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Web Appendix A: Information Formulas

We first consider the VS design, where V is allowed to depend on T but not on k, so the
sampling mechanism is fully described by γ = (γ1, γ0). Let (Se, Sp) be specified through
parameters (α,β), as in the VGS design. In a group of size k, the Fisher information for
θ = (λ,α,β) is given by

Ik =

I11 I12 I13
I21 I22 I23
I31 I32 I33

 ,
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Sek = Se(k;α), Spk = Sp(k;β), πk = P(D = 1) = 1− (1− π)k, and a⊗2 = aaT for a vector
a. The information for (π, Se, Sp) is given by Ivs = JTIkJ, where J = ∂θ/∂(π, Se, Sp)T.

For the VGS design, the Fisher information for θ is given by Ivgs =
∑

k∈K τkIvgs,k, where
Ivgs,k can be obtained from Ik (defined above) by setting γ0 = γ1 = 0.
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Web Appendix B: Nonparametric Bootstrap CIs

Here we describe a general procedure for obtaining bootstrap CIs for an arbitrary parameter θ
in the VS or VGS design. In general, the observed data can be represented as (ki, Ti, Vi, ViDi),
i = 1, . . . , n. In the VS design, the ki are identical and the Vi are random. In the VGS
design, the ki are variable and the Vi are identically 0 (so the Di are never observed). To
generate a bootstrap sample, we take a random sample with replacement from {1, . . . , n},
and obtain {J1, . . . , Jn}. Then we calculate an estimate of θ based on the boostrap sample
{(kJi , TJi , VJi , VJiDJi), i = 1, . . . , n}. This procedure will be repeated many times, resulting

in {θ̂b, b = 1, . . . , B}, where B is a large number to be specified by the analyst. Let ξp denote

the p-quantile of {θ̂b, b = 1, . . . , B}. Then a 100(1−α)% confidence interval for θ is obtained
as (ξα/2, ξ1−α/2).

Web Appendix C: Identification of (π,Se,Sp) Under the

VGS Design and the Constancy Assumption

We assume that the support of k contains three distinct values, say k1 < k2 < k3. Let pk
denote the (directly identifiable) probability of a positive test result for a group of size k,
given by equation (1). For notational convenience, we write ϑ = (ϑ1, ϑ2, ϑ3) with ϑ1 = Se,
ϑ2 = Se + Sp− 1, and ϑ3 = 1− π. Then equation (1) can be rewritten as

pkℓ = ϑ1 − ϑ2ϑ
kℓ
3 , ℓ = 1, 2, 3. (B.1)

Simple algebra yields that

pkℓ − pk1 = ϑ2(ϑ
k1
3 − ϑkℓ

3 ), ℓ = 2, 3, (B.2)

and that
pk3 − pk1
pk2 − pk1

=
ϑk1
3 − ϑk3

3

ϑk1
3 − ϑk2

3

=
1− ϑd13

3

1− ϑd12
3

, (B.3)

where d1ℓ = kℓ − k1, ℓ = 2, 3. Now suppose there is another set of parameter values,
ϑ̃ = (ϑ̃1, ϑ̃2, ϑ̃3), satisfying (B.1) and hence (B.2) and (B.3). We will show that ϑ̃ = ϑ,
starting with ϑ̃3 = ϑ3. From equation (B.3) we deduce that

log(1− ϑ̃d13
3 )− log(1− ϑ̃d12

3 ) = log(1− ϑd13
3 )− log(1− ϑd12

3 ).

If ϑ̃3 ̸= ϑ3, then the mean value theorem implies that

0 =
d

dc
log

1− cd13

1− cd12

∣∣∣∣
c=c0

=
d12c

d12−1
0

1− cd120

− d13c
d13−1
0

1− cd130

for some c0 between ϑ3 and ϑ̃3. But this is impossible for c0 ∈ (0, 1) and 1 ≤ d12 < d13,
because the function f(d) = dcd−1

0 /(1 − cd0) is strictly decreasing. The latter assertion can
be verified by taking the derivative:

f ′(d) =
cd−1
0 {1 + log(cd0)− cd0}

(1− cd0)
2

< 0.

This shows that ϑ̃3 = ϑ3, which implies ϑ̃2 = ϑ2 and ϑ̃1 = ϑ1 through equations (B.2) and
(B.1).
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Web Figure 1: Allocation of the VS between T -positive and T -negative groups in the
absence of a dilution effect: relative efficiency as a function of pk(V ) = P(T = 1|V = 1), the
proportion of T -positive groups in the VS, for selected values of π, k, and the sampling
fraction υ = P(V = 1) ∈ {0.5, 0.3, 0.2, 0.1, 0.05} (from top curve to bottom curve within

each panel).
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Web Figure 2: Design considerations for the Canadian blood donor study: relative
efficiency as a function of k, for fixed m and N without a dilution effect.
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Web Table 1: Simulation results for the VS design without a dilution effect: empirical relative bias and
standard deviation (SD), proportion of replicate samples in which closed-form standard errors are available

(SEA) from the observed information matrix, and coverage probability for (π, Se, Sp) among the SEA
samples, under different combinations of π, k and the sampling fraction υ = P(V = 1).

k υ Relative Bias SD (10−2) P(SEA) P(Coverage|SEA)
π Se Sp π Se Sp π Se Sp

π = 0.05
1 1 0.001 0.000 0.000 0.22 0.99 0.07 1.00 0.95 0.95 0.95

0.5 0.000 0.000 0.000 0.22 1.39 0.07 1.00 0.95 0.96 0.95
0.2 0.000 0.001 0.000 0.25 2.34 0.08 0.98 0.95 0.97 0.95
0.1 0.000 0.001 0.000 0.28 3.26 0.11 0.87 0.96 0.96 0.95
0.05 0.000 0.002 0.000 0.35 4.63 0.15 0.63 0.98 0.94 0.96

5 1 0.000 0.000 0.000 0.10 0.45 0.08 1.00 0.95 0.95 0.95
0.5 0.000 0.000 0.000 0.11 0.64 0.11 1.00 0.95 0.96 0.95
0.2 0.000 0.000 0.000 0.12 1.01 0.17 1.00 0.95 0.95 0.96
0.1 0.000 0.000 0.000 0.14 1.40 0.24 0.98 0.95 0.96 0.96
0.05 0.000 0.000 0.000 0.17 1.98 0.34 0.87 0.95 0.97 0.96

30 1 0.000 0.000 0.000 0.06 0.24 0.15 1.00 0.95 0.95 0.96
0.5 0.000 0.000 0.000 0.06 0.25 0.26 0.98 0.95 0.95 0.96
0.2 0.000 0.000 0.000 0.07 0.30 0.60 0.50 0.96 0.95 0.94
0.1 0.000 0.000 0.000 0.08 0.41 0.85 0.29 0.96 0.95 0.83
0.05 0.000 0.000 0.000 0.10 0.59 1.16 0.15 0.97 0.94 0.90

60 1 0.000 0.000 0.000 0.07 0.22 0.33 0.90 0.95 0.95 0.96
0.5 0.000 0.000 0.000 0.07 0.22 0.49 0.65 0.95 0.95 0.96
0.2 0.000 0.000 0.000 0.07 0.23 0.92 0.25 0.95 0.95 0.87
0.1 0.001 0.000 0.000 0.08 0.24 1.83 0.06 0.98 0.95 0.00
0.05 0.001 0.000 0.001 0.10 0.29 2.48 0.03 1.00 0.93 0.00

π = 0.005
1 1 0.001 0.000 0.000 0.07 3.13 0.07 0.91 0.94 0.96 0.95

0.5 0.002 0.001 0.000 0.07 4.30 0.07 0.71 0.95 0.95 0.95
0.2 −0.002 0.004 0.000 0.08 6.48 0.07 0.38 0.95 0.87 0.95
0.1 0.002 0.008 0.000 0.09 8.63 0.07 0.20 0.97 0.88 0.94
0.05 −0.001 0.017 0.000 0.11 10.41 0.07 0.10 0.97 0.01 0.94

20 1 0.000 0.000 0.000 0.02 0.71 0.07 1.00 0.95 0.95 0.95
0.5 0.000 0.000 0.000 0.02 1.04 0.08 1.00 0.95 0.95 0.95
0.2 −0.001 0.001 0.000 0.02 1.65 0.11 1.00 0.95 0.96 0.95
0.1 0.000 0.001 0.000 0.02 2.35 0.15 0.98 0.95 0.96 0.96
0.05 0.000 0.001 0.000 0.03 3.31 0.21 0.86 0.97 0.95 0.96

100 1 0.000 0.000 0.000 0.01 0.35 0.09 1.00 0.95 0.95 0.95
0.5 0.000 0.000 0.000 0.01 0.44 0.16 1.00 0.95 0.95 0.96
0.2 0.000 0.000 0.000 0.01 0.69 0.25 0.98 0.95 0.95 0.96
0.1 0.000 0.000 0.000 0.01 0.96 0.36 0.85 0.95 0.95 0.95
0.05 0.000 0.000 0.000 0.01 1.34 0.51 0.61 0.96 0.95 0.93

200 1 0.000 0.000 0.000 0.01 0.27 0.12 1.00 0.95 0.95 0.95
0.5 0.000 0.000 0.000 0.01 0.28 0.26 0.98 0.95 0.95 0.97
0.2 0.000 0.000 0.000 0.01 0.43 0.41 0.76 0.96 0.95 0.93
0.1 0.000 0.000 0.000 0.01 0.59 0.58 0.51 0.96 0.95 0.93
0.05 0.000 0.000 0.000 0.01 0.83 0.81 0.30 0.97 0.95 0.84
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Web Table 2: Selected k-values in the top candidate VGS designs shown in Figure 6.

π Constraint K
5 15 50 150

0.05 fixed n (1, 3, 5) (1, 6, 15) (1, 15, 50) (1, 22, 150)
fixed N (1, 2, 5) (1, 4, 15) (1, 7, 50) (1, 12, 150)

0.005 fixed n (1, 3, 5) (1, 6, 15) (1, 15, 50) (1, 22, 150)
fixed N (1, 2, 5) (1, 4, 15) (1, 7, 50) (1, 12, 150)

6



W
eb

T
ab

le
3:

S
im

u
la
ti
on

re
su
lt
s
fo
r
th
e
V
G
S
d
es
ig
n
w
it
h
ou

t
a
d
il
u
ti
on

eff
ec
t:

em
p
ir
ic
al

b
ia
s
(r
el
at
iv
e
fo
r
π
,
ab

so
lu
te

fo
r
th
e

ot
h
er

p
ar
am

et
er
s)

an
d
st
an

d
ar
d
d
ev
ia
ti
on

(S
D
),
p
ro
p
or
ti
on

of
re
p
li
ca
te

sa
m
p
le
s
in

w
h
ic
h
cl
os
ed
-f
or
m

st
an

d
ar
d
er
ro
rs

ar
e

av
ai
la
b
le

(S
E
A
)
fr
om

th
e
ob

se
rv
ed

in
fo
rm

at
io
n
m
at
ri
x
,
an

d
co
ve
ra
ge

p
ro
b
ab

il
it
y
fo
r
(λ

=
lo
gi
t(
π
),
α
=

lo
gi
t(
S
e)
,β

=
lo
gi
t(
S
p
))

am
on

g
th
e
S
E
A

sa
m
p
le
s,
u
n
d
er

d
iff
er
en
t
co
m
b
in
at
io
n
s
of

π
,
K

an
d
n
.

K
n

B
ia
s

S
D

P
(S
E
A
)

P
(C

ov
er
ag
e|
S
E
A
)

π
λ

α
β

λ
α

β
λ

α
β

λ
α

β

π
=

0.
05

15
0

10
00

−
0.
01

−
0.
01

0.
15

1.
51

0.
07

0.
97

2.
68

0.
99

0.
99

0.
86

0.
95

0.
97

0.
84

50
10
00

0.
00

−
0.
01

1.
00

1.
41

0.
10

2.
19

2.
70

0.
98

0.
98

0.
99

0.
89

0.
94

0.
89

50
00

0.
00

0.
00

0.
40

2.
51

0.
05

1.
44

2.
44

1.
00

0.
94

0.
62

0.
91

0.
97

0.
87

10
00
0

0.
00

0.
00

0.
05

0.
83

0.
04

0.
34

1.
96

1.
00

1.
00

1.
00

0.
95

0.
95

0.
91

15
10
00
0

0.
02

0.
02

1.
15

1.
03

0.
11

2.
16

2.
03

0.
91

0.
92

0.
98

0.
78

0.
88

0.
93

10
00
00

0.
01

0.
01

0.
14

1.
19

0.
05

0.
95

2.
42

0.
90

0.
90

0.
82

0.
92

0.
90

0.
95

5
10
00
00

0.
07

0.
06

−
0.
14

0.
48

0.
16

1.
11

1.
21

0.
78

0.
78

0.
89

0.
94

0.
87

0.
94

π
=

0.
00
5

15
0

50
00

0.
05

0.
04

0.
98

0.
95

0.
13

2.
38

2.
04

0.
98

0.
98

0.
99

0.
88

0.
84

0.
95

10
00
0

0.
03

0.
02

1.
05

0.
58

0.
11

2.
22

1.
45

0.
92

0.
92

0.
96

0.
94

0.
85

0.
95

50
10
00
0

0.
29

0.
20

−
0.
19

0.
45

0.
33

2.
11

1.
26

0.
89

0.
89

0.
99

0.
89

0.
73

0.
96

10
00
00

0.
05

0.
05

−
0.
01

0.
03

0.
12

1.
17

0.
19

0.
82

0.
82

0.
99

0.
94

0.
86

0.
95

15
10
00
00

0.
19

0.
08

−
0.
19

0.
03

0.
34

1.
03

0.
17

0.
57

0.
57

0.
99

0.
92

0.
90

0.
94

5
10
00
00

0.
01

0.
00

−
0.
03

0.
03

0.
06

0.
24

0.
19

0.
33

0.
33

1.
00

1.
00

1.
00

0.
96

7


