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SUPPORTING RESULTS

Validation of the linear noise approximation

To validate our analytical analysis, we performed Monte Carlo simulation of Ca®" and buffer
dynamics in a microdomain using Gillespie’s stochastic simulation algorithm, an exact sim-
ulation algorithm that accounts for the small system size (1). We found close agreement
between the coefficient of variation of the domain [Ca®*] fluctuations calculated from the
linear noise approximation and the Monte Carlo simulations (Figure S1), in particular re-
producing the bell-shaped dependence on total buffer concentration b3 .
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Figure S1: Comparison of the relative magnitude of domain [Ca®*] fluctuations, the co-
efficient of variation ¢,, calculated using the linear noise approximation (solid gray lines),
computed numerically using Eq. 32, and the exact value, determined from the ensemble av-
erage of 1000 Gillespie-type stochastic simulations (black circles). Parameters as in Figure 2.

[Ca?*] fluctuations in the presence of multiple buffers

The fluctuating RBA (Eq. 37) is readily generalizable to multiple buffers. For N rapid
buffers with parameters 0%}, k,, and k' for n € {1,..., N}, the variance of the domain
[Ca?*] fluctuations is given by

N

wgky
Cas ‘= Coo + Kp,
0'é - ﬁ ‘ (1 + X) X = Bss - —— N ) (CSS B COO) (Sl)
ke + Y wiky
n=1
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Figure S2: Combined influence of two rapid buffers on the coefficient of variation of domain
[Ca®*] fluctuations (c,) as the total concentration of buffer 1 (b.) and buffer 2 (b2.) are varied
with constant total amount of buffer (b%. + b2 = 100 uM). The fluctuating RBA (solid black
line, Eq. S1) agrees with numerical solution of the full model (Eq. 30, open circles). The
¢, in the presence of either buffer 1 or 2 in isolation (dashed lines) and a weighted average
based on total buffer concentration (solid gray line) are also shown. Parameters: ¢g = 1
UM, coo = 0.1 uM, k. = 0.2 ms™!, Q = 10717, Buffer 1: k. = 10 uM~! ms™!, k = 0.1 pM,
ky =10"' ms~!. Buffer 2: £, =10 uM ' ms™, k =1 uM, ky = 1073 ms™!.

where (s and w?, are

N -1
n n bpkin
ﬁss - (1 + ;wss) and Weg = (Css + /‘ﬁn>2’ (82)
and for readability we have dropped the superscripted oo in the notation for total buffer
concentration (b7 = bF").

Figure S2 shows the ¢, for domain [Ca®*] fluctuations in the presence of two rapid buffers
with different dissociation constants (k2 > 1) and exchange rates (k7 > k}). Moving left
to right, the total concentration of buffer 1 (bl) increases and the total concentration of
buffer 2 (b%) decreases, while the sum is held constant (b7 + b% = 100 uM). The fluctuating
RBA (Eq. S1, solid line) is in agreement with full calculations based on the appropriate
generalization (Eq. 30, open circles), that is, the numerical solution of a Lyapunov equation
composed of 5 x 5 known matrices Hs and 'y, and the symmetric 5 x 5 matrix g, the
steady-state covariance matrix for the fluctuating concentrations in the presence of two
buffers, representing 10 unknown covariances. For comparison, Figure S2 shows the ¢,
obtained when buffer 1 or, alternatively, buffer 2 is included (dashed lines), as well as a
weighted average of these values utilizing the total buffer concentrations (b%./(b% + b%)).
As expected, this naive weighted average does not agree with the full calculation (circles),
because the correct weighting is as implied by the fluctuating RBA (solid line, Eq. S1).
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Figure S3: Dependence of [Ca®"] fluctuations on dissociation constant . (A, top) The total
buffer concentration that maximizes [Ca*"] fluctuations (b5%,) for a fixed steady-state [Ca®t],
css (Eq. 42). (A, bottom) The enhancement of [Ca®"] fluctuations, ¢*/c?, that occurs with
optimal total buffer concentration (b%,) as a function of the buffer dissociation constant
(Eq. 43). (B) The enhancement of [Ca®*] fluctuations, ¢, /c?, for different values of c,, and

b (Eq. 40) plotted as functions of . Parameters: co = 0.1 uM, k. = ky = 0.2 ms™'.

Influence of the buffer dissociation constant k on [Ca®*] fluctuations

The buffer dissociation constant » influences buffer-mediated increase in [Ca*"] fluctuations
in a complex manner. For example, the variance of free [Ca*"] fluctuations (o’, Eqgs. 37
and 38) depends on the relative (as opposed to absolute) concentrations of domain (css/k)
and bulk (c./k) Ca®" and total buffer (b5°/k) via the dimensionless quantities 3, and w,s,
because the later can expressed as wg, = (b5 /k)/(1+4css/k)? and, similarly, the second factor
of x can be written as (css/k — ¢o/K)/(1 + cx/Kk). However, an increase or decrease in
does not simply shift the bell-shaped curves describing ¢, vs. b5 (as in Figure 2) to the left
or right.

For a given steady-state [Ca®'], ¢, the total buffer concentration with maximal effect
(b3, Eq. 42) is a u-shaped function of the buffer dissociation constant x (Figure S3A, top).
The value of k that minimizes this optimal total buffer concentration is found as the x that
zeros ObF, /Ok and is given by k = c¢s5. This suggests that as ¢,s increases, weaker affinity (i.e.,
larger ) buffers are more effective at enhancing domain [Ca®"] fluctuations. However, for a
given value of ¢y, a buffer with dissociation constant x = c,, does not necessarily enhance
domain [Ca*"] fluctuations to the greatest extent possible, as the fluctuation enhancement
is a decreasing function of s (given by /¥, Eq. 43, Figure S3A, bottom).
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In order to determine an optimal dissociation constant k. that maximizes domain [Ca*"]
fluctuations, it is instructive to plot the fluctuation enhancement, ¢, /c? (Eq. 40) for a given
fixed ¢,s and total buffer concentration by (Figure S3B). These curves are bell-shaped func-
tions of k: for both small x (high affinity buffer) and large « (low affinity buffer), steady-state
buffering capacity wss — 0 (Eq. 38) and, consequently, ¢, /c® ~ 1. For a given ¢y, and b5,
the optimal dissociation constant k, (corresponding to the peak of the bell-shaped curve) is
found as the x that zeros dx/0k. This optimal dissociation constant is the positive solution
of the quartic equation,

K24 ar? 4+ bk + ck, +d =0, (S3)

where

a = 5 (Coo + 4Css)

b= % [Css (b%o + 2¢s + COO) + b%o (CSS o COO)]
c= %Csscoo(b’%o - 055)
d — _%COOCES'

Figure S3 shows that for fixed 03, k. is an increasing function of ¢, that is, when cq; is
large, fluctuations are enhanced to the largest extent by low affinity buffers. For a given
Css, Kx is a decreasing function of b%°. Figure S3 shows that domain [Ca®*] fluctuations may
be enhanced several-fold for physiological values of 05 and &, especially for larger values of
css = 10 and 100 pM.

Time scale of domain [Ca®*] fluctuations

Figure S4 characterizes the time scale of [Ca®"] fluctuations by plotting the domain [Ca®']
auto-correlation function, denoted by ¢..(7) in Eq. 45, for a range of model parameters. In
brief, our calculations suggest that in the presence of rapid, high concentration buffer, the
time scale of domain [Ca?*] fluctuations may range over several orders of magnitude (0.1 s
to 10 ms), depending on the steady-state domain [Ca®*].

For low domain [Ca®t] (css = 0.1 uM) and total buffer (b3°) concentrations (top row),
a semi-logarithmic plot of the autocorrelation function ¢.. is a decreasing sigmoid with
50% decay ~1 ms, as in the absence of buffer (dashed black lines). As b3 increases, the
characteristic time scale of [Ca®"] fluctuations decreases (¢ shifts to the left). For example,
for a slow buffer at total concentration of b3 = 10* uM (blue), the time scale is ~0.1 ms
(Figure S4A, top panel). For a fast buffer, the influence of b3 is more pronounced, for
example, when b3 = 10 uM (blue), the time scale is ~10~% ms (Figure S4B, top panel).

For large steady-state domain [Ca*"], the autocorrelation function ¢cc 1s a decreasing
(double) sigmoid with two “knees,” indicating that [Ca®"] fluctuations are characterized by
two distinct time scales. For example, for a fast buffer, cs, = 10 uM, and b5° = 10* uM (blue),
the two time scales are ~1073 and 10 ms (Figure S4B, third panel) that may correspond to
the buffer kinetics and exchange rates, respectively (see Figure S5).

As ¢, increases further, the fast time scale (small 7) becomes less prominent and the
slow time scale (large 7) dominates. These effects are more pronounced when buffers are
rapid (right column). Increasing the buffer exchange rate k;, has minimal influence on the
shape of ¢.., but does increase the values of 07° that lead to dominance of the show time
scale (not shown).
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Figure S4: Dependence of the auto-correlation function ¢, .(7) on steady-state domain [Ca?"]
(¢ss) and total buffer concentration (b5°) (Eq. 45). Parameters: ¢y, = 0.1 uM, k = 0.2 uM, Q
=107 L, k. =0.2ms™ !, k, = 1072 ms™!, b° = 0 (no buffer, dashed black), 1072 (magenta),
1 (green), 10? (red) and 10* (blue) M.

The physical processes that correspond with the observed knees in the autocorrelation
functions plotted in Figure S4 can be identified to some extent but not isolated. The relax-
ation time of fluctuations is governed by the eigenvalues of the steady-state Jacobian matrix
Hg,. In fact, the relevant rates are (up to a sign change) given by the six pairwise sums of
the eigenvalues of the Jacobian matrix Hs (three eigenvalues with negative real parts). To
see this, note that that Eq. 27,

Y =H,+SH. + Ty,
can be written as p
Evec(Z) = (H,s ® Hy)vee(X) + vee(Tys), (S4)

where @ is a Kronecker sum and the vec operation creates a column vector from a matrix
by stacking its column vectors. It is well-known (2) that if A € R™*" has eigenvalues J\; for
i=1,...,nand B € R™ has eigenvalues p1; = 1,...,m, then A ® B has mn eigenvalues,

)‘1+M17"'7)\1+Mma>\2+,ula--->/\2+Mm7"'>)\n+:um'
Denoting the three eigenvalues of H,, as A1, Ay and A3, it follows that H,® H,, has eigenvalues
2M1, A+ Ao, A4 A3, 2X9, Ao+ Az, 23, (S5)
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Figure S5: [Ca®'] fluctuation relaxation rates (|\;|, i € {1,2,3}) plotted as a function of
buffer parameters (cf. Eq. S5 and nearby text). Horizontal dotted black line indicates rate
in the absence of buffer (2k., Eq. 15). Parameters: ¢;s = 1 (A), 10 (B), and 100 (C) uM, ¢
=01puM, k=02uM, Q=10"1, k. =0.2ms™ ! k. = 1073 (solid blue) and 1 (dashed
red) pM~' ms™t.

Figure S5 shows a numerical calculation of the relaxation rates derived from the eigenvalues
of Hys (JNi], i € {1,2,3}) and the dependence of these rates on Ca®" buffer parameters.
The rates range over several orders of magnitude (1072 to 10* ms™'). As total buffer con-
centration b increases, the fastest rate increases, the slowest rate remains constant, and
the intermediate rate decreases (asymptotically approaching the slow rate). Increasing the
rate of exchange of buffer between domain and bulk (k) increases the slow and intermediate
rates, but does not change the fast rate (compare left and right panels). Increasing the buffer
kinetics (k4, k_) increases the fast rate, but does not influence the slow and intermediate
rate (compare solid blue and dashed red lines). The fastest rate is an increasing function of
the steady-state domain [Ca®"] (c) (cf. A, B and C).

[Ca®*] fluctuations during a time-varying Ca®* influx

In the main text, we demonstrate that in the presence of a constant Ca®" influx rate, buffers
enhance the size of domain [Ca*"] fluctuations around the non-equilibrium steady-state.
Figure S6 illustrates an example of a time-varying Ca*" influx rate, during which buffers do
not suppress and may enhance domain [Ca®*] fluctuations. In Figure S6A, Ca*" influx rate is
characteristic of triggered SR Ca®" release, i.e., a Ca*" spark (top panel, inset). Numerical
simulations demonstrate that buffers increase intrinsic domain [Ca®*] fluctuations during
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Figure S6: [Ca®"] fluctuations during a time-varying Ca®" influx. (A, top) Monte Carlo
simulations of domain [Ca®*], ¢(¢), in the presence of buffer and a time-varying Ca®" influx,
Jin(t), generated by numerical integration of Eq. 21 using the Euler-Maruyama method. The
time-varying j;,(t) is characteristic of triggered SR Ca?* release and given by an a-function,
Jin(t) o< (exp(—t/75) — exp(—t/m1)) (see inset). (A, bottom) The ensemble domain [Ca®*]
coefficient of variation, c¢,, calculated from 1000 Monte Carlo simulations, in the presence
(solid red) and absence (solid green) of buffer, is plotted throughout the time-varying Ca®*
influx. Theoretical calculation of ¢, for non-stationary domain concentrations, determined
from integration of Eq. 27 in the presence (dashed black) and absence (dashed blue) agree
closely with the numerical simulations. (B) Theoretical calculation of ¢,, for non-stationary
(solid) and quasistatic (dashed) domain concentrations in the presence (top) and absence
(bottom) of buffer. See text for details of the calculations. Note that the dashed black and
dashed blue traces in (A) and (B) are the same. Parameters: b3 = 50 uM, co = 0.1 puM,
k=02puM k., =02ms™ bk =01ms k=1 M Tms™t Q=10"" L, 1, = 10 ms,
Ty = 40 ms.

systole, and buffers do not suppress [Ca?*] fluctuations during diastole (A, bottom, solid red
and green).

A calculation of the domain [Ca*"] fluctuations during a time-varying Ca*" influx rate
Jin(t) can be obtained by numerical integration of Eq. 27 (3),

Y =HY+YHT 4T,

where the Jacobian matrix H and two-time covariance matrix I' are evaluated at the time-
varying expected value of the domain Ca®' and buffer concentrations, i.e., c(t), b(t), and
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Figure S7: [Ca?"] fluctuations during a stochastically-gated Ca*" influx. (top) Monte Carlo
simulations of domain [Ca®*], ¢(¢), in the presence of buffer and a time-varying Ca®" influx,
Jin(t), generated by numerical integration of Eq. 21 using the Euler-Maruyama method. The
time-varying j;,(t) is stochastically gated with a mean open time of 1 ms and mean closed
time of 9 ms (see inset). (bottom) The ensemble domain [Ca®"] coefficient of variation, c,,
calculated from 1000 Monte Carlo simulations, in the presence (red) and absence (black)
of buffer, is plotted throughout the time-varying Ca®' influx. Parameters: b3 = 50 pM,
Coo =01 puM, k=02puM, k,=02ms™, ky=01ms ! ky =1 M Pms™t Q=10"17 L.

cb(t), found by numerical integration of Eq. 19. Non-stationary calculations agree closely
with numerical simulations in the presence (Figure S6A, bottom, dashed black) and absence
(dashed blue) of buffer. Alternatively, we may assume that the domain concentrations
are in quasistatic equilibrium with the time-varying influx rate, i.e., ¢ (t) = css(Jin(%))
and similarly for bg(t) and cbgs(t) as determined by Eq. 20, and estimate Y(¢) using the
the fluctuation-dissipation theorem (Eq. 30, the steady-state of Eq. 27) and the quasistatic
values of I'ss(¢) and Hys(t). Figure S6B shows that this approximation deviates only slightly
from the aforementioned non-stationary calculation, and thus both theoretical methods yield
results in close agreement with stochastic simulation.

We also show Monte Carlo simulations of [Ca®*] during a stochastically gated influx
(Figure S7). The stochastically gated influx has mean open time of 1 ms and mean closed
time of 9 ms. Throughout the time course, [Ca*"] fluctuations in the presence of buffer (red)
are larger compared with in the absence of buffer (black).
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SUPPORTING APPENDICES

Appendix A: The chemical Langevin equation and linear noise ap-
proximation

Consider a well-stirred compartment with Z chemical species undergoing elementary reac-
tions indexed by g. The ¢-th elementary reaction can be characterized by (a) the forward and
backward reaction rates per unit volume, v;"(p) and v, (p), that may depend on species con-
centrations p(t) = (py, p2,- -+, pr)’, and (b) the change in the number of molecules when the
g-th reaction occurs, denoted by the column vector w, = (w,1,wy2, " ,w,z)?, a difference
of stoichiometric coefficients (products minus reactants).

If N(t) = (N1, Ny, - ,Nz)T (a random vector) is the copy number of each species at
time ¢, the probability distribution W(n,t) = Pr{IN(t) = n} solves the chemical master
equation:

—W (m,t) Z:VJr n —w)W(n —w,t) +V, (n+w)W(n+w,,t)
- Z [V, (n) + V, (n)]W(n,t), (S6)

where V(n) = Qu-(n/Q) are the forward and backward reaction rates for the g-th ele-
mentary reaction. The chemical master equation is a system of ODEs, one for each possible
state. Often the high dimensionality of the chemical master equation makes its use pro-
hibitive. Several approaches have been utilized to show that for sufficiently large system
size and reaction rates, the stochastic dynamics of the species concentrations p; are well-
approximated by solutions of the chemical Langevin equation (4-6),

quz ) +&(1) (S7)

where the column vector of fluctuating forces, & = (£1,&,...,&7)T, has mean zero

and two-time covariance
€€ (1) =T(p)a(t —1t'). (S9)
where the general form of the two-time covariance matrix, I' = (v;;), is given by (3)

Yij = Q*l Zu)qi (V; -+ V;) Wqj, (SlO)

q

that is, the covariance 7;; is the sum of forward and backward reaction rates, multiplied by
the change in copy number of species ¢ and 7, summed over each reaction ¢ and scaled by
the inverse of domain volume (2.

Assuming a stable steady state p® = n® /Q, the linear noise approximation to Eq. S7 is

op = H*0p+&°(t) (S11)
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where the fluctuation 6p = p(t) — p**, the matrix H** = (h7) is the Jacobian of reaction
terms in the chemical Langevin equation (Eq. S7) evaluated at steady state, that is,

0>, wai V5 (p) — vy (p)]
Ip;

ss __

(S12)

p=p°*°

and £7°(t) has the same form as ;(t) in Eq. S7 with I' evaluated at p**. The approxima-
tions relating the chemical master equation, chemical Langevin equation, and linear noise
approximation are subtle (3-7). The validity of these approximations depends on multiple
factors, including reaction rates (propensities) and the number of molecules n = Q¢, where
¢ is a characteristic concentration for the species being simulated. Our use of the linear
noise approximation was validated through comparison of the analytical and symbolic re-
sults (Eq. S11) to Gillespie-type stochastic simulation (Figure S1) that is an exact sampling
of the steady-state probability distribution solving the chemical master equation (Eq. S6).

For the analysis of the fluctuations produced by Eq. S11, we consider an ensemble of
identically prepared systems with p(0) = p* or, equivalently, 0p(0) = 0, and numerically or
analytically calculate the Z x Z symmetric covariance matrix

() = (9p(t) op" (¢))
that solves Eq. 27,
Y= H,Y+XHL + T,

which follows from Eq. S11 and the definition of 3(¢). We are primarily interested in the
steady-state covariance matrix Y, that solves the following Lyapunov equation, which relates
I'ys and X, and is called the fluctuation-dissipation theorem,

Hsszss + ZssHsj; = _Fss-

Appendix B: Derivation of the rapid buffer approximation

In this Appendix we derive a general analytical expression for the variance of the free [Ca®*]
fluctuations in the presence of rapid Ca®* buffer (Eq. 37) using Eqs. 34 and 36 as our starting
point,

S¢ = — [ky(Css + bss) + k4 ke 0c + (kycss + k) der — kycss 0br + £°(t) (S13a)
5éT = _Bss (kc + wsskb) 5CT + 535 (kc - kb) Vss 5bT + 55; (Sl?)b)
Obr = —kybbr + &2, (813¢)

where dc is the fast variable, dcp and 0br are slow variables, and we have written .. (t) =
Ec(t)+Ew(t) and &, (t) = &(t) +€(t). Eq. S13b is derived using a quasistatic approximation
for the average value of the [Ca®*] fluctuation (Eq. 35),

<5C>* ~ ﬁss [6CT — Vss 6bT] ) (Sl4)

where vy = c¢s5/(css + k) and (-). indicates a time average (as opposed to an ensemble
average). As a consequence, the reaction terms of Eq. S13b that involved the fast fluctuation
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0c have been replaced by a time average that is a function of the slow fluctuations dcy and
dbr, that is, the slow SDEs (Egs. S13b and S13c) are now expressed in terms of the slow
fluctuations.
The quasistatic approximation for dc (Eq. S14) is obtained from Eq. S13a by dividing
both sides by k(s to yield
1 g (t)
0c = —0c + [y (0cr — Vgs Obp) + 22—,
k+Css ( ) k+Css
where (g5 = g5 + bss + K + ke/ky, k = k_/ky, and we have used (cgs + k)/(ss = Pss- In the
rapid buffer limit (k;, k- — oo with & fixed) this expression becomes

0= —dc + ﬁssécT - /6557/85 5bT>

where (g5 — Cg5 + bss + Kk and by — brk/(css + k) (Eq. 20). Because this is an outer solution
for a fluctuating quantity, for this zeroth order approximation we write

<5C>* ~ 635 <5CT — Vss 5bT> )

where (0c), is a time average, that is, an average of dc over an intermediate time scale, long
compared to the fluctuations in &.(t), but short compared to the relaxation time for the slow
variables dcr and dbyp.

The steady-state covariances of the slow subsystem (Eqs. S13b and S13c) are found by
solving the 2 x 2 Lyapunov equation (Eq. 30),

slo E }Sll) } 1 lo l ' lo T I slo E;] 5
F ’ w w S w( S ’LU) stow ( )

s (O G )

and the * indicates that (0br dcr) = (der dbr). Eq. S15 is expanded to yield three equations
for three unknowns,

DR (52) + 2K (er bbr) = (S16a)
(hever + hifay ) (Ocr 8br) + hif (7)) = =727, (S16b)
23l (Ber Bbr) + 2B (503) = i, (S16¢)
where the elements of the relaxation matrix H#" are (cf. Eq. 36),
how = =0 = —Bea(ke + Epthas), (S17a)
hie = = (ke — ko) Bos Voo = (ke — k) Cos/Cos, (S17D)
hilew =0 and hil% = —k.

The 2 x 2 covariance matrix 5" for £5% and & is calculated using Eq. 23 and the
relationships

(op) = (60) + 2(&c ) + (€0 (S18a)
<£CT 6bT> = <€c €b> + <€c 5cb> + <5cb 5b> + <§cb £Cb> (Sl8b)
() = (&) + 2(& E) + (€5, (S18¢)
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where we have dropped the superscripted ss for clarity. In this way we identify 7:° . =
SS

Vel +Yens Vemvy = Yoy and v = 7;° + 75 - Importantly, these expressions are independent
of the rate constants k; and k_ that appear in ;. Solving Eq. S16 simultaneously we find

1 1
<5C%> = 5 . k:ccss + kbess + (kc - k:b) Vgs - aSSCbss i Zbeoo (Slga)
Qsg Qgg b
1 oeeCbss + Ekpcboo
(derdbr) = & == kz (S19b)
bOO
(0b7) = (S19¢)

where ags = — s (ke + kpwss).
Finally, we note that in the (dc,dcr, dbr) system, dc is the fast variable and the 3 x 3
covariance matrix 372 for the fast subsystem,

(6¢%) (dcder)  (dcdbr)

EggSt = * <5C%> <5CT 5bT>
* * (5b2.)
satisfies
HIPS L 4 S ()T = T (520

where (0c%), (dcp Obr) and (6b2) are known. In the rapid buffer limit (k;,k_ — oo with
k = k_/ky fixed) this matrix equation simplifies considerably, because elements and terms
of H/3* and T'/2%* that do not involve k; and k_ can be dropped, namely,

— [k+ (bss -+ Css) —+ k,] k+css -+ k_ —k'+CSS

HIost — 0 0 0
0 0 0
and
50 0
r/est—1 0 0 0
0 00

Expanding Eq. S20 we write the following three equations for the unknown (d¢?), (dcder)
and (6¢ dbr),

2(h12(5c?) + 1% (5cder) + RIp (5cobr)) = —ylest = —4s (S21a)
hi%H(5edor) + hIeHSct) + hlp (Ser Sbr) = 0 (S21b)
hI%H(5e Sbr) + hI%H(dep Sbr) + Rl (0b7) = 0, (S21c)

where (0¢?), (dcder), and (dcdbr) are the unknowns. Combining these three equations, we
express (dc?) as a function of the slow covariances,

(6c%) = # + 5%, ((062) — 2u,s(Ser Sbr) + V2, (06%)) . (522)

Using Eq. S22, algebraic manipulations allow us to express o/, = (6¢?) in terms of model
parameters (Eq. 37). The remaining covariances of the original system with three fast
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variables (dc, 6b, 0¢b) can be found through the relationships dcy = dc + deb, dby = db + dcb,
and

) (6¢%) + (dc beb)
) (0céb) + (dcdch)
(6c2) = (0c) + 2(bcdeb) + (5cb?)
) (6¢0b) + (3¢ Seb) + (6bdch) + (5cb®)
) (6b%) 4 2(6b dcb) + (5cb?).

From the perspective of analytical work, the two-step process of the fluctuating rapid
buffer approximation is far easier than solving the Lyapunov equation for the covariance
matrix Y, for dc, 0b and dcb, because the fast and slow versions of the I'ys and H,, matrices
of the RBA are simpler than those of the full calculation.

Appendix C: Analysis of the fluctuating RBA and intrinsic fluctu-
ations

We analyze the Langevin domain model when the exchange rates for Ca®" and buffer are
identical (k. = k, = k). In this case the fluctuating RBA simplifies to

Wss Css — Co
1+ ws)? K+ coo

/ Css

(S24)

Under this restriction, the relative increase in the coefficient of variation due to buffer
(¢! /& = /T + x) remains biphasic through the factor ws,/(1+wss)? = wss5% = Bes(1 — Pss)
that is a biphasic function of b3. This result is more easily interpreted when k. = k, = k
because the equations for the slow variables (Eqgs. 34b and 34c) simplify,

der = —kder+ €53 (t)
by = —k&bp +&3(1).

Though dcr and §br remain correlated because £27 () and €37 (f) are correlated, the Lyapunov
equation satisfied by the covariances (Eq. S16) also simplifies and (6¢%), (dcr dbr) and (6b2)
may be calculated independently by solving (cf. Eq. S16),

—2k(0c) = — (73> + %) — 2k(dcr Obr) = = — 2k(007) = —(%° + %)
to find " _— o
Css COgs COgg COxo
(6ct)y = —q—  (derdbr) = —55— (6b2) = % (S25)

where the ¢, + b, in the numerator of (50%) is the steady state total calcium concentration
in the domain, and the dependence of this result on k is hidden in ¢, through the steady-state
flux balance j;, = k(css — €oo) + k(cbss — cboo).

The final step in the fluctuating RBA is to calculate the covariances that involve the fast
variable dc. These covariances satisfy (see Appendix B),

W12 (8c?) + hIe(Sc der) + hlg (5 dbr) = —4 /2
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where v5° = (ky Css-bss +k_cbgs) /€2 can be written as 2% = 2k, g+ bss /2 Or v5° = 2k_cbg, /€2,
hiet = —[ky (bes + Cos) + k], BI% = kycgs + k- and hfaSt —kcss (cf. Eq. S21). Dividing
through by h/% gives

(6¢2) — Bes{0cOer) + BosVss (6 0bp) = BosWssCss /S (526)
where we have used h/%!/hf%" = —3,; and hfg;t Jhlest = B v, and have written v,, =

Cos/(Css + K) = by /b for the steady-state fraction of Ca®T-bound buffer in the domain.
The right hand of Eq. S26 that originates from the covariance of £ ° may be expressed in

several ways (WssCss = Vssbss = Cssbss/(Css + k) = Kcbss/(¢ss + K)). The covariances (dc¢der)
and (0cdby) in Eq. S26 are

(0coer) = s (<5C2T> — Uss(0cr §bT>) = Bss [css + Ches — Vg %(cbss + cboo)] /2
(6cSbr) = Bss ((Ser 0br) — Vs (5b7)) = Bas [5(chss + boo) — vssbF] /62

Thus, the variance of the fast variable (§c®) can be written in terms of the covariances of the
slow variables,

CSS

(86%) = B [wis s

+ s ((963) = 2ss(B07 8br) + V2 (63) | (s27)
and it can be shown that (dcdbr) is negative while (dcder) and (5¢?) are positive. Upon
substitution of Eq. S25, we have

(6c%) = D 0 {WssCss + Bas [Cas + cas = Vas(chas + choo) + V30T ] } (S28a)

- O { ﬁss Css 1 Bss [Css + Cbss Vss(Cbss + Cboo) + stb%o] } . (S28b)

This analysis of the fluctuating RBA under the restriction k. = k;, shows that an increase
in total buffer b3° increases the absolute value of the slow covariances (Eq. 525). These
covariances (the terms within square brackets in Eq. S28) combine to create a net positive
impact on (§c?) that is attenuated to some extent by a decrease in the 3,, that scales these
terms. The [/ outside the curly brackets in Eq. S28a might be interpreted as an effective
volume that attenuates all of these contributions to (§¢?), but this is misleading because
BssWssCss = (1 — Pss)Css 1s an increasing function of b (cf. Eq. S28b). Furthermore, Eq. S24
shows that the variance of the free [Ca®*] fluctuations in the presence of buffer b3 > 0 is
never less than what would occur in the absence of buffer (b3 = 0).
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