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Appendix S3: Four classes of functional similarity/differentiation measures

As proved in Appendix S2, our functional beta Hill number ‘D, (Q) (=MD, (Q)) always
takes values between 1 and N (Proposition S2.1 in Appendix S2) and the functional beta diversity
‘FD,(Q) always takes values between 1 and N2. Thus both can be transformed onto [0, 1] to

obtain normalized similarity and differentiation measures among assemblages. The similarity
measures based on ‘D ,(Q) quantify species-overlap from different perspectives, whereas the

similarity measures based on “FD,(Q) quantify distance-overlap from different perspectives. In

most applications, we suggest using the distance-overlap (or similarity) measures and their
corresponding differentiation measures. In the main text, we have briefly introduced the two major
classes of normalized distance-overlap measures; see Table 3 of the main text. Here we provide
more details along with interpretations for all four classes of distance-overlap measures.

(A) Similarity/differentiation measures based on the functional beta diversity (summarized in Table
3 of the main text)

(1) A class of local (functional) distance-overlap measures from the perspective of a pair of
local assemblages

NZ0 - [FD, Q)T *
N2 _1 '

This measure gives the effective average proportion of the species pairwise distances in a pair of
local assemblages that are shared with all other pairs of assemblages.

(C1)

C;N (Q) =

(1la)gq=0

We first give the special case of g = 0 to intuitively explain its properties: since
°FD,(Q)=FAD, and °FD,(Q)=FAD,,, /N?, the measureCy, (Q) reduces to

pair

(FAD,,, —FAD,)/(N* -1)

IN?

pair

FAD

Con(Q) = ) (C2)

pair

where FAD, denotes the sum of pairwise distances in the pooled assemblage, and FADpair is
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the sum of FADs over all possible pairs of assemblages (there are N pairs of assemblages). As
discussed in the text, the measure C,,, (Q) thus quantifies the proportion of repeated distances in

a pair of local assemblages. Its interpretation is conceptually analogous to the classic Sgrensen
similarity index and can be regarded as an extension of the classic Sgrensen index to functional
similarity. It is referred to as “func-Sgrensen” in Table 3 of the main text. For the special case
of N = 2, let the index set ©2; denote the species in Assemblage I, £, denote the species in
Assemblage I, and 2;, denote the shared species (species in both assemblages). Then we can
rewrite Eq. (C2) as

* (zzg Td+2% Y- % ¥ dijj/3
COZ(Q)z 1€l Jelh, 1€£2; Jelr, 1€£2; Jelly,

(Z Zdij+22 X dij+Z > dijJ/4

e je e jeQ, ie, je,

(C3)

In this expression, the denominator is the alpha functional diversity of order 0, which is the
average of FADs over all four assemblage pairs (1, 1), (I, I1), (11, 1) and (1, 11); the numerator is
the average of all repeated distances in the N 2—1= 3 pairs of assemblages (excluding the
assemblage-pair in which a distance is first counted).

(1b)g=1

Letting q in Eq. (C1) tend to 1, we have

log'FD, (Q) - log'FD, (Q)
2log N '

Ch(@Q) = 1- (C4)

We refer to it as the N-assemblage “func-Horn” distance-overlap measure because when all
distances are identical and (z;) represents species relative abundance within each assemblage,
it reduces to the classical Horn measure. [1].

(1c)g=2

The general formula for C,, (Q) shown in Table 3 of the main text is:
S L Zi+z'+ ’
ZdijZI:( NJ j _(zikzjm)Z:I

i km

(N? _1)szij(zikzjm)2

i.j km

. . 7. Z.
Here we give the formula for N = 2 to interpret the measure. Let h,, = =2 % be the product

of relative abundances of species pair (i, j) in the assemblage-pair (I, I), and a similar

. . . . Z., Z; Z, Z: .. Z.

interpretation pertains to the notation h,, = -+ % h, ="2 2 - "2 )2 Then the
++ Z++ Z++ Z++ Z++ Z++

measure C,, (Q) for the special case of N = 2 reduces to
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S
Zdij 2[hllhlZ + h11h21 + h11h22 + h12h21 + h12h22 + h21h22 ]/12
CL(Q)=- 5 : (C5)
zdlj [hllhll + h12 h12 + h21h21 + h22h22]/4

ij

It is called “func-Morisita-Horn” similarity measure because the concept is generally similar to
the classic Morisita-Horn measure [2]. The denominator in Eq. (C5) represents the weighted
(by abundances) average of distances for any two identical pairs of assemblages (there are four
identical pairs, i.e., (I, 1) vs. (1, 1), (I, 1) vs. (1, 1), (11, 1) vs. (11, 1) and (11, 1) vs. (11, 11)).The
numerator in Eq. (C5) represents the weighted (by abundances) average of shared distances for
any two non-identical pairs of assemblages (there are 12 pairs, i.e., (I, I) vs. (I, I1) (same as (I,
I vs. (1, D), (I, D) vs. (I, 1) (same as (11, 1) vs. (I, 1)), ..., (11, 1) vs. (11, 1) (same as (I, I1) vs.
(11, 1).) This interpretation extends the formulation of Chao et al. [2] for the classic
Morisita-Horn measure to its functional version. The difference is that here we consider
“assemblage-pairs” rather than “individual assemblage” as in the classical measure.

(1d) A general order of q=>0

Here the sense of “effective” is similar to that for the abundance-based local overlap measure
Cqn [1,2], but “N assemblages” should be replaced with “N? pairs of assemblages”, and
“species” should be replaced by the unit of “distance”. The meaning of “effective” average

proportion for a value of C;N (Q) = p is described as follows. We can construct a set of N
idealized assemblage-pairs: the total species pairwise distance of the assemblage-pair is

FD, (Q) units of “distance”, with exactly “FD,(Q)x p units of “distance” shared by all of
them, and the remaining units of “distance” of each assemblage-pair not shared by any other
assemblage-pairs. In the pooled assemblage, the gamma functional diversity is “FD, (Q)
units of “distance”. Then the C;N (Q) measure of the actual set of N assemblage-pairs is the

same as that of this set of idealized assemblage-pairs. This gives a simple set of idealized
assemblage-pairs to intuitively understand the interpretation of the measure C;N Q).

(2) A class of regional (functional) distance-overlap measures in the pooled assemblage

[V°FD, (1" - 1/ N)**¥
1-(1/N)2® '

u ;N Q)= (CG)

This measure quantifies the effective proportion of the species pairwise distances in the pooled
assemblage that are shared with all pairs of local assemblages.

(2a)q=0

For the special case of g = 0, the measure U, (Q) reduces to
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(FAD,,, —FAD,)/(N?-1) |
FAD

v

U Q) = (C7)
The interpretation is similar to the measure C, (Q) except that it is normalized by the
gamma FAD. Thus, our index can be regarded as an extension of the Jaccard index to
functional similarity. So this measure U, (Q) is referred to as the N-assemblage
“func-Jaccard” in Table 3 of the main text. For the special case of N = 2, we have

2> 2 dy+2) > dy- > ZduJ/?’

U 8‘2 (Q) = [ e je, i, je, i, ie2,

2 2.4

ieQ je@

, (C8)

Where Q1, £, and Q1, are defined earlier and  denotes the species in the pooled assemblage.
Comparing this expression with C,(Q) in Eq. (C3), we see the numerators of the two

measures are identical, but here it is normalized by FAD, in the denominator (i.e., from a
regional view).

(2b)g=1

Letting q in Eqg. (C6) tend to 1, we obtain the same formula as the N-assemblage local

distance-overlap measure C,, (Q). Thatis, U, (Q)=C,, (Q). Hence the measure U, (Q)
is also called “func-Horn” measure in Table 3 of the main text.

(2c)q=2

The general formula for U, (Q) shown in Table 3 of the main text is:

idij i[(zp}jﬁj _(Zikzjm)zjl

ii  km

S
(1_1/N2)Zdij(zi+zj+)2
i
Here we give the formula for N = 2 to interpret the measure:

s
Zdij 2[h11h12 +hyihyy +hyhy, +hphy, +hyhy, +hyhy, ]/12
Uz (Q)=— s . (C9)
Zdij (ﬁnﬁp)z

i

The numerator is the same as that in Eq. (C5), but here it is from a regional perspective. So it is
referred to as “func-regional-overlap” measure in Table 3 of the main text.

(2d) A general order of q=>0
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Here the sense of “effective” is similar to that for the abundance-based measure Ug [1], but
“N assemblages” should be replaced with “N? pairs of assemblages”, and “species” should be
replaced by the unit of “distance”. The meaning of “effective” proportion for the measure

U (Q) s slightly different from that for the measure C;N (Q). When U, (Q)=u, consider
the following set of N idealized assemblages: in the pooled assemblage, the total species
pairwise distance is *FD, (Q) units of “distance”, with exactly ‘FD,(Q)xu units of
“distance” shared by all N* assemblage-pairs, and the remaining ‘FD, (Q)x(1—u) units of
“distance” evenly distributed in N® assemblage-pairs. In each of the N idealized assemblages,
the functional diversity is “FD,(Q) units of “distance”. Thenthe U, (Q) measure of the
set of actual assemblages is the same as that of this set of idealized assemblage-pairs. Thus, we
can intuitively understand the interpretation of the measure U (Q).

(3) A class of functional distance-homogeneity measures

1/[°FD,(Q)]-1/N?
1-1/N? '

S;N (Q) =

For q =0, it is the N-assemblage “func-Jaccard” measure U, (Q) . For g = 2, this measure is
identical to C,,, (Q), the “func-Morisita-Horn” measure. Thus, we have Sg, (Q) =U,, (Q)
and S, (Q) =C,, (Q). However, for g = 1, this measure does not reduce to the “func-Horn”
measure.

(4) A class of the complement of distance-turnover rate
N*~"FD,(Q)
N2 -1

VqT\l (Q) =

The corresponding differentiation measure [*FD,(Q) —1]/(N 2 1) quantifies
distance-turnover rate per assemblage pair. When g = 0, the measure V,, (Q) is identical to
the “func-Sgrensen” measure. For g = 2, this measure is identical to U, (Q), the

“func-regional-overlap” measure. That is, we have V;, (Q) =C,,(Q) and V,,(Q)=U,,(Q).
However, for q = 1, this measure does not reduce to the “func-Horn” measure.

(B) Similarity/differentiation measures based on the functional beta Hill numbers (Table S3.1)

(1) A class of local (functional) species-overlap measures

N . _[q Dﬂ (Q)]l_q (ClO)
N -1 '

CqN (Q) =

This measure is interpreted as the effective average proportion of the species in an individual
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assemblage that are shared with all other assemblages. The corresponding differentiation measure
1-C,, (Q)quantifies the effective average proportion of the total non-shared species in an

individual assemblage.
(1a)q=0

We first write the formula for the special case of q = 0 to intuitively understand the measure:

N -N(FAD,/FAD,,,)"* (FAD,,)"*-(FAD,)"

. c1u1
N -1 (N -1)(FAD,,,)"*/N (C11)

CON (Q) =

In the special case that all species are equally distinct, we have FAD, = S°xQ and

FAD,,, = (NS)?xQ, where S is the species richness in the pooled assemblage and S is the
average species richness per assemblage. Consequently, the measure C,, (Q)reduces to the
_(NS-3)
NIN-DS
From this view, the measure C,, (Q)is referred to as the “func-Sgrensen (species-overlap)”

measure in Table S3.1. We add “species-overlap” in order to distinguish it from
“func-Sgrensen” (distance-overlap) based on the functional beta diversity in Table 3 of the
main text.

classic measure Con (N-assemblage Sgrensen similarity measure [2,3]), i.e., C

(1b)g=1

For g = 1, we have the following formula:

log['D, (Q)]-log ['D, (Q)]
logN '

ClN (Q) =1-

This measure is referred to as the “func-Horn” measure because C,, (Q)=C,, (Q) and

C., (Q) is called “func-Horn” in Table 3 of the main text. This indicates that for q = 1, the
local distance- and species-overlap measures are identical.

(Ic)g=2
For g = 2, the general formula of C, (Q)can be expressed as

(Zdij(znzp)zj _[Z Zdij(zikzjm)zJ
Con (Q) =~ -

N —1>[z 4, (a2, J

kKm0

This measure is called as the “func-Morisita-Horn (species-overlap)” measure because when
all species are equally distinct and the data (zjx) represents species relative abundance within
each assemblage, it reduces to the classic N-assemblage Morisita-Horn overlap measure [2,3].
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(1d) A general order of >0

The measure C,, (Q)is interpreted as the effective average proportion of the species in an

individual assemblage that are shared with all other assemblages. The interpretation of
“effective” for this measure is a direct extension of the classic measure Cqy discussed in Chao
etal. [2,3] and Chiuetal. [1]. When C, (Q) = p, We can construct a set of N idealized

assemblages: each of the N assemblages has “D, (Q) equally abundant and functionally

equally distinct species (all pairwise distances are identical), with exactly D,(Q)x p species
shared by all of them, and the remaining species of each assemblage not shared by any other
assemblages. In the pooled assemblage, the gamma functional Hill numberis D, (Q). Then

the C,, (Q) measure of the actual set of N assemblages is the same as that of this set of

idealized assemblages. This gives a simple set of idealized assemblages to intuitively
understand the interpretation of the measure C (Q).

(2) A class of regional (functional) species-overlap measures

[1/°D, (Q)I"" - W/ N)™ .

1—(1/ N) (C12)

UqN (Q) =

This class of measures differs from the local functional species-overlap measures by taking a
regional perspective. They give the effective proportion of the species in the pooled assemblage
that are shared with all other assemblages. The corresponding differentiation measure

1-U,, (Q) quantifies the effective proportion of the total non-shared species in the pooled

assemblage.

(22)q=0

For g = 0, the measure reduces to

(FAD,,; / FAD,)"? -1 _ (FAD,,;)"? —(FAD,)"?

U, Q) = pair T N _1)(|:AD7)1’2 (C13)

In the special case that all species are equally distinct, U, (Q) reduces to the classic measure
Uon (N-assemblage Jaccard similarity measure [1]), i.e., U,, = %
the end of this appendix. So the measure U, (Q) is referred to as the N-assemblage

“func-Jaccard (species-overlap)” measure in Table S3.1. We add “species-overlap” in order to
distinguish it from “func-Jaccard” (distance-overlap) measure based on the functional beta
diversity in Table 3 of the main text.

: see Table S3.1 at

(2b) For g = 1, this measure is identical to the N-assemblage “func-Horn” overlap measure
C.y (Q). So this measure has unique feature that both “FD,(Q) and ‘D,(Q) lead to the
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same local and regional overlap measures, i.e.,C;, (Q)=C,, (Q) =U,, (Q)=U, (Q).

(2c) For q = 2, the general formula can be expressed as

12 12
(Zdij (Zi+zj+)2j _(z zdij (Zikzjm)zj

(1-1/ N)[Zdij (Zi+zj+)2J

The numerator is the same as that of the measure C,, (Q), but the denominator is from a
regional view. So it is referred to as “func-regional-overlap (species-overlap)” in Table S3.1.

U2N (Q) =

(2d) A general order of >0

The measure U, (Q)is interpreted as the effective average proportion of the species in the

pooled assemblage that are shared with all other assemblages. The meaning of “effective” for
this class is slightly different from that for C_ (Q).When U (Q)=u, consider the following

set of idealized assemblages: in the pooled assemblage, we have °D (Q) equally abundant
and equally distinct species, with exactly °D,(Q)xu species shared by all N assemblages,
and the remaining ‘D, (Q) x (1—u) species evenly distributed in N assemblages. In each of the

N idealized assemblages, the effective functional Hill number is?D,, (Q) . Then the measure
U, (Q) of the set of actual assemblages is the same as that of this set of idealized

assemblages. This gives a simple set of idealized assemblages to intuitively understand the
interpretation of the measure U (Q).

(3) A class of functional species-homogeneity measures
1/°D,(Q)-1/N
1-1/N
For g = 0, this measure is the “func-Jaccard (species-overlap)” measureU,, (Q). For q = 2, this
measure is identical toC,, (Q), the “func-Morisita-Horn (species-overlap)” similarity measure.

Thus, we have S, (Q)=U,,(Q) and S,,(Q)=C,,(Q). However, for q = 1, this measure
does not reduce to the “func-Horn” overlap measure.

SqN (Q) =

(4) A class of the complement of functional species-turnover rate
N-"D,(Q)
N-1
The corresponding differentiation measure 1-V (Q) is the normalized functional species-
turnover rate per assemblage. When g = 0, the measure is identical to the “func-Sgrensen

VqN (Q) =
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(species-overlap)” measure. For g = 2, this measure is identical to U, (Q), the
“func-regional-overlap (species-overlap)” measure. That is, we have V,, (Q)=C,, (Q) and
V,\ (Q) =U,, (Q). However, for q = 1, this measure does not reduce to the “func-Horn” overlap
measure.
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Table S3.1. Two classes of functional species-overlap (or similarity) measures and their special
cases. The corresponding differentiation measures are the one-complements of the overlap
measures. In the second column, “taxonomic” measures refer to the special case that all species are
equally distinct as in the classic abundance-based measures. (The indices i and j are used to
identify species, i, j =1, 2, ..., S, and the indices k and m are used to identify assemblages, k, m =1,

2,...,N)

Order Measure

Local species-overlap
N D, (Q)]" *
CqN (Q) = Nl,qﬂ_l

Regional species-overlap
[1/°D,(Q)I" - (1/N)"™*
U =
gN (Q) 1_(1/N)1—q

g=0 Functional

Func-Sgrensen (species-overlap)
1/2

Func-Jaccard (species-overlap)

N — N(FADV)“2 /(FADpair) (FADpair)“2 /(FADV)”2 -1
N-1 N-1

Taxonomic Classic Sgrensen Classic Jaccard

N-S /S NS/S-1

N-1 N -1
g=1 Functional Func-Horn
1- log['D, (Q)]-log ['D,, (Q)]
logN
Taxonomic Classic Horn
Hg, . —Hsn, _iZWIOQ[ZRJ
Y v k=1Z,, Z,, : _ HSh,;/ - HSh‘a (|f Z+k :1, Z++:N)

logN

logN

g=2 Functional

Func-Morisita-Horn (species-overlap)

1/2 1/2
(Zdu (Zi+Zj+)2J —[Z 2.d; (zikzjm)zj

km i.j

172
(N —1)[; zdij(zikzjm)zj

Func-regional-overlap (species-overlap)

(Zdij(z”z“)zJ —(Z 2. d; (zikzjm)zJ

om i

1/2
(1_1/N)[zdij(zi+zj+)zj
iJ

Taxonomic

Classic Morisita-Horn

Zs: > (2 z,)?

1— i=1 m>k

- s N
(N-D3 > 7
i=1 k=1
HGs,y - HGs,a

1-—
(1-1/N)1-Hgs,)

(If Z+k :L Z++ = N)

Classic regional-overlap

i Z(Zim - Zik)z

1— i=1 m>k -
S 1
(N-DX 7,
i=1
Hes,y - Hes,a

(ifz, =1z, =N)

++

C(N-D)(1-Hg.,)

Notes:

(1) zi = the abundance of the ith species in the kth assemblage, z,, =

s N
g ik Ly = Zk:l Ziy s and

S N . . - .
z,, = Zizlzkzlzik ; see the main text for details. If z; represents species relative abundance,

then in all formulas we have z. =1, z++ = N.
(2) g=0. FAD,=sum of the pairwise distances between species in the pooled assemblage;

FAD

pair

= sum of FADs over all possible pairs of assemblages (there are N? pairs of

assemblages). S = species richness in the pooled assemblage. S = average species richness per
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assemblage.
(3)g=1. Hg,  ,Hg ,=gammaand alpha Shannon entropy.

(4)q=2. Hgg,, Hgs,=9gamma and alpha Gini-Simpson index.
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