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Appendix S4: Functional beta diversity and functional diversity excess lead to the same
classes of similarity and differentiation measures

As indicated in the main text, we can apply the additive decomposition to the three measures,
‘D(Q) (Eq. 3), "MD(Q) (Eg. 4a) and FD(Q) (Eq. 4b); here the equations numbers refer to those in
the main text. For example, we define the “functional diversity excess” as “FD, (Q) - “FD,(Q) -

This is also an interpretable measure. However, this excess measure cannot be directly applied to
compare the functional similarity or differentiation among assemblages across multiple sets of
assemblages because it depends not only on the number of assemblages, but also on the
corresponding functional alpha (equivalently, gamma) diversity. Following Chao et al. [1] and
Chiu et al. [2], we can readily eliminate these dependences by using an appropriate normalization.
For easy demonstration, we prove the theorem for differentiation measures instead of similarity
measures.

(1) A class of functional distance-differentiation measures from a local perspective: 1- C;N Q)
We first prove the following two inequalities:
0<[*FD, (QI* -[FD,(QI"* <@~ N*"")[*FD,(Q)]"*, q> 1, (D1)
and

0<[*FD,(QI" - ["FD, (QI"* < (N*** -D['FD,(Q)I"*, 0<q<l. (D2)

It follows from “FD,(Q) <N ’IFD,(Q)] (Proposition S2.1 of Appendix S2) that for g >1, we
have ['FD (Q)I"* = N*“?[‘FD,(Q)I"". Then we obtain the inequality (D1). For 0<q<1,
the inequality (D2) also follows directly from the same inequality. Dividing

['FD, (Q)I"° - [*FD,(Q)I"* (forg>1)and [*FD,(Q)I"* - [*FD,(Q)™* (for 0<q<1)by
their respective maximum possible value gives the measure 1— C;N (Q). That is,

["FD, Q)" -["FD,(Q)I"* ['FD,(Q)/*FD,(Q)I" -1 ['FD,(Q)]""~-1
(N 2(1-q) —1)[qFDa (Q)]l—q o N 2(1-q) -1 - N 2(1-q) -1

:1_C;N Q).

Also, for q =1, we have
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i [*FD, (1" - [*FD, QI _ log'FD, (Q) —log'FD, (Q)

qILT} (N 2(1-q) _1)[qFDa (Q)]l—q o 2 Iog N =1- ClN Q).

(2) A class of functional distance-differentiation measures from a regional perspective:

1-Uy, (@)

The inequality in Proposition S2.1 of Appendix S2, *FD,(Q)/N < FD,(Q) < ‘'FD,(Q),
implies  (1/ N*“9)["FD,(Q)I"® <[*FD, (Q)I"* <[*FD,(Q)]"* for 0<q<1.Thus, we
obtain

0<['FD,(Q)I"* ~['FD, (QI* <(@-1/N**"")[*FD,(Q)I"*, 0<q<1;
and
0<[*FD, (QI™* - [*FD, (Q)I"* < W/ N*"¥ -1)[*FD, (Q)I"*, gq>1.

Dividing [*FD, (Q)I"* - ["FD, (Q)I"" (for 0<q<1)and [*FD,(Q)I""-[*FD, (Q)"* (for
g >1) by their respective maximum possible value gives the measure, 1—U;:N (Q). That is,

['FD, (Q)I"° - [*FD, (QI"* _1-[*FD,(Q)/"FD,(Q)I* _1-[U/FD,(Q)I"™
@-U/N*C[FD, QI 1-1/N*9 T 1-1/NT

=1-U, Q)

Moreover, we have

lim [‘FD, (Q)]"* - [*FD, (Q)I"* _ log'FD, (Q) - log'FD,, (Q)
1 (L-1/N2*9)[*FD_ (Q)J" 2log N

:1_UIN Q) =1—CIN Q).

(3) A class of measures of functional distance-heterogeneity: 1-— S;N Q)
As we proved in Appendix S2, ['FD,(Q)]/N < 9FD,(Q) < ‘FD, (Q) . We then have

0< °FD,(Q)]- “FD,(Q) < (1-1/N*)[*FD, (Q)],

which shows the functional diversity excess depends on functional gamma diversity and N.
The normalized measure turns out to be 1-— S;N (Q):

[*FD,(Q) - “FD, (Q)1/ {(1-1/N*)[*FD, (Q)I} =[1-V/FD,(Q)I/(1-1/N*)=1- S (Q).

(4) A class of functional distance-turnover rate: l—V:N Q)
As proved in Appendix S2, we have *FD,(Q) < “FD,(Q) <N ’["FD,, (Q)]. This implies
0<D, (Q)-FD,(Q) <(N*-D['FD,(Q)],

which shows the functional diversity excess depends on the functional alpha diversity and N.
The dependence can be removed in this case by normalization and the resulting measure is

1-Vey (Q):
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['FD, (Q) - “FD, (Q)I/ {(N* ~D)[*FD, (Q)I}=["FD4(Q) ~1/(N* ~1) =1~V (Q).

Thus, the functional diversity excess leads to the same four classes of normalized similarity
measures (C (Q) U, (Q),Vy (Q) and S;, (Q) ) derived from the functional beta diversity.-
Although normalization is not a general cure for problems of dependence on alpha or gamma
functional diversity, all the resulting normalized measures discussed above are in terms of
functional beta diversity only. Thus, dependence on the alpha (or gamma) functional diversity can

be removed in our cases as our functional beta diversity is independent of the functional alpha
diversity and also independent of the functional gamma diversity, based on a similar argument in

[1].
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