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1 Nomenclature

For convenience, we include here a nomenclature of im-
portant terms and symbols used in the main text.

Terms

• AC - Articular Cartilage

• TDIS - Tissue Deformation Imaging Stage

• QPLM - Quantitative Polarized Light Microscopy

• FTIR-I - Fourier Transform Infrared Imaging

• PFG - Patellafemoral Groove

• TP - Tibial Plateau

Symbols

• z - The coordinate describing depth into an AC sam-
ple where z = 0 is the articular surface and increasing
z moves toward the bone.

• |G∗(z)| - The magnitude of the depth-dependent com-
plex shear modulus.

• 〈PI(z)〉 - The transversely averaged depth-dependent
polarization index where 〈PI(z)〉 = 0 corresponds to a
perfectly isotropic distribution of collagen fibers and
〈PI(z)〉 = 1 corresponds to perfectly aligned collagen
fibers.

• 〈φ(z)〉 - The transversely averaged depth-dependent
fiber orientation where 〈φ(z)〉 = 0◦ ≡ 180◦ is perpen-
dicular to the articular surface and 〈φ(z)〉 = 90◦ is
parallel to the articular surface.

• va(z) - The depth-dependent aggrecan wet volume
fraction.

• vc(z) - The depth-dependent collagen wet volume
fraction.

• vf - The fiber volume fraction used in the rigidity
percolation model. Note: This quantity is spatially
homogeneous and should be distinguished from vc(z),
which is used to describe experimental data. In Fig. 6
of the main text, we use vc(z) in place of vf to gener-
ate spatially heterogeneous depth-dependent lattices.

• p - The fraction of occupied bonds in the rigidity per-
colation model.

• `c - The bond length in the rigidity percolation model.
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• α - The stretching modulus of fibers in the rigidity
percolation simulation.

• κ - The bending modulus of fibers in the rigidity per-
colation simulation.

• µ0 - The shear modulus of the reinforcing medium
in the rigidity percolation simulation, which can be
used to calculate the effective modulus experienced
by a 1D fiber undergoing transverse displacements in
the reinforcing medium µ.

2 Articular cartilage structure and
extended comments on the com-
pressive properties

A large body of literature exists on articular cartilage (AC)
biochemistry and biomechanics. Here, we briefly summa-
rize relevant portions of this literature, which though non-
essential for our main arguments, provides a more detailed
background of this field. Much of the content provided
here can be found in a more detailed review[1].

The macroscopic mechanical properties of articular car-
tilage (AC) emerge from an multi-scale structural hierar-
chy with characteristic length scales set by tropocollagen
molecules (length ≈ 300 nm), collagen fibrils (1− 10 µm),
collagen fibers (0.1−1 mm), and bulk tissue (1−10 mm).
The orientation of collagen fibers are known to vary across
the thickness of the tissue and can be broadly categorized
into zones. While the specifics of this organization vary
with animal, age, and location within the joint, the gen-
eral schematic (Fig. 1, main text) is largely conserved.
In addition to the collagen network, there also exists an
interpenetrating proteoglycan network that consists of ag-
grecan molecules linked together through a backbone of
hylauronic acid. This gel-like material carries a net nega-
tive electric charge and attracts water molecules into the
collagen network. In turn, an osmotic pressure, which
at physiological conditions ranges from 0.1 to 0.2 MPa,
is generated that swells the collagen network, placing it
in tension and providing a means to rigidify the other-
wise floppy collagen network. Though the proteogycan
network structure and content vary with age and disease,
its physical interactions with the collagen network can be
both electrostatic and mechanical. In the former, nega-
tive charge groups on the aggrecan interact with positive
charge groups on collagen fibrils providing cohesion with-
out forming covalent bonds. In the latter, there is evidence
of frictional interactions between the collagen and proteo-
glycan networks.

Under externally applied axial tension, the mechanical
properties are dominated by the collagen network, while
under compression, the mechanics are dominated by the
resistance of fluid flow through the porous collagen net-
work. This particular feature is unique because many
polymer systems couple the osmotic and tensile proper-
ties to the same microstructure. Indeed, these compressive
properties of AC are well studied, and have been exam-
ined as function of depth, direction, collagen density, and
fiber orientation[1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14,
15]. Among this work, it has been observed the depth-
dependent confined compression modulus of adult bovine
PFG is a factor of 10 to 20 more compliant near the ar-
ticular surface relative to the deep zone[13]. This point
is important to note, as studies of random elastic net-
works have shown that a vanishing shear modulus, which
arises due to reduced network connectivity, is associated
with a vanishing bulk modulus[16]. Thus, evidence for this
generic prediction of rigidity percolation is already present
in the literature on AC’s compressive properties, provid-
ing further support for the microscopic interpretation of
the depth-dependent shear modulus put forth in the main
text.

3 Experiment Schematics

In this work we employed three different experimental
techniques to quantify mechanical and structural aspects
of articular cartilage (AC) with high spatial resolution. As
described in the main text, confocal elastography was used
to study shear mechanical properties, QPLM was used to
study collagen fiber organization, and FTIR-I was used to
study matrix density. Here, we supplement descriptions of
these techniques provided in the main text with schematic
diagrams (Fig. 1).

4 Additional QPLM data

In the main text, we show the depth-dependent profile of
the polarization index 〈PI(z)〉 and fiber orientation 〈φ(z)〉,
along with error bars indicating ±1 standard deviation
arising from the average along the transverse direction.
To provide a sense of sample-to-sample variation, we show
here the depth-dependent measurements for all 8 sam-
ples (Fig. 2). Generally, we find in the tangential zone
(z < 100 µm) that all samples have a high degree of col-
lagen fiber alignment with 〈PI〉 & 0.5 and 〈φ〉 ≈ 80◦,
indicating the fibers are nearly parallel to the articular
surface. For 100 µm < z < 400 µm, the fiber alignment
is much more random with 〈PI〉 ≈ 0.3 ± 0.1 and the av-
erage orientation 〈φ〉 showing an overall decrease relative
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Figure 1: Schematic diagrams of the experimental meth-
ods used in this study including (A) confocal elastogra-
phy, (B) quantitative polarized light microscopy, and (C)
Fourier transform infrared imaging. Details are provided
in the main text.

Figure 2: Data for every sample’s (A) 〈PI(z)〉 and (B)
〈φ(z)〉 illustrating sample-to-sample variation. The region
where z < 100 µm corresponds to the tangential zone.
Red and blue coloring is coordinated to match Fig. 2 in
the main text.

to the tangential zone. For z > 400 µm, there are no-
table regional differences in 〈PI〉, though all samples show
a tendency to increase to some mid-range value. For the
average fiber orientation in this region, the mean value
tends to be centered on 〈φ〉 ≈ 70◦, however, as shown
in Fig. 3(B) in the main text, the standard deviation of
〈φ〉 in this region is much higher than the region where
z < 100 µm. Thus, when interpreting the mean fiber
orientation, it must be realized that this data does not
necessarily imply that the fibers are all aligned parallel
to the articular surface. Rather, each depth-dependent
measurement of 〈φ〉 must be interpreted in context of the
corresponding measurement of 〈PI〉 to get a per-sample in-
terpretation of how broadly distributed the collagen fiber
orientation is about its mean angle.

In adult articular cartilage, the tangential, mid, and
deep zones are generally identifiable by the mean fiber
orientation (see Fig. 1 in main text). However, in imma-
ture tissue, this pattern of fiber alignment hasn’t fully de-
veloped. Thus, in our samples, we only observe a clear
tangential zone (z < 100 µm), with no clear distinc-
tion between the mid and deep zones. This is consistent
with earlier QPLM studies on immature porcine AC that
observed age-dependent differences in the collagen fiber
architecture[17].
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5 Depth-dependent matrix data

FTIR-I data was used to generate depth-dependent mea-
surements of the collagen vc(z) and aggrecan va(z) matrix
volume fractions. In this analysis, the total AC spectra
for each sample at each depth were decomposed into a lin-
ear combination of pure compound spectra and a baseline.
The AC spectra are fit with the form:

AC spectra = c1×(Pure type II collagen spectra) +
c2×(Pure aggrecan spectra) + [c3×(wavenumber) + c4].

Here, c1 ∝ vc and c2 ∝ va, while c3 and c4 are coefficients
that determine the baseline associated with instrument-
specific deviations and drift. This approach, which is sim-
ilar to a 2 component principle component analysis, mini-
mizes the difference between the left and right hand sides
by varying the 4 coefficients. The best fit values and their
95% confidence intervals are then used to determine ma-
trix volume fractions. Though coarse in many respects,
this approach to FTIR-I data analysis is sufficient for our
purposes. Indeed, there are a variety of methods avail-
able for FTIR-I data analysis, and our results are consis-
tent regardless of what method used (see summary Table
1)[18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 5].

To illustrate that our main conclusion does not depend
on the specific method of FTIR-I data analysis, we per-
form a naively coarse analysis of the absorbance spectra.
While this is not the approach taken in the main text, it
serves as an example of the robustness of the result that
the shear modulus is strongly correlated with the matrix
density. In this approach, we integrate the full IR spec-
tra from 910 to 1726 cm−1 at each depth to determine
the total amount of absorbance in the region of interest.
According to Beer’s law[28], this integrated absorbance
serves as a measure proportional to solid matrix density.
Plotting against the shear modulus in the same manner
discussed in the main text again reveals a strong correla-
tion (Fig. 3(A); R = 0.85, p < 0.01), and shows a 2-fold
variation in matrix density is accompanied by a 100-fold
variation in shear modulus. This method of analysis does
not distinguish between collagen and aggrecan contribu-
tions, nor is it scaled to match experimentally measured
volume fraction values. However, our argument in the
main text that collagen fibers, and not the aggrecan ma-
trix, are the most likely source for AC’s depth-dependent
shear properties remains valid.

As further demonstration of the main FTIR-I result’s
robustness, we use two additional methods of analysis
commonly described in the literature and reproduce the
observed correlations with |G∗(z)|. In the first method,
we integrated the amide I peak from 1598 cm−1 to 1710
cm−1 and the carbohydrate peak between 950 cm−1 to

1150 cm−1 to quantify the collagen and aggrecan content,
respectively (Fig. 3(B,C))[19, 20, 21, 22]. Numerical in-
tegration was performed for each spectrum at each depth
and was scaled to the same bulk-averaged volume frac-
tion as described in the main text. In the second method,
we decomposed the spectra into a sum of Gaussian peaks
centered on 1655 cm−1, 1638 cm−1, 1558 cm−1, 1542
cm−1, 1456 cm−1, 1400 cm−1, 1340 cm−1, 1240 cm−1,
1209 cm−1, 1130 cm−1, 1076 cm−1, and 1036 cm−1. Each
wave number is either known to correlate with a biochem-
ical bond specific to AC matrix content, or to a series
of closely overlapped bonds, which again, have known
correlates[23]. This approach allows adjacent peaks to be
deconvolved and their individual collagen- or aggrecan-
specific contribution to the absorbance quantified. In
particular, the peak centered on 1655 cm−1 and 1036
cm−1 were used to measure collagen and aggrecan con-
tent, respectively (Fig. 3(D,E)). Both the peak integration
method and Gaussian peak decomposition method agree
favorably with the sum of spectra method that was used
in the main text (scaled and reproduced in Fig. 3(F,G) for
direct comparison). In the same vein, we fit each data set
to the functional form |G∗(vc)| ∼ (vc − v0)ξ. We found
for the total integrated absorbance ξ ranged from 4.0 to
4.5, depending on the value of v0. Similarly, for the colla-
gen volume fraction quantified by peak integration ξ was
between 2.1 and 5.9, while the collagen volume fraction
quantified by Gaussian peak decomposition was between
2.1 and 6.1. Thus, all four approaches to FTIR-I data
analysis lead to the conclusion that the exponent char-
acterizing this structure-function relationship are anoma-
lously high when compared to simple continuum materials.

In the analysis presented in the main text, the FTIR-I
aggrecan spectrum acquired from literature was obtained
from measurements of aggrecan extracted from bovine AC
femoral condyles[23]. This spectrum, however, exhibits
qualitative differences from that of purified calf nasal ag-
grecan, which has also been used to analyze cartilage ma-
trix constituents[19]. Here, we perform the same cor-
relation analysis on the FTIR-I data (Fig. 4(A,B)) us-
ing the latter aggrecan spectrum in place of the former
(Fig. 4(C,D)), where again, the spectrum was acquired
from published literature. We find the correlation between
the aggrecan volume fraction va and shear modulus |G∗|
essentially disappears for |G∗| > 0.2 MPa, while the corre-
lation with collagen is largely unchanged for all vc. Indeed,
the power-law fits (Fig. 4(D), lines) are entirely consistent
regardless of which aggrecan spectrum is used. This can
be understood as arising from the relatively small amount
of aggrecan in the matrix, which is typically ≈ 25% of the
overall solid content (Fig. 5(B)), and the general coarse-
ness of decomposing each spectrum into the sum of col-
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Figure 3: Four different methods to analyze FTIR-I data
all produce the same correlation between matrix content
and shear modulus. Plotting same-sample measurements
of the depth-dependent shear modulus against (A) the
total integrated absorbance, (B) the integrated Amide I
peak, (C) the integrated carbohydrate peak, (D) Gaus-
sian decomposition of the Amide I peak, (E) Gaussian de-
composition of the carbohydrate peak, (F) collagen contri-
bution of a 2 component spectral sum, and (G) aggrecan
contribution of a 2 component spectral sum all lead to self-
consistent results. Red and blue coloring is coordinated to
match Fig. 2 in the main text.

Method ξ
Total integrated area 4.0 - 4.5
Peak integration 2.1 - 5.9
Gaussian peak decomposition 2.1 - 6.1
Sum of spectra (Rieppo data[23]) 1.7 - 4.5
Sum of spectra (Camacho data[19]) 2.4 - 4.7

Table 1: Summary of best-fit power law exponent ξ from
FTIR-I analysis for collagen volume fraction data. For en-
try using the total integrated area method, volume frac-
tions represent total solid matrix content, not just collagen
content.

lagen and aggrecan. Thus, we find the data leads to the
same conclusion regarding anomalous scaling between |G∗|
and vc, independent of the aggrecan spectrum’s source.

In the main text only one specific depth-dependent
FTIR-I measurement was shown. Here, we present all
measurements (Fig. 5(A)). One possible source for spatial
variations in matrix volume fraction are artifacts arising
from sample preparation; if tissue samples were sectioned
in a manner that caused spatial variations in thickness,
we would find an enhanced absorbance and consequently
a spatial variation in the matrix concentration. Since the
in-plane sample orientation was random during the sec-
tioning process, all sectioning cuts were made from differ-
ent directions. Thus, we can check for this possible arti-
fact by examining the ratio of va(z)/vc(z) (Fig. 5(B)). For
each sample, we find a consistent depth-dependent profile
where the surface region (z < 200 µm) has an overall in-
crease relative to deeper tissue. This trend can be made
more explicit by normalizing the ratio va(z)/vc(z) by each
contour’s average value for z > 600 µm (Fig. 5(C)). If sec-
tioning artifacts were present, we would expect random
deviations from the overall trend, however, within noise,
we observe a consistent behavior for all samples indicat-
ing variations in tissue thickness do not drive the depth-
dependent variations in va(z) and v(z).

6 Phenomenological fits

From a phenomenological continuum mechanics perspec-
tive, we quantified the relation between matrix concen-
tration and shear modulus by fitting va(z) and vc(z) to
|G∗(z)| with the expressions Aa[va(z)]pa and Ac[vc(z)]

pc .
In Fig. 6 we show an example best fit for sample PFG 1,
as well as the aggregate results for all 8 samples. Consis-
tent with the power-law nature of these expressions and
scatter in the data, the exponents pa and pc were found
to have relatively small 95% confidence intervals, while
the coefficients Aa and Ac did not. Averaging the expo-
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Figure 4: Comparison of shear modulus and matrix vol-
ume fraction correlations when using a purified bovine
nasal aggrecan spectrum instead of a bovine femoral
condyle aggrecan spectrum. (A,B) Correlation plots from
main text Fig. 4 are reproduced for easy comparison.
(C,D) Correlation plots using a bovine nasal aggrecan
spectrum show a lack of correlation with va for |G∗| > 0.2
MPa, and a nearly identical correlation with vc when com-
pared to the numerical values of the fits presented in (B).

Figure 5: (A) We show the depth-dependent aggrecan and
collagen volume fractions va(z) and vc(z) for all 8 samples.
Note the break in the vertical scale. Red and blue coloring
is coordinated to match Fig. 2 in the main text. (B) The
ratio of va(z)/vc(z) is plotted as a function of depth to
investigate the possibility that depth-dependent variations
in matrix volume fraction arise from sample preparation
artifacts. (C) Normalizing each va(z)/vc(z) curve by its
average value for z > 600 µm collapses the curves on to a
single master curve that, within noise, is consistent across
all samples. This indicates sectioning artifacts are not
present in the system.
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Figure 6: (A) Phenomenologically fitting va(z) and vc(z)
to |G∗(z)| via a power law results in reasonable agreement
between the different data sets, as illustrated here with
sample PFG 1. (B) Across all 8 samples, the power law
exponents pa and pc are found to fall within a limited
range, suggesting an anomalously large scaling between
the matrix concentration and shear modulus. Red and
blue coloring is coordinated to match Fig. 2 in the main
text.

nents, we find p̄a = 5.6 ± 0.5 and p̄c = 4.6 ± 0.8, both of
which are anomalously larger than the typical constitutive
relationships used to describe homogeneous media. Note
that this method is distinct from what was described in
the main text where fitting between shear modulus and
collagen volume fraction was performed on all 8 samples
aggregated together, whereas this is on a per-sample basis.

7 Residual analysis of fits

With MATLAB’s standard fitting algorithms there is a
requirement that the fitting function evaluated over the
full domain produces real numbers. However, scatter in
experimental data produces data points at vc lower then
values of v0 that we would reasonably fit for. Conse-
quently, the algorithm evaluates negative numbers raised
to non-integer exponents, causing terminal errors. We ad-
dressed this issue by inverting the fitting function from
|G∗| = A(vc − v0)ξ to vc = v0 + (|G∗|/A)1/ξ. Though
a subtle shift in what is typically a straight-forward pro-
cedure, this step is necessary in order to make use of all

Figure 7: (A) The fitting residual R2 is a measure of how
much data variance can be attributed to a particular func-
tional form. For the scaling function used here, we found
a range of values for v0 gave comparable results. (B)
The critical exponent ξ associated with a given v0 varied
strongly over a factor of 3.

available data and not just the points where vc > v0.

As described in the main text, we found an expression
of the form |G∗| ∼ (vc − v0)ξ had fits of nearly indistin-
guishable quality over a range of v0 from 0.0 to 0.15. In
Fig. 7 we show the full results of the residual analysis. We
find there is a weak maximum at v0 ≈ 0.07 but that given
the context of how weakly R2 varies with vc, this “best
fit” can’t be used to justify the exponent ξ = 3.4 over any
other exponent in the range of 2.4 to 4.5.

8 Loading-condition dependence
of model

Because mechanical response depends on loading condi-
tions, we explored the depth-wise compression and shear
amplitude dependence of the reinforced fiber network. At
0%, 1%, and 7% compression with a fixed 1% shear ampli-
tude, we found a decrease in the modulus with increasing
compression (Fig. 8(A)). This behavior is consistent with
previous experiments[29], and arises from a shear strain
induced relaxation of fiber bending caused by the applied
compression. Applying 1%, 4%, and 7% simple shear with
0% compression, we found G(vf ) is insensitive to shear
amplitude (Fig. 8(B)). This is because the energy den-
sity in the linear elastic approximation scales as the strain
squared, while G(vf ) in the same approximation scales
as the energy density divided by strain squared[30]. Ex-
periments however, show a shear stiffening response as
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Figure 8: To understand the percolating fiber networks
loading-condition dependence, we varied (A) the axial
compression at fixed shear strain, and (B) the shear strain
amplitude at fixed compression. The model exhibits a
compression-induced softening in the shear modulus, but
is independent of the strain amplitude.

the shear amplitude increases[29]. Evidently, higher-order
terms must be included in the energy expression to ac-
count for all the loading condition dependent behavior.
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