
Equations for the models with an immune response

This appendix includes the equations for all models along with a brief description of

the model dynamics. Note that in some cases, parameter and variable notation has been

changed from the original papers so that it is consistent across all models presented in this

paper. For full descriptions of the models, all the processes they describe and definitions of

all parameters and variables, see the original papers.
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Bocharov

The Bocharov model (1) is the first within host influenza model that incorporates a full

immune response.

T = T0 − I −D −R

dI

dt
= βTV − kEIC − δI

dD

dt
= kEIC + δI − αDD

dR

dt
= σFFT − αRR

dV

dt
= pI + nbICIC − γV AV A− cV

− γV IV T

dM

dt
= γMM0V − αMM

dHC

dt
= bCH [ζρCHM(t− τCH )HC(t− τCH ) −MHC ]

− bHC
P MHCC + αC

H(HC0 −HC)

dHB

dt
= bBH [ζρBHM(t− τBH )HB(t− τBH ) −MHB]

− bHB
P MHBB + αB

H(HB0 −HB)

dC

dt
= bCP [ζρCM(t− τC)HC(t− τC)C(t− τC)

− MHCC] − bICIC + αC(C0 − C) (1)

dB

dt
= bBP [ζρBM(t− τB)HB(t− τB)B(t− τB)

− MHBB] + αB(B0 −B)

dP

dt
= bPP ζρPM(t− τP )HB(t− τP )B(t− τP )

+ αP (P0 − P )

dMF

dt
= γMF

V (MF0 −MF ) − αMF
MF

dF

dt
= ρFMF − αFF − σFF (T0 − I −D −R)

dA

dt
= ρAP − γAVAV − αAA

ζ(D) = 1 − D

T0
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This model does not explicitly include the dynamics of target cells, but the initial number

of target cells is included as T0. Cells become productively infected (no eclipse phase), I, at

a rate β and are either destroyed by CTLs, C, or die after a time 1/δ, becoming dead cells,

D, in either case. Infected cells produce virus, V , at a rate p, with additional virus being

released when CTLs destroy infected cells. Virus is removed at a constant decay rate, c, or

via binding to Abs, γV AA, or entry into target cells γV IT . The virus stimulates macrophages

to begin producing IFN MF or to become antigen presenting cells M . Interferon is produced

only by macrophages in this model and causes target cells to become resistant to infection, R,

although this resistance can wear off. The antigen presenting macrophages cause proliferation

of helper T cells (HB and HC) that themselves cause proliferation of CTLs and B cells B.

B cells cause proliferation of plasma cells, P , which produce Abs.

Hancioglu

The Hancioglu model (2) is a simplification of the Bocharov model. In this model, target

cells, T , are infected and immediately become productive, I. Infected cells are either killed

by CTLs, C or die after a time 1/δ. Macrophages, M , become activated by the presence

of dead cells, D, and virus, V . Macrophages and infected cells secrete IFN, F , which acts

to protect target cells by making them resistant to infection, R. Macrophages also cause

proliferation of CTLs and plasma cells, P . Plasma cells produce Abs, A, which bind to virus

at a rate determined by their antigenic distance, S, from the virus. Virus is produced by

infected cells and is removed by Abs, absorption into target cells, decay, or other non-specific
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clearance (such as coughing).

dT

dt
= λD(T +R) + aRR− βTV − φFT

dI

dt
= βTV − kEIC − δI

D = 1 −H −R− I

dR

dt
= bFTTF − aRR

dV

dt
= pI − γV ASAV − γV HV T − cV − aV 1V

1 + aV 2V
dM

dt
= (bMDD + bMV V )(1 −M) − aMM

dF

dt
= bFM + cF I − bFTTF − aFF

dC

dt
= bCMMC − bCIIC + aC(1 − C) (2)

dP

dt
= bPMMP + aP (1 − P )

dA

dt
= bAP − γV ASAV − aAA

dS

dt
= rP (1 − S)
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Lee

The Lee model (3) is perhaps the most realistic representation of the adaptive immune

response. It consists of 15 equations and 46 parameters.

dT

dt
= λ(T0 − T ) − βTV

dI

dt
= βTV − kEIγTE(t− τT ) − δI

dV

dt
= pI − cV − kV V A

dD

dt
= λD(D0 −D) − βDDV

dD∗

dt
= βDDV − δDD

∗

dDM

dt
= kDD

∗(t− τD) − δDM
DM

dHN

dt
= δHN

(HN0 −HN) − πH(DM)HN (3)

dHE

dt
= πH(DM)HN + ρH(DM)HE − δH(DM)HE

dTN
dt

= δTN
(TN0 − TN) − πT (DM)TN

dHE

dt
= πT (DM)TN + ρT (DM)TE − δT (DM)TE

dBN

dt
= δBN

(BN0 −BN) − πB(DM)BN

dBA

dt
= πB(DM)BN + ρBA

(DM + hHE)BA

− δBA
BA − πSBA − πLHEBA

dPS

dt
= πSBA − δSPS

dPL

dt
= πLHEBA − δLPL

dA

dt
= πASPS + πALPL − δAA

Briefly, target cells T are infected at a rate β and are generated at a rate λ. Infected

cells, I are immediately productive (no eclipse phase) and can be removed by effector T cells,

TE, or death after 1/δ. Virus, V , is removed through non-specific clearance c or by Abs, A.

Dendritic cells, D, can also become infected (D∗), but they do not produce virus. Instead
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they migrate to the lymph nodes where they become mature dendritic cells, DM and initiate

the adaptive immune response. The activation, πi, proliferation, ρi and clearance δi of naive

CD4+ cells, HN , effector CD4+ cells, HE, naive CD8+ cells, TN , effector CD8+ cells, TE, naive

B cells, BN , and activated B cells, BA, are controlled by the number of mature dendritic cells.

Effector CD4+ cells assist in the proliferation of activated B cells and mediate differentiation

into long-lived Abs-secreting plasma cells PL. Short-lived Abs-secreting plasma cells, PS,

arise from activated B cells alone.

Handel

Handel et al. investigated a model that included both the effect of IFN (innate immune

response) and Abs (adaptive immune response) (4). This model includes an eclipse phase,

and allows for regeneration of dead epithelial cells.

dT

dt
= λD − βTV

dE

dt
= βTV − kE

dI

dt
= kE − δI

dD

dt
= δI − λD (4)

dV

dt
=

pI

1 + κF
− cV − γβTV − aAV

dA

dt
= sV + rA

log10(F (t)) = 0.5388t− 0.08429 t ≤ 5

log10(F (t)) = −0.7435t+ 6.328 t > 5 ,

where F (t) (IFN) was determined by fitting IFN levels from mice infected with A/Port

Chalmers/1/73 (H3N2). Target cells, T are infected at a rate β and re-grown at a rate λ.

Once infected, they move to an eclipse phase E before becoming productively infectious, I,

after an average time of 1/k. Infected cells produce virus at a rate p before dying after an

average lifespan of 1/δ. Virus, V is cleared from the system through non-specific clearance

(at a rate c) or by Abs, A, at a rate a. The Abs grow proportional to virus, at a rate s, and
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undergo clonal expansion at a rate r. Interferon reduces the production rate, similar to a

drug, with an IC50 of 1/κ.

Miao

dT

dt
= λT − βTV

dI

dt
= βTV − δI − kEIC(t) (5)

dV

dt
= pI − cV − kGV AG(t) − kMV AM(t) .

In this model, the target cells, T , are infected at a rate βV and are born at a rate λ. Once

virus enters the cells, they immediately become productively infectious, I, (no eclipse phase)

and can be removed either through natural death at a rate δ or they can be killed by CTLs,

C, at a rate kEC(t). Virus is produced at a rate p and decays at a rate c. Virus can be

removed from the system by either IgG Abs, AG, at a rate kGAG(t) or by IgM Abs, AM , at

a rate kMAM(t). In their implementation of this model, Miao et al. used data collected from

mice to numerically create functions for C(t), AG(t), and AM(t) (5).

Baccam

While Baccam et al. present several models in (6) in an attempt to describe patient data,

only one includes an immune response.

dT

dt
= −βTV

dE

dt
= βTV − k

1 + ε1F
E

dI

dt
=

k

1 + ε1F
E − δI (6)

dV

dt
=

p

1 + ε2F
I − cV

dF

dt
= sI(t− τ) − αF

In this variation of the basic influenza model, target cells, T , are infected at a rate β. Once

infected, cells enter an eclipse phase, E, in which they do not produce any virus. The cells
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become productively infected, I, after a time 1/k, a time that is lengthened with in the

presence of IFN. Productively infected cells produce virus at a rate p, which is suppressed

by IFN. IFN is released by productively infected cells at a rate s and decays at a rate α.

The IC50 of IFN is 1/ε1 for the length of the eclipse phase and 1/ε2 for the production rate.

Saenz

In (7), Saenz et al. introduced a within host influenza model that includes an IFN response.

dT

dt
= −βTV − φTF

dE1

dt
= βTV − k1E1

dE2

dt
= mβVW − k2E2 (7)

dI

dt
= k1E1 + k2E2 − δI

dW

dt
= φTF −mβVW − aW

dR

dt
= aW

dV

dt
= pI − cV

dF

dt
= nqE2 + qI − αF

In this model, target cells, T , are either infected (at a rate β) or become resistant to infection,

W , because of the presence of IFN. Partially resistant cells can still become infected, although

the rate is reduced by m. Once infected, cells move into an eclipse phase, E1 for unprotected

target cells or E2 for partially resistant cells. Eclipse cells become productively infected, I,

after a time 1/k1 for E1 or 1/k2 for E2. Partially resistant cells that are not infected after a

time 1/a become fully resistant to infection, R. Virus is produced by infected cells at a rate

p and cleared at a rate c. Interferon is produced by infected cells at a rate q and by E2 cells

at a rate reduced by n and cleared at a rate α.

8



Pawelek

Pawelek et al. (8) propose several models that they argue better represent the data presented

by Saenz et al. (7). We use the model presented in the main body of their paper,

dT

dt
= −βTV − φTF + ρR

dI

dt
= βTV − δI − κIF

dR

dt
= φTF − ρR (8)

dV

dt
= pI − cV

dF

dt
= qI − dF.

In this model, IFN has two effects: it provides protection from infection to some target cells

T by moving them to a resistant class R and it causes death of infected cells by stimulating

growth of natural killer cells (not explicitly represented in the model). Unprotected target

cells become infected and move directly to a productively infective state (no eclipse phase).

The death rate of infected cells is constant until the adaptive immune kicks in (about day 6

or 7) and then is given by δ = δIe
(σ(t−µ)) where δI is the original death rate, µ is the turn

on time of the adaptive response and σ is the growth rate of the adaptice response. Growth

of IFN in this model is assumed to be proportional to the number of infected cells and IFN

decays at a constant rate.
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