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A population size class model

The population size class model (PSCM) is formulated in order to analyze the results of the simulations
of the epidemiological dynamics of the commute network in the Tokyo metropolitan area using our
individual-based model (IBM). This section describes how we defined the PSCM (Section A); used the
stochastic version of the PSCM to analyze the probability of a global epidemic (Section B); and used
the deterministic version of the PSCM to analyze the final size of the global epidemic, the time until
the global epidemic attains its peak, the final size of the local epidemic, and the arrival time of the
epidemic in each local population (all Section C). At the final part, we particularly focus on the clear
relationship between the arrival time of the epidemic at a local population and its logarithmic population
size dependence that are observed in the IBM simulations.

This model is based on the commute network data for the Tokyo metropolitan area but incorporates
only the connectivity between the different population size classes of the home and work populations. This
was accomplished by classifying all home and work populations into population size classes. We use Ly,
to represent the number of commuters between the n-th home population size class with representative
population size K, and the m-th work population size class with representative population size K,,
(Figure 2D). Given this, the number of individuals in the n-th home (m-th work) population size class
is given by LY =" Ly (LY =, Lum). The values of Ly, are obtained from the sample data
of UTC [1] just like the IBM simulations. Hereafter, for simplicity, we refer to the group of commuters
traveling between the n-th home population size class and the m-th work population size class as the
commuter population of the (n,m)-th size class. We then define the epidemiological dynamics within
these groups of commuters (PSCM). For a given set of L,,,, the probability of a global epidemic is
calculated using a branching process [2] (Section B), and the other epidemiological properties for the
deterministic PSCM are derived (Section C). Only the connectivity via commuting flows between the
above-defined population size classes, out of all of the characteristics of the commute network, is used in
the PSCM. Therefore, we ignore all of the other details, such as the geographical locations of the local
populations and the complicated connectivity properties that could not be summarized by the commuter
flows between the size classes. Nonetheless, as stated in the main manuscript, such a simple model could

explain a great deal of the results obtained from the individual-based model.



Numerical burden to calculate the PSCM is relatively small compare to IBM simulation, thence it
seems reasonable to use the actual population data of Tokyo metropolitan area, then to use the sample
data of UTC. However, when each population size is scaled-up to the actual size than the contact rate
should be scaled-down simultaneously with the same ratio to get a realistic value of basic reproduction
ratio. Therefore, the results of both stochastic and deterministic PSCM are exactly the same for both
data sets (actual population and UTC sample). For the sake of easier comparison between the TBM

simulation and PSCM analysis, we have utilized the same UTC sample data for PSCM.

B stochastic PSCM

Here, we describe how we calculate the probability that a global epidemic occurs in the Tokyo metropolitan
area using a branching process [2] associated with our population size class model (PSCM). For this
purpose, a global epidemic is defined as the case in which the infection never dies out in the branching
process (i.e., extinction of disease did not occur). Therefore, we first calculate the probability of disease
extinction for an initially infected individual living in a home population of size class n (with representative
size K,,) and commuting to a work population of size class m (with representative size K,,). The
probability of a global epidemic is then simply given by subtracting the extinction probability from 1.

We begin by defining the probability that an individual will commute between a given pair of home
and work population size classes. As defined earlier, the number of individuals who live in a home
population of size class and commute to a work population of size class is Ly, (Figure 2D in the main
manuscript). The probability that an individual living in a home population of size class n commutes to a
work population of size class m is given by ¢V (m|n) = L,/ mean,' In the same vein, the probability
that an individual commuting to a work population of size class m lives in a home population of size
class n is given by ¢ (n|m) = L/ doniL, m

The single primary infectious individual belongs to a commuter population of the (ng, mg)-th size class.
Therefore, the expected numbers of secondary infections in the home and work populations are given by
the basic reproductive ratio as Rffo = BK,,/v and Rn”{o = BKnm, /7, respectively [3,4]. We assume
complete mixing of each local population and that all local populations are initially consisted only of sus-
ceptible individuals. Susceptible hosts can be infected only by sharing either a home or a work population
with an infectious host. Therefore, the number of secondarily infected hosts appearing in a non-initially

infected home (work) population of size class n (m) is given by R}V ¢ (n|mg) (RE ¢" (ng|m)), and the



expected number of secondarily infected hosts appearing in a commuter population of the (n, m)-th size

class is given by
Rygmi (1, m) = 5nnoR£{)¢W(m|n0) + 6mmoRnVZO¢H<n|m0>- (1)

Here, 0y, denotes the Kronecker delta (i.e., dpmm = 1 if n = m and dpp, = 0 if 0 # m). Rpym,(n,m)
for a commuter population of the (n,m)-th size class may be non-zero only when either the home or
work population is shared with commuters in the initially infected population (i.e., either n = ng or
m = myg). Assuming that the number of secondary infections from an infectious host follows a Poisson
distribution, the probability that there will be k£ secondarily infected hosts in a universally susceptible

commuter population of the (n,m) size class as
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Next, we use the branching process to calculate the extinction probability of the infection. Let Q¢(no, mo)
represent the probability that all of the infectious commuters originating from a single initially infectious
individual in a commuter population of the (ng, mg)-th size class will go extinct within ¢ infection cycles.
This event is equivalent to the probability that all of the infectious commuters driven from k secondarily
infected hosts in any possible commuter population of the (n, m)-th size class will go extinct within ¢ — 1

infection cycles:

Qi(no,mo) = [T {Qe-1(n,m)}" mi(no, mo, m,m)

n m k=0

- k
H H Z {Qi—1(n, m)f!”f)mo (n,m)} exp [~ Rngmq (1, m)]

n m k=0

[T ITexp = Rugmo (nim) (1 = Qe—1(n,m))] (3)

Note that because this is a branching process focusing on the extinction probability of the infectious
descendants of a single infected individual, subsequent infection from the secondarily infected hosts is
assumed to occur mutually independently. Equation (3) can be used as a recurrence formula to calculate
Q+(no, mp) from Qo(ng,mg) = 0. The last equality holds because the extinction probability within 0

generations of infection must be zero. By iterating Equation (3), we obtain Q:(ng, mo) for an arbitrary



value of ¢ until it converges to a fixed-point value for ¢ — co. The fixed-point value can be obtained by

solving the implicit relationship

Qoo(n()y mO) = H HeXp [_Rnowm (n, m) (1 — Qoo(n, m))] (4)

which gives the probability that the infection will eventually be extinct in the branching process. Because
a global epidemic is defined as an exclusive event of disease extinction, the probability of a global epidemic
can then be calculated as Pg(no,mo) = 1 — Qo (19, mo).

With reference to equation (1), above equation (4) can further be simplified as follows.

Quo(nomy) = T[T exp [~ Rugmo(n.m) (1 — Quoln,m))

= exp |(— Z Z Rnomo (nv m) (1 - QOO (TL, m))]

— oxp |- {ng S ¢(mlno) (1 - Qoomo,m))} - {Rm S é(nlmo) (1 — Que(n, mo))H

= exp|— (R,Ifo + R,V,‘L/O) + {Rfo Z(b(mmo)Qoo(nmm)} — {ango qu(nmo)Qoo(n,mo)}]

= exp [* (]- - Qoo(nvm)) (Rfo + RTVVIL/O)]

X exp

RIS (mino) (Qoo(no, m) — Qoo (n0, mo))}

m

X exp

anfo Z P(mo[n) (Qoo (1, m0) — Qoo (R0, mO))] (5)

The first factor in the last equality can be interpreted as an equation to give the probability of initial
extinction within the initial home and work populations (i.e., invasion of only the initial home and work
populations and not the entire commute population) and the last 2 factors as a correction term for
it. Neglecting this correction term allows the equation for the probability of a global epidemic to be
approximated as

(6)

1 = Po(ng, mo) = exp [_pg(no,mo) (/W(”())]

v
This simply gives the probability of an epidemic in a set of initial home and work populations with a

combined local population size of K, + K.



C deterministic PSCM
(1) Epidemic dynamics among the commuter population size classes

Here, we describe our attempt to derive various properties of the epidemic dynamics of the commute
network in the Tokyo metropolitan area by considering a deterministic system of difference equations
for a commuter population of the (n,m)-th size class. Individuals in a commuter population of the
(n,m)-th size class are classified by disease state as susceptible, infectious, or removed, allowing the
total number of individuals in the (n,m) class, Ly, to be decomposed as L., = Zpm () + ynm(t) +
Znm(t), where T, (), Ynm(t), and z,,(t) denote, respectively, the numbers of susceptible, infectious,
and recovered/removed individuals at time ¢. The populations within the same population size class
are assumed to be statistically equivalent; that is, the epidemiological situations are assumed to be
identical for all populations within the same population size class for both home and work populations.
Accordingly, for an individual in the commuter population of the (n,m)-th size class, the numbers of
encounters with infected individuals in their home and work populations becomes K,,0 (t) and K,,,0}Y (t),
respectively, where 0 (t) = Y mynm (t)/ >, Lum and 0% () = > ynm(t)/ Y, Lnm denote the fractions
of infected individuals within the home population of size K, and work population of size K,,, respectively,
at time ¢. For each commuter population of the (n,m)-th size class, these assumptions yield the following

system of difference equations:

Tam(t+A) = pm(t)exp {—BK, 0 (t)At — BK,,0,) (t)At}, (7)
Ynm(E+A) = ynm(t) [1 —exp {—BK,ﬁf(t)At — ,BKmHEL/(t)At}] — Ynm (t) exp (—yAL), (8)
Zom(t+A) = Yum(t) {1 —exp (—7AY)} + 2nm (1) (9)

The first terms of equation (7) and equation (8) represent the infections within the home and work
populations within time interval A¢. The last term of equation (8) and the first term of equation (9)
represent the removal of infected individuals from the commute network (i.e., the transition from the
asymptomatic state to the symptomatic state) within time interval At. In the actual calculations, we set
At =1 (i.e., the time interval is set to 1 day). For the single initially infectious individual commuting
between home and work populations within the commuter population of the (ng,mg)-th size class, the

initial conditions are represented as nm(0) = Lnm — OnngImmes Ynm (0) = InngOmmes and znm (0) = 0.



Here, we assume that the entire population initially consisted only of susceptible individuals except for
the single initially infected host. Using these initial conditions, we solved equations (7)-(9) to obtain
the final size of the global epidemic (the fraction of the total number of individuals who acquired the
infection during the entire epidemic period), the peak time of the epidemic (the time until the total
number of infected individuals attains its peak), the final size of each local epidemic, and the arrival time
of the epidemic in each local population. In addition to these numerical results, we also used equations
equations (7)-(9) to obtain several analytical results concerning the final size of the epidemic and the

arrival time of the epidemic in each local population, as follows.

(2) Final size of the epidemic in each local population

The final size of the epidemic in each local population is defined as the fraction of individuals who
have ever experience infection during the epidemic period. We denote the total numbers of susceptible,
infectious, and removed individuals in the n-th home population size class as 2 (t) = 3" @ (t), yH (t) =
> Ynm(t) and 2H (t) =" z,m(t), and the corresponding quantities in the m-th work population class
as Ty (1) = > Tpm(t), Y2 (t) = >, Ynm(t) and 2}V () = 3, znm(t), respectively. The final sizes of the
local epidemic in the n-th home population size class X and the m-th work population size class ¥}V
are defined as U = 2 (c0)/LH and UV = 2V (c0)/LY | respectively. To calculate these values, we

further define the final size of the epidemic within the commuter population of the (n, m)-th size class as

Znm (00) 1 Zym (00)

Uom =
an an

(10)

Equation (7) and equation (9) are then combined to obtain

T T
K, . K, ;
Tnm(t) = Zpm(0)exp l—ﬂAtLH Z Ynm' (t — iAL) | exp —ﬁAtL—W Z Ynrm(t — zAt)] (11)
nom =1 moopn =1
1
Ynm(t) = [—— (Znm (t + At) — 2w (1)) (12)

Where ¢ = TAt, we substituted equation (12) in equation (11) with ¢ = oo and using %, (0) = Ly, we

have

BAL K, Ky,
T (00) = Ly exp l_l_‘”m TH >z (00) + w > zum(0) (13)



and combining this with equation (10), we have a set of equations to determine ¥,,,,:

BAL K, K,
\I]nm =1- exp [—w E Zan/\an' + ﬁ ZLn/m‘l/n'm (14)

This system of equations can be solved numerically by recursively inserting ¥, from the right side as
U, on the left side, starting from ¥,,, = 1, until the result converges to a fixed point. Needless to
say, the above values also give the final size of the epidemic in each local population within the specified

population size class. Moreover, the final size of the global epidemic can also be calculated from ¥, as

— En Zm an(OO) _ Zn Zm an‘llnm
= . = 5 (15)

(3) Arrival time of the epidemic in each local population

The arrival time of the epidemic in each local population is defined as the time until the infected individual
first appears in the local population since the epidemic has started. This can be calculated from the time
course of the number of infected individuals (i.e., y2(¢) and yYV (¢)) in each population size class as follows.
To define the time ¢ at which the first infected individual appears in a home population of size class

n, we first note that y (¢) is for the total number of infected individuals in such a size class. As the

H

n

total number of hosts in the home population size class n is L;', and as the representative population

size of class n is K,,, there are L /K, such populations. Therefore, the number of infected hosts at time

t in each local home population of size class n is given by yZ /(LZ /K,,), and t! and, similarly, ¢!V, are
defined as

Yn (7)) .

LI/K,

Ly Kom



To obtain the approximate formula (including the logarithmic dependence mentioned in the main text)

for the arrival times we linearize the system of equations (7)-(9) as

Ynm (t + At) = m {BK 2om ggm( )At + 8K, 2n szzvm( )At} — exp (— YA Ynm (¢)
= Z Z {51{ S At + Ko, LLW AtSjm + e—ﬂfcsmajm} yi; (t) (17)

By denoting the total number of population size classes as My for the home populations and My, for
the work populations, we then interpreted y,.,(t) as a vector with My My elements with 2 indices n
(n=1,2,---,Myg) and m (m = 1,2,--- , My). The coefficients within the curly bracket of equation
(17) could then be read as an MyMypy x MpyMy matrix. This matrix has My My eigenvalues and
corresponding eigenvectors (i.e., left and right eigenvectors forming a biorthogonal set). As both the left
and right eigenvectors spanned a complete set in My My, space, the solution of the linearized equation
(17) under the initial condition Ynm(0) = Jpnedmm, can be expanded using the right eigenvectors as

follows.
Ynm(t) = Z ch/m'v%’”/) (pn’m’)t (18)

where the (n’, m’)-th eigenvalue is denoted as p,/,y and the (n,m)-th element of the corresponding right
eigenvector as vy(ﬁnm ). Because the right eigenvector and the left eigenvector form a biorthogonal set, the
expansion coefficient ¢/, is given from the inner product between the (n’,m’)-th left eigenvector and

the initial vector ynm(0) as

Cnt ot = Z Zu(" L ) (0) = uﬁl’;/m”ﬁ). (19)

(" ™) and the initial con-

Here, the (n,m)-th element of the (n’,m’)-th right eigenvector is denoted by uy,
dition in which the initial infected individual is only in a commuter population of the (ngmg)-th size class
is used. Up to now, equation (18) and equation (19) give the formal solution for the linearized system
of equation (17). As a second approximation step, we will assume exponential growth of the infected
populations at a rate given by the largest real eigenvalue p. The left and right eigenvectors corresponding
to the largest real eigenvalues are denoted as Uy, and v,.,, respectively. Because the linearized coeffi-

cient matrix is a non-negative matrix (i.e., the Perron-Frobenius theorem is applicable), the dominant

eigenvalue is purely real; moreover, the elements of the corresponding left and right eigenvectors are also



purely real. This means that at the long time limit, the contribution from the eigenstate with eigenvalue
p would exceed the other eigenstates in the expansion of equation (18). Under this exponential growth
approximation, the elements of the corresponding right eigenvector gives the relative ratio between the
populations in the exponential growth phase and the elements of the corresponding left eigenvector gives
the greproductive value,h which represents the contribution from each population to the exponential
growth. Using this exponential growth approximation, it is possible to approximate the expansion of
equation (18) as

Ynm (t) = Ungmo Vnm (P)t . (20)

From this, we calculate yX and y" and then insert the results into the definition of the arrival time of

the epidemic in equation (16) to obtain the arrival times of the epidemic as follows

1 L
tf = m {ln vz — Invupym, — ann}
1 v
tl/,‘l/ = m {lnvgj —Inungme — anm} (21)

where vl =3 v and v)Y =3 Vam.

The logarithmic population size dependence appears in the third factor of equation (21) (i.e., In K,
and In K,,,). However, the first factor of equation (21) contains a population size class dependence. In
addition, both LZ (LW) and v (v)V) should also have depend on the population size class. However,
the calculated numerical results show that the population size class dependence of the first factor is
relatively small (i.e., the dependence is somehow cancelled out in the ratio LZ /vl (LW /ulV)) relative
to that of the third factor. Therefore, the clear logarithmic population size dependence in the arrival
time of the epidemic in each local population that we observed in the IBM must have originated from
the third factor of equation (21). Although the actual calculation of equation (21) requires a numerical

eigenvalue calculation, it gives the formal explicit solution, which is very effective for examining the

epidemic parameter dependence.
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