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Base Model of Transmission

The model is a deterministic ordinary non-linear differential equation representation of the dynamics of the

human population. In the model, the population is divided into 9 compartments: the susceptible

population (S), the asexual blood stage only (Bl and Bf ) for locally and imported infections respectively

and the infectious gametocyte stage (Il and If ) for locally and imported infections respectively. The blood

stage and infectious stage compartments are further stratified according to whether the infection is treated

or not. The liver stage of the infection is incorporated as a delay in the flow between the Susceptible and

Blood Stage compartments. As this is a low transmission environment, immunity and super-infection are

rare and are excluded from this model. While the seasonal nature of transmission is incorporated in the

model, the mosquito population is not modelled directly as it is assumed that the mosquito dynamics

operate on a faster time-scale than the human dynamics and as such the mosquito population can be

considered to be at equilibrium with respect to changes in the human population [1]. In the absence of

sufficient data, asymptomatic infections and human migration are included indirectly in the model.The

impact of the movement of infected individuals from external sources is captured through the parameter

λf , the foreign force of infection i.e. the force of infection that generates imported infections. The impact

of asymptomatic infections is captured by repeating the model analysis for a low assumption on the
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proportion seeking treatment.

This system is described by a set of non-linear differential equations of form:

dS

dt
= µN − λl[t− σ1]seasl[t]S − λf [t− σ1]seasf [t]S +

1

r + τ
(Bl,tr + Il,tr +Bf,tr + If,tr) +

1

δ
(Il,u + If,u)− µS

dBl,tr
dt

= pλl[t− σ1]seasl[t]S −
1

σ2
Bl,tr −

1

r + τ
Bl,tr − µBl,tr

dIl,tr
dt

=
1

σ2
Bl,tr −

1

r + τ
Il,tr − µIl,tr

dBl,u
dt

= (1− p)λl[t− σ1]seasl[t]S −
1

σ2
Bl,u − µBl,u

dIl,u
dt

=
1

σ2
Bl,u −

1

δ
Il,u − µIl,u

dBf,tr
dt

= pλf [t− σ1]seasf [t]S − 1

σ2
Bf,tr −

1

r + τ
Bf,tr − µBf,tr

dIf,tr
dt

=
1

σ2
Bf,tr −

1

r + τ
If,tr − µIf,tr

dBf,u
dt

= (1− p)λf [t− σ1]seasf [t]S − 1

σ2
Bf,u − µBf,u

dIf,u
dt

=
1

σ2
Bf,u −

1

δ
If,u − µIf,u

where

λl = (1− vc[t])βl ×
Il,u + Il,tr + If,u + If,tr

N

and subscript l refers to locally sourced infections, f : foreign sourced infections, u: untreated infections

and tr: treated infections. Thus local transmission is a function of the force of infection λ, the annual

number of mosquito bites per person x proportion of bites testing positive for sporozoites (β), seasonality

of transmission (seas) and vector control (vc). Data fitting produces an estimate for the scalar β and any

modelled increases or decreases in the level of transmission are due to changes in vector control.

Transmission model with interventions

In this model the following interventions are modelled: Mass Drug Administration, Mass Screen and Treat,

Scale-up of Vector Control and Foreign Source Reduction.
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The following scenarios are tested:

(a) Scale up Vector Control so as to decrease βl by a further (i) 10% and (ii) 20%

(b) Mass Drug Administration at 80% coverage over two months

(i) annually over the peak of the season

(ii) annually over the trough of the season

(iii) six consecutive rounds over twelve months

(c) Mass Screen and Treat on imported infections at 70% coverage for six months over the malaria season

(d) (b-iii) & annual rounds of (c)

(e) (b-iii) & annual rounds of (c) & (a-i)

(f) Reducing the foreign source of infection by 70%

(g) (b-iii) & reducing the foreign source of infection by 100% (Hypothetical)
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This system is described by a set of non-linear differential equations and is depicted in Figure 1:

dS

dt
= µN − λl[t− σ1]seasl[t]S − λf [t− σ1]seasf [t](1− fsr[t])S +

1

r + τ
(Bl,tr + Il,tr +Bf,tr + If,tr)+

1

δ
(Il,u + If,u)− 1

mrate[t]
S +

1

ass[t]
Smda +

1

proMSAT [t]
Smsat − µS

dBl,tr
dt

= pλl[t− σ1]seasl[t]S −
1

σ2
Bl,tr −

1

r + τ
Bl,tr −

1

mrate[t]
Bl,tr +

1

ass[t]
Bmda,l,tr − µBl,tr

dIl,tr
dt

=
1

σ2
Bl,tr −

1

r + τ
Il,tr −

1

mrate[t]
Il,tr +

1

ass[t]
Imda,l,tr − µIl,tr

dBl,u
dt

= (1− p)λl[t− σ1]seasl[t]S −
1

σ2
Bl,u −

1

mrate[t]
Bl,u +

1

ass[t]
Bmda,l,u − µBl,u

dIl,u
dt

=
1

σ2
Bl,u −

1

δ
Il,u −

1

mrate[t]
Il,u +

1

ass[t]
Imda,l,u − µIl,u

dBf,tr
dt

= p(1−msprop[t])λf [t− σ1]seasf [t](1− fsr[t])S − 1

σ2
Bf,tr −

1

r + τ
Bf,tr −

1

mrate[t]
Bf,tr+

1

ass[t]
Bmda,f,tr − µBf,tr

dIf,tr
dt

=
1

σ2
Bf,tr −

1

r + τ
If,tr −

1

mrate[t]
If,tr +

1

ass[t]
Imda,f,tr − µIf,tr

dBf,u
dt

= (1− p)(1−msprop[t])λf [t− σ1]seasf [t](1− fsr[t])S − 1

σ2
Bf,u −

1

mrate[t]
Bf,u +

1

ass[t]
Bmda,f,u − µBf,u

dIf,u
dt

=
1

σ2
Bf,u −

1

δ
If,u −

1

mrate[t]
If,u +

1

ass[t]
Imda,f,u − µIf,u

dSmda
dt

=
1

mrate[t]
S + adh ∗ 1

proMDA[t]
(Bmda + Imda)− 1

ass[t]
Smda − µSmda

dBmda
dt

=
1

mrate[t]
(Bl,tr +Bl,u +Bf,tr +Bf,u)− 1

σ2
Bmda − adh ∗

1

proMDA[t]
Bmda − µBmda

dImda
dt

=
1

mrate[t]
(Il,tr + Il,u + If,tr + If,u) +

1

σ2
Bmda − adh ∗

1

proMDA[t]
Imda − µImda

dSmsat
dt

= adh ∗ 1

r
Imsat −

1

proMSAT [t]
Smsat − µSmsat

dImsat
dt

= msprop[t]λf [t− σ1]seasf [t](1− fsr[t])S − adh ∗ 1

r
Imsat − µImsat

dBmda,l,tr
dt

= pλl[t− σ1]seasl[t]Smda −
1

σ2
Bmda,l,tr −

1

r + τ
Bmda,l,tr −

1

ass[t]
Bmda,l,tr − µBmda,l,tr

dImda,l,tr
dt

=
1

σ2
Bmda,l,tr −

1

r + τ
Imda,l,tr −

1

ass[t]
Imda,l,tr − µImda,l,tr

dBmda,l,u
dt

= (1− p)λl[t− σ1]seasl[t]Smda −
1

σ2
Bmda,l,u −

1

ass[t]
Bmda,l,u − µBmda,l,u

dImda,l,u
dt

=
1

σ2
Bmda,l,u −

1

δ
Imda,l,u −

1

ass[t]
Imda,l,u − µImda,l,u

dBmda,f,tr
dt

= p(1−msprop[t])λf [t− σ1]seasf [t](1− fsr[t])Smda −
1

σ2
Bmda,f,tr −

1

r + τ
Bmda,f,tr

− 1

ass[t]
Bmda,f,tr − µBmda,f,tr

dImda,f,tr
dt

=
1

σ2
Bmda,f,tr −

1

r + τ
Imda,f,tr −

1

ass[t]
Imda,f,tr − µImda,f,tr
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dBmda,f,u
dt

= (1− p)(1−msprop[t])λf [t− σ1]seasf [t](1− fsr[t])Smda −
1

σ2
Bmda,f,u

− 1

ass[t]
Bmda,f,u − µBmda,f,u

dImda,f,u
dt

=
1

σ2
Bmda,f,u −

1

δ
Imda,f,u −

1

ass[t]
Imda,f,u − µImda,f,u

where

λl = (1−vc[t]−vcadd[t]) βl×
I,l,u + Il,tr + If,u + If,tr + Imda + Imsat + Imda,l,u + Imda,l,tr + Imda,f,u + Imda,f,tr

N

and subscript l refers to locally sourced infections, f : foreign sourced infections, u: untreated infections

and tr: treated infections.

Tables
Table 1 - Compartment Descriptions table

Compartment Description
S Susceptible Population

Bl,tr Population with Blood Stage local Infections that are treated
Il,tr Population with Infectious Stage local Infections that are treated
Bl,u Population with Blood Stage local Infections that are not treated
Il,u Population with Infectious Stage local Infections that are not treated
Bf,tr Population with Blood Stage foreign Infections that are treated
If,tr Population with Infectious Stage foreign Infections that are treated
Bf,u Population with Blood Stage foreign Infections that are not treated
If,u Population with Infectious Stage foreign Infections that are not treated
Smda Susceptible Population having received MDA in a given cycle
Bmda Population with Blood stage infections having received MDA in a given cycle
Imda Population with Infectious stage infections having received MDA in a given cycle
Smsat Susceptible Population having received MSAT in a given cycle
Imsat Population with Blood and Infectious stage infections having received MSAT in a given cycle

Bmda,l,tr Population (infected after MDA) with Blood Stage local Infections that are treated
Imda,l,tr Population (infected after MDA) with Infectious Stage local Infections that are treated
Bmda,l,u Population (infected after MDA) with Blood Stage local Infections that are not treated
Imda,l,u Population (infected after MDA) with Infectious Stage local Infections that are not treated
Bmda,f,tr Population (infected after MDA) with Blood Stage foreign Infections that are treated
Imda,f,tr Population (infected after MDA) with Infectious Stage foreign Infections that are treated
Bmda,f,u Population (infected after MDA) with Blood Stage foreign Infections that are not treated
Imda,f,u Population (infected after MDA) with Infectious Stage foreign Infections that are not treated

Table 2 - Full Parameter table

Table providing the values, descriptions and sources of the parameters driving the base and intervention

mathematical models of transmission. In the intervention model, it is further assumed that Mass Drug
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BASE

MSAT

MDA

B(mda,l,u) I(mda,l,u)

S(mda)

B(mda,f,u) I(mda,f,u)

B(mda,f,tr) I(mda,f,tr)

B(f,tr) I(f,tr)

S(msat) I(msat)

B(mda,l,tr) I(mda,l,tr)

B(mda) I(mda)

B(l,tr) I(l,tr)

B(l,u) I(l,u)

S

B(f,u) I(f,u)

Figure 1: Model flow: Base Model (black) with interventions: MSAT(red), MDA(blue). The assimilation of
the population having been subjected to MDA, but were infected beyond the prophylactic effect of the drug
,during the MDA cycle is represented in green.This is necessary as the duration of the MDA cycle is 8 weeks
where as the prophlyactic period of the drug is only 4 weeks, so it is possible to get infected again within
the 8 week period after being subjected to MDA. If these infections were accounted for in the base model
compartments, it would be possible to receive MDA again, which is not usually the case.
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administration is subjected only once to members of the population during a particular MDA cycle. While,

a prophylactic effect of drug is accounted for, it is still possible to be infected after the protective period

but before the MDA cycle is completed. Should this be the case, the proportion of the population will not

receive MDA in that cycle again, but will be subject to routine treatment as per the base model. MSAT is

applied to new imported infections (arising from a foreign source of infection λf ) as they enter

Mpumalanga from the foreign source and are assumed to be infectious.

Table 1: Full Parameter table

Parameter Description Value Source
Base Model Parameters

N Population size 4 × 106 [2]
µ Mortality Rate 105

10000 [3]
δ Natural recovery period 26 weeks [4–6]
σ1 Period between liver stage and

blood stage
7 days (5-10) [7–9]

σ2 Period between blood stage and
onset of gametocytemia

1 week [4, 10]

r AL elimination half-life 6 days [11]
τ Time to seek treatment 1/2 week Expert opinion
p Proportion that receive treat-

ment
0.95 [12,13]

seasl Seasonal forcing function for lo-
cally sourced cases

Derived from data [14]

seasf Seasonal forcing function for for-
eign sourced cases

Derived from data [14]

βl Annual number of mosquito bites
per person x proportion of bites
testing positive for sporozoites

39.170 (38.894, 39.448) Estimated from model fit-
ting process

λf Force of imported infections 0.002163 (0.002124, 0.002202) Estimated from model fit-
ting process

λl Force of locally sourced infec-
tions

(1− vc[t])βl × Il,u+Il,tr+If,u+If,tr
N

Vector Control
vc[t] vccov × vceff
vccov Vector Control Coverage 0.22-0.90 Derived from data
vceff Effectiveness of vector control 0.9060 (0.8884, 0.9212 ) Estimated from model-

fitting process
vcadd[t] Additional Vector Control Cov-

erage
vcaddon × vcadd

vcaddon Additional Vector Control
Switch

Binary

vcadd Additional Vector Control Cov-
erage

Scenario list

Mass Drug Administration
mrate[t] Rate of MDA Take-up mdaon(-log(1-mcov)/mdur)
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mdaon Mass Drug Administration
Switch

Binary

mcov MDA coverage 80%
mdur Duration of MDA cycle 8 weeks

proMDA[t] Drug Protection period 4 weeks [15]
adh Adherence to Treatment 90% [16]

ass−1[t] Rate of assimilation at the end of
MDA cycle

Shift parameter Modelling construct

Mass Screen and Treat
msprop[t] Proportion Screened and

Treated through Border Control
mson × mscov

mson Mass Screen and Treat Switch Binary
mscov MSAT coverage 70%

proMSAT [t] Drug Protection period 4 weeks [15]
Foreign Source Reduction

fsr[t] Proportion reduced of the force
of imported infections

fsron × fsrprop

fsron Foreign Source Reduction Switch Binary
fsrprop[t] Proportional reduction Scenario list

Vector Control

Indoor Residual spraying is the primary vector control intervention employed in Mpumalanga. The data on

the number of structures sprayed in Mpumalanga is provided by the Malaria Elimination Programme and

has already been presented in Ngomane and de Jager (2012) and is depicted in Figure 2 [17]. Given that

IRS is not 100% effective, a parameter on the effectiveness of IRS vceff has been estimated in the

data-fitting process.

Asymptomatic Infections

As asymptomatic infections are common even in low transmission areas, it is important to consider their

impact in this model [18,19]. In the absence of any data on the prevalence of asymptomatic infections in

Mpumalanga, their impact has been assessed by re-running the analysis reducing the probability of

treatment from 95% to 50%. By re-fitting the model to the data and re-running the analysis, the model

predicts that it is only through action that reduces imported infections like extreme source reduction that

elimination (as defined by the threshold used in the model) is possible (Figure 3). This is in line with the

results predicted by the base model.
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Figure 2: Number of structures sprayed in Mpumalanga between 2002 and 2012

Data Fitting Method

The model is fitted to weekly incidence data of treated cases from 2002 to 2008, and then validated with

data from 2009 to 2012. The model is run from 1990 to reach a steady state before being fitted to data

from 2002. IRS coverage and drug treatment are included in the model for the data fitting. The model

output (local and imported treated cases) are fitted to the data using the maximum likelihood approach

assuming an underlying Poisson distribution with canonical parameter λ as the average number of treated

cases per week. The population-level non-linear differential equation model is expressed in terms of average

rates of movement between compartments.

The Poisson probability of observing x counts when the average is λ is given by

P (x|λ) =
λx exp−λ

x!
.

As the model is being fitted to time series data with N time bins, λ, the expected number of counts per bin

is a function of time. Assuming the independence of data in each time bin reduces the likelihood to

L(λi|xi) =

N∏
i=1

λxi
i exp−λi

xi!
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Figure 3: 50% probability of treatment: Predicted impact on local infections of combination of interventions
on local infections: Black: No additional interventions, Red: 70% coverage of FSAT on local population
with new imported infections following six consecutive two-monthly rounds of MDA at 80% coverage, Blue:
same as red (MDA+FSAT) with increased vector control to decrease transmission by a further 20%, Green:
six consecutive two-monthly rounds of MDA with increased vector control, and 70% decrease in the foreign
force of infection, Purple: six consecutive two-monthly rounds of MDA with zero imported infections

and the log likelihood becomes

ln(L(λi|xi)) =

N∑
i=1

xiln(λi)− λi − ln(xi!).

The model output is fitted to two sets of data for each weekly time bin: locally sourced treated cases (l) and

imported treated cases (f). Under the assumption of independence, the log likelihood to be maximised is

ln(L(λl,iλf,i|xl,i, xf,i)) ∝
n∑
i=1

xl,iln(λl,i)− λl,i + xf,iln(λf,i)− λf,i

10



The log-likelihood is negated and minimised using the optim function implementing the Nelder and Mead

algorithm in the R package Stats [20]. The parameters βl and λf are estimated through this data fitting

process. As the Nelder and Mead algorithm is a local search method, it is necessary to perform the

optimisation from different starting points. The optimisation is performed 10000 times with starting values

sampled from a Latin hypercube framework. The parameter estimates and their standard errors are

retrieved from the optimisation output and are presented in Table 1. The model with the estimated

parameter values is then run for a further 3 years (including IRS at comparative levels) to be further

validated by comparison to data between 2009 and 2012.
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