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A. Effective potential in the fast chemical reaction limit

Here we show that by assuming fast ATP hydrolysis and Pi release, the dynamics apart from the slow 120° steps
are governed by the overdamped Brownian motion inside the effective potentials U; (x). Through the same method,
we may prove that in the high ATP concentration limit, one obtains the tilted periodic potential picture (Fig. 2C in
the main text) for the full dynamics.

We consider that there are two potentials (Fig. S1), U, (x) and U, (x), corresponding to the ATP hydrolysis
dwell (centered at x = —I = —40°) and the ATP binding dwell (x = 0). To neglect the slow switching (80° step),
we assume that the probe is contained in either of the potential for the time scale of interest. We assume that the
potential energy is large compared to the thermal energy, U, (0), U, (=1) > ksT, which is the case observed in
experiment. Let Pf(x)and P{(x) be the probability density functions of finding x inside each potentials. The
Fokker-Planck equations read
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where i and j, i are h or b. We have normalized the equation using f = Xt, ¥ = x/lv, and U;(x) = U;(x)/ksT.
Here, X is the typical (slowest) rate of the ATP hydrolysis or the Pi releasing reaction. As the typical length scale lv,
we shall adopt the length scale of E(x):= [Up(x) — Up(x) + Au]/ksT, which is much smaller than the length
scale of Uy (x) in the large potential energy setup. The switching rates from h to b and b to h have been defined as
Xfi(x) and X f;,(x), respectively, which satisfy the local detailed balance:
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FIGURE S1 Left: Mechanical potentials and chemical reactions corresponding to the substeps. Right: In the
limit of the fast 40° substep, the two potentials, U, (x) and Uy, (x), corresponding to the ATP hydrolysis dwell and
the ATP binding dwell, respectively, will be merged into one effective potential, Uy (x). When Uy (x) and Uy (x)
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are assumed to be harmonic with the same spring constant (as observed in [1]), U,(x) is given by Eq. S7.
Numerical results presented in the main text were obtained using this Uy (x).
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The free energy difference between the ATP bound state and the ATP hydrolyzed + Pi released state of the Fiis
denoted as Au. Assuming fast reaction (X — oo) corresponds to takrng € :=_1/tvX as the small parameter, where

v := I'l2/ksT. Let us calculate Pf(x) inthe form, Pf(x) = P( (x) + eP( (x) + 0(€?). We obtain from the 0-th
order equations in Eq. S1:

(S2)

P () = Q' ()P} (x), (S3)
where Pi(x) = {1+ exp[E(x)]}"! and P;(x) = {1+ exp[-E(x)]}"}[=1— Pu(x)]. We adopted the length
scale of E(x) as Ilv in Eq. S1 since this is the length scale of Pj,,(x) which is critical in the perturbation theory.
The solvability condition for the 1st order equations in Eg. S1 determines the dynamics of Qt(x):
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which is equivalent to the one-dimensional overdamped Langevin equation with the effective force

dUo(x) z P (x )dU ()
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i=h,b
where the effective potential is obtained by

Uo(x)—j dx Y P
i=h,b
with an arbitrary fixed constant ¢ (Fig. S1). Assuming that the two potentials Un(x) and Ub(x) are harmonic with
the same spring constants, Uy (x) = Uy (x + 1) = kx?/2, which is consistent with the ATP binding dwell and
catalytic dwell observed in experiment [1], we have an explicit form

dU; (x)

(S6)
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We used Eq. S7 to fit the potential estimated from the probe trajectory [4] by the parameters k and 4f, and
obtained k = 0.0061 deg=2ksT.and Au = 5.2 ksT.

The high ATP concentration case of the full dynamics [which consists of potentials U,,(x) and switching rates
RE(x)] could be treated in a similar manner if we adopt as [, the length scale of E, (x) = [U,(x) — Ups1(x) +
Au]/ksT and consider the limit W, > 1. The dynamics in this limit is described by

I'x = F(x) + /2TkgTé, (S8)
The effective force F(x) is given by
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with P,y (x) defined similarly to the previous case as
Pr(x) = exp{—[U,(x) — nAu]/kpT}
Zm_—oo eXp{ [ m(x) - mA.u]/kBT}

The force in Eq. S9 corresponds to a tilted periodic potential, where the energy difference per 120° step is Ay (Fig.
2B). Since this energy difference is dissipated through the rotational motion of the probe,

(S10)

120
Qext = — J F(x)dx =Ap. (S11)
0

The maximum velocity v, which is the steady-state velocity of the model described by Eq. S8, may be obtained
analytically using F (x).



B. Harmonic potential model

We consider in this section the simplified harmonic potential case, Un(x) = K(x —nL)?/2, with L = 120°. In
Fig. S2, we show the numerical results of Q.. in this model. Under the condition that the diffusion coefficient
D = ksT/I'as D/L?> = 3.3 sec™! [4], and the chemical potential as Au/ksT = 19 [5, 6], the value of K was
determined as KL?/ksT = 50 by setting the maximum average velocity to fit with that obtained in experiment.
The characteristic feature of g dependence is similar to the case of Fig. 2C, where the potential estimated through
experiment was used in the calculation. Note that in this model, the angular position dependence of the forward
switching rate has a simple form,

R} (x) o« exp[qKLx/ksT] (S12)
which allows us to directly compare the value of g with the experimentally observed rates of ATP binding[1, 2, 3].
Using the above parameters, we obtain ¢ = 0.07 ~ 0.1,0.11, and 0.12 for [2], [1], and [3], respectively, which
is consistent with our observation that g should be close to zero in order to explain the internal dissipation-free and
asymmetric velocity features of the F1 motor.

Let us first consider the large W limit (high ATP concentration). The length scale of potentials Un(x) = K(x —
nL)?/2 and that of U,(x) — U, (x) = FKLx are \JkgT/K and kgT/KL, respectively. Since the potential
energy is sufficiently large KL?/ksT >> 1, the smallest length scale in this model is v = ksT/KL. This length
defines the time scale v = I'ksT/(KL)?, which determines the typical W (ATP concentration) that allows the
effective force description of the model, and consequently the velocity saturation. Let us also define 7p: = I'/K (>>
Tv), Which corresponds to the time scale of equilibration inside a single potential.

Significance of the time scale v is numerically verified through seeing how the velocity dependence of Win the
model changes according to the spring constant K. In Fig. S3, we show the results for the case where K and Au
are parameterized by d (= -1,0,1,2,3,4,5) as

K1?/ksT =50 x 24 (S13)

Au/ksT =19 x 24 (S14)
Clearly, the value of W at which the velocity saturates is scaled by 7v (< K=2) and not by 7p (< K~1), when d is
sufficiently large.
To understand the limit W — 0 of the model, we focus on the switching dynamics between potentials U, (x)
and U, (x) — Au since the dynamics between two neighboring potentials are equivalent in steady-state. Our aim is
to estimate the probability density of the position where the switching from Uy(x) to U;(x) — Au takes place:

Ao ()= Ao () /W = P5° () fg" (x) — PP° () fy (). (S15)
P§% (x) and P7° (x) are the steady-state densities of x under the condition that n is 0 and 1, respectively. The
first term in the right-hand side of Eq. S15 corresponds to the probability density of the switching at x, whereas the
second part is that of the switch back (1 — 0). When Ao(x) is obtained, the internal heat dissipation may be
calculated as

1
Qint = Zf dx Ao(x)[Uy(x) — Uy (x) + Au] (S16)

where Z = [ dx Ao(x) is the normalization factor.
For « 7, , the steady-state probability density of x is close to the equilibrium density inside each potential
P (x) = Py (x) o exp[—Uy (x)/ksT] (S17)
Although this assumption is valid in estimating the first term in the right-hand side of Eq. S15, it fails to capture the
feature of the second term at W > 0, since the small but finite switching makes P;* (x) deviate from Pfq (x) at
around the peak point of P5 (x)f,5(x), where f; (x) may take a large value.

We focus on the model with q < xc/L, where xc:= (KL?/2 — Au)/ksTKL =~ 14° is the intersection point
between the two potentials, Ugy(xc) — Uy (xc) + 4u = 0. In this region of q, Py? (x)fs" (x) has a peak at x < xc.
In order to phenemenologically take into account the effect of switch back, we consider the conditional probability
that after the switching occurs at x, the potential stays as U; (x) — Au and is not switched back to U, (x):

exp[~1,/T1eq(0)] + exp[Eo(x)]
Do(x) = 1 + exp[Ey(x)]

(S18)
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FIGURE S2 Rotational velocity v versus the external heat dissipation per step Q. in the harmonic potential
model. Parameters are given in the text. The experimental results were obtained from [5] (error bar: standard error
of mean).
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FIGURE S3 W dependence of velocity for the harmonic potential model with g = 0 (numerical). Different
colors correspond to different d’s, which changes the set of spring constant K and hydrolysis free energy 4u in
the model according to Eqgs. S13 and S14. Results from models with different d are plotted by scaling W by 7.
Inset shows same data without scaling W.



We have introduced the local equilibrium time scale
@ 1 1
T X):= =
e RS () +Ry ()~ WIRT() + i (0]

which is the typical time required for equilibration between U,(x) and U;(x) — Au at a fixed position x. Using
Do(x), we assume that the switching position probability density is given by

Ao(x) = Py (x) fof () Do (x) (S20)
This is justified since the main contribution from the P (x)f;”(x),term in Eq. S15 is the switch back which
occurs right after the switch 0 — 1, and the probability that the probe spontaneously climbs the potential U, (x) in
the backward direction for the switch back to occur is negligibly small. As shown in Fig. S4, the external heat
dissipation theoretically obtained as

(S19)
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1 1
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captures the feature of Q. at small W. Note that in the limit W — 0, we find

Qext = OW = 0) = (% ~q)K1? (523)

since in this limit the switching position probability density becomes Py9 (x)f3" (x) o« exp[—K (x — qL)2~/2kBT], a
Gaussian distribution with peak at x = qL. For finite W, the value of Q;,; deviates drastically from Q(W = 0)
in a manner o< — logWW, which is observed as a sharp drop when W or v is linear scaled (Fig. S4 inset, Fig. S2).
Physically, this corresponds to the fact that very little ADP concentration is sufficient to prevent switching to

occur at energetically unfavorable positions [Uy(xc) — Uy (xc) + Au > ksT].

Ao(x) = Ao(x) is valid when W « 7,1, and should fail when W > 7, since Eq. S17 used to evaluate the first
term of Eq. S15 is violated in this region. The Q. therefore deviates from the sharp theoretical curve at around
W =1, (Fig. S5). As shown in Fig. S4, the value of Q(W) is sufficiently close to Au when W = 7, which
could be understood as follows. Assuming Do(x) = exp[—T,/T;q(x)], the peak position x = xc- & of Ao(x)
at W =1, * satisfies

KL(x;—ql) KL& [qKLS] -
ksT BV e s

Using the & obtained in Eq. S24, Q(W = t,) isestimated as ~ Au + KL5. Atlarge A := KL?/ksT and
B := Au/ksT = 0(A), the value of § satisfying Eq. S24 scalesas AS/L o« logA. Therefore, Q(W = ,1)/
Ap =1+ 0(log A/A), which means that Q(W = 151) =~ Ay is satisfied with a small error term under A > 1.
To sum up, in the potential switching model with the switching rates (3) and (4) in the main text and q < x./L,
Qext becomes sufficiently close to Au at W =~ 1,*, when the condition KL? Ap > ksT is satisfied. Since
7, = 1,KL?/ksT, there exists a time scale separation 7, > ,, hence at W = 7, the velocity is still smaller
than the maximum velocity, v < v,,,,. This means that if KL?/ksT = 50, which is the case where the maximum
velocity is close to the real F1, the model shows the Q.. ~ Au behavior even when [ATP] is as low as 1/50 of the
velocity saturating concentration. Persistent Qe ~ Au for the broad range of W >7,* allows the low
dependence of Q.4 0N v, which explains the internal dissipation-free feature of F1observed in experiment. For the
case of models with g > xc/L, it is confirmed that there exists a significant difference between Q. and Au for
=1,%, even when d is as large as 5 in the parameterization given by Egs. S13 and S14. It is left for future
studies to theoretically understand the g > xc/L models (includingg = 0.5 and 1, Fig. S6).

1 — q)KLS
[%] (S24)
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FIGURE S4 Numerically obtained Q.. (red) and the theoretical Q(W) (green) obtained from Eq. S22 in the
q = 0 model. Starting from Q(0) inthe limit W — 0, Qe drops sharply in a manner « —logWW at low but

finite W. Qe Stops dropping at W = 7,*, and converges to Au at W > 7,. Inset shows same data with
linear-scale W.
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FIGURE S5 Deviation of Q. from the theoretically obtained Q(W) from Eq. S22. Different colors correspond
to d =-1,0,1,2,3,4,5 inthe model parameterized by Egs. S13 and S14. Inset shows same data without scaling.



C. External torque dependence of velocity in various models

In Fig. S8, the external torque dependence of the rotational velocity for the ¢ = 0.5 (left) and 1 (right) models
are shown. We used Eq. S7 for Uy(x), with k = 0.0061 deg=2ksT.and Au = 5.2 ksT. In comparison to the
g = 0 model (Fig. 5A in main text), the ¢ = 0.5 and 1 models fail to capture the feature of F1, where large
minus velocity in the presence of large torque and low nucleotide concentration has been observed. Notice that in
the case of g = 0.5, the curves are close to anti-symmetric in a wide range of W [represented by v(0)].

We define the intersection switching model by

+ _ (x — xc,n)2 q
fn (x) =exp|— 252 + kBT [Un(x) - Un+1(x) + AM] ’
( . ) (S25)
X —Xen —
frr1(x) = exp [_ 20_2' + quT [Un(x) = Uny1(x) + Apl),

Here, x., is the intersection point between the two potentials U, (x) and U, (x) — Ap, satisfying Un(xc,n) —
Un+1(xc_n) + Ap =0, and o is the typical width of the window of the angle at which the switching is allowed. If
o is sufficiently small, this model would become internal dissipation-free for a wide range of W, which seems to
explain the experimental data. This is because the switching of the mechanical potential only occurs at angles
satisfying U, (x) — U,y (x) + Ap = 0 in this model. However, if o is too small, the torque dependence of the
velocity becomes anti-symmetric with respect to the F = Au/L line for all g even at small W (Fig. S8 left),
which is inconsistent with the experimental observations. When o is sufficiently large (Fig. S8 right), the
torque-velocity curve would depend on g, which shows that adopting g = 0 is critical even in the intersection
switching model to reproduce the feature of Fi.

Shared vy-shaft angular dependence
among forward and backward reactions

Forward reaction: Backward reaction:
high y-shaft angular dependence low angular dependence

FIGURE S6 Schematic of the ¢ = 0.5 and g = 1 models. In the g = 0.5 model, the coordination between the y
shaft and the nucleotide binding sites are equally present in the forward and backward reactions. On the other hand,
the y shaft and the nucleotide binding sites are only coordinated in the forward step in the g = 1 model, which is
completely opposite to the case of g = 0 model (Fig. 1B in the main text). As shown in Fig. 2C and 3A in the
main text, these models fail to reproduce the internal dissipation-free feature of Fi.
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Rotational velocity v(F)/v(0)
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FIGURE S7 External torque dependence of the rotational velocity in the g = 0.5 (left) and 1.0 (right) models,
plotted with the experimental data [6] (kindly provided by S. Toyabe). For each numerical lines, W was chosen and
fixed in order to reproduce the values of v(0) of the corresponding experimental data.
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FIGURE S8 External torque dependence of the rotational velocity for the intersection switching model [see text Eq.
S25]. When o is small and the switching is only allowed in a narrow range around the potential intersection point
(left), the torque-velocity curve becomes anti-symmetric with respect to the FL = Au line. When o is set larger
(right), the g-dependence appears. For each numerical lines, W was chosen and fixed in order to reproduce the
values of v(0) = 0.32 Hz.
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FIGURE S9 Rotational velocity v versus the external heat dissipation per step Q.x: in the non-harmonic
potential model [using Eq. S7 for U,(x)], and the harmonic potential model, in the case of Au = 28 ksT.
Parameters from Supplementary Material A and B were used. The experimental result was obtained from [5] (error
bar: standard error of mean). In this large Au setup, the intersection point becomes x, < 0 in the non-harmonic
and harmonic potentials we have introduced. Nevertheless, numerical result for g = 0 shows consistent value with
experiment.
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