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Appendix A: Appendix Figures and Tables

Figure 1: Comparison of the proposed meta-analytical methods (in terms of power) under different
scenarios of susceptibility models and covariate heterogeneity through a simulation study. Setting (a),
under both assumptions 1 and 2.

IPD —— REM — — - MR - - - TS
UIVW - = - = MIVW - — - — AWE
0.0 0.1 0.2
| | | | | | |
WSS > BSS WSS > BSS WSS > BSS
Dominant Additive Co—dominant

- F 10
o8
06

— 0.2

- — 0.0

g WSS < BSS WSS < BSS WSS < BSS
DO_ Dominant Additive Co-dominant
Y4 =
.,., _ ’.,& L
i -~ -
v P
44 // I
J/
T T T T
0.0 0.1 0.2

Type Ill R? of G x E interaction (%)

* Correspondence to: Bhramar Mukherjee, 1415 Washington Hgts, Ann Arbor, MI, 48109, bhramar @umich.edu

1



Figure 2: Comparison of the proposed meta-analytical methods (in terms of power) under different
scenarios of susceptibility models and covariate heterogeneity through a simulation study. Setting (b),
under assumption 1 but not 2.
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Figure 3: Comparison of the proposed meta-analytical methods (in terms of power) under different
scenarios of susceptibility models and covariate heterogeneity through a simulation study. Setting (c),
under assumption 2 but not 1.
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Figure 4: Comparison of the proposed meta-analytical methods (in terms of power) under different
scenarios of susceptibility models and covariate heterogeneity through a simulation study, for the sit-
uation of lack of common set of covariates across studies. Setting (a), under both assumptions 1 and
2.
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Figure 5: Comparison of the proposed meta-analytical methods (in terms of power) under different
scenarios of susceptibility models and covariate heterogeneity through a simulation study, for the sit-

uation of lack of common set of covariates across studies. Setting (b), under assumption 1 but not
2.
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Figure 6: Comparison of the proposed meta-analytical methods (in terms of power) under different
scenarios of susceptibility models and covariate heterogeneity through a simulation study, for the sit-

uation of lack of common set of covariates across studies. Setting (c), under assumption 2 but not
1.
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Figure 7: Power curves under misspecified susceptibility models (dominant/additive), where the gen-
erating co-dominant model has 644 = 1.564¢, and no assumption of gene-environment independence
or homogeneity in allele frequencies is assumed.
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Figure 8: Marginal SNP (rs1121980) effect against mean covariate values of age and BMI across co-
horts in the Type 2 Diabetes example. Solid line: Meta-regression line; Dashed line: Meta-regression

line without outlier (cohort FUSION for age and cohort DPS for BMI).
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Figure 9: Absolute relative bias of OMR and 6AWE a5 a function of the ratio BS.S /TSS, when G-E
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Table 1: Comparison of the proposed meta-analytical methods under different scenarios of susceptibil-
ity models and covariate heterogeneity through a simulation study. Setting (a): under both assumptions
1 and 2.

wss/bss=2 bss/wss=2

(%) Method® RBY%) MV® EV® MSE’ Power RB (%) MV EV MSE Power
R*=0 Dominant IPD 1.14 1.12 1.12 0.04 1.15 1.12  1.12 0.05
UIVW 1.73 1.71 1.71 0.05 339 346 346 0.05

REM 208 1.78 1.78 0.04 4.07 3.58 3.57 0.04

MIVW 1.13 112 1.12 0.05 1.15 1.12 1.12 0.05

MR 391 4.06 4.06 0.07 195 1.82 1.82 0.08

AWE .13 1.19 1.19  0.06 .16 1.19 1.19 0.07

Additive  IPD 0.75 075 0.75  0.06 0.76 0.68 0.68  0.05

UIVW .15 1.11 1.11 0.05 225 239 238 0.06

REM 1.38 1.15 1.15 0.04 269 244 244 0.06

MIVW 075 0.75 0.75 0.06 0.76 0.68 0.68 0.04

MR 262 255 255 0.06 125 124 125 0.06

AWE 0.75 0.79 079  0.06 076 072 072  0.05

R?=0.05 Dominant IPD 044 1.14 115 115 056 -178 1.13 129 129 0.59
UIVW 1.60 1.71 175 175  0.39 0.11 331 328 328 024

REM 1.67 206 179 179 0.33 0.02 398 342 342 0.20

MIVW 042 113 115 1.15 0.56 -1.78 1.13 129 1.29 0.58

MR 027 4.05 420 4.20 0.24 -2.14 190 201 2.01 0.44

AWE 0.50 1.13 121 1.21 0.56 -1.90 1.13 136 1.36 0.57

Additive  IPD 0.64 075 076 0.76 055 -0.81 075 0.79 079  0.59

UIVW -0.85 1.14 1.14 114 041 2,12 219 235 235 024

REM -052 134 1.17 1.16 0.36 2.11 2.60 238 238 0.20

MIVW 071 0.75 0.76 0.76 0.54 -0.66 0.75 0.80 0.80 0.58

MR 559 264 289 290 0.22 -1.25 126 124 1.24 0.43

AWE 1.1I5 075 081 0.81 054 -059 075 083 083 0.58

R?=0.15 Dominant IPD 129 1.11 126 126 0.98 -0.28 1.14 144 144 0.99
UIVW 122 1.69 178 178 092  -1.14 331 338 338 072

REM 1.62 2.01 1.84 184 088 -1.50 4.00 3.52 353  0.66

MIVW 133 1.10 126 1.26 0.98 -034 1.14 144 144 0.98

MR 1.50 3.95 4.57 457 0.63 002 195 246 246 0.90

AWE 147 1.11 134 134 0.98 -029 1.14 153 1.53 0.98

Additive  IPD -020 073 076 076 099  -032 075 095 095 099

UIVW 033 1.12 1.10 1.10 093 0.09 220 246 246 0.69

REM 058 133 1.14 1.14 0.9 027 2.68 258 258 0.62

MIVW  -0.18 0.73 076 0.76 099  -030 0.75 096 096 0.99

MR -243 259 261 261 0.67 0.06 130 145 145 0.90

AWE -039 0.74 0.81 0.81 0.99 -036 0.76 1.02 1.02 0.99

R?=0.25 Dominant IPD 044 1.11 130 1.30 1.00 0.66 1.11 171 1.71 1.00
UIVW 036 1.68 197 197 098 0.12 328 379 379 0385

REM 030 197 200 200 097 -000 393 402 402 08I

MIVW 047 1.11 130 1.30 1.00 070 1.11 172 1.72 1.00

MR 020 4.02 431 431 0.82 075 190 248 248 0.98

AWE 0.50 1.12 137 1.37 1.00 073 112 179 1.79 1.00

Additive  IPD 0.13 0.74 0.87 0.86 1.00 -030 0.74 1.02 1.02 1.00

UIVw -034 1.12 122 122 0.99 -0.31 218 249 248 0.85

REM -040 131 126 126 097  -042 267 260 260 080

MIVW 0.12 073 087 0.87 100 -027 0.74 1.03 1.02 1.00

MR 048 273 279 279 0.80 0.02 125 159 158 098

AWE -0.01 075 0.89 0.89 1.00 -0.03 074 1.07 1.07 1.00

2 IPD: individual patient data analysis; UIVW: univariate inverse-variance weighted estimator; REM: random effect model; MIVW:
multivariate inverse-variance weighted estimator; MR: Meta-regression; AWE: adaptively weighted estimator.

b RB: relative bias; MV: mean of model based variance; EV: empirical variance; MSE: mean squared error. (MV, EV and MSE have
been multiplied by 100.) 6



Table 2: Comparison of the proposed meta-analytical methods under different scenarios of suscepti-
bility models and covariate heterogeneity through a simulation study. Setting (b): under assumption 1
but not 2.

wss/bss=2 bss/wss=2

(%) Method? RB%%) MV® EV® MSE® Power RB (%) MV EV MSE Power
R*=0 Dominant IPD .16 1.21 121  0.05 1.18 1.04 1.04 0.03
UIVW 1.79 1.89 188 0.04 349 335 336 0.04

REM 209 192 192 0.04 415 342 343 0.04

MIVW 1.16 121 1.21 0.05 1.17 1.04 1.04 0.03

MR 4.18 420 4.20 0.06 196 1.78 1.78 0.05

AWE 1.19 1.28 1.28 0.07 1.18 1.08 1.08 0.04

Additive  IPD 0.75 0.75 0.75  0.05 0.77 081 081 0.06

UIVW 1.17 1.18 1.18  0.05 228 250 250 @ 0.06

REM 1.37 1.19 1.19 0.05 2775 2.56 256 0.04

MIVW 075 0.75 0.75 0.05 0.77 0.81 0.81 0.06

MR 270 254 254 0.05 1.32 131 131 0.07

AWE 0.77 0.81 0.81 0.06 0.78 0.86 0.86 0.07

R?=0.05 Dominant IPD -0.13 1.15 1.15 115 056  -193 116 123 123 057
UIVW 0.88 1.78 186 186 040  -2.00 345 3.65 3.65 025

REM 0.89 213 191 191 034 -188 4.15 374 374 021

MIVW -0.13 1.15 1.16 1.16 0.56 -1.95 1.16 123 123 0.57

MR -0.80 4.11 4.00 4.00 0.25 -2.55 2.00 202 2.02 0.40

AWE 045 117 126 1.26 0.54 -2.03 1.19 130 1.30 0.56

Additive  IPD -0.78 0.75 0.79 0.79 0.56 -1.15 0.76 0.83 0.83 0.57

UIVW 0.05 1.16 122 121 039 -0.10 227 240 239 023

REM 0.06 139 128 128 034 1.20 272 251 251  0.19

MIVW -0.84 0.75 0.80 0.80 0.56 -1.24 076 0.83 0.83 0.57

MR -3.05 272 279 279 0.25 -1.25 129 134 134 0.38

AWE -098 0.77 0.86 0.86 0.56 -0.81 0.77 0.87 0.87 0.55

R?=0.15 Dominant IPD -0.00 1.14 1.16 1.16 0.99 0.82 1.15 151 1.51 0.98
UIVW -1.33 175 1.67 1.68 094 0.28 342 373 373 0.66

REM -1.15 210 173 173  0.90 041 4.09 381 3.81 058

MIVW  -0.02 1.13 1.17 117 0.99 0.80 1.15 152 152 098

MR 256 423 395 396 0.60 099 202 225 225 0.89

AWE -0.13 1.17 124 1.24 0.99 090 1.17 156 1.56 0.98

Additive  IPD -0.65 0.74 0.82 0.82 0.99 0.57 0.75 097 0.96 0.99

UIvVw -0.81 1.15 123 1.23 0.92 1.35 224 234 234 0.66

REM -0.90 137 126 126 0.90 1.30 271 244 244 059

MIVW  -0.73 0.74 082 0.82 0.99 0.57 0.75 097 097 0.99

MR -0.29 276 258 258  0.63 -0.05 132 151 151 0.9

AWE -0.63 0.77 087 0.87 0.99 036 0.77 1.01 1.01 0.98

R?=0.25 Dominant IPD -038 1.13 1.18 1.18 1.00 -032 113 175 1.75 1.00
UIVW -095 1.74 1.8 1.85 0.99 -0.33 338 4.08 4.07 0.84

REM -1.08 2.06 191 191 098 -048 4.07 417 416 080

MIVW  -035 1.12 1.19 119 100 -039 1.13 1.76 176 1.00

MR -0.58 408 439 439 082 -092 197 257 257 098

AWE -0.59 1.15 1.28 1.28 1.00 -043 1.17 1.86 1.86 1.00

Additive  IPD 0.77 0.74 0.84 0.84 1.00 1.17 074 1.15 1.15 1.00

UIVW 0.07 115 124 124 0.99 1.71 222 269 270 0.83

REM 0.16 137 126 1.26 0.97 1.55 2.67 272 272 0.79

MIVW 0.81 0.74 084 0.84 1.00 1.10 074 1.15 115 1.00

MR 2.13 276 286 287 0.78 0.88 1.28 1.81 1.81 098

AWE 0.74 0.77 090 0.90 1.00 134 076 120 121 1.00

2 IPD: individual patient data analysis; UIVW: univariate inverse-variance weighted estimator; REM: random effect model; MIVW:
multivariate inverse-variance weighted estimator; MR: Meta-regression; AWE: adaptively weighted estimator.

b RB: relative bias; MV: mean of model based variance; EV: empirical variance; MSE: mean squared error. (MV, EV and MSE have
been multiplied by 100.) 7



Table 3: Comparison of the proposed meta-analytical methods under different scenarios of suscepti-
bility models and covariate heterogeneity through a simulation study. Setting (c): under assumption 2
but not 1.

wss/bss=2 bss/wss=2

(%) Method? RB%%) MV® EV® MSE® Power RB (%) MV EV MSE Power
R*=0 Dominant IPD 1.21 1.30 1.30  0.06 1.19 1.24 124 0.05
UIVW 1.92 198 198  0.05 376 395 396 0.06

REM 228 2.03 203 0.04 456 4.13 4.14 0.05

MIVW 1.21 130 1.30 0.06 1.19 124 124 0.05

MR 4.01 382 3.82 0.06 205 197 197 0.07

AWE 122 141 141 0.08 124 141 141 0.07

Additive  IPD 0.76 0.73 073  0.04 0.76 0.75 0.75  0.05

UIVW 1.18 1.17 1.17  0.06 230 224 224 005

REM 1.40 120 1.20 0.04 2778 226 225 0.03

MIVW 0.76 0.73 0.73 0.04 0.76 0.75 0.75 0.05

MR 261 256 256 0.07 1.37 144 1.44 0.06

AWE 0.76 0.79 0.79  0.06 0.80 083 0.83 0.06

R?=0.05 Dominant IPD 260 120 134 134 0.54 144 117 120 1.20 0.56
UIVW 0.14 190 199 198 040 408 373 374 374 021

REM 0.09 228 205 205 035 3.14 446 384 384 0.18

MIVW 268 1.19 135 1.35 0.55 1.34 117 120 1.20 0.56

MR 6.78 3.99 4.18 4.20 0.24 0.55 2.09 220 2.19 0.39

AWE 225 121 139 1.39 0.54 1.06 124 136 136 0.54

Additive  IPD 1.66 0.75 0.78 0.78  0.55 -1.80 0.76 0.86 0.86 0.8

UIVW 222 116 124 124 039  -526 228 230 230 0.25

REM 264 138 125 125 034 494 273 238 239 022

MIVW 1.85 0.75 0.78 0.78 0.55 -1.73 075 0.86 0.86 0.57

MR 233 2.67 283 2.83 0.25 072 136 140 140 0.40

AWE 256 076 0.85 0.85 0.54 -1.42 080 096 0.96 0.56

R?=0.15 Dominant IPD -020 1.18 120 1.20 1.00 -093 1.19 1.63 1.63 0.99
UIVW -032 186 185 1.85 094 -191 3.66 426 426 0.70

REM -0.10 223 193 193 089  -1.68 442 435 435 0.63

MIVW  -0.17 1.18 120 120 1.00 -095 1.18 1.62 1.62 0.99

MR -0.78 4.09 3.86 3.85 0.69 -0.52 219 2.67 2.67 0.90

AWE -0.11 1.21 126 1.26 0.99 -0.82 126 172 1.72 0.98

Additive  IPD 0.10 0.74 0.76 0.76 0.99 -0.39 0.76 1.08 1.08 0.99

UIvVw 0.12 1.14 115 1.15 0.93 -1.12 223 235 235 0.71

REM -0.01 136 1.19 1.19 090  -1.13 272 248 248  0.65

MIVW 0.12 074 077 077 099 -034 076 1.08 1.08 099

MR -0.29 269 265 265 064 -0.19 143 183 183 0.88

AWE -0.26 075 0.80 0.80 0.99 -034 081 1.19 1.19 0.98

R?=0.25 Dominant IPD -0.66 1.15 135 1.35 1.00 -0.70 113 177 1.77 1.00
UIVW -0.51 1.84 2.09 2.09 0.99 -1.03 3.60 4.24 424 0.84

REM -029 216 215 2.15 0.97 -1.43 431 434 435 0.79

MIVW  -071 115 136 136 100 -070 1.12 1.79 179 1.00

MR -1.69 394 403 4.04 087 -1.01 199 261 262 097

AWE -1.10 1.18 149 1.49 1.00 -1.19 1.20 194 1.95 1.00

Additive  IPD -1.31 0.73 0.88 0.89 1.00 093 073 1.04 1.04 1.00

UIVW -1.19 1.13 127 127 0.99 1.15 221 249 249 0.85

REM -1.29 135 131 131 0.98 1.20 2.67 256 2.56 0.79

MIVW  -136 072 089 0.89 1.00 090 072 1.04 1.04 1.00

MR -250 256 284 285 0.84 026 138 171 171 096

AWE -1.68 074 095 0.96 1.00 046 079 1.19 1.19 1.00

2 IPD: individual patient data analysis; UIVW: univariate inverse-variance weighted estimator; REM: random effect model; MIVW:
multivariate inverse-variance weighted estimator; MR: Meta-regression; AWE: adaptively weighted estimator.

b RB: relative bias; MV: mean of model based variance; EV: empirical variance; MSE: mean squared error. (MV, EV and MSE have
been multiplied by 100.) 3



Table 4: Comparison of the proposed meta-analytical methods under different scenarios of suscepti-
bility models and covariate heterogeneity through a simulation study. Setting (d): without assumption
1 or2.

wss/bss=2 bss/wss=2

(%) Method? RB%%) MV® EV® MSE® Power RB (%) MV EV MSE Power
R*=0 Dominant IPD 123 121 1.21 0.04 122 1.16 1.16 0.04
UIVW 1.99 2.08 208 0.06 3.839 4.02 4.02 005

REM 240 2.13 213 0.04 468 4.18 4.18 0.04

MIVW 122 122 122 0.04 122 1.16 1.16 0.04

MR 4.05 4.13 4.13 0.07 212 2.05 2.06 0.06

AWE 126 135 135 0.05 129 133 133 0.06

Additive  IPD 0.76 0.74 0.74  0.05 0.78 076 0.75  0.04

UIVW 1.20 1.21 1.21  0.05 235 242 242  0.06

REM 143 124 124 0.04 284 248 248 0.04

MIVW 0.76 0.74 0.74 0.04 0.77 0.75 0.75 0.04

MR 267 2.66 2.66 0.07 138 135 1.35 0.06

AWE 0.78 0.84 0.84 0.05 0.81 085 085 0.06

R?=0.05 Dominant IPD -2.87 121 121 1.21 0.59 054 121 134 134 0.55
UIVW -3.68 195 211 212 042 1.82 381 403 403 023

REM -378 234 218 219 037 1.18 4.66 412 412 0.19

MIVW -296 120 122 122 0.59 051 121 135 1.34 0.56

MR 0.19 417 4.03 4.02 0.26 -0.59 2116 245 245 0.40

AWE -3.18 1.25 132 132 0.57 0.04 129 146 1.46 0.53

Additive  IPD 023 0.75 0.80 0.80 0.55 -0.16 0.77 0.83 0.83 0.57

UIVW 1.14 118 122 122 037 0.85 231 246 246 023

REM 140 140 127 127 033 1.21 2.80 252 252 019

MIVW 035 0.75 0.81 0.81 0.55 -0.18 0.77 0.84 0.84 0.57

MR 093 2.67 296 295 0.24 -0.10 1.44 135 135 0.37

AWE 0.84 0.77 086 0.86 0.54 -0.15 0.82 093 0.93 0.54

R?=0.15 Dominant IPD 052 119 125 125 0.99 0.09 117 151 1.51 0.98
UIVW 130 1.92 200 201 091 0.03 375 413 4.13  0.65

REM 1.18 228 208 208 0.7 0.16 450 421 421 059

MIVW 058 1.18 126 126 0.99 0.14 1.17 152 152 098

MR -0.82 4.04 428 4.28 0.67 -0.31 2.07 245 245 0.90

AWE 062 123 136 1.36 0.99 0.01 125 1.63 1.63 0.98

Additive  IPD 0.85 0.74 0.78 0.78 0.99 0.74 0.75 0.86 0.86 0.99

UIvVw 040 1.17 124 124 0.92 1.29 227 228 2.28 0.67

REM 0.63 141 129 128 087 140 273 236 237 059

MIVW 0.85 0.74 078 0.78  0.99 073 0.75 0.86 0.86 0.99

MR 1.62 270 256 256  0.65 0.05 140 160 1.60 0.87

AWE 0.78 0.76 0.86 0.86 0.98 0.87 0.80 0.95 0.95 0.97

R?=0.25 Dominant IPD -0.54 1.18 136 1.36 1.00 -0.04 1.16 1.62 1.62 1.00
UIVW 0.09 190 217 2.17 0.98 -0.13 375 432 432 0.82

REM 0.15 223 219 2.19 0.97 -0.21 454 445 445 0.77

MIVW  -0.54 1.18 137 137 100 -005 1.15 1.63 163 1.00

MR -1.68 422 443 443  0.83 0.18 2.04 266 2.66 098

AWE -0.63 123 151 1.51 1.00 0.19 124 182 1.82 1.00

Additive  IPD -1.22 074 0.85 0.85 1.00 -028 074 1.13 1.13 1.00

UIVW -098 1.15 122 1.22 0.99 -0.50 228 273 273 0.83

REM -098 138 127 1.27 0.97 -0.65 274 275 275 0.80

MIVW  -126 073 085 085 100 -028 074 1.14 114 1.00

MR -2.67 273 3.00 3.02 0.83 032 141 184 184 096

AWE -1.23 076 093 093 100 -0.12 0.81 125 125 1.00

2 IPD: individual patient data analysis; UIVW: univariate inverse-variance weighted estimator; REM: random effect model; MIVW:
multivariate inverse-variance weighted estimator; MR: Meta-regression; AWE: adaptively weighted estimator.

b RB: relative bias; MV: mean of model based variance; EV: empirical variance; MSE: mean squared error. (MV, EV and MSE have
been multiplied by 100.) 9



Table 5: Comparison of power and Type-I error corresponding to the proposed methods, where the GEI
effects are heterogeneous across studies (under the additive model). Setting (d): without assumption 1
or2.

wss/bss=2  bss/wss=2

(%) Method* Power (%) Power (%)
R’=0 IPD 5 5
UIvw 6 4
MIVW 4 5
MR 5 6
AWE 5 5
R?=0.05 IPD 81 84
UIvw 58 36
MIVW 80 85
MR 43 61
AWE 81 82
R?=0.10 IPD 93 94
UIVW 85 57
MIVW 93 94
MR 47 70
AWE 93 88
R?=0.15 IPD 98 99
UIVW 92 72
MIVW 98 99
MR 61 83
AWE 96 97

2 IPD: individual patient data analysis; UIVW: univari-
ate inverse-variance weighted estimator; MIVW: multi-
variate inverse-variance weighted estimator; MR: Meta-
regression; AWE: adaptively weighted estimator.

Table 6: Relative bias of 6M® and 6AWE across the whole spectrum of BSS/TSS values, when G-F
correlation is strong p = 0.8. (These numerical results corresponded to Appendix Figure 9)

Additive Dominant

MR AWE MR AWE

BSS/TSS RB RB RB RB
0.05 030 0.01 025 0.03
0.14 035 0.02 0.11 -0.05
0.23 024 0.02 0.16 0.02
0.35 0.04 -0.04 -0.06 -0.04
0.47 -0.04 -0.04 -0.06 -0.01
0.55 -0.03 -0.01 0.13 0.04
0.65 -0.01 -0.03 -0.07 0.05
0.76 -0.05 -0.04 -0.07 0.03
0.84 -0.05 -0.01 0.02 0.01
0.97 -0.01 0.00 0.07 0.06

MR: Meta-regression; AWE: adaptively
weighted estimator; RB: relative bias.
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Appendix B: Technical Details

Appendix B.1: Proof of Lemma 1 and Theorem 1

(1) Proof of Lemma 1: Let X; = (X3,..., X,) and X5 = (Xp41, ..., Xpiq). Then XA = (X X ;) XY
- -1
ad (B XiXi XX, XiY ‘
B, X, X, X,X, X,Y

Let A=1T— X,(X]X,)"' X/, then 3, can be written as (X | AX,)"X] AY. We have

Cov(X, B,) = Coo{(X]X))'X]Y, (X,AX,) 'X,AY}
= (X/X))'X[Cou(Y,Y)AT X, (X, AX,)™!
= (X X)) ' X[ Cou(Y, Y){I - X (X X)) ' X[} X,3(X,AX,)!
= Var(Y){(X{ X )" X| — (X{ X1) ' X[} Xo(X; AX,) ™
=0

Because the MLEs A and BQ are jointly asymptotically normal, the fact that A and BQ have asymptotic

covariance zero implies that they are asymptotically independent.

(2) Theorem 1 establishes that with the particular choice of weights as given in 2.1, 6AWE has the
maximal precision within the class of weighted estimators of the form HAWVE (w) = woUVW 4 (1—
w)éAMR, 0<w<l.

Theorem 1. For the class of weighted estimators 6*VE(w) = wdV™VW 4+ (1 — w)éMR, 0 < w < 1,
v("WVE ()~ attains its maximum at v(0V™VWV) 1 4+ v(6MR)-1 if and only if the weight
w = v(BIR)/ v (VW) 1y ()],

Proof of Theorem 1: Following lemma 1, o5, and Ay, are asymptotically independent because they

come from two nested linear regression models (1) and (2). So cov(gk, S\Gk) = 0. We also have
cov(d;, A\gr) = 0 for j # k among the K independent studies. Under the standard condition, 6"™VW is
a linear combination of d;, and 6M® is a linear combination of Agy, it follows cov(§VIVW, fMR) = 0,

For ¢*WE (1) = wdV™W + (1 — w)dMR 0 < w < 1, we have v(6*WE(w)) = w?v(6UVW) +
(1 — w)2v (MR + 2w (1 — w)cov(SVVW, 0MR) = w2v(§VVW) 4 (1 — w)2v(6MR) = {v(§VVW) +
V(MR H v (B (BUTVW ) oy (BVR) 2 oy BTV (BNR) (5O (8MR)). S v ($AVE ()
reaches its minimum if and only if w = v(6™MR)/{v(6UVW) + v(6MR)}. With this choice of w,

V<(§AWE)—1 _ V(gUIVW)—l + V(éMR)—l_

Appendix B.2: Proof of Proposition 1

(1) Proof of Proposition 1: Assumption 1 implies that the distributions P(E|G = g) are the same

for g = 0,1,2 (corresponding to (aa, Aa, AA) respectively), within each study as well as for the
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whole population. Let ngr = 3¢, —, 1 Gr = 3202 G/ Mgk = 3i6,,—g Bri/ngrs and pigr. =
E(Ew|Gri = g,study = k), up, = E(Ey;|study = k). Assumption 1 implies: (i) pgr = g (ii)
S (Gri — Gi)Eyi — 0 as ny, — o0o; and (iii)

S (Gri — Gi)GriBri 2 ge1242 i crume(9 — Gr)gEr} D gminlly - Gr)gngemgr } L
o ral - -~ ks

St (Gri — Gr)Gh D gm1212 0 Grumg(9 — Gi)g} > g=121(9 — Gr)gngr}
as ng, — 0o. From model (2), we have Aok = S (Gri — Ge)Yai/ S0 (Gri — Gy) G- So

- " (G — G Gri — GL)Fg; " (Gri — Gr)GriFri
E()\Gk) _ BOk Zn:;:_l< k _ k) +ﬁ +ﬁ Z ( k _k) k 621_:%( k k_) ki Lok
>k (Gri — Gi)Gri Yok (Gri — Gi) Gl Yk (Gri — Gi)Ghi

—  fa+0pk, asng — 0o

So MR jg asymptotically unbiased for o under assumption 1. The above calculation holds for dom-
inant, recessive and additive genetic susceptibility models. For co-dominant model, the calculation

holds for AA and Aa respectively.

(2) Unbiasness of MR when assumption 1 is relaxed: If assumption 1 is relaxed, unbiased estimator

of § can still be found through different MR models for different susceptibility model. For example,
under dominant model,
N1k + NogMok

E(\ar) = Ba + Bl — mo) + 0(

N1k + Nog N1k + Nok

NkMag + NokMMak |

under additive model,

(/\Gk) Be + B —Grnormok + (1 — Gi)nagmag, + (2 — G)nagmay, 4 5(1 — Gp)nigmay +2(2 — Gk)nzkm%
(1 — ék)nlk + 2(2 — ék)ngk (1 — Gk)nlk + 2(2 — Gk)ngk
5MR

(3) Bias of SMR in terms of bss /tss: For simplicity, we derive the bias of under assumption 2 for

a dominant model. Let the sample mean of £ for the carrier (non-carrier) group be my; (mqy) for the
k-th study. We have

E(3MF) {Z wy (M — I{Zwk (i — ) E(Acr)},

where wy, = n; 'nygnor, M = (3, ny 'nugnorm) /(3 ny ' nagnox) and E(;\Gk) = Bc + Pre(my —
mor) + 0myg. We have ny/ng — p, My > g, T > [1, 5%, —> 0%, a8 Ny — 00. Suppose
ng/N — o € (0,1) as N — oco. Then

E@G™) 20> on(me — °3 > onlr — {8 ik — por) + Spiai}-

Denote the sample Pearson correlation coefficient between G and F in study k as

. > (Gri — Gi) By
{>°0 1 (Gri — Gr)Gri} 2 {nsty, } 2
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then we can write

Gri — G1.)Epi NS> )
( ) —nklnowk{ k Ek 5

Z — _—
Z (sz Gk)Gm ny, nOknlk

-1
Mg =M = Ny nOk(mlk - mOk) =n, no

Asymptotically, s — i = (1 — p)(pak — por) = (1 — p)prloZ./{p(1 — p)}]=. The bias of sME

(5MR {Z Qk Hi — )2}712 Qk(ﬁbk - M){ﬁE(mk - MOk) + 5(M1k — U+ M)}
= {p(1—-p }_5{2 ok (i — 11)°}~ ng p — 1)osk[Bepr + 6(1 — p)pr]-

Clearly, if assumption 1 holds (implying p; = 0, for k = 1, ..., K), E(6M®) — § 2 0. If not, we have
0 < Bepr +0(1 —p)pr < Br + 6(1 — p). From Cauchy-Schwarz inequality, we have  , ox(px —
1) < (bss X wss)z, and then {570 okl — p)oee /{5 on (e — )} < (wss/bss)z. When N is
large, the limiting value of £(6™®)—§ is bounded from above by {B5+5(1—p) Hp(1 — p)} 2 (wss/bss)z.
Given p, Og and ¢, the upper bound increases as wss/bss increases, or equivalently, as bss/tss de-

HAWE OMR OMR increases.

5MR

creases. SO can control for the bias by putting less weight on when the bias of

In terms of simulation studies, we consider the situation where the ecological bias of is large
and assess the performance of é*"E (Appendix Figure 9 and Table 6). It shows that bias of $*WVE is

well-controlled and is not to a level of practical concern even when the ecological bias is substantial.

Appendix B.3: Derivation of V() and v(4) under G-E independence assumption

Under the dominant model, for the k-th study, denote myx (n¢r) as the number of carriers (non-
carrier), for £ = 1, ..., K; denote the sample mean of E for the carrier (non-carrier) group as mq
(mog), and denote the sample variance of E for carrier (non-carrier) group as s%lk (52E0k) where
%k > i =1 (Eri — mag)?. Approximately, miyy, = mox = My, Sy, = Shor = Sp; under assumption

1. ¥(4) can be derived as follows:

(1) IPD analysis: Let X be the design matrix and Y be the response in model (1). 6'°" can be obtained

as the corresponding element in (X ' X)X 'Y, and its estimated variance ¥ (6'"") is the sub 3 x 3
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matrix of (X " X)~'42, where

ng. 0 --- 0 nyy nymy nq1My
Ng : N1o NgMa Nn12M2
0
T -1
(X X) - ng | Mk NKMK N1KMK
Dok Do MR D MM
2 2
Yo Bl 2okicn,—1 Bri
S B
k,i:Gri=1 ki (K+3)(K+3)
-1 -1 -1
- > kMg NokTk 0 Dok e MARTIORTU,
: 2 2
: >k MkSEE anlk%;lk . ,
Zk(n1k8E1k+nk nlkn()k'mk) 3%x3 (K+3)(K+3)
~ / IPD ~ IPD -1,.2
(6P = v (B E N1kSH) E NokSHox)/ E ngSay) + E ny, 'nagnok(my —m)*} 6%

(2) Inverse-variance weighted estimator: Let X, be the design matrix and Y, be the response of
study k. &5, and ¥(d;) can be obtained through the corresponding element of (X | X ) ' XY and
(X} X )" '62 respectively. ¥(3y) is the sub 3 x 3 matrix of (X, X)) 162, where (X, X;,)~' =

-1

N ‘ N1k Mgy N1k .
_ _ —1
N1k nlkmg Ny , _ n, Ynoknik 0 nklnlknOkmk
. 2 2
Zi Ei; Zi:Gki:I E; NkSEk nlk‘leElk . )

Compare ¥(3;,)~! with ¥(8FP)~L, we have T(BIVW) = [, 9(B) 1} — V(B™P), which
implies ¥(OMVW) = ¥(3™"P) = { 37, ¥( }(3 - For o, we have v (d;,) = V(8 )(373) = ny5%,0%/

2 2
(M1kSTH N0k S ok )- Then

5UIVW {Z —1}_1 = {Z(nmSQEm”OkSQEOk nksEkOk }_
k

(3) Meta-regression: From model (2), gy, = Sk (Gri — Gr)Yai) S (Gri — Gi.) Gyi and \“I(S\Gk) =
Ny g, k0 .. Let wy = \"/(;\Gk)*l, and let m = (3, wymy)/ (>, wy) that can be simplified as

(O e mawnok e mi) /(30 iy naknond,y. ). Then OMR and ¥ (§MR) can be derived as

= D wi(my —m)*} I{Zwk my — M)Ak},
YOMY = D welmr — M)} = g nunord ) (my — m)*

k

5MR

(4) Asymptotic model based variance v(g) Suppose ni /N — o € (0,1) as N — oo. If we assume

07 = o’ fork = 1,..,K, we have 6> 5 02, 67 % 02 as N — oo. Under the IPD model
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(1), where the homoscedasticity assumption has been implicitly made for the regression model, we
have v(Y3;| X 1) = o2 that does not depend on X,;. Therefore, V(S\Gk) = nl_klng,jnkv(Yki) =

2. Moreover, under assumption 1, we have the facts that: (i) my; 2, ks MoK 2, Lok

p . p p p .
My — g, s g — 003 (1) 8%, — Tops Swor — Tops Sop — O o @8 N — 00. For dominant model,

N/ ni — Prs as g, — 00. Let 71 = {3, npr(1 — i) /{0, mapn(1 — pi) }. T = Tas N — oo.
The asymptotic model based variance can be derived as follows

V(") = V(™YY = {3 o) (O m1 = pe)od) (O o) + 3 mpk(1 - p) (e — 1)*} 07,
VUMW) = {3 (1 - pr)od ) o
k

V) = (3 el - pe) (i — 1)1 0%

-1, -1
Ny Mo Mk O

By Slutsky’s theorem, for large N, ¥(6FP), ¥(SMVW), $(6VIVW), (MR are consistent estimators

of v(6FP), v(SMIVW) v (§UIVW) v (§MR) respectively.

Appendix B.4: Proof of Remark 4 and Theorem 2

Proof of Remark 4: We first show the results for centered covariate £ in Remark 4 and prove the
following four propositions P1 - P4. If each study k£ has E centered at their respective study specific
means my, consider the model Vi, = (. + B5Gri + 6jEE,;Z + (5’GME,'“- + €t = 1,...,n, where
E,/m = Fy; — my. If E is centered at the overall mean m for the IPD analysis (an IPD analysis using
data centered at study mean my, for each study lacks interpretability of the main effect parameters),
consider model Yy, = B, + B5Gri + OREL + 0GBy + €yt = 1, ..,n, b = 1,..., K, where
E}, = Ej; — m. In this new parametrization, we have (8, 0") = (8g,0) and §;, = Be + mud de-
pending on k, denoted as (3,;; (85, 0%) = (B, d) and 85 = Bg + md*. SIPD_SUIVW FREM §MR apq
SAWE remain invariant with centered E since 8 = 6* = 4. Thus, results in Theorems 1-3 (involving
SIPD | SUIVW  SMR and §AWE) also hold for these centered models. However, results corresponding to
OMIVW peed to be modified. Denote $MVW' as the MIVW estimator obtained by pooling (35, 3}, &)

. . . < ’
with 3x 3 covariance matrix and denote §MVW2

as the MIVW estimator obtained by pooling only the
two common effects (5}, §’) with 2x2 covariance matrix from the centered model. The following four

propositions P1 - P4 hold.

Propositions. Under assumption 1, we have

Pl1. V(SMIVW’) — V(&MIVW?’)'

P2. V(SIPD)—I — V(SMIVWQ’)—I + V(SMR)—l.

P3. v(0UVW) > v(§MIVW2') The equality holds if and only if p, = p, for k = 1,2, ..., K.

P4. For §AWE2 — 4)fMIVW2' | (1— w)gMR, 0 < w < 1, we have that v(<§AWEZ')_1 attains its maximum
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at V(gMIVWQ’)—l + V(gMR)—l if and only if w = V(éMR)/{V<SMIVW2’) + V(SMR)}’

Proof of P1: For the centered model, we have

Ne Nk 0 0
/ / 0 0
XTX)) o~ Mk , , . then
(X Xe) Y B Y- El/mz
Ei:G’M:l Ekz

. / S a1\ — NEo2 NLPLO > -
v(BMIVWZ (ZV(ﬁElwék) 1) L ( Dk kO g Dk Pk Elk) o2 and

2
k Zk NP0 g1k
—1

AMIVW/ ar\—1\~1 2o i1 = i) ; 2 ’ 2 2
1\ —
v(B ) = ( Z v(By) ) = Dok TOEL Dk nkpkaé?lk; g, 80
k >k MPEO B
V(EMIVWY = (MW Dk kO 2

(e mepo i H e (1 — pr)ode}

There is no efficiency gain by pooling all three parameters (/5 5%, d") over polling the two common

parameters (3%, ¢') under a centered model.

Proof of P2: From Appendix B.3,

v(3PP) [ anpkaEk an 1—pr)og) anaEk +an}?k (1= o) (s — 10)° ]U‘ :

/

V(5MIVW2’)— o2 V(SMR) 142

Proof of P3: To show v(6UTVW) > v(§MVW?) it is sufficient to show (32, napr(1—pk)ohy ) (34 nioay)
< (ko) (), (1 — pr)ogy), or equivalently, >, nipr(1 — pr)ogy, + 30, minpi(l —
P)0EioE; < Yo nipk(L — pr)ogy, + 2, minpi(1 — pj)ogop;. Then it is sufficient to show for
Vi, j, ninpi(l —pi)aéza%] +nnip;(1—p;)og,05 < ningpi(1—p;)oh05; +nmp;(1 —p;) o005
& Vi, j, ning(pi — p;)’03,0%; > 0, which is apparently true. All the above equalities hold if and
only if p; = p;, Vi,j,ie,p, =p,fork =1,2, ..., K.

Proof of P4: Following Lemma 1, cov(0;, Aqi,) = 0 and cov(Bgx, Agi) = 0. Because 0M® is a linear
combination of Agy, and FMYW?' s a linear combination of 3z, and dy, we have cov(SMIVW2' fMR) —

0. The rest of the proof is similar as Theorem 1.

Proof of the results in Remark 4 (continued): According to P1 - P3, we can show that v(6VIVW) >
v(OMIVW2) — y(JMIVW') > (§TPD) These results are consistent with Lin and Zeng (2010), because

that the true model has three common fixed-effects and that pooling a subset of the common parameters

in constructing MIVW would lead to efficiency loss. For the centered model, the MIVW estimator

is not fully efficient. A solution is to consider an alternative AWE, §AWE2' — [y (§MR)jMIVW2' |
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v(OMIVW2) SMRY /£y (SMIVW2'y 4y (§MRYY - According to propositions P1 and P3, under assumption
1, we have V(SIPD)—l — V(SAWEQ/)—I — V(SMIVW2’)—1 + V(SMR)—I > V(SUIVW)—I + V(SMR)—I —
v(6“WE)=1  The equality holds if and only if p, = p, for k = 1,2, ..., K. So 6*VE2' i fully efficient
under only assumption 1.

Denote dMVW2 a5 the MIVW pooling (35, d) from the un-centered model. We have dMIVW2 —
SMIVW2 gince (g, 8) = (B4, '). The above results still hold if M VW?' s substituted by sMVW2,

Proof of Theorem 2: Following propositions P1 and P2, v(§""P)~! > v(§V™VW)~1 4 v(§MR)~! under

assumption 1. The equality holds if and only if p, = p, for k = 1,2, ..., K.

Appendix B.S: Proof of Theorem 3

OMR can be

6IPD , 5UIVW and

Proof of Theorem 3: Under both assumptions 1 and 2, the variance of

further simplified from the calculation in Appendix B.3 as v(6"™P) = [p(1 — p) 3, nu{o%y, + (1 —
W7o v(EUYY) = {p(1 — p) Sy oy} o” and V(M) = {p(1 - p) 3y el — 1)*} 0%,
Now we have v(§PP)~1 = v(§VIVW)~1 4 v(§MR)~1 From Theorem 1, v(§4WE)~1 = v (§UIVW)~1 |
V(SMR)fl’ then V(&IPD)fl _ V(gAWE)fl‘

Suppose 1, /N — o € (0,1) as N — oo. We have my, 2> iy, 53 > O M~ f1, 55 > 0%,
as N — oco. Then TSS/N = s2 5 o2, WSS/N = 3, mpsi, /N 2 3, oxo%y, BSS/N =
S ne(my—m)?/N 537, on(pr — )% as N — oo. Because T'SS = WSS+ BSS, TSS/N is both
consistent estimator of 0%, and >, 0k0 5.+ > 5. 0k (e — ). Sowe have o3, = >, op{o%.+ (. —u)?},
i.e., tss = wss+ bss. Therefore, v(6UVW) = {Np(1 —p)wss}to2, v(0MR) = {Np(1 —p)bss} o2
and v(0™P) = v(5*WE) = {Np(1 — p)tss} 102

Appendix B.6: Distribution of (G, F) in the simulation study

For (G, without assumption 2, the MAF g, is independently generated from U(0.15,0.35) for each
study k, and then GY; is generated as (AA, Aa, aa) with probability (g7, 2gx(1 — qi), (1 — gx)?) that
follows HWE. With assumption 2, the MAF ¢ is generated from U(0.15,0.35), and then Gy; is gen-
erated as (AA, Aa,aa) with probability (¢2,2¢(1 — g), (1 — ¢)?). Susceptibility models including
dominant, additive and co-dominant models are considered under each simulation.

For F, the k-th study mean of £ was sampled from py, ~ N(p, ai) with known p and between
study variance o,. The k-th study variance 07, was sampled from 0, ~ o7 x U(cy, ;) with choices
of constant (cq, o) satisfy the two cases that wss/bss = 2 and bss/wss = 2 respectively. With
assumption 1, the values of E of the k-th study were sampled from Ej|suy, 03, ~ N(pux, 0%, ) that
is independent of G. Without assumption 1, potential G — E dependence was considered through
the group mean sy, as follows. (g, (1, pox) Was calculated from the following equations pny =
29:0,1,2 Ngkflgk and o, = p1y + d10 g, = ok + d20g,, where dy ~ U(0,0.5) and dy ~ U(d;,1). In
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general, 0p, > 0p, w > 0, w/\/Tigh, Where the common within group variance o3, ., is calculated
from nyof, = nkop, o + D ,—01.2 Mek(tigr — i) Thus, the k-th study mean is 1., and the group
means /i, are potentially dependent on G. Then Ej; were sampled from Ey;|Gy; = g, figk, O'%k’w ~
N (pigr, J%Jk,w) in order to guarantee that the k-th study variance of F is U%Jk. Then the first and second
moments of £ are the same with or without assumption 1. Numerically, £ has identical marginal

distributions with or without assumption 1, as it has symmetric distributions under this setting.
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