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1. SPHERICITY CONDITIONS OF NON-SPIKED EIGENVALUES

Since eigenvalues can be rescaled by a constant, we assume that A\ = 1. Condition 1 is closely
related to the sphericity measure in John (1971, 1972) and the ¢, condition of Jung & Marron
(2009). Under the high dimension low sample size regime, Jung & Marron (2009) defined

(b5

v=m+1 v=m+1

and derived their asymptotic results under the condition where €' = o(p). Since under Condi-

tion 1,

p P -2 P
€m = <P > )‘72’> < > )‘v> =(p-m)~ Y plu—-12+@-—m)p
v=m-+1 v=m+1 v=m+1
=o(p) for fixed n,

Condition 1 implies the ¢, condition. The relative growth rate of n to p plays a critical role in 2o
both conditions. For example, when (p —m) 1 >°0_ . (A, —1)* = O(1), p must grow faster
than n? to satisfy Condition 1. In Condition 2, we relax the assumption on (A, — 1)? but add an

additional assumption on (A, — 1)%.
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2. NOTATIONS
Since EpAl/QZZTAl/QEg has the same eigenvalues as A'/2ZZT A1/2, with EZU being the
corresponding eigenvector matrix, without loss of generality we assume that o2A is the popu-
lation covariance matrix, and e, is the vth eigenvector. Let ¢, (+) be a function on a matrix that
returns its vth largest eigenvalue. Suppose suffixes A and B represent the first m and the remain-
ing coordinates of any given matrix, respectively. The sample covariance matrix S can then be

partitioned as
g_ Saa SaB
Spa Spp )’
T

and ul and Z7 can be partitioned as (u:";w, ugy) and (Zf, Zg), respectively.
Let Ay =diag(Ai,...,\n), Ap=diag(Apt1,...,0p), Ry =|lupyll, and a, =
(1 - R?)™'?u,,. By the singular value decomposition, A}B/QZB =n Y2y MV2HT,
where M = diag(p1,. .., tp—m) is a (p—m) x (p —m) diagonal matrix of the ordered
eigenvalues of Spp, V is a (p —m) x (p — m) orthogonal matrix, and H is an n X (p —m)
matrix. When n > p — m, H is column-orthogonal. When n < p — m, the first n columns of H
are orthogonal while the rest of the columns are zero. Let f, = Ay+m — 1, we then have

> fz‘fjfkfz=3Zf¢2fj2—3foa > it =- Zfzf]+2fz,

i#jFERFEL i#£] J i#j#k i#]
SNfi==>8 > flf]fk=22f1, S RE==>1,

by i ij#k i ‘
dfifi==> 1 (1)
i#j i

3. PROOF OF THEOREM 1
3-1. Lemma I
We introduce the following lemma for future use.

LEMMA 1. Suppose vy, — oo and n — oo as p — oo. With either Condition 1 or 2,
p 25 Zs — ZEABZB|| — 0 in probability.

Proof.  Step 1. We first truncate and centralize z;;, as described in Yin et al. (1988) and Bai
& Yin (1993). Define a (p — m) x n matrix Z with the (7, j)th element

%= z (|z | < 06 n1/4p1/4) —E{ (\z | < 06 n1/4p1/4)},

where 22 ;; is the (4, j)th element of Zp. By the truncation and centralization lemma (Yin et al.,
1988), there exists a sequence J,, that converges to zero and satisfies

E(z;) =0, E(#)—0d% E(E) =0(1), EEE) =@ pY")1001) (k > 4),

or(p™ 27 2) —pn(p™ ZpZ) = 0(1),  en(pT 27 Z) —pu(p™ ZpZB) = 0(1). ()
Since both 1 (p~' ZL Zg) and ¢, (p~' Z} Zp) converge to unity, p~ 1| ZTZ — ZLZp|| = o(1).

Step 2. We largely follow the combinatorial argument described in Bai & Silverstein (2010).
Suppose there are two sets of integers, & = (&1, ..., &k+1) With & = g1 and ¢ = (1, -+ -, Ck),
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where the {,s range from 1 to n and the (s range from 1 to p — m. A graph G(&, () is con-
structed by connecting k£ edges from &, to ¢, and another k edges from (, to &,+1. See Fig-
ure 3.1 of Bai & Silverstein (2010). An edge is single if there are no other edges to share
the same two vertices. For the graph G(¢,(), let Zg¢ o) = [1¥_, Zeu.cuZeuir - Two graphs
are isomorphic if there exist a permutation of £ and a permutation of ¢ such that the graphs
are identical. The canonical graph for each isomorphic group is defined as & = (3 = 1,&, <
max(&1,...,&-1) + 1, and ¢, < max((1,---,¢u—1) + 1. Let 741 and s be the number of
distinct elements in ¢ and ¢, respectively. Let A, = p~'Z7 (Ap — I)Z and A(k, r, s) be a set of
canonical graphs with no single edge. It can be shown that

n

Fleap) =Y [ oY Y Y [0 Y s

r=0ni=n—r s=1 jiF-Fjs Ms,1,...,Ms,5 i=1 GeA(k,r,s)

where ms1 > 2 Mg s >1and E Ms; = k.
=1
Step 3. Since E(Zg) = O(1) for all G € A(2,r, 5),
E{w(A})} =p?n > £, £,0(1) +p—2n2 20 +pPnn—1)>_ fro0
J1#j2 j J1

=p *n(n — Z f20( ) 3)
under Condition 1. Applying Markov’s inequality, for any € > 0,

pr{ max @, (A%) > e} <pr{tr(A2) > e} < e 'E{r(A2)} = o(1),

v=1,...,n

indicating that ||A,|| = op(1). Thus, Lemma 1 holds under Condition 1. Using the same ap-
proach in (3) with (1)—(2), it can be shown that

E {tr(AfL)} = (n® +n3?p'/2)p~t Z ]21 ]220(1) + (n* +n2p)p 4Zf]10
J1#d

(1), which concludes the
proof.

3-2.  Convergence of sample eigenvalues

We first assume that ¢, (v < m) is bounded away from zero. The vth eigenvalue of S is
dy = ou(n Y ZEANAZ 4+ ZEAEZE). Since [|A\; 1Al = O(1) (v < m),and ™1 Z, 2% —
02 = o(1), we can obtain

[or,) A2 ZaZENY? — AP0 | = o)

By the continuity of eigenvalues and Lemma 1, A\, 1o, (n ™1 Z4AZ4) — 0? = o(1) (v < m),
and v, 'ou(n ' ZEABZE) — 0 = 0p(1) (v > m) For v>m, ¢,(n"1ZhAsZ4) =
since ZYAaZ4 has tank m. Further, by Weyl’s inequality (Bhatia, 1997), ¢,(S) <
oo 2N Za) 4 o (n Z5Z5)  and u(S) = pu(n-V ZTAAZA) + gu(n- 2 Zp)
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Hence,
dof A — %, ey +1) = 0p(1) (v < m),
dy/vp — 0 = 0p(1) (v >m).

When ¢, = o(1), 7, ' A1(n " Z5AaZ4) — 0. Hence, dyy, ! = 0% + 0,(1), which concludes
the proof.

3-3.  Convergence of sample eigenvectors

The proof largely follows the arguments in Paul (2007) and Lee et al. (2010). We assume
without loss of generality that o2 is unity. From the definitions of eigenvalues and eigenvectors,

{Saa+ Sap(doI — Sgp) ' Spa}ay

_ {SAA +n Az HM(d,T - M)—lHTZATAf} ay = dyay, 4)
and
al {I +n AP ZAHM(d,T — M)_ZHTZEAXQ} ay = (1— R%)~. (5)

We first assume that ¢,, (v < m) is bounded away from zero. Let

Ny = €, (CU + 1 Ry = Z {’171, )\k — U)}il )\U€A7k€£7k,
k#v
Dy = A, ' {Saa+ Sap(dI — Spp) ' Spa —muhAa},
where e 4, contains the first m elements of e,. From (4), it can be shown that
()\JlmAA - 771)]) ay = —Dyay + ()\Jldv - 771)) Ay.
Since R, (A, 'noha —nol) =T —eavely,,
(I - eAﬂ)e?;,v)av = —R,Dya, + ()‘gldv - 771)) Ryay,

which indicates that a, — e, = 0,(1) if both ||R,D,|| and |\, 1d, — n,]||Ry]|| are 0,(1). For
k=1,...,mandl =1,...,m, we show that

e£7kDU6A,l = )\;1€£7kSAA€A,l
+ A;leikSAB(dvI — SBB)_ISBAGAJ - )\;177@6’2,61\,461471. (6)
The first term of (6) is

N N AL OGN Y20,(1), k #1
A tehkSanear = (nA) N2 ZE 1 Za0 = {A”lﬁ,f{f | o;)ﬂ)i, L0

and the third term of (6) equals

0, k41
{/\JlmAk, k=1 ®

From Proposition 1 of Lee et al. (2010),

—1,T . 1T _ Jop(1), | # k,
nZapHM(d L - M) H ZAJ_{ n~lr {M(d,] — M)} +0,(1), 1 = k.



5

Although Proposition 1 of Lee et al. (2010) requires that ||HM (d,I — M)~ HT|| = O(1),
it can easily be shown that the same result holds for |[HM (d,I — M) 'HT|| = 0O(1) +
op(1). Since pin(dy — pn) ™t < nMr {M(dy] — M)~} < pa(dy — pa) ™', and both gy,
and p,,y, ! are 1+ o,(1),

n e {M (dpI — M)} = {1+ 0,(1)} {co + co0p(1)} "+ 0,(1). 9)

Hence, the second term of (6) equals

ALY 20, (1 k1
{ v ( k l) Op( )a 7é7 (10)

A [{1 +op(1)} {ew + cop(1)} 1 + op(1)} k=1
Summing up (7), (8), and (10), we get
el i Dveay = N () 20,(1) (k=1,...,ml=1,...,m).

Decomposing R,Dyes,; = Zk;év Ao {nw( Ak — )\v)}fl eAJceﬁ pDveay, we conclude that
IRyDyl| = 0p(1). Since ||R,[| = O(1) and |d, A, " — | [|Rul] = 0p(1),

ay — ey, = 0p(1). an
From the same argument of (9),

1+0y(1)

1 T —2 T
MZyyHM(dyl — M) "H" Zpy = ————— =
n v Ay ( v ) Av CU+CUOp(1)

+op(1) = ¢, +0p(1).
Using (11),
(5) = {eo + 0p(Y {1+ 07 AP Za M (AT = M)2HT ZEN ey + 0,(1))
=1+c,' +o,(1). (12)
By combining (11) and (12),
(v, o) = (€A, av) (1 — ROY? = el (1 4 c,) 72 + 0p(1), (13)
which completes the proof for the case where ¢, is bounded away from zero.
Now we assume ¢, = o(1). Without loss of generality, we only consider the first eigenvector.
Since elTul <(1-— R%)I/ 2 all we need to show is that R; — 1. The first sample eigenvalue is
dy = U?Sul = uilsAAuAJ + 2u£7lSABuB,1 + ugJSBBuBJ. (14)

The first term of (14) is

T —1, T 21/2 TAL/2
uA7lSAAuA71:n uA,lAA/ ZAZANTuan

< (- RB)er(n AP ZaZIAY%) = (1= RN {1+ 0(1)},
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6

and the second term of (14) is
T 1/2 1T T AL/2
wh1Sapupy < N%uaql| [ ax (n S ZhAY uBJ)

< RN (1-RD'? max (n_lHAlB/QZBZA;UH)

LA

m 1/2
< RN (1- R}V (Z zZ,UZ?éABZBZA’”)

v=1

= R {Cl(l - R%)}lﬂ Op(1)7

where 24, is the vth row vector of Z4, and the second inequality is obtained by the Cauchy-
Schwarz inequality. The third term of (14) is ung BBUB,1 < R% 1. Combining all the three

terms, we get (d; — ,ul)'yp_l < R} — 1+ 0,(1). Since d; — p1 > 0 by the interlacing inequality
(Horn & Johnson, 1990), we conclude that Ry — 1, which completes the proof.

4. PROOF OF COROLLARY 1

Since A,/ 71‘} converges to ¢, as p — 00, ¢, converges to 0o, ¢,, and 0 for « > 1, « = 1, and
a < 1, respectively, as p — oo, the results in Corollary 1 can be easily obtained.

5. PROOF OF THEOREM 2

5-1. Convergence of sample principal component scores

Without loss of generality, we assume corr(p,,p,) > 0. Let p, and p, be the averages of
elements in p, and p,,, respectively. From Saaua, + Sapup, = dyua,, We obtain

pgl/)\v - 1 T 1 T
(o Ddg 12— (0Bhgdy) /2 AT ALt g ST A AR By
4 d*
= A LUA Y = €y Usy- (15)
UA},/Q 7 oA},/Q

Since el uy — {cy(cy + 1)_1}1/2 =o0,(1) and A 'd, —o?c; (e, +1) = 0p(1), (15) con-

verges to unity in probability, and n—1/2J7 {pv(az/\v)_l/2 —@,d;lﬂ} = 0p(1) where J =
(1,...,1)T. Thus,

P, Pl {p(0®h) 2 p(oPh) 4 By
n(o2Xydy)/2 n(o2\,)1/2
g " {pta) )
T o2, n(02Ay) /2 = op(1). (16)

Since  (py — PuJ) T (po — PuJ)/(no?Xy) =1 +0p(1), we can easily show that (p, —
e )T (py — piJ)/(ndy) = 1+ 0p(1). Combining (15) and (16), we conclude the proof.



5-2.  Convergence of predicted principal component scores
Let u;- = (I — eyelu, {1 — (ule,)? }_1/2 Then u, = (ule,)e, + {1 — (ule )2}1/21@-.

We partition u into <u A UB v) Following the same argument in Lee et al. (2010)

N E(BY) = N B(dy) = 0%y (e + 1), (17)
and
M@ | un) = (ugen)? + A0 {1 = (uyen)?} (udyAaud,, + upyus,)
+2)\ U ev{l— u ey) }/ BAUAAUAU
— 0201,(1 + ¢,) "1 in probability. (18)
The proof follows from (17) and (18).

6. EXAMPLES

Example 1. Suppose there are two independent groups of variables, one with p; variables and
the other with po variables, and the covariance structure is block compound symmetric. That is,
the population covariance matrix is

Y — { (1- Pl)Iphm 0 } + < prdp, Jpl 0 >
0 (1- P2)Ip2,p2 0 Jpszg

where p = p1 + po, I, is a p X p identity matrix, and J, is a p x 1 vector with all elements
equal to unity. Define 7, = (pr — 1)/(p — 2) (k = 1,2). Suppose the 7s are bounded away
from 0, (p1 — 1)p1 > (p2 — 1)p2, and (p1 — 1)p1 < (p2 — 1)p2. Then the first two population
eigenvalues, after rescaling, equal

14+ (pr — Dpr TEPE

)\ == ~ k < 2 5
‘ L iy (k<2)
where C = 1 — r1p; — r2p2. The non-spiked eigenvalues are
1
Glp 1 —pl—pa 1 ).
p1—1 p2—1

When p; # po, the non-spiked eigenvalues are not identical, but Condition 1 holds if p > n?.
Now let us consider 3 scenarios for the pgs: large (pr, > 1/n), small (p; =< 1/n), and very small
(pr < 1/n). From Theorem 1, the first two sample eigenvalues are consistent for large pgs,
inconsistent but separable from the bulk for small pgs, and indistinguishable for very small pgs.
Similarly, the first two sample eigenvectors are consistent for large pys, neither consistent nor
asymptotically perpendicular to the corresponding population eigenvectors for small pgs, and
asymptotically perpendicular for very small pys.

Example 2. Suppose there is a group of variables with a compound symmetric correlation
structure and another group of independent variables. Specifically, the population covariance

matrix is
_ (1 - p)Ipl,Pl 0 Jpl Jpl 0
E‘{ 0 w070
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8
The first population eigenvalue, after rescaling, is

3 1+ (mi—1)p _ p;m
|- e T o

where C' =1 —ripandry = (p1 — 1)/(p — 1). The non-spiked eigenvalues are

1
6(1,...,1,1—p,...,1—p).
D2 p1—1
We consider three scenarios on the sizes of the groups: large (p; < p), moderate (p; =< p/n) and
small (p; < p/n). From Theorem 1, the first eigenvalue is consistent for large p;, inconsistent
but separable from the bulk for moderate p;, and indistinguishable for small p;. The behaviors
of sample eigenvectors can also be inferred from Theorem 1.
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