Additional File 5: Lemmas and proofs

Morphism lemmas

Definition - Reactant morphism
me (S,R) —» (§ ﬁ) is a CRN reactant morphism iff

VpokmeR 3Irk mglp o% m) =mg(p) >k #

Lemma - Reactant morphism
m € (S,R) - ($,R) is a CRN reactant morphism iff Vr € R m(1¢(r)) = 15 (m(r)).

Proof

let r=p-kn and m(p-*n)=m(p) >k for some #,k. Then m(15¢(p =% 1)) = m(p) =
15t (m(p) = #) = 15t (m(p =% m)). Conversely, Let ¥ =p =% and m(r) = p -F & and m(15¢(r)) =
15¢(m(r)). Then m(1%¢ (r)) = m(1¢(p =% 1)) = m(p) and 1°¢(m(r)) = 15¢(p »* #) = p. Hence m(p) = p

and there exists 7, k such that m(p =¥ ) = p kg = m(p) >k 7,

Definition - Homomorphism
me (S,R) —» (§ ﬁ) is a CRN homomorphism iff

Vp-ormeR mglp >F m) =ms(p) >F ms(m)

Lemma - Homomorphism
Ifme (S,R) —» (ﬁﬁ) is a CRN homomorphism then:

VieS VreR ¢, m(r) = L1y 9(5.7)
Proof
Assume m is a homomorphism. Takeanyr = p >¥* t € Rand § € S then:

(S, m(r))

= ¢(38,m(p) - m(m))

=k - (m(m)s —m(p)s)

=k (Esem1 ) = Bsem-1¢5) ps))
=k- ZsEm_l(s“) (s — ps)

= 2:sern—l(s:) k- (ms — ps)

= 2sEm—l(s“) @(s,p ~* 1)

= 2:sEm—l(s“) @(s,7)



Remark — Weakness of homomorphism lemma

The converse of that lemma is not true. The CRN morphismm(s) =8, m(r) =m(l-s>1:5)=2-§ > 2-8§,
is such that (p(§,m(r)) =0=¢(,r). But m(r) #m(l-s) >m(l-s)=1-§—>1-8, hence m is not a
homomorphism nor a reactant morphism.

Therefore the (weaker) property of homomorphisms derived in this lemma is not sufficient to prove the Mass
Action Lemma (requiring a reactant morphism), and therefore also not the Emulation Theorem. Rather, the Mass
Action Lemma is proven from the reactant morphism definition, which is a consequence of the homomorphism
definition; both imply the reactant morphism property m(15t(r)) = 15¢(m(r)) which is sufficient for the
theorems.

Lemma - Homomorphism and stoichiomorphism
Ifme(S,R) - (f, ﬁ) is a CRN homomorphism and stoichiomorphism then:

Vs €S Vr € R Ziem1misy 96 7) = 9(m(s), M) = Liem-1nary 95, 7)
Proof
Assume m is a homomorphism, then: V§ € § Vr € R @, m(r)) = Zsem—1(§) o(s,1).
Assume m is a stoichiomorphism, then: Vs € S V# € R Zrem_l(f‘) o(s,r) = p(m(s), 7).
Take any s € S and r € R. Consider m(s) € $ and m(r) € R.
By the first assumption ZS'Em—l(m(s)) @($,7) = p(m(s), m(r)).

By the second assumption Zfem—l(m(r» o(s,7) = p(m(s), m(r)).
]



Fiber lemma

Lemma — Fiber lemma for big operators
Let (@, €) be a commutative monoid over a set B. For h € C - B and IS( afinite set, the big-operator notation
@®;c; h(i) is defined inductively on I as follows (where I\¢ = I — {c}):

Dieg h(D) = ¢

Dier h(@) = h(c) & (Bienc h(Q)) withc €l
(Since (@, €) is a commutative monoid, the choice function used does not matter.)
Then, for any finite A and 4,any f € A —» 4, and any g € A x A — B, we have:

@ses Puer1a) 9(a,8) = Baea g(a f(@)
Proof
By induction on the finite size of A. If A = @ and f € A — A then A = @, hence by definition of big-operator:

Baco Pucs1a) 9(@d) =e=Bep g(a,f(a))

If instead there is some d € A4, since £~ partitions 4, then f € (4 — f~1(4)) —» A\d (where f~1(4) can be
empty if f is not surjective, but A need not decrease in size in the induction step). Moreover any g € A X A-
Bisalsoa g € (A— f~1(d)) x A\d — B. We can thus instantiate the universal quantifiers in the statement
with, respectively, A\d, A— f~1(a), f, and g, to obtain an induction hypothesis for the smaller A\d:

Bacivd Pacr1@ 9@ 8) =Buen 14 9(a f(@)
We need to show under the current assumptions, including a € A, that:
Daci Oues1@ 9(@d) =Bea 9(a f(@)
Now, if a € f~1(&) then by definition @ = f(a). Hence (and this holds also if f~1(4) = @):
Buer1a) 9@ d) = D10y 9(a f(@)
Summing those two terms to the two sides of the induction hypothesis yields:

(Bacr1@) 9@ ) © (Pacara Pacs1ay 9(a @)
= (Bucr1a) 9(af(@)) & (Bueasr14 9(af(@))

The left hand side, by definition of big-operator with d € 4, yields:
(@aef—l(a) g(a, d)) ® (Gadeﬁ\d Doer10 9@ a)) =®@aea Daer1@ 9(a, )
The right hand side yields:
(@aef—l(a) g(a,f(a))) @ (@aeA—f—l(a) g(a,f(a))) = ®@gen 9(a.f(@)

Therefore we have the desired conclusion.
|



Composition of morphisms

Proposition: Composition of reactant morphisms

Letm € (S,R) - (S,R) and 70 € ($,R) - (S, R) be reactant morphisms. Then (7 o m) € (S,R) - (5,R) is a

reactant morphisms.

Proof

Take any p =% m € R. Since m and i are reactant morphism we have that 37, k m(p =* ) = m(p) >k # and

3T, k m(m(p) -k &) = m(m(p)) >k 7. Hence Vp >k m € R 37,k (M om)(p =k 1) = (Mom)(p) >F 7,

andso (M om) € (S5,R) » (S=, ﬁ) is a reactant morphism.

Definition - Stoichiomorphisms
m € (S,R) - (S, R) is a CRN stoichiomorphisms iff

VseS VFER Zrem—w) o(s,7) = p(m(s),)

Proposition: Composition of stoichiomorphisms

Letm € (S,R) - (S,R) and 7 € ($,R) - (S, R) be stoichiomorphisms. Then (i o m) € (S,R) - (5,R) is a

stoichiomorphism.
Proof

We have:
VsE€S Vi ER Zrem—w) o(s,r) = p(m(s), ) (Assumption 1)
V3 €S VF €ER Lieq1ry @G, 7) = (M(3),7) (Assumption 2)
We need to show that the stoichiomorphism condition holds for 71 o m:
Vs €S VFER Zicinomy-icry 9(5,7) = @((om)(s),T)
Takeanys €S, 7 € R; we can derive the above equality as follows:

2 cimemy-ie) 9(5,7)
= ZrEm—l(m-l(F)) @(s,7)

= Lien-i(m) Lrem-i) P(S7) (see below)
= Zfeﬁl-l(;) o(m(s), ) Assumption 1
= (p(r?l(m(s)), ?) Assumption 2

= p((Mom)(s),7)
By the Fiber Lemma, VP,P Ym € P - P Vg € P x P - R* we have:

Yier Lrem-1cy 90,7 = Zyep glr,m(r)

Givens € S, 7 € R, take P = m~(F), P = m~!(P), and we have m € P - P.Take g(x,y) = ¢(s, x), then :

Lien1(7) Lrem-1() 9(s,7) = Zrem-1(m-1(r=)) @(s,1)

Which justifies the step above.



Only-if propositions

Lemma - Mass action (if direction) — previously proven.
Let m € (S,R) - (S, R) be a CRN morphism.
If m is a CRN reactant morphism then V& € RS V7 € R [Flpem = [Mm(1)]5-

Lemma - Mass action (only-if direction)
Letm € (S,R) - (S, R) be a CRN morphism.
IfvD € RS Vr € R [rlyem = [m(r)]5, then m is a CRN reactant morphism.

Proof
Assumem € (S,R) — (5, ﬁ) is not a CRN reactant morphism; that means:
Ir=p->kneRm@)=p-*% and p = m(p)
The latter inequality means:
33 €S ps = m(p)s

Take # € R** such that Vs = 2 and U; = 1 forall § # . Then, using the Mass Action Lemma:

[m)]s = [p ~F 7] = 97 = [ie D75 = 27
£ 270 = [ gg 9,70 = 7

= @om)? = [p > Tlpom = [Tloem
We have shown the contrapositive, that 39 € RS 3r € R [Flgem # [Mm()]5-

Remark — Alternate emulation theorems

If m preserves p and k (e.g., if it is a homomorphism) then k - (¥ e m)? = m(k) - ™) where k - v° is what is
normally understood as the instantanous mass action of a reaction. That consequence replaces the Mass Action
Lemma and can be combined with the net stoichiometry condition (1 instead of ¢) to obtain again an emulation
theorem. But that is a more restrictive theorem from a stronger assumption that does nota allow k to vary.

What if m preserves only k - p (where (k- p)(s) = k - ps) ? Then the following CRN satisfies that condition but
is not an emulation: m(s) =§ and m(s —»2%) = 2§ -*, because 2k[s] # k[s]?. Note that this is a

stoichiomorphism but is not a reactant morphism.



Theorem — Emulation (if direction) — previously proven
Letm € (S,R) = (S, R) be a CRN reactant morphism.
If m is a CRN stoichiomorphism, then it is a CNR emulation.

Theorem — Emulation (only-if direction)
Letm € (S,R) » (ﬁﬁ) be a CRN reactant morphism and let R have no two reactions with the same reagents.
If m is a CNR emulation then it is a CRN stoichiomorphism.

Proof
Take any s € S. Since m is an emulation we have V& € RS F(% o m)(s) = F(®)(m(s)), that is:
VD ERS Lrcg 9(5,7)  [Tloem = Lier @(m(s),?) - [F5
As in the proof of the Emulation Theorem (If direction) we obtain from the Fiber Lemma that:
V0 € RE Lieq Lrem-igry 9(5.7) [Flo = Lyer 9(s,7) - [m(M)]s
And since m is a reactant morphism, by the Mass Action Lemma, Yr € R [m(r)]s = [r]pom, hence:

VD E RS Zier Lyem-1r) 9(5,7) [Flo = Zyer 0(5,7) * [Mloem

~

Hence, from the emulation property above, and expanding # = p - #i:

VD ERS X,

F=p-okreR

Yem-iy @G5, 1) 9P =2

F=pokaeR p(m(s), ) - oP

Take any # = p —k # € R: we can choose a D € RS such that B¢ = 0 if p; = 0 and Dy = 1 otherwise, so that
9P = 1 and DP’ = 0 for any p’ # p. Then for that ¥ only the terms with p as reagent are left as non-zero
summands, each of those with 9P = 1, reducing the sums to:

Zr"eﬁ st. 155()=p Zrem_l(f) o(s,m) = Zfeﬁ st. 15t =p P(m(s), )
By assumption, if each {#* € R s.t. 15¢(#) = p} is a singleton, we obtain:
Zrem1y 9(s,m) = p(m(s), #)
Since this holds for any s € S and any # € R, it means that m is a stoichiomorphism.

Remark — Generalization of emulation (only-if) theorem

Under a generalization of CRNs to rational stoichiometric coefficients of reaction products, it is possible to
normalize CRNs (while preserving kinetics) so that no two reactions have the same reagents. The Emulation
(Only-If) Theorem then becomes a full if-and-only-if for such normalized CRNs.



