matrix Njj. To understand this structure, imagine that
the birds are in a line, and the relevant neighborhood is just
the two nearest neighbors along the line. Then we can see that
Nj is the discrete approximation to the (negative) second
derivative along the line. In higher dimensions this becomes
the Laplacian operator, and so Nj; is called a “Laplacian ma-
trix.” As with the negative Laplacian, the eigenvalues {A,} of
Nj; are positive, except for the smallest one, which is exactly
zero (A =0). If we define the eigenvectors of Nj by wi such
that

[S58]

N

§ : a a
Nijo =Aawi s

i=1

then the eigenvector associated with the zero eigenvalue is the
uniform mode, w! = constant. However, displacements along this
direction are fixed to zero by the delta functions that appear in
the integrals of Eqgs. S56 and S57, and this is crucial for doing
the integrals.

We recall that, for a general N X N matrix M;,

N11/2
fatwem (=5 S ) <[ 27]

ij=1
cxexp(—

where 1,(M) are the eigenvalues of M. In the case of Z,
we have

et [l o S ool £ S o]

ij=1

N
> mMa(M)]) ,
a=1

[S59]

N =

[S60]

The relevant matrix is now M;; = gd;; + JNj;, and the eigenvalues
are A,(M)=g+ JA,, where again A, are the eigenvalues of the
Laplacian matrix N;. We note that the integral runs over N
dimensions, but the delta function fixes one combination of
the {€} to be zero, and as noted above this combination is
parallel to the first eigenvector. So, up to constant factors, the
effect of the delta function is to exclude the first (zero) eigen-
value from the sum in Eq. S59, so that

—_

N
Zo(,8) o<eXp< - > lnfg+JA,] ) [S61]
a=2

Since the effective Hamiltonian for speed fluctuations in Eq. S54
is a quadratic function of the {¢;}, the probability distribution of
the speed fluctuations is Gaussian,

P({e})= (ZEJ) exp[ 3 ZGMIJEJ:| [S62]
i

ij=1
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Thus, we can calculate the correlations between the values of e for
different birds i and j in a standard way: we rotate our coordi-
nates into the eigenvectors of the matrix Mj;, and note that in this
basis fluctuations along each coordinate are independent with
variance 1/4,(M); to recover the correlations in the original
basis we rotate back. Again we have to be careful to respect
the delta function, which serves to eliminate the fluctuations
along w!. The end result is that

a a

N
wiw
(ei€;) Z JAa

a=2

[S63]

This result, or more precisely its generalization to the case where
we treat the birds on the boundary of the flock separately, Eq. S90,
is the basis for our prediction of the speed correlations as a func-
tion of the distance between birds, in Fig. 2C of the main text.

We can carry through the same calculation for the direction
fluctuations. The only differences are that the vector #; has two
components, so there are twice as many variables, and that the
matrix which controls the fluctuations is now simple M;j; = JNj;.
The results are

Zaie —d;l ﬁ:l VA4 [Se4]
dlr( )‘XCXP 2 e n a )
and
N wand
(#-7)=(d-1) Z iy [S65]

where we give the result for motion in d dimensions; here d =3.

As noted at the end of section II, the constraint that expecta-
tions values in our model equal those in the data is equivalent to
maximum likelihood inference. Thus, to complete our calculation
and find the parameters of our model, we should compute the
probability of the data in the model as a function of the parameters
J, g, and n.. Putting together the results in this section, we can
write the log of the full probability distribution as

®=In P(data | model) = —In Z — (H(V)) .y, [S66]
=—In Z4(J) —In Z4,(J,8) - <4V2 anj Vi —¥j| >
ij=1 exp
N
(&
< 7 Z; > [S67]
= exp
N N
1 N
= DA 5 D g +TA =N i) o =N ()
a=2 a=2
[S68]

where (...) denotes an average over the data. We have identified
Qint from Eq. 1 of the main text, and 62 is the fractional variance
of individual birds’ speeds around the flock mean, from Eq. 2 of
the main text.

The result for @ in Eq. S68 is simple enough that we can maxi-
mize to give explicit equations that determine the parameters. Thus

=0

S69
pe [S69]

5 of 13


www.pnas.org/cgi/content/short/1324045111

1N 1 5
D*d;ngxd (6% exp [S70]
and similarly
oD
=0 [S71]
(N-1) 1L A, n,
ST a2 grin, N Gmley (872
afzg
1
d(l - ﬁ) —8(0%) oy = I (Qint) exp- [S73]

Finally, we can substitute the solutions to these equations, J* and
g", back into Eq. S68 and maximize with respect to 7., as in Fig.
2C of the main text.

B. Computation with Fixed Boundary Conditions. So far, we have
assumed free boundary conditions, corresponding to the ideal
situation where speed and orientations of all individuals in a flock
can fluctuate in the same manner, exploring the whole accessible
space of possible fluctuations, given the interaction between birds.
In natural flocks this is not very realistic: individuals on the
boundary are constantly subject to environmental stimuli, so that
they will adjust their direction and speed not only in response to
neighboring birds, but also in response to external cues. To cope
with this fact, we now perform the computation of the partition
functions and of the likelihood using fixed boundary conditions,
where the velocities of the birds on the boundary of the flock are
held fixed at their observed values. We note that for large systems,
such as the flocks we are considering, boundary individuals are
a negligible fraction of all individuals. As discussed more fully in
ref. 7, the values of the inferred parameters do not change much
when changing the boundary conditions. Fixed boundary con-
ditions are however necessary to adequately take into account
the effects of boundary on the correlations.

To perform the computations with fixed conditions on the
border, it is convenient to divide the birds in two groups: internal
birds i,j € 7 and birds belonging to the border a, b € B. Then, Eq.
S27 becomes

H(v)= 22 Z(Nlj+g5u> ——Zh Vi+Hz(/,g) __ZV"

Yo ijez 0%ez
[S74]
where

=1 Zn v [S75]
1= V B 1av¥a

J

= Z( w30 )V %o 1876]
0 abe

We can see from these expressions that holding velocities V, fixed
on the border of the flock is equivalent to considering a flock in
presence of a field h; acting on those birds who see the border
birds as their neighbors. Note that birds deep in the interior do
not couple directly to the field, but may feel its influence if it
propagates through the flock. It will be useful to decompose
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these fields in relation to the mean flight direction fi, as in
Eq. S39,
N L 1
hi=h;fi+h;. [S77]
The computation of the partition function now proceeds exactly
as in subsection IV.A. The only difference is that integrations
must now be performed on internal variables only; the algebra is

slightly more complicated, but the conceptual steps are the same.
Corresponding to Eq. S55 we have

v.g) Zdir (J) Zsp (]7g)eNg/2»

Z(J,g;nc) =" [S78]

and in place of Egs. S56 and S57 we have

N
Ze(J / {Hdzm] (Z 1>e_H“" {(7er})  [879)

i=1

Zy(.8)= /{gdq] (Z > “Hpl{eier))

where we note that the integration is only over internal variables,
but the delta function constraints involve all of the variables. As in
the case of free boundaries, we first integrate over global varia-
bles, which has the effect of pinning the mean velocity to its
observed value, and then we can choose the scale vy= (V)exp,
simplifying all of the expressions. The reduced Hamiltonians
for the internal variables, analogs of Eqs. S53 and S54, then
become

[S80]

Hir {”IEI} [S81]

ZNuﬂ:1 7 JZh T

IJEI ieZ
g
Hep({€ier}) 2”;(Nu+ Jalj)ele, J;bel, [S82]

where

bi= hlL - Znia = Zniaea

aeB aeB

[S83]

is the fluctuating part of the longitudinal component of the bor-
der field.

Although we have the same matrix Nj in these equations as in
subsection IV.A, the indices ij are restricted to the interior of the
flock, and on this restricted space the matrix has different
properties. To remind us of this fact, it is convenient to introduce
the two matrices 4;; = Njj and Bjj = Nj + (g/J)d;, with indices that
refer only to birds internal to the flock, i €Z. Then the partition
functions that we need to evaluate are again Gaussian integrals,
controlled by the properties of these matrices. We find, corre-
sponding to Eqs. S61 and S64,

J -1 -1 d-1
In Zae()) =73 Y (A7) by By ==~ (N7 = Din()
ijez
d-1 | d-1
—=5In| > (A7) |- IndetA
ijeT
2
A Y (AT b % [S84]
aeB ijez ! Zi,jeI(A )ij
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and
J o 1
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Similarly, the probability distributions of the variables {e;,#;}
again are Gaussian, and we can find, by analogy with Eqs. S63
and S65, the correlation functions. One new feature is that birds
in the interior can have nonzero averages of these fluctuations,
since they are responding to the birds on the boundary. Instead
of rotating to the basis of eigenvectors, it is useful to define
the matrices

- Sier A7)y omer (A7),
Aj=(A"), - : =
i = )” > imer @ i [586]
B! B1).
Bij _ (B_l) ZIEI( )llZmEI( )]m. [S87]

ij_ ZImEI( )m

Then we find the mean directional fluctuation and the correla-
tions in these fluctuations to be

1

Loy d=1-
(- ) =——Aj+ (#) - (7)), [S88]
- Sl Ve
S<7ti> = ZAijhj 1€ Zﬂ'a [S89]
jeT Zl meI lm aeBB
Similarly, we find the mean speed fluctuation and correlations to be
1.
(ei-€j) =78+ (&) - (&), [S90]
)= Bib;- DBy i Y e [S91]
Zl meI

jez 1m aeB
The correlation functions that we present in Figs. 2 and 3 of the
main text are based on these expressions.

Finally, we need to find the conditions that set the values of the
parameters. By analogy with Eqgs. S70 and S73, we find

1/ NT-1 5 1
.7 (d_N — 8o >exp) nc(th exp N Z 1] 1 . h]
ijer
1 1 o1 1
+=Y (BY.bib——|) #+ Y (AT —
N ijez ! : N aeB 1;1 v ZLjeZ(A 1)1J

2
s . -1y 1
N <2% 2 (6 )iib’> S B,
Z <Va - <V>Cxp>27

exp a€B

Nap [Va —vb\ +
2 <V>

N<V>exp a,beB

[S92]
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and

1 ~ 1
<o‘2>exp =N7J ZBii +N Z Ei
i€z aeB

IZIJEIB 2
NZI]EI B 1 1

(s)
aeB
[S93]

Finally, the optimal value of n. can be found by maximizing the
log-likelihood

Jn.N
; <le>exp

[S94]

(D(],g; nc) =—In Zdir(J) —In Zsp(],g) +HB(J7g)

§
_N§<62>exp’

where we substitute for J and g the (n.-dependent) solutions of
Eqgs. S92 and S93. An example of the likelihood as a function of
n. is given in the main text.

V. Summary of Model Parameters

Eqgs. S88-S94 give us all of the ingredients needed to determine
the parameters J, g, and n,, as in Fig. 1 of the main text. A
summary of these results is given in Table S2.

As in our previous work (7), we find that parameters do not
vary dramatically from flock to flock. In particular, as shown in
Fig. S1, our estimate of the neighborhood size n. does not vary
systematically with the linear dimensions of the flock. This is
important because we want to be sure that our account of scale-
free correlations does not hinge on adjusting the range of in-
teractions to the size of the flock.

The next important point is that the neighborhood size is in-
dependent of the typical distance between birds (Fig. S2). This
reinforces the conclusion (4, 7) that birds interact with a fixed
number of neighbors, independent of distance—a “topological”
rather than metric interaction.

Most important for our present discussion is the consistently
small value of the ratio g/(Jn.), which is a sign of the approach to
criticality. In fact we can even see that g/(Jn.) is slightly negative,
which is at first sight surprising. In fact, from Eq. S63 we see that
what must be positive is not g, but rather g+ JA,. The lowest
nonzero eigenvalue A, becomes smaller as the flock becomes
larger, so that only modestly negative values of g are allowed.
There is a correction to this picture when the birds on the border
are fixed, but the idea is the same: g can be slightly negative if
this is compensated by other sources of stiffness.

VI. Goldstone Modes and the Continuum Limit
In this section we would like to make some of the mathematics
behind the intuitions described in Some Intuition of the main text
more explicit. Our discussion is for the case (section IV, A) with
free boundary conditions.

We start by looking at the effective Hamiltonian for the di-
rectional variables {7}, in Eq. S53,

ZNuﬂ:l 7.

Jl

Hdlr {”1

As explained in the discussion leading up Eq. S58, the matrix Nj;
has a zero eigenvalue, but in fact the whole eigenvalue spectrum
has a special structure. To see this, it is useful to imagine that the
birds are arranged along a line, and that the neighborhood is
only the very nearest neighbor. Then we can label the birds by n,
and the bird #n + 1 is the neighbor of bird n; we can rearrange the
terms in the sum to give
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Now suppose that the direction of flight varies only very slowly, so
that we can picture a continuous function of position x in the
flock, despite the fact that the birds are located at discrete posi-
tions x,, = nr., where 7. is the typical distance between the nearest
birds. Then we have 7(x), and

N
Hdlr {71'1 ‘%

n=

[S96]

Since we are assuming that variations are smooth, we can turn the
sum into an integral,
=0\ 2
o7t (x)
o

Jr?

Har()) =75 o [ ds

; [S97]

where p is the density of birds along the line. If we do the same
calculation with birds on a regular lattice in 3D space rather than
birds along a line, we find

— Ji el 2 3 = 2
Mo ({7)) =72 / PV (o), [S98]
where we also include the more realistic possibility that the neigh-
borhood is not just one neighbor but a group of n. neighbors.

The crucial point about Eq. S98 is that if we consider variations
in flight direction on a scale ¢, such as #(x) ~A sin(2zx/¢), then
we have Hgi; xA2/¢®. Thus, as the length scale of variations
becomes large (¢ — ), the stiffness which resists the variations
goes to zero. This vanishing stiffness at long wavelengths is the
signature of a Goldstone mode, which arises because the
original model allowed flight in any direction, but the actual
state of the flock breaks this symmetry by selecting a particular
direction (13).

If the stiffness that opposes variations (in the Hamiltonian)
goes down, then the variance of these fluctuations (in the prob-
ability distribution) goes up. Thus, in the presence of Goldstone
modes we will see a large variance of fluctuations corresponding to
variations over long-length scales. In other words, we will see long-
ranged correlations. It is important these correlations not only be
long ranged, but also genuinely scale-free. To see this, it is useful
to remember several mathematical facts about Gaussian random
functions (see, for example, appendix A.2 in ref. 8).

Suppose that we have a function ¢(x), with zero mean. If all
points x are equivalent, we can characterize the statistics of
fluctuations in ¢(x) using the correlation function,

Cople—x) = (¢x)g(x))-

It is also useful to consider the Fourier transform of the correla-
tion function, the power spectrum,

= / dx et C(x)

Importantly, we can write the entire probability distribution for
the functions ¢(x) using the power spectrum,

1 /dk|¢< ﬂ
271' S¢(k) ’
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[S99]

[S100]

Plgp(x)] =%exp [S101]

where

= / dx e* ™ p(x) [S102]
is the Fourier transform of the function ¢(x).
Since we have P «exp[—H], Eq. S98 tells us that
- 1 Jn.r? o2
P[(x)] =—exp {—Tcp / x|V ()| ] : [S103]

We can also write this in terms of the Fourier transforms,

7(k) = / dx ¢ 37 (%), [S104]
and then Eq. S103 becomes
Pli0)] =~ ex {—]""rg / L3 |E’2‘ﬁ(l}')’2} [S105]
zP172 ) ay ’

However, now we can read off the power spectrum, by comparing
Egs. S105 and S101; we see that

- 1 1

Jn.rlp ‘E‘

[S106]

If we transform back to give the correlation function, we have

. Pk _gze o
Ce (%)= / (27)36_"‘"‘S,,(k) [S107]
1 &k iz 1
= R $108
Inerlp /(2;:)36 k| [5108]

The key point about this result is that there is nothing in
the integral to set a characteristic scale for X. In fact, if we
double the value of |X| we make up for this by cutting the value
of |K| in half so that K-X stays fixed, but since we are inte-
grating over all possible values of K, only the whole integral is
reduced by a factor of 2. This dimensional analysis argument
tells us that

[S109]

This is a power-law decay of correlations with distance (here the
power is 1), and it has no characteristic scale. Thus, scale-free
correlations in directional fluctuations are a consequence of the
Goldstone modes.

The predictions for speed fluctuations are very different
from those for directional fluctuations. In taking the limit
of smooth, continuous variations for directional variations,
we found

Hdlr {”l

2 ZNUR'I n'J

=1 [S110]
a‘m%p/d%Wif(x)\z.

The same argument for speed fluctuations starts with Eq. S49,
and gives
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where in the last step we transform to the Fourier representation.
With the same argument that leads to Eq. S106, we recognize the
predicted power spectrum for fluctuations in the speed,

@=Lt 1

. [S113]
Inrtp K| +g/ (Incr?)

Thus, where Sz grows without bound as the wave vector K be-
comes small, S¢ (ﬁ) stops growing once K is smaller than a char-
acteristic scale k, =1/&=/g/(Jn.r2). We note that & is a length,
and we expect that this defines the distance across which signif-
icant correlations can be observed. Indeed, if we transform back
to get the correlation function, we have

3 C oo —
C.(X)= / LK w5, (]) [S114]
(27)
- L / Eh iz 1 [S115]
Jnerzp J (2x) |k|” +g/ (Jnr?)
e M/ [S116]

corresponding to Eq. 10 of the main text.

From these results we can see that, for generic values of g /J, the
maximum entropy model predicts very different kinds of corre-
lations for directions and speeds. In the case of directions, the
correlations have a dominant contribution from long wavelength
modes, there is no intrinsic length scale, and we see scale-free
behavior. On the contrary, in the case of speed fluctuations the
contribution of the long wavelength modes is cut off by the term
g/J, which by analogy with field theory we can think of as a mass
(13); this results in correlations that decay exponentially with the
distance between birds. However, when g/J goes to zero, or,
more precisely, when the predicted correlation length &£ becomes
comparable to the linear dimensions of the flock as whole, our
analysis breaks down. We have described an essentially infinite
system, with no boundaries. When g/Jn. is small enough that
E~ren/JInc /g ~ L, then the whole flock is effectively correlated, and
a more detailed analysis is needed. We shall see that, in this critical
regime, it is possible for the speed fluctuations also to be scale-free.

VII. Decoupling Speeds and Flight Directions

The approach we have taken thus far is to build the least structured
models that are consistent with the observed similarity of velocities
between birds and their near neighbors. Importantly, we treat the
velocities as vectors, and use a measure of similarity that is a
rotationally invariant, analytic function of these vectors, Qiy in
Eq. 1 in the main text and Eq. S20 above. One could imagine,
however, that real birds do not obey these symmetries. In par-
ticular, they could have very separate mechanisms for adjusting
their speeds and directions in relation to those of their neighbors,
or their perceptual apparatus for estimating speeds and directions
may introduce errors that are not equivalent to an isotropic
vector error. Under these conditions, it would make more sense

Bialek et al. www.pnas.org/cgi/content/short/1324045111

to build models that have separate constraints for the observed
degree of speed and direction similarity among neighbors, and
this is what we explore here below.

We can measure the degree of similarity or correlation among
directions in the same way that we did in ref. 7, defining

Cine= NE d1r E 51 S],

C GNd"

[S117]

where we allow that the neighborhood for measuring directional
51m11ar1ty may have a size nd" that differs from the correspond-
ing neighborhood for measuring speed similarity, n;". We can
also define a (dis)similarity measure for the speeds, by analogy
with Qinl’

[S118]

mt ZZ § § : '_VJ
2Nvy ne

i=1 ¢ e

If we build the maximum entropy model consistent with measured
values of these quantities, plus the mean and variance of individ-
ual speeds across the flock, we obtain, instead of Eq. S27,

JP N . 2 ]dll‘ N oL
H(v) =02 n;jp i an“sl i
Yo i=1 =1
[S119]
14 2 M
+2 2Ny,
2V(2) ! Vo v

where n is defined as n;j above, but with neighborhoods of size
ny, and similarly for n“]‘“ Notice that we now have two different
coupling strengths, J% and J9", controlling speed and directional
ordering, respectively.

Because our original model breaks into separate pieces for
directional and speed fluctuations, we can carry over all of the
calculations, being careful about the values of the parameters. If
we set JP =J9 we are back to our original model. With the two
separate parameters we find the log-likelihood, by analogy with
Eq. S94,

. . ) JsanPN
®=—-1In Zdir(-ldlrénglr)_ln Zsp (JSpug; nzp)"'HB - 2C <Q?|I1’t>exp
JdirnziirN g
+ 2 <Cint>exp _N§<62>cxp'
[S120]

We can then infer, independently for speed and orientation, the
interaction parameters, and compare them to see how different
they are. We can also check whether and how much the predic-
tions for the correlation functions are better than in the simpler,
unified model. Results are shown in Fig. S3. We can see that
for most flocks the global interaction strength Jn. for the speed
and directional degrees of freedom are very similar to each other
(Fig. S3A4): in this case the unified model discussed earlier is
basically equivalent to this more general model, both in terms
of values of inferred parameters and in terms of predictions
for the correlation functions. For a few flocks, however, we ob-
serve a decoupling between flight directions and speeds. This
typically occurs when the fractional speed fluctuations are on
a different scale from the directional fluctuations. In these cases,
the model that fixes the local similarities of speed and direction
separately provides better predictions for the speed correlations
than the unified model (Fig. S3B), although these differences are
not large.
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Building a model that fixes the local similarities of speed and
direction separately must provide a more accurate description of
the system, since it imposes two different ways in which our model
distribution P(v) has to match the real distribution of (vector)
velocities. The fact that the gain in accuracy usually is small
seems significant, and suggests that those rare instances where
differences are larger should have biological meaning. Indeed, in
most of the events where the decoupling is stronger (on the right
in Fig. S34) the flocks are turning. Recent findings (14) show that
additional conservation laws must be taken into account to ex-
plain the dynamics during the turn. Even if such conservation
laws do not modify the form of the probability distribution we
are investigating in the present work, they might give rise to
different effective parameters for directions and speeds.

VIIl. Dynamical Model

In this section we describe the dynamical model introduced in
Eqgs. 16 and 17 of the main text and its numerical implementation
in more detail. We have

av;(t R R
B0 - _vin({w) +i0) [s121]
N ey 8V
= 2‘}(2) JZ}’ZIJ (Vl V]) V% Vi (Vl V)
) [S122]
+— > £ +7(¢)
ne jEN;
axi
d—’§=vi, [S123]

where we have added, as described in the text, forces f ;i that serve
to hold the flock together. If we write the vector components of
ii;(¢) as n7(t), with v=1,2,3, then

<ni” Oy (t’)> =2yT5i5,,6(t 1), [S124]

where T is an effective temperature for the noisy dynamics. We
can chose our units of time so that y =1, and from the discussion
in section IV, we can chose V=vy= (V}exp, the desired mean
speed of the flock.

In this form, the model that we are considering describes self-
propelled particles (SPPs), and is very similar to the Vicsek model
with attraction, which has been studied extensively in the liter-
ature (15-18). An attraction term is required to keep the flock
cohesive in open space and prevent fluctuations and/or pertur-
bations that disrupt the group. It has been shown that these ef-
fects are remarkably less important in models with topological
interactions (4, 18, 19), which are much more robust in cohesion
than SPP models with metric interactions. Nevertheless, even in
the topological case, an attraction force is the most controlled
way to fix the density of the group to a stationary value, therefore
we will include it. We choose the forces

1. Cavagna A, et al. (2008) The STARFLAG handbook on collective animal behaviour: 1.
Empirical methods. Anim Behav 76:217-236.

2. Cavagna A, Giardina |, Orlandi A, Parisi G, Procaccini A (2008) The STARFLAG
handbook on collective animal behaviour: 2. Three-dimensional analysis. Anim Behav
76:237-248.

3. Cavagna A, et al. (2010) Scale-free correlations in starling flocks. Proc Nat!/ Acad Sci
USA 107(26):11865-11870.

4. Ballerini M, et al. (2008) Interaction ruling animal collective behavior depends on
topological rather than metric distance: Evidence from a field study. Proc Nat/ Acad
Sci USA 105(4):1232-1237.

. Edelsbrunner H, Mticke EP (1994) Three-dimensional alpha shapes. ACM Trans Graph
13:43-72.
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1rj—r. .
- i:i‘ - ¢ if rj<rg
fij—aﬁ 41y —1pe [S125]
"1 otherwise,

where F; is the vector from bird i to bird j, r; = |rf| is its length, r,
is the equilibrium distance between birds where the force van-
ishes, while r, and r;, set spatial scales for the extent of the force.
In our simulations we choose r, =0.5, r, = 0.8, and r;,. = 0.2, which
sets our units of length, and a=0.95.

An important point is that, when we sum the contributions of
the forces fj;, we include only birds within a limited neighbor-
hood, jeNj. As in the measure of similarity Qiy, this neigh-
borhood is defined topologically, so that each bird feels the
effect of n. closest neighbors, rather than all of the birds within
a fixed physical distance. In addition, for these simulations we
introduced a balancing criterion, according to which a bird con-
siders interacting neighbors homogeneously around it to coor-
dinate with. This mimics the idea of a shell of relevant topological
neighbors, and is similar to using Voronoi neighbors, as in ref. 19,
but is much easier to implement numerically. A balanced in-
teraction enhances the stability of the flock (18), increasing the
range of parameters where Eqs. S122 and S123 give rise to re-
alistic behavior. However, we checked also the simple topological
case, obtaining qualitatively similar results.

Despite its similarity with other SPP models, the model we are
considering has a crucial new ingredient, namely that the speeds of
the individual birds are not fixed but can change in time. Accord-
ingly, Eq. S122 describes the evolution of the full velocity (rather
than the flight direction, as in ref. 15), with a term «g that sets the
scale of the speed fluctuations. In addition, existing SPP models are
usually defined as discrete dynamical update equations, which do
not have a well-defined continuum limit. In contrast, we have de-
fined our model as a stochastic differential equation.

We simulate our model using a finite interval (Euler) dis-
cretization, and we checked that macroscopic properties of the
flock (e.g., the mean speed) remained the same if the size of the
time step was decreased. Parameters J and 7. can be taken from
the discussion of real flocks, and the temperature 7" adjusted
until the polarization is in the range seen in the data (Table S1).
We simulated flocks of different sizes, and checked that the flock
had come to a stationary state before taking measurements. With
all other parameters fixed, we varied g, with the results shown in
Fig. 4 of the main text.

Long-ranged correlations can arise through one other mecha-
nism that we have not discussed, and this is the emergence of
hydrodynamic modes; it has been argued that such modes are an
essential feature of SPP models on the largest spatial and temporal
scales (20, 21). The simulations described here suggest, however,
that such effects become dominant only on much larger scales in
space and especially in time, and thus cannot explain the scale-
free speed correlations that we observe at equal times in real
flocks. We know that both metric and topological SPP/Vicsek
models exhibit giant density fluctuations on large scales (19), yet
we have seen that as long as g is finite, speed correlations are short
range and a critical value of g is necessary to make them scale-free.

6. Jaynes ET (1957) Information theory and statistical mechanics. Phys Rev 106:620-630.

7. Bialek W, et al. (2012) Statistical mechanics for natural flocks of birds. Proc Nat/ Acad
Sci USA 109(13):4786-4791.

8. Bialek W (2012) Biophysics: Searching for Principles (Princeton Univ Press, Princeton).

9. Shannon CE (1948) A mathematical theory of communication. Bell Sys Tech J 27(3):
379-423 and 27(4):623-656; reprinted in Shannon CE, Weaver W (1949) The Mathe-
matical Theory of Communication (Univ of lllinois Press, Urbana, IL).

10. Cover TM, Thomas JA (1991) Elements of Information Theory (Wiley, New York).

11. Bender CM, Orszag SA (1978) Advanced Mathematical Methods for Scientists and
Engineers (McGraw-Hill, New York).

12. Dyson FJ (1956) General theory of spin-wave interactions. Phys Rev 102(5):1217-1230.

13. Parisi G (1988) Statistical Field Theory (Addison-Wesley, Redwood City, CA).
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Fig. S1. Inferred values of n. for flocks of different linear dimension. Inset shows that n. determined here agrees with earlier results for a model of directional
ordering alone (7). Error bars indicate SDs across multiple snapshots in each flocking event.
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Fig. S2. Inferred values of n. for flocks as a function of the typical distance r; between neighboring birds. Error bars same as in Fig. S1.
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Fig. $3. Model with independent interactions for speed and flight directions. (A) The inferred global interaction strength Jn. for the orientational degrees of
freedom (y axis) vs. the speed degrees of freedom (x axis). The straight line corresponds to y =x, i.e., to the global model where the interaction parameters are
the same for speed and flight directions. (B) Prediction for the speed correlation function of the unified model Eq. S27 and for the decoupled model based on
Eq. S119, for the flock corresponding to the rightmost point in A (28-10 in Tables S1 and S2).
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Table S1. Summary of experimental data

Event N Frames P (V)exp, m/s L, m Qint

17-06 552 79 0.935 9.96 51.8 1.29e-01
21-06 717 37 0.973 12.06 32.1 1.22e-02
25-08 1,571 29 0.962 12.47 59.8 2.63e-02
25-10 1,047 27 0.991 12.57 33.5 8.36e-03
25-11 1,176 30 0.959 10.07 433 6.27e-02
28-10 1,246 14 0.982 11.22 36.5 6.43e-03
29-03 440 27 0.963 10.75 371 1.43e-02
31-01 2,126 19 0.844 8.13 76.8 5.50e-02
32-06 809 34 0.981 9.99 22.2 1.52e-02
42-03 431 58 0.979 10.68 29.9 1.62e-02
49-05 797 16 0.995 14.02 19.2 6.49e-03
54-08 4,268 28 0.966 19.17 78.7 4.29e-02
57-03 3,242 16 0.978 14.38 85.7 1.53e-02
58-06 442 16 0.984 10.13 23.1 1.34e-02
58-07 554 14 0.977 10.81 19.1 1.35e-02
63-05 890 24 0.978 10.24 52.9 1.86e-02
69-09 239 56 0.985 11.97 171 2.68e-02
69-10 1,129 53 0.987 12.04 47.3 2.35e-02
69-19 803 18 0.975 14.16 26.4 3.65e-02
72-02 122 57 0.992 13.24 10.6 1.12e-02
77-07 186 22 0.978 9.50 9.1 4.27e-02

Flocking events are labeled according to experimental session number
and to the position within the session to which they belong. The number
of birds N is the number of individuals for which we obtained a 3D recon-
struction of positions in space. The number of frames is the number of
consecutive 3D reconstructions of individual positions and velocities in the
flocking event at time intervals of 1/10s. The polarization P is the global
degree of alignment, as defined in the text. The linear size L of the flock is
defined as the maximum distance between two birds belonging to the flock.
The speed (V) is the average of the individual speeds over all of the
individuals in the flock, and Qin is as defined in Eq. 1 of the main text. All
values are averaged over several snapshots during the flocking event.

Table S2. Inferred parameters

Event ne In¢ g/Unc)
17-06 31 32,6 —4.1e-03
21-06 18 193.36 2.4e-02
25-08 26 71.76 2.0e-01
25-10 17 230.93 8.5e-02
25-11 19 135.95 —1.6e-02
28-10 13 361.32 1.5e-02
29-03 18 166.49 6.2e-01
31-01 22 80.07 2.9e-02
32-06 18 254.34 7.6e-02
42-03 21 150.16 2.4e-02
49-05 22 286.77 —7.1e-02
54-08 40 26.5 6.4e-01
57-03 16 89.20 9.5e-02
58-06 16.5 324.14 —8e-04
58-07 285 147.93 8.4e-01
63-05 17 155.6 —5e-02
69-09 16 86.74 2.6e-01
69-10 34 138.56 —1.2e-01
69-19 225 42.17 7.0e-02
72-02 15 179.88 2.5e-01
77-07 15 105.12 9.0e-02

Given a flocking event, we infer the values of the parameters J, g, and n,
using maximum entropy equations with fixed boundary conditions for each
individual frame. We report in this table the median values (computed across
all frames in a single event) of n,, the global alignment strength Jn., and the
effective control parameter g/(Jn.) that regulates the balance between ad-
aptation and individual speed control.
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