File 51

A. Constraints on individual LD values

The normalized individual LD values are Dj' = Djj/ Dmax , Where Dy = min[pai (1-pg)), (1-pai) pg] if D;j>0, and

Dmax = min[pa; ps;, (1-pai)(1-psj)] when D;<0. The range of D' is (-1, 1).

B. Other measures of conditional LD

The conditional association between the alleles at marker locus B and disease locus A was defined by Nei and Li (1980) as

d* = (fazs1/ Paz - fe1a1/ Paz) for two bi-allelic loci. It was developed to account for study designs for rare diseases with known
modes of inheritance and full, or close to full, penetrance (e.g., sickle cell anemia and Duchenne muscular dystrophy) where
individuals are not randomly sampled from a single population. This measure is equivalent to Somer’s D statistic, D(C[R),

conditioning on the rows of the contingency table relating two categorical variables, as shown below.

Ao = fap1 / Par = Farer / Paa :(pAZ P +D)/pA2 _(pAl Py _D)/pAl
= Ppy +(D/pA2)_p81 +(D/pAl):D/(pAlpA2)

Somer’s D statistic is defined as twice the difference between the number of concordant and discordant entries in the

contingency table, divided by n?-3; n;2, where n is the table total and n;. is the it row total.

D(ClR):Z(nn ny,, =n,, nlz)/(nz _Z,-niz)zz(fmmf;\zsz _fAZBIfAlﬂz)/(lz _Z,-pii)
:ZD/(]'_FA):2D/(2pA1pAZ):D/(pA1pA2)

C. Other measures of LD based on diversity statistics

Other measures of association and LD that are based on allelic diversity statistics (homozygosity and heterozygosity) have been
defined. However, these measures are all symmetric. Ohta (1980) suggested a measure, F', that divides the difference between
the two-locus haplotypic homozygosity (Fas) and the product of the two single locus homozygosity values by the product of the
single locus heterozygosity values: F' = (Fag = Fa F8) / [(1 - Fa) (1 - Fg)] (Ohta 1980). The D* measure (Maruyama 1982; Hedrick
and Thomson 1986) standardizes the disequilibrium between all alleles at two loci by the product of the single locus
heterozygosity values: D* = 5,3 D;? / [(1 - Fa) (1 - Fg)]. Note that in the bi-allelic case D* is equivalent to the square of the
correlation measure (r?) (Hedrick 1987).

D: Proofs of Special Cases (c) — (f)

D.1. Multi-Allelic Case (c): ka = ks = k, f(AiBi) >0, i=1, 2, ... k, and f(AiBj) = 0 for all i £ j

Summary: Wy, = Wy = Wga = 1. There is complete symmetry and 100% correlation of alleles at the two loci.

The A and B locus allele frequencies are equal and the notation is simplified as follows: pai=psi=p;, i=1, 2, ... k,

flAB) = pi= p? + Dy, i.e., Di=p;(1 - p), flAB}) =0=p;p;+ Dy, i.e., Dy=—p;pj i #].

Wass? = {55 [fi* / pg] = Fa}/ (1 = Fa) = [{Zi fi?/pi} = Fal}/ (1 = Fa)
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=[{Zip?/pi} = Fal / (1 - Fa) = [{Zip} = Fal /(1= Fa) =(1-Fa) /(1 -Fa) = 1.

Similarly, Wgs? = 1.
Wi*  ={%2D?/ (paipg)}t / (k-1) = [{Zi Di? / (pA)} + {Zi % Di? / (pip)}] /(k - 1)

=[{zip? (1= pif?/ (P} + (2% (pipi)? / (i PN / (k= 1) = [2i (1 = pi)? + {Zi % (pi )] / (k- 1)

=[5 -p)f + pi(1-p)l/(k-1) =[5 (1-p)] / (k-1)=(k-1)/(k-1)=1.
D.2. Multi-Allelic Case (d): ka = ks = k, flAiBi) >0,i=1, 2, ... k, and f(A1B2) # 0
In this case Wa/s < 1, Wa/a < 1, and W, < 1 (Proof given below for k = 3, with the same result holding for any value of k).
Summary: Ways? = {1 =26 [paz / ps2] = Fa} / (1 = Fa), Weya® = {1 = 2 8 [ps1 / pasl - Fe} / (1 - Fe),

W,? =1 —1{6 (pa1 + Pa2) / [2 pa1 pe2l}

Allele frequencies are ( A locus): pai, paz, and pas; (B locus): ps: = par = 6, ps2 = paz + 6, and pas = pas, with 6§ >0and 6 < pai.

Haplotype Frequency* Frequency* LD

AlB1 paz—6 Pa1 (paz = 6) + D13 D11 = (pa1 = 6) (1 - pa1)
A1B2 [ pa1 (paz+ 6) + D> Di2=-pa1 (paz+6) +6
A1B3 0 Pa1 paz+ D13 D13 =- pa1 pas

A2B1 0 paz (paz = 6) + Dz D31 =~ paz (pa1 - 6)
A2B2 DAz Paz (paz + 6) + D2 D22 =paz(1-paz-96)
A2B3 0 Paz Paz+ D23 D33 =- paz pa3

A3B1 0 Paz (paz = 6) + D3z D31 == paz (pa1 - 6)
A3B2 0 paz (paz + 6) + D3z D3z == paz (paz + 8)
A3B3 pa3s Paz Paz + D33 D33 = paz (1 - pas)

* These two columns are different, but equivalent, formats for the same haplotype frequency.
Wae? = {2:2; [fy? / pej) = Fa}/ (1 = Fa)

={l(ps:*) / (ps1) + (6°) / (Ps2) + (Paz®) / (Ps2) + (Pa3®) / (pas)] = Fa}/ (1= Fa)

={lps1 +(6%) / (ps2) + (pa2?) / (Ps2) + pasl = Fa}/ (1= Fa)

={[(paz = 6) + (8%) / (paz + 6) + (pa2)* / (Paz + 6) + Pas + Paz = paz] = Fa} / (1 - Fa)

={[ pa1 + paz + paz = [(6B(paz + 8) = (8%) - (paz)* + paz (paz + 8)1 / (paz + )] = Fa}/ (1 - Fa)

={1-26[paz/ psz]l — Fa} / (1 - Fa) < 1 always since 6 > 0
We/a® = {%:2; [fi? / pail = Fe}/ (1 - Fa)

={[(pa1 = 6)1%) / (paz) + (6°) / (Paz) + paz + pas] - Fs} / (1 - Fe)

={{ pa1 + paz + paz = [(pa2)* = (6%) = (paz = 6)°1 / (pas)] - Fe} / (1 - Fe)

={1-26[(pas~6)/pasl - Fa}/ (1~ Fa) ={1 -2 6 [ps1/ paz]l - Fe}/ (1 - Fe) < 1 always since § > 0.
W, = {213 Dy / (pai pi)} / (k - 1)

={[(paz = 8) (1 = paz) * / pal + Paz (Paz + 8) = 26 + &% /[ pa1 (Paz + 8)] + Paz Paz + Paz (Paz = 8) + [Paz / (Paz + 6)] = 2 paz
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+Paz (Daz + 8) + Paz Pas + Paz (Paz = 8) + pas (paz + 6) + (1 - pas)?}/ 2
={(1 - pa1)? = [6 (1 = pa1)/ pasl + Paz Paz + 6paz — 28 + 6% /[ pa1 (paz + 6)] + Paz Paz + Paz Paz = & paz + [paz / (paz + )]
+[1~(paz+8) / (paz + 8)] = 2 paz + pas® + 8Pas + Paz Paz + Pas Pa1 = 8 Paz + Paz Paz + 8 paz + (1 - pas)’}/ 2
={(1 - pa1)? + 2 pa1 paz + 2 paz Paz +2 paz Paz + (1 = paz)* + (1 = pas)® = [6 (1 = pa1) ?] / [padl + 6par — 28 + 8 / [pa1 (paz + 8)]
- [6/(paz+8)1}/2
={3 -2 (pa1 + paz + Pas) + (Pa1 + Paz + Pas)* = [8 / pail + 26 - 6par + 8par — 26 + 6% / [pa1 (paz + 6)1 - [6 / (paz + 81}/ 2
=1—1{6 (pa1 + pa2) / [2 pa1 pe2]} < 1 always since § > 0.
D.3. Multi-Allelic Case (e): ka < ks, with each B; allele occurring with only one A; allele
In this case W, = Wa/s =1, and Wg/a < 1 (Proof given below for ka = 3 and ks = 4, and the equivalent result holds if k4 > kg.)

Summary: Ws? = 1, Waa? = {1 - [2 pas pss / (pss + pea)] - Fe}/ (1-Fe), W, =1

Haplotype Frequency* Frequency* LD

AlB1 Ps1 Pei? + D11 D11 =ps1 (1 - pai)
A1B2 0 ps1ps2+ D12 D12 =~ ps1 ps2

A1B3 0 ps1 psz+ D13 D13 = - pa1 Ps3

AlB4 0 ps1Psa+ Dis D14 =~ ps1 Pss

A2B1 0 pB2 P1+ D21 D31 = - ps2 Ps1

A2B2 Ps2 psz® + D22 D22 = ps2 (1 - pe2)
A2B3 0 ps2 Ps3 + D23 D33 = - pa2 Ps3

A2B4 0 ps2 Psa+ D2 D24 = - pa2 Pas

A3B1 0 Pe1 (Ps3 + Psa) + D3z D3; = - pg1 (ps3 + Paa)
A3B2 0 Ps2 (Ps3 + ps) + D3z D32 = - ps2 (ps3 + Paa)
A3B3 Ds3 Ps3 (Ps3 + Ps) + D33 D33 = pa3 (1 - ps3 — psa)
A3B4 PB4 Psa (pa3 + psa) + D34 D34 = ppa (1 - ps3 — Pa4)

Allele frequencies at the A locus are: pai, paz2, and pas = (ps3 + pss), and at the B locus they are: pg; (= pai), P2 (= Paz), pss and pps.
Was? = {%i 5 [fi? / pgil = Fa} / (1 = Fa) = {pe1 + Psz + ps3 + psa—Fa} / (1 - Fa) = 1
Wesa? = {5:3; [fy* / pai] - Fs} / (1 - Fe)
={ps1 + ps2 + [ps3s® / (Ps3 + Psa)] + [Pss® / (Ps3 + psa)] - Fa}/ (1 - Fg)
= {ps1 + psz2 + [(pss” + ps®) / (Pa3 + psa)] - Fa} / (1 - Fe)
= {ps1 + psz2 + [(ps3 + pa) > / (P53 + Paa)] = [2 Ps3 Psa / (P83 + Paa)] — Fe}/ (1 - Fa)
={1-[2 ps3 pss / (ps3 + pas)] —Fs}/(1-Fs) < 1always
W,? = {53 Dj* / (pai pg)} / (ka = 1)
={(1 - pa1)? + a1 Paz + Pa1 Pa3 + Pa1 Paa+ Ps2 Pa1+ (1 = Pa2)* + Paz Pa3 + Pa2 Paa+ Pa1 (D3 + Psa) +Ps2 (Ps3 + Paa) + 1 = 2 pas+ pas’}/ 2
={3 -2 (ps1 + Psz2+ Paz) + (Ps1 + Ps2+ Paz) 2} /2 =1

D.4. One Locus Bi-Allelic and the Other Multi-Allelic, Case (f): ka = 2, kg > 2.
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In this case W, = Wa/s # Wg/a (Proof given below for ks = 2 and kg = 3, with the obvious extension for any value of kg)

Summary: Was? = [{D12%/ (ps1)} + {D12? / (ps2)} + {D11 + D12)* / (pe3)}] / (Paz1 Paz), Wasa? = [{D11* + D12* + (D11 + D12)?] / {(paz pa2) (1 = Fa)},

W2 = Ways?
Haplotype Frequency LD*
A1B1 Pai Pe1+ D1z D1
A1B2 paz1 psz2+ D12 D12
A1B3 pa1 pe3+ D13 = D11 - D1
A2B1 Paz ps1+ D21 - D1
A2B2 Paz2 Ps2 + D22 - D1
A2B3 Paz Pz + Das3 Di:+ D12

* See Table 1 footnote for constraints on LD parameters, such that two LD variables, D;; and Dj;,, along with three allele

frequencies (pai, ps1, and pg;) are sufficient to describe the five independent haplotype frequencies in this case.

Was? = {22 Di? / (ps)} / (1 = Fa)

= [{D1:?/ (ps1)} + {D12*/ (ps2)} + {D11 + D12)? / (ps3)} + {D11%/ (ps1)} + {D12> / (Ps2)} + {D11 + D12)? / (Pe3)}] / (2 paz paz)

= [{D1:2/ (P2)} + {D12*/ (ps2)} + {D11 + D12)* / (ps3)}] / (Pa1 pa2)

Wesa? = {5 D2/ (pa} / (1 - Fg)

= [{D12%/ (pa1)} + {D12%/ (Paz)} + {D11 + D12)* / (pa2)} + {D112/ (pa2)} + {D12%/ (Pa2)} + {D11 + D12)* / (pa2)}] / (1 - Fg)

= [{D1s? + D12* + (D11 + D12)?] / {(Pa1 pa2) (1 - Fa)}

Wi? = {22 Dj?/(pai pgj)} / (2-1)

= [{D11%/(pa1 ps1)} + {D12%/(Pa1 ps2)} + {D11 + D12)? / (Da1 Pa3)} + {D11%/(Paz ps1)} + {D12*/ (P42 Ps2)} + {D11 + D12)* / (a2 Pa3)}]

= [{D12%/ (ps1)} + {D12* / (ps2)} + {D11 + D12)* / (pe3)}] / (Pa1 Pa2z) = Ways?
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DRB1 - 57 total pops
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Figure S1 Boxplots of F,q values for DRB1 Amino Acids 9 to 86 from 57 Populations (Lancaster 2006)*

*AA position is indicated on the vertical axis with P indicating a peptide interacting site and T indicating a T-cell interacting site. The
boxes indicate the middle 50% of the Fnd values across the 57 populations with a line drawn at the median value. The spread of the
central half of the data is called the interquartile range. Extreme observations that are more than 1.5 times the interquartile range

away from the central box are identified with circles.
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