Additional file 1

Details of the algebraic derivations of the formulas in the main text

Algebraic derivation of expression (1)

Let K = 2! be the number of possible haplotypes, at locus i, for a sliding window of ¢ markers.

Let ]l{UQTL erea=1} and ]l{uQTchIY%:O} be the following indicator functions:

1 if (¢1, c2) have identical alleles at the QTL
Muorener=1} =
0 else

1 if (¢1, c2) have non-identical alleles at the QTL

]l{“QTchl’Cz :0} -

0 else
We have:
2n  2n
P,z QTL _
dl(M n2 Z Z | 201,62 —UQTL, cl,c2|

c1=1co=1

2n  2n 2n  2n

4n2 Z Z {UQTL c1, 02—1}‘ i,c1,c2 4 An2 Z Z {UQTLcl [‘2_0}’ i,c1,02 ’
c1=1co=1 c1=1co=1

Let Ej, be the set of chromosome segments carrying haplotype hy (p € {1,.., K}) at locus i. We

have:

2n  2n

P,i QTL _
4y (MP M) = S Sy {cleEhp}Z {erBn, L ugrner cp=1}50ercr = 1

c1=1co= lp 1
2n  2n

4n2 Z Z Z {ClEEh Zﬂ{czeth} {uQTLe, c2—0}| i,c1,c2 0]

c1=1ca2=1p=1



where 1 {e1€Bn, } and 1 {c2eBy, } € the indicator functions of the events {c; € Ej,,} and {c2 € Ej,}
K

respectively. Indeed Z 1 {crem,)} and Z 1 {caeiy,} € always equal to one. di (M, M@™) can
p=1 q=1

thus be expressed as:

K K 1 2n  2n
P, QTLY _ - P -

aMPEMO) = S sy Y1 [ L W |
p=1 ¢=1 c1=1co=1 p g
K K 1 2n  2n

+ — 1 IIE
;; 4n? c1z:=1022=:1 {uQTL’CleEhp’CQGthio} it
1 2n  2n
here — 1 = f(c1 € By ,co € Ep_,identical alleles at the QTL) is the
where 2 612:1622:1 {UQTL,cleEhp,CQEthzl} fler hps C2 hy» identical alleles at the Q )

frequency of chromosome segments, at locus 4, carrying h, and h, and having identical alleles at the

QTL. Since {c1 € Ep,} and {cz € Ej,,} are independent events we have:

f(c1 € By, c2 € By, ,identical alleles at the QTL) = pZQZi hqu‘,hpfz',hq

where pf}fi hy is the proportion of identical alleles shared at the QTL by the couples of chromosomes
carrying hy and hg at position i. f;p, and f; p, are the frequencies of haplotypes h, and h, at position
1 respectively.

Similarly we have:

2n  2n
1 . .
P E E l{uQTL’CleEherth :0} = f(e1 € Ep,,c2 € Ep,,non-identical alleles at the QTL)

c1=1co=1

— QTL
=(L=pih 5 ) fiy Fihg

Consequently di(M”, M?7%) can be written as (1), i.e.



K K
P _ P P
di (M™', M9™) = Z Z fihy fihg [ngfihq(l — Sihphg) T (1= P%ﬁ,hq)si,hp,hq (1)
p=1g¢=1

Algebraic derivation of expression (2)

Let (n4,)1<p<k be the counts of the possible haplotypes at a tested position i. And let (np,q,)1<p<i
i<i<2

be the counts of the 2K possible haplotypes defined between i and a QTL. Expression (1) can be re-

written as:

P QTL A Mhy Thg [nhpalnhqal + nhPGthqGZ] P
dy (M7 M) :ZZ — (L = Sih,h,)

o 2n 2n Nh, Ny,

N (nhpnhq — [Phpar Mhgar + nhpaznhqa2]> P
ishpoh
nhpnhq ps'tq

K K
— QTL QTL QTL QTL o P
=> > {i,hpal ihgar T Jishpas i,hq@}(l Sihpihy)
p=1 1

+

q:
(nhpm + nhpa2)(nhqa1 + nhqaz) _ fQTL fQTL _rQTL fQTL P
An2 i,hpar i hgay i,hpasdihgay | Sihp.hg

which simplifies to (2):

K K

P.i QTL _} :} : QTL QTL QTL QTL P

dl(M 7M )_ t,hpa1Ji,hqar + i,hpaz’i,hqaz (1 Siyhp7hq)
p=1g=1

QTL ¢QTL QTL rQTL P
+ [’i,hpag ishgar T Jihpa i,hqag}si,hp,hq] (2)

Algebraic derivation of expression (3)

Let f37" = fin,fay + Ap = ap + Ap and f3" = fin, fay — Ap = G, — Ap. Note that we

i,hpat i,hpas
K K K
have Z Ap = Z( lQth La1 — finpgJar) = far — fa Z fin, = 0. Replacing the haplotype frequencies in
p=1 p=1 p=1



expression (2) with the expressions including the «;, &, and Ap terms (same for the frequencies

depending on the a4, &, and Aq terms) gives:

k
Pii _ P 2
d(M Z’MQTL) — Z _4Si,hp,hpAp + ap —Oép+4$,L hp,hp +Z i|
p=1 q#p
k
+a "‘0‘ t+s zhp,h (- a?, _d;2>+2ap5‘p) +Zapaq + g
q#p

+3 5 ( —AAL A+ 2ap — ap)Aq + 2(Gg — ag) Ap
q#p

— apg — OOy + Qpag + ap@q) ] (*)

Replacing Aq with —Ap Z Ay ( since Z Ap=0 ) in (*) finally gives:
I#p,q

K
di(MP M) = [ (Z Tt = STy )85+ [ o =y + 45T, 1, (@ — )

p=1 q#p
K K
+ 3 (o = g+ T, (430 Art 20y = ) + 26, — ag) ) ) |Ap
q7#p I#p,q
K
+ a?) + df, + thp,hp(_o‘;% — df, + 20,00p) + Z apg + Gply
q#p
K K
+ Z thp,hq (2(0‘17 — ) Z Ay — apog — Gplg + Gpog + apdq) ]
a#p l#p,q
Hence dy (M”* M°™) can be expressed as (3):
' K
dl(MP’Z, MQTL Z [ ( S; hp,hq Z’,th,hp)Ai + \I/Z;J(Al#p,q)Ap + (pfq(Al#p,q) ]
p=1 q7#p

=P (A4, .., Ak) (3)



Algebraic derivation of expression (4)

Expression (4) is obtained directly from expression (3) for thp,hp = 1 and thp,hq = 0 when

P = IBShap.
Algebraic derivation of expressions (5) and (6)

Considering that only two haplotypes exist among the K possible ones is the same as setting
K = 2. Expression (5) can be obtained directly by reducing expression (4) for the case where K = 2.
However another derivation is given here so as to exhibit other properties, such as a lower bound, for

the matrix distance. For K = 2 expression (2) becomes:

P.i QTLY __( £QTL 2 QTL 2 P QTL QTL \2
dl(M M )_( i,h1a1 +fi,h1a2 )_Si,hhhl( i,hiar i,h1a2)

QTL QTL QTL QTL P
+ 2( i,hiay fi,h2a1 + i,h1a2 i,hgag)(l - Si,h1,h2)

+2( QTL (QTL + QTL (QTL )73

i,hlag i,hzal i,h1a1 i,h2a2 Si7h17h2
P QTL _ pQTL 2 QTL 2 QTL 2
- Si,hz,hQ( i,haay i,hgag) + (fi,h2a1 + fi,hgag )

and the frequencies in expression (2) can be written as:

QTL

i,hiay = fiahl fal + Al = 01 + A1

O = fin fay — D1 =1 — Aq

i,h1a2

O = fingfan — A1 = a2 — Aq

i,hoay

QTL
i,hoas

= finofao + A1 =2+ Aq

QTL QTL QTL QTL

i haayJinoay —Finras fihaa with its maximum

Note that A7, in this case, can be expressed as A1 =

QTL

1 1
and minimum value given by 1 and ~1 respectively. The maximum value of Aj is given by iy =



QTL _1 QTL __ pQTL

_ . . . . . QTL _ QTL _

ishoas = 3 and f% 4, = fihpa, = 0, and its minimum value is given by f;5, ° = f;5.. = 0 and
1 .

QTL  _ pQTL  _ : : : P.i QTL : :

ishas = Jihaar = 3 Replacing the haplotype frequencies in dj(M”™', M°"") with the expressions

including the aq, &1, o, s and Ay terms gives:
di (M7, M) = [—dsTy, = 4Ty, py + 8504, n,] A1
+ [43;{?}“7}]41 (dl — Oél) + 4th2,h2 (062 — 6[2) — 4thl7h2 (dl + ag — (041 + dQ))] Al
— 8 (G — on)? = sTy o (a — Go)? + 28], 4, (61 — on)(ag — dg)
2 ~ ~ \2
+ (01 + a2)” + (G2 + &q)
=£7(Ay)

Hence dy (M7, M?™") can be expressed as:

5P(A1> = [_4th1,h1 B 4$Z,Dh2,h2 + 8th1,h2] A12 + \IIPAl + o7 (5)

For the extreme values of A7 we have:

1 1N 11 1
3 <4> =& <4> =57 §th1,h2 - Z(SEhhhl + 5 oy

This quantity can also be obtained simply from expression (2), when K = 2, by replacing iQth Lal,
ZQhT2 La27 ,LQth L@ and fZQhT2 Lal by their corresponding values for the maximum and minimum value of Aj.

1
For A = 1 we have:

. 1\2 1 2 1 1
dy (M”77, M) =<<§> +02> =5 m (5 - 0) +2< 50+ 0.5 )(1 = S hyhz)
11 P o 1\2 9 1\2
+ 2( 00 + 55 )‘Si,hl,hg — Si,hQ,hg (0 - 5) + (0 + (5) )

1 1, 1, P
=5+ 5Sihihe — 7 (Sihhy T Sihahs)
29 4

0



1

1
In the same manner we can show that §P <—4) = 457’ <4

> since the squares and the products of

1 1 1
the frequencies in expression (2) when K = 2 are symmetric. 3 + =sP

P P .
55ihihe ~ 7 (Sihah T Sihahy) 13
1
greater or equal to §th1,h2 since the maximum possible value of thl,hl and 55,127,12 is equal to one.
1 1
Hence if haplotypes hy and hs share allele similarity sfhl n, Will be positive and &P <—4> =¢P (4)

1

. 1
€ [isfhl,hQ’l]' For P = IBSpap, i.e. thl,hl = thz,hg =1 and thhh& = 0, we have ¢F <4> =

1
¢P (4) = 0. Note that for P = IBSp,, &7 (A1) becomes:

£B%hap (A1) = —8A12 +4[(a1 — a1) + (ag — )] Ay — (&1 — 1)? — (a2 — Gg)?

+ (o1 + 042)2 + (G + d1)2 (6)

Thus differentiating £€/B5har with respect to Ay gives:

- tay—ay (2fa; = 1)(1 = 2fin,)
1 4 4

1
The minimum of Aj, which is equal to T is given by either f,, = fin, = 1or fo, = fipn, = 0.
1
Its maximum value, which is equal to T is given by either f,, = 0 and f;,, = 1 or f,;, = 1 and

i = 0. Hence A% takes its minimum and maximum values when both the tested locus and the
sl 1

QTL are monomorphic.

Algebraic derivation of the matrix distance for a multiallelic QTL

For S distinct alleles at the QTL expression (2) generalizes to:

K S

K s S
P,i QTLY __ P QTL QTL P QTL QTL
di (M M ) - Z (1 Sivhp:hq) Z i,hpard i,hqay + Si,hp,hg Z Z t,hpar’ t,hqgam (7)
p=1 q=1 =1 =1 m##l

For P = IBSpap expression (7) becomes:



K s S K S K
IBShap,t QTLY __ QTL pQTL QTL pQTL
d1 (M hap 27 M ) - Z Z Z i,hpar i,hpam + Z Z Z i,hpar ) i,hqay (7)
p=11=1 m#l p=1 I=1 q#p
Let Ap = lQth Lal JinpJay = fl hpar — Ol which is equivalent to f;f; Lal = oy + Ap1. Note that:
K S
QTL _ 2
Do~ 33 e~ FiJa)* = 3D Apl
p=11=1 p=11=1
K K s
Since Z Ap = 0 we have Z Agq = —Ap and Z Apm = —Ap. Replacing the haplotype fre-
p=1 a7#p m#l
quencies in expression (7) with the LD coefficients and the product of frequencies terms, and subse-
K S
quently replacing Z Agq and Z Apm with —Ap, gives:
q#p m#l

K S
d (MIBShapv'L MQTL — ZZ [_ 2A12)1 + (‘P;?Shap,( ) + \IIIBShapz( ))Apl
p=11=1

+ <¢;1?Shapv( ) + q)IBshapi( ))]
_ é-IBShap (Alla A127"" AKS)

As for expression (3) the general behavior of the matrix distance for continuous predictors in [0, 1],
as function of LD coefficients, is unspecifiable for the multiallelic QTL case. Hence we did not express

the matrix distance, here in the multiallelic QTL case, for continuous predictors in [0, 1].



