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Theoretical Results with Detailed Discussions

To investigate the asymptotic properties of B]- (do; hs), we need to characterize points
close to and far from the boundary set 9DY). For a given bandwidth h,, we first define

hs-boundary sets:
DY (h,) ={d € D: B(d; h,) N DD # 0} and DY (h,) = dDY (h,) N Dy. (1)

Thus, 9DV (h,) can be regarded as a band with radius h, covering the boundary set
0DV | while 8D(()j )(hs) contains all grid points within such band. It is easy to show that

for a sequence of bandwidths hg =0 < hy < --- < hg, we have
DY) (hg) = DY) C --- c 9DV (hg) and ODY(ho) C --- C ODY (hs).  (2)

Therefore, for a fixed bandwidth h,, any point d € D belongs to either D\ DY (h,) or
DY (hy). For each dy € D\ 9DV (h,), there exists one and only one D;; such that

B(do,ho) c---C B(do,hs) C ,D;'),l' (3)

For any dy € DY) (h,), it follows from the local patch assumption that B(dg, hs) =
P;(do, hs) U Pj(do, hs)¢ and Pj(do, hs)¢ contains all possible jump points. The per-
formance of MASS strongly depends on K (Dg,(do,d; he—1)/Cr) and the degree of
jumps as f;.(dj) varies in P;j(dy, hs)® relative to 5;.(dg). To have a better understand-
ing of MASS, we examine the behavior of K (Dpg,(do,dy; hs—1)/Cp) as s = 1. Let
Aj(do) = B;(do) — B (do) and A, (do, d)) = B, (do) — B, (d). Tt follows from Theorem
1 that Dg,(do, d; ho)/Cy can be written as

Dy, (do,dj; ho)/C = C'n{A;(do) — Aj(dp) + Bj«(do) — B1u(df) }2/Sn(v/nB;(do))
— 0,({+/108(1 + Np)/Cr + A, (do, )\ /0] Cr}?). ()

~

That is, Dg,(do,dj;ho)/Cy is determined by the size of Aj(dy) — Aj(d)) relative to
Aj(do,dp). If log(1 + Np) = o(Cy), C, = o(n), and lim, o Ky(u) = 0, then
Ko (Dg, (do, dy; ho)/C) converges to 0, when Aj,(do,dy)/n/C, diverges. Therefore,
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if the jump Aj.(do,d}) is an order larger than \/C,,/n, the voxel d) € P;(dy, h,)° has
a small impact on Bj(do; hy). We will show below that the above discussions are also
valid even for s > 1.

Due to the discontinuity of 3;.(dg) in DY (h,), we need a better refinement (or
decomposition) of D according to the value of §;.(dy). Specifically, for each d € D and
dy > 6; > 0, we define a (91, d2)-neighborhood set of 5;.(d) as follows:

1;(d, 01,62) = {d': d' € D, 61 < |B;u(d) — Bj(d')] < 6} (5)

If 1 = 0 and dy = oo, then I;(dg,d1,d2) = D. For dy € DY, since B;.(dp) is a smooth

J

function in D?,, there always exists a sufficiently small bandwidth A > 0 such that

b
B(do, h) C I;(do,0,6) for a given 6 > 0. Particularly, if 8j.(do) is constant in Dg;, then
D3, C I;(do, 0,0) for any ¢ > 0.

To further delineate the structure of P;(do, hs)¢, we introduce a lower threshold and
an upper threshold, which are denoted by d;, and &y, respectively. For any 0 < 7, < dy,
P;(do, hs)¢ is a union of three sets including P;(do, hs)® N 1;(do, 0,0z), Pj(do, hs)® N
I;(do, 1, 6vr), and Pj(do, hs) N I;(do, 817, 00). We consider 6z, = O(y/log(1 + Np)/n) =
o(1) and &y = /C,/nM, = o(1), in which lim,, ., M, = co. For any d, € I;(dy,0,dy)

and dj € 1;(dy, oy, 00), it follows from (4) that

Ky (Dg,(do, djy; hy)/Cr) = K (Op(log(1 + Np)/Ch)) = Kqu(0) > 0,
Kt(Dg,(do, dg; hs)/Cn) = Ko (0y(My)) = Ky(c0) = 0.

n

For any df € I;(d,0r,dy), we have Ky (Dg (do,dg’; hs)/Crn) € [0, Ku(0)]. Generally,
MASS discards almost all information contained in voxels in P;(do, hs)¢ N 1;(do, 6, 00),
whereas it incorporates almost all information contained in voxels in P;(dy, hs)°N;(do, 0, dy,)
and partial information contained in voxels in P;(dy, hs)® N I;(do, 91, dr). For voxels in
P;(do, hs)°N1;(dy, 0,6y ), MASS has difficulty in preventing biases in estimating (;.(dy).

In practice, 6y can be regarded as the sensitivity (or capability) of MASS to respond to
jumps in 9DV,



We first investigate the asymptotic behavior of Bj (do; hs) when f;.(dyg) is piecewise
constant. Let A, (do, dj) = B;.(do)—5;(dj) and BJ*(do, s) = deeB doshs) @;(do, dy; hs) B (din)
be the pseudo-true value of 3;(dy) at scale h, in voxel dg. For all dy € D\ 9DV (hg), we
have B, (do; he) = - - - = B;.(do; ho) = Bj.(dp) due to (3). In contrast, for dg € 9DYD (hyg),
i+ (do, dfy)| be the smallest absolute value

let 'U,(J) (h ) mm(do d}):A ;. (do,d})#£0,d},
of all possible jumps at scale h,. In this case, Bj*(dg; s) may vary from hg to hg. How-

ever, we can show below that A, (do; hs) = Bj.(do; hs) — B (do) = 0,(y/log(1 + Np)/n)

under some mild conditions on h, and u)(h,), which will be detailed below. A remark-
able property of MASS is that hg is not required to converge to zero when u)(hy) is
relatively large and K (t) satisfies certain tail property.

For a fixed S > 0 and piecewise constant f;.(dy), we can establish several important
theoretical results to characterize the asymptotic behavior of B(do; hs). We need to

introduce some additional notation as follows:

wi (do, i hs) = Kioe(lldo — dilo/hs) Kt (0)1(A . (dy, dy) = 0), (6)
wi (do, dj; hs) = Kioe(l|do — dj|[2/hs) Kt (0)1(d € Py(do, hs) U Ii(do, 0,1)),
~ (k)
J

D(do,dp; h) = 0 (do,dpi )/ D Wi (do, dini hy),

deB(do,hs)ﬁ'Do

S0 (Vnfi(do; b)) = €7, 05 €5, > @ (do, di he)@? (do, )y he) Sy (di, ),
d.,,d}, €B(do,hs)NDo
SP0(doh) = el 0x'es, D W (dodushaw” (do, dy h) Sy (d, ).

dpm,d!, €B(do,hs)NDo

Theorem 3. Under assumptions (C1)-(C10) in Section 6 for piecewise constant {5;.(d) :
d € D}, we have the following results for all 0 < s < S:

(i) supgep, [A5:(do; hs)| = 0,(1/1og(L + Np)/n), where Aj.(do; hs) = Bju(do; h) —
BJ*(d())

(i1) 33(do; 1) — Bja(do) = L, eagnnmy & (dos i 1) A ()1 + 0p(1)];

(iii) supayep, [E(v/B:(do: 1)) = 5 (do; hy)| = 0,(1);

() /n{B;(do; hs) — Bj«(do) } converges in distribution to a normal distribution with

: 0
mean zero and variance Eg» )(do; hs) as n — oo.

We now consider a much complex scenario when f;,(dg) is piecewise smooth. In



this case, Bj*(do; hs) may vary from hg to hg for all voxels dy € D regardless whether
dy belongs to DY (h,) or not. In this case, if ;.(dp) is Lipschitz continuous for each
piece, it will be shown below that the bias of Bj*(do; hs) is always at the order of hg for
dy € D\ DY) (hy). However, for dy € DY (hy), only when P;(dy, hs)¢ N 1;(dg, 6z, dp) is
an empty set, we can control the bias of ﬂNj*(do; hs) to be at the order of hg. Therefore,
to control the bias of Bj*(do; hs) across all voxels, hs; must converge to zero. Moreover,
as shown below, we can only establish the asymptotic normality of Bj(do; hs) relative
to Bj*(do; hs), not Bj.(dp). These results differ significantly from those for piecewise
smooth f;.(dg). Generally, for a fixed S > 0, we can establish important theoretical

results to characterize the asymptotic behavior of B(do; hs) as follows.
Theorem 4. Suppose assumptions (C1)-(C9) and (C11) in Section 6 hold for piecewise
continuous {B;.(d) : d € D}. For all 0 < s < S, we have the following results:

(1) 5uDgep, |Aje(do; )| = Op(hs);

(1) 53(d 1) — i (dos 1) = T crmaonymy 5 (4o, i )y )1+ (V)

(i) supa,ep, | (v (do; b)) = 25 (do: h)| = 0,(1).

(iv) v/n{B;(do; hs) — Biu(do; h)} converges in distribution to a normal distribution

with mean zero and variance Eg- )(do; hs) as n — oo.

Theorem 4 characterizes several key features of MASS for a piecewise continuous
function B;.(dg). Theorem 4 (i) quantifies the bias of the pseudo true value §3;.(do; hs)
relative to the true value f3;.(dy) across all dy € Dy for a fixed s. Even for voxels inside
the smooth areas of 3;,(dy), the bias O,(hs) is still much higher than the standard bias at
the rate of h? due to the presence of K (Dg, (do, dfy; hs—1)/Ch). If we set K (u) = 1(u €
[0,1]) and B,.(do) is twice differentiable, then the bias of 3;,(do; k) relative to B;.(do)
may be reduced to be close to O,(h?). Theorem 4 (ii) establishes the asymptotic equiva-
lence between j3;(do; ) — B;x(do; hs) and D dum e B(do,he) Dy W (d dpn; hs)Aj(dy,). Theo-
rem 4 (iii) ensures that X(y/nf;.(do; hs)) is a uniform consistent estimator of 2§-1) (do; hs)
across dg € Dy. Theorem 4 (iv) ensures that \/n {B](do7 o) — B«(do; he)} is asymptoti-
cally normally distributed.

Finally, we delineate the asymptotic variance of Bj(do; hs). For simplicity, we focus on

dy € D\ 9DY)(h,) and do not distinguish the piecewise constant case and the piecewise
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continuous one. Let f(lOC(Hdo—d l|2/h) = Kioe(]|do—d,n H /h)/[zd, € B(dosh)"Do Kioe(||do—
d/ ||2/h)]. It follows from (30) that for £ = 0 and 1, Z (do, /el Qx'e;, equals the
sum of terms (T1) and (T2), which are, respectively, given by

(Tl) = Z f{loc{“do - dm||2/h5)}~(l00(||d0 - d;n||2/h8)2n(dma d;n)
dm7dmeB(d0;h5)ﬂ'D0

= SN Y Kielllde — dol[2/h ), (7)

deB(do;hs)ﬂDO

(TQ) = Z [(loc(HdO - dm||2/hs)226(dm’ dm)

deB(dO;hs)ﬁ'Do

If hy — 0 and Nph2? — oo, it can be shown that (T1) and (T2), respectively,
converge to X,(dg,dp) and 0. Thus, both E (do,hs) and Z;l)(do;hs) converge to
e;{pQ)}lej,pEn (do, dp), which is smaller than the asymptotic variance of the raw estimate
Bj(do). In general, for relatively small h,, MASS leads to smaller standard deviations
for estimating /;(dy).

Proofs

Proof of Theorem 1. The proof of Theorem 1 (i) can be easily proved by using the
standard asymptotic arguments (van der Vaar and Wellner, 1996), so we omit repeating

them here. To prove Theorem 1(ii), we will show

sup [|8(do) — B.(do)llz = O,(n~""*y/log(1 + Np)). (8)

do€Dy

It is easy to show that

B(dy) = Z x22)~ Z x;y;(do) = B,(do) + Ay y(do) + Apne(do)

= Z X2~ Z x;n;(do) + Z Z x;€;(dp). (9)

It follows from the law of the large number and assumption (C3) that n=!Y "  x&?

converges to (2x almost surely. It follows from assumption (C4) that {xn(d) : d € D} is
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a Donsker class and >, x;m;(d)/y/n converges to a Gaussian process with zero mean
and covariance function Qx¥,(d,d’) asn — oo (van der Vaar and Wellner, 1996). Thus,

we have
sup | Z x;n;(d)| = Op<ﬁ>' (10)
It follows from assumptions (C2) and (C3) that

Ct?

AIIE maxayen, (@B,

P(> " ayei(do)| > t) < Cexp(—
i=1

where C'is a generic constant and |||, denotes the Orlicz norm for ¢;(x) = exp(z') — 1.

Then, we can apply Lemma 2.2.10 in van der Vaar and Wellner (1996) to get

| max |Z%€z do)|lly, < C{Vn(l[x]|C)v/1og(1 + Np)}.

Finally, we get

max | ;%ei(do)l = 0,(v/nlog(1 + Np)). (11)

By combining (9)-(11), we can finish the proof of (8).

We define some notation as follows:

Aji(d,d’) = Bj.(d) — B (d'),
[¢(d,(51,(5g):{d/:d’€D,51 < ’AJ*<d,d/>’ <52} for jzl,...,p,
K(d,,,d) = (1,0,0,0){ ZKh —d)z,(dy, — d)*?} LK, (d,, — d)zp(dy, — d),

fi(d) = (1,0,0,0)C ZKh dyp; d){yi(dom) _Xz‘TB(dm)}7

= K (dp, d>ei(dm>, An;(d) = Z K3 (dm, d)[n;(dim) — mi(d)],
dm

Ai(d) = &(d) + Ani(d) + x{ AB(d), AB(d ZKO dy, d)[B,(d) — B(d)],

where d, > 0 and d; > 0 are non-negative scalars. Moreover, Iy, (-) is the sampling
distribution function based on Dy, and II(-) is the distribution function of d. We need

the following lemmas to prove Theorem 2.



Lemma 1. Under Assumptions (C’])—(C”/), we have the following results:

su
deg h3r
= O,((Nph?*)~"? max(3|log h|, loglog Np)'/?), (12)

supn €:(d)x;| = o,( 1/2, 13
g |3 = o) (13

sup n- |Z€Z )An,(d)| = O, (n~?(logn)"/?), (14)
(d,d')eD?

sup n 1’262 &(d)| = O,((Nph*)™' + (logn/n)*/?). (15)
(d,d')eD?

Proof of Lemma 1. Equation (12) follows directly from Theorem 1 of Einmahl and
Mason (2000). It follows from (12) that for large enough Np, there exists a constant
C > 1 such that

D
supn ) &(d)x;| < n V2C sup INGin(d) Y Ki(dy, — d)F,(dn)|,
sup |Z | < 1d£| p 7(d) mZ: n( ) (d)|

where F,(d,,) = n~/? o xi€6(dy,). By following the arguments in Einmahl and

Mason (2000), we can show that
sup ()N Z Kidyy — d)F,(dy)| = Op(Nph*) ™2 log h|'7?) = 0,(1),
€
which yields (13).
By following Lemmas 1-4 of Li and Hsing (2010), we can prove (14) and (15). Let’s
consider (15) as an illustration. We define A,, (d,d") = >"" € (d)€;(d’) and

Afl(d,d) = A‘”(d,d')JrA 2(d, d’)

n,€ee

n

= n N%W @) ZKh K (dy, — d)[ei(dyn)? = Se(dyn, )
=1
+ n! Z N27T d/ Z Kh (dm - d/)Ee(dma dm),
=1
A 2ze(d d/ = nil Z NQ d/ Z Kh (dm’ - d,)ﬁz(dm)ﬁ(dm/)
m;ém
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For large enough Np, there exists a constant C; > 1 such that

sup nt |Anee(d,d)|

(d,d")eD?

Np
< -1 K;(d,, — d)Kx(d,, — (d,,) e (dy
<0 | s 5, Moot

<O sup |AN(d,d)|+ sup [APL(d,d)[}.

n,ee n
(d,d’)eD? (d,d’)eD?

Similar to the arguments in Lemmas 3 and 4 of Li and Hsing (2010), we have

sup  |AR) (d,d’)| = O(y/logn/n) as

(d,d")eD?

Thus, we only need to consider supq gyep2 A,(ll,le(d, d’)|. Similar to the arguments in

Lemmas 1 and 2 of Li and Hsing (2010), we can obtain
sup [ALD (A, d)| = O, (Nph*) M(logm/m) ), sup AL (d,d)] = O,(Nph®) ™),
(d,d’)eD? (d,d’)eD?
which yield (15). This completes the proof of Lemma 1.
Lemma 2. Under Assumptions (C1)-(C7), we have the following results:

Sup 1;ZXTA5 do)e;(do)| = O,(nlog(1 + Np)), (16)
0€Do

qup 173" An(dy)es(do)] = O, (v + 1), (17)
do€Do =1

sup n 1;262 (do)es(do)| = Op(y/ (Nph®)~L + (log n/m)V/2). (18)
doeDy i—1

Proof of Lemma 2. Tt follows from Theorem 1 and the Cauchy-Schwarz inequality that

sup 137 X! AB(da)e(d)] < sup 1713 xies (o) | AB(C) 2 = Oyl log(1+No))
do€Dy i=1 do€Dy i—1
It follows from the Cauchy-Schwarz inequality that

n

sup {n~ ]ZAm (do)ei(do)|}> < sup {n~ ZAm (do)?} sup {n~ Zei(do)Q},

do€eDy do€eDy doeDy

=1 i=1 i=1

~1 2 —1 - 2 -1 2
sup {n €:(do)e;(do) < sup {n €;(dg sup {n €;(dg)“}.
sup | rZ I < sup 7! 3 a0} sup (Y o))
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Let AL (do, d, dl,) = 5,(do, d],)) + 2y (dyn, do) — By(din, dl,)) — 2, (do, do). Based on

assumption (C4), we have

dsug In~ ZAm do)?| < O,(h* +n~Y?) = (19)
0€Do =1

sup{| Y Kp(dm, do)Kf(d,, do) AL (do, dyn, d)y)[ + D [KR(dyn, do) K7(d),, df)| %
d(]d d d/ dm,d»/rn

sup [In7t D () = m(do)lin(d,) = mi(do)] = AL (do, dm )1}

™ Em i=1

Let 3(do) = n~ ' 3201, e;(do)? and A(K.,n, Np) = K, log(2Np)/n + 1/2log(2Np) /n. Tt
follows assumption (C2) and Lemma 14.13 of Buhlmann and van de Geer (2011) that

P(sup |S(do) — Se(do, do)| > 2Kt + 2K.CoV/2t + 2K CA (K., n, Np)) < exp(—nt),

do€Dy (20)
which yields that supgep, 2(d) — Z(dy, dp)| = 0p(1). Combining (19) and (20) yields
(17). Similarly, we can prove (18).

Proof of Theorem 2. We have
0i(d) — ni(d) = Ay(d) = &(d) + Ani(d) +x AB(d). (21)

Therefore, we have

n n

Y adn(d) = Tty A(d)A(d) 0t Z ni(d)A(d’) (22)

i=1 =1
ZA )mi(d’) + an )ni(d’).

This proof of Theorem 2 (i) consists of three steps as follows.

e Show the uniform convergence of n=' "7  n;(d)n;(d’) to X,(d,d’) over (d,d’) €

D? in probability.

e Show that ™' "7 m;(d)A;(d)+n~t D0 Ay(d)n;(d’) converges to zero uniformly
for all (d,d’) € D? in probability.



e Show that n* > | A;(d)A;(d’) converges to zero uniformly for all (d,d’) € D?

in probability.

In the first step, it follows from assumption (C4) that

sup oY [m(d)mi(d) — Sy(d, d)]| = Op(n” ). (23)

(d,d")eD? P

In the second step, we can show that

sup n'| Z Ai(d)ni(d")] = 0,(h* + (logn/n)*? + n~'/log(1 + Np)). (24)
(d,d")eD?

With some simple calculations, we have

ZA Jni(d’) <A Z@ Jni(d’)] +| ZXTA5 ()] + 1) Ani(d)ni(d)]}. (25)
i=1

Thus, it is sufficient to focus on the three terms on the right-hand side of (25). First, it

follows from Lemma 1 that supg gy n~{| Y1, &(d)mi(d’)] = O((log n/n)*/?). Secondly,

since {x7(d) : d € D} is a Donsker class and sup, ||AB(d)||2 = O,(n~'/2/log(1 + Np)),

we have

n! ZXTAB ()] < sup | AB() 1 Zx n(@)l2 = 0,(n"*\/log(1 + No)).
Thirdly, based on the definition of An;(d), we have
n Y Ap(d)n(d) = {Z KP(dy, d)2,(d,,,d) — %,(d,d)} (26)

+ZKh dyn, d)n I{Zm m)i(d') = 5y (dm, ') = mi(d)s(d) + £, (d, )]}

It follows from assumption (C4) that the first term on the right hand side of (26) is
O,(h?) and the second one is O,(n~1/2).
The third step is to show that

sup n 1|ZA = O,((Nph*)™' + (logn/n)*? + h? 4 n " log(1 + Np)). (27)
(d,d’)
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With some calculations, we have

> A(d)A()] < C’lsup[|z ) d'|+|ZeZ )An;(d)]
=1

dd) =

1D E(dxTAB()] + | S an@pTag@ (@

=1

+ | Z Any(d)Any(d)] + Y x] AB@)AB(d)xi]],

i=1
for a positive constant C'. It follows from Lemma 1 that the first three terms on the
right hand side of (28) uniformly converge to zero. We only need to consider the last

three terms on the right hand side of (28) as follows:

n Y An(d)x[AB()] < [|AB(Q)]len 1||§:Am x; |2
i=1

< |[AB(d ||QZ|Kh —d/)lHWIZXﬂ%( m) —1n" mez )2
= Op(n 10g<1+ND))>
1ZA771 JAn(d) = Y K(dm, d)KR(d),, d)n Y [ni(dm) — ni(d)][mi(d),) — n:(d)]

dy,d, i=1

= O,(h*+ n~?),

n! ixf AB(A)AB(d) x; = tr{AB(d)AB(d) 'n™* ix;@ﬂ} = O,(n"'log(1 + Np)).
=1 =1

To prove Theorem 2 (ii), we note that & (d,,) = €;(dym) —x7 [B(dp) —B(dn)] — A (dy,)
holds for all d,,, € Dy. It yields that

~1 - 2 -1 2
sup |n €(d,,) —n e (d,,)?] <
s | ;H H<>|
2 sup nt Ay( ) +2 sup |n~ eidmxiTAdm— d,, 29
Y l+2 s (7t 3 ()T B(d) — B ]| (29

=1
n

+n' sup Y Ay(dn)? + sup [B(dm) — B(dm)]n Y xP2[B(dm) — B(d)].
dm€Do ;2 dn€Do i=1

It follows from Lemma 2 that the first two terms on the right hand side of (29) are at
the order of O,(n"tlog(1 + Np) + VhZ+n-2 + \/(Nph3)~1 + (logn/n)1/2), while it

11



follows from (28) and Theorem 1 that the last two terms on the right hand side of above
inequality converge to zero uniformly for all d,,, € Dy in probability. This completes the
proof of Theorem 2 (ii).

Theorem 2 (iii) directly follows from the same arguments in Lemma 6 of Li and Hsing
(2010). So, we omit the details.

Proof of Theorem 3. For s > 1, we define

2 _d,eB(do, hS)mDO[ (dy, dp; hs) — w;i(do, dpm; Bs)]
D dueB(do.ha)nDy Wi (dos dm; hs)
deeB(do hs)NDo [w;(do, dpm; hy) — OJ (do, d,.;h )]A](dm)

deeB(doyhs)mDo Wi (do, dmm; hs) '

Fi(do, hs) = : (30)

Fy(do, hs) =

For 0 < s < S, we have the following results:

(R.1) Fi(dg, hs) = 0,(1), Fy(dy, hs) = 0,(v/log(1 + Np)/n),

(R2) Aju(do; hs) = Op(1)NphiK(0.5C, 'nut?) (hy)? /S, (vnB;(do; he-1))) = 0p(y/log(1 + Np)/n),
(R.3) B;(do; hs) — By(do) = Fo(do, hs)[1 + 0,(1)] = O,(y/log(1 + Np)/n),
(R.4)

sup S (vnfi(doi b)) — 257 (do; hs)| = 0,(1).

do€Dy

2

4

It follows from Theorem 1 that (R.1)-(R.4) hold for s = 0. For s = 1, we consider
two different cases including (i) dg € D\ DY (hg) and (ii) dy € 9DV (hg). Since
A (dg,dj) =0 for dy € D3, and dj € B(do; h1), Dg,;(do,dy; ho)/C can be written as

Dg,(do,d; ho)/Ce = C'n{B(do) — B(dy) 1 /20 (v/nB;(do)) (31)
= C'n{Aj(do) — Aj(dy)}? /. (vnBi(do)) = O,(log(1 + Np)/C).

Note that O,(1) in above inequality is independent of dy and df,. Therefore, we have
| Kt(Dg, (do, diy; ho)/Cr) — Kt(0)] < Op(1) log(1 + Np)Cyr Y, (32)

which yields
Fi(dg, hs) = O,(1)log(1 + Np)C;, ' = 0,(1). (33)
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It follows from (32) and (33) that

wi(dy, dy; h1) — W' (dy, dy; o)A (dy
Fy(do.hy) = D deB(do ), Wi (do 1) —w; (do )JA;( )[1+F1(d0,h1)]_1

S cBao oy @5 (do, i Fy)
< {log(1 + ND)}3/2/<Cn\/ﬁ)Op(1). (34)

Since Aj*(d07 dg) =0 for dy € ,D?,l N Dy and d6 S B(do, ]’Ll) N Do, we have 3J*<d0, hs) =
Bjx(do) for all s =1,...,5, which yields (R.2). It follows from (32)-(34) that

Bi(do; hi) — Bj.(do) = Fa(do, ha) + Fy(do, hn)[1 + Fi(do, h1)] ™" = Fy(do, h1)[1 + 0,(1)],

(35)
which yields (R.3).

To prove (R.4), we only need some notation as follows:

Ti(hs) = sup > @;(do, dum; s)@5(do, drs ho){Z (din, d7,) = By (s )}
do€Po \ g, 41 €B(do,hs)"Dy

To(h.) = ~ . ~(0) . ~ I !

2( s) = Sup Z {wj(dmdmvhs) _wj (d07dmahs)}wj(dmdmahs)2y<dmadm> )

do€Po \ g, 41 €B(do,hs)"Do

Ty(hs) = sup > {@(do, dyns hy) — @7 (do, dyns )10 (do, A3 1) 2y (i, ) |
do€Do \ g, 4. €B(do,hs)"Dy

A sufficient condition of (R.4) is |T1(h1)| + |T2(h1)| + |T5(h1)| = 0,(1). It follows from
Theorem 1 that T1(h1) < supg,, 4 ep, |f3y(dm,d;n) — X, (dy,d},)| = o0,(1). Moreover,
@;(do, dp; he) — @ (do, di; hs) equals

w;(do, dp; hs) — cu](-o)(do7 d,.; hs)
> dueB(do.na)nm, Wi (dos dims 1)

+ Fy(do, h1)@\” (do, dns By ). (36)

Substituting (36) into T5(h;), we have

D duneB(do.ha) Do ’%('O)(doa dn; hi) — wj(do, dins )|

Ty(hi) < Cif[Fi(do, hi)| +
deEB(do,hl)ﬂDO w] (dO’ dm) h‘l)

b= o0p(1).

Similar to the derivation of T5(hq), we can prove T5(h1) = 0,(1).
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For dy € DY) (hg), we assume dy € 9DV (h;) without loss of generality. It fol-
lows from assumption (C10) that B(do, h;) is the union of B(dy, k1) N {d; : dj €
Do, Aji(do,dj) = 0} and B(do, ki) N {d} : dj € Dy,|Aj.(dg,d}))| > u(hy)}. For
df, € B(dy, hy) N{d{ : dfy € Do, Aj.(do,df)) = 0}, it is easy to see that (32) is true. For
d) € B(dy, h1) N I;(dg, u)(hy), o0), it follows from the inequality 2(a — b)? + 2b% > a?

for any a, b that

C (0.5 (do, dj)? — {A;(do) — A;(d)) /S (vnB;(do))
> [0.5C, 'nu (hy)* - 4C, nsupA(do) ?)/E0(vnB;(do))- (37)

Dy, (do, dg; ho)/Ch

v

Thus, we have
Ko(Dg,(do, g ho) /Ca) < Op(1) Kp(0.5C; 'nu? /5, (Vi (do))),  (38)

which yields that
deeB(dO,hl)nDOij(do,u(ﬂ(hl),oo) Kloc(| |d0 - dm| |2/h1)Kst(D6j (dOa dy; ho)/Cn)
> dmeBdnnm, Kioc(||do — dinll2/h1) Kst(Dg,; (do, dims ho) /Cy)
< 0,(1)K4(0.5C; 'nu (hy)? /S, (v/nf,(do))) x

deeB(do,hl)mj(do,um(hl)?,oo)mpo Kloc(”do - dm| |2/h1)
Kloc(O)Kst(O)

< Op(1)NphiK (0.5, nul? (hy)?/£,(v/nf;(do))). (39)

Therefore, it follows from (38) and (39) that

Fi(dg, hs) = O,(1){log(1+ Np)C;t + Nph3 K. (0.5C 'nau' (hy)?/5, (vnB,(do)))} = 0,(1),

Fy(do, h1) < {log(1+ Np)}*2/(Cr/n)O,(1) +
Op(Nphi Ky (0.5C, 'nul? (hy)? /2, (v/nB;(do))))/log(1 + Np) /n

= op(\/log(1 + Np)/n),

which yield (R.1). Furthermore, it follows from (39) that

[Aju(do; hs)| - < > w;(do, din; s) | Bjs (dm) — Bjs(do)|
deB(do,hl)ﬂ'Doﬂfj(do,\/Cn/nu(j>,oo)
< O0,(1)Nph3 K4 (0.5C 'nu? (hy)? /3, (v/nB;(do))). (41)
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Furthermore, it follows from (32)-(34) that

Bi(doih1) = Bju(doi ha) + Fa(do, h1) + Fo(do, ha)[1 + Fi(dg, 7))~ (42)
= [(do) + Aj*(do; h1) + Fy(do, hy) + Fo(do, hi)[1 + Fi(do, hy)] 7!
= Bju(do) + Fo(do, h1)[1 + 0,(1)] + 0,(+/1og(1 + Np) /n),

which yields (R.3). Similar to the arguments near (36), we can easily prove (R.4) for
dy € 9DV (hg) N D.
Note that (R.2) and (R.3) are the key results used in deriving (31)-(42). Based

n (R.1)-(R.4) for s = 1, we can use the same arguments from (31) to (42) to prove
(R.1)-(R.4) for s = 2. Generally, if (R.1)-(R.4) are true for any s, we can use the same
arguments in (31)-(42) to prove (R.1)-(R.4) for s+ 1. This finishes the proof of Theorem
3.
Proof of Theorem 4. For s > 1, we define

A (d07 ) 5](d07 ) 5]*((:107 )7 AJ*(d07d67 ) ﬁ]*<d07 ) ﬁj*(d67 ) (43>

For 0 < s < S, we want to prove the following results by introduction:

—_

Fi(do, hs) = 0,(1),  Fa(do, hs) = 0,(v/log(1 + Np)/n),

Aje(do; hs) = Lyhg + 61, + Op<1>NDh§Kst<o.5M§/in<ﬁﬂy(do))),
Bj(do; hs) — Bju(do; hs) = Fo(do, hs)[1 + 0,(1)] = O,(y/log(1 + Np)/n),
sup S, (v/nB;(do; he)) — 5 (dos ha)| = 0,(1).

do€eDy

—~~ o~~~
w

J & T

H~ [\
~— ~— " =

It follows from Theorem 1 that (R.1)-(R.4) hold for s = 0. For s = 1, we consider
two different cases including (i) dy € D\ DY) (hg) and (ii) dy € DY) (hg). For dy € D\
DY (hg) and dfy € B(do, hy), it follows from assumption (C9) that Dg,(do, df; ho)/Ch

can be written as
Dg,(do, diy; ho)/Cr = C'n{A;(do) — Aj(df) + Aji(do, dy) }2 /2, (vrB;(do))
< 25,(v/nB;(do)) Hlog(1 + Np)Cy ' + KinC,t|do — dy|[310,(1).
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Therefore, we have

| Kat(Dg,(do, dj; ho)/Cr) — K (0)] < Op(1)E0(vnB(do)) | log(1 + Np)C,* + KynC, ')
= 0,(1)log(1+ Np)C;*. (44)

For dy € 9DV (hg), we assume dy € DY) (h,) without loss of generality. It follows from
assumption (C10b) that B(dy, hy) is the union of Pj(dy, h1), P;(do, h1)°N1;(do,0,0r) and
P;(do, h1)° N I;(dy, 6, 00), and Pj(do, h1)¢ N I;j(do, 0z, 0p) = 0. For dj € Pj(do, hy) U
[P;(do, h1)¢ N 1;(dy,0,0.)], it is easy to see that (44) is true. For djj € B(dg, hy) N
I;(do, 67, 00), by using the same arguments in (34)-(37), we have

22y B(do b)) (do yr.00) Bloe||do = dinll2/ 1) Kt (D, (do, dm; o)/ Cr)
2 dpeBdyin) Kioe(lldo = dil|2/h1) Kt (Dp; (do, dims ho) /Cr)
< Op(V)Nph{Ku(0.5M; /%,(vnf;(d))). (45)

Therefore, similar to (34) and (40), we have

Fi(do,h1) = Op(1){log(1+ Np)Cy' + Nphi Ko (0.5M /%, (v/nf(do)))} = 0,(1),

Fy(do, 1) = op(y/log(1+ Np)/n), (46)

which yield (R.1).
We prove (R.2) as follows. For dy € 9DV (hg) N Dy, it follows from (44) and (45)
that

Aju(doi b))l < | D @(do, dmi 1) [Bye(dm) — By (do)]|
dePj(do,hl)
+ > @;j(do, di; hs)[ By (dim) — Bje(do)]
dim€Pj(do,h1)¢NI;(do,0,0r,)
+ > @;(do, dun; hs)| B+ (dm) — B (o)
dePj (do,hl)cﬁfj(do,(sU,OO)
< Ljhy 4 0p, + Nphd K (0.5M2 /%, (v/nB;(dg))) O,(1). (47)

However, for dy € D\ 9DV (hg), by using Taylor series expansion, we have

|Aj*(d0; h1)| = | Z (Dj(dO: dm; hs)[ﬁj*(dm) - /BJ*(dO)H < Ljhl' (48)
dm€B(d,h1)
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This yields (R.2). Similar to the arguments in Theorem 3, we can easily prove (R.3)
and (R.4) for s = 1. So we omit the details.

For s = 2, we only prove the result (R.1). Dg, (do,dg; h1) can be written as
Dp,(do,dpshn) = n{B5(do; hn) = B;(dp; 1)} /S (v (dos ) (49)
= n{A;(do; h) — A(dps ) + Ay (do. i ) 1/ (VB (do; ).
We first consider the cases with df, € P;(d, hy) for dy € D\ DY) (hg) and djy € B(dy, h»)
for dg € 9DV (hg). It follows from (R.2) and (R.3) that
nCy {A(dos hn) — A;(dh: hn) + A;(do, d; 1)}
< 2nC, A (do; ) = Aj(dys b)Y + 2005 {A (dos ) — Aju(dys ) + Aju(do, d)}?
< Op(1){log(1+ Np)C* +nC (T + h3)},

which yields Fi(do, ha) < O,(1)|log(1l + Np)C,;t + nC, 1 (h3 + Rh3)|.
For djj € P;(dy, h1)° N 1;(dy, Iy, 00), by using the same arguments in (34)-(37), we

have
{B;(do; ) — B;(d; b)Y
> 0.54.(do, dy)” — {Aju(do; n) — Aju(dy; ha) + A (do; ) — Ay (df; 1)}
> 050710, M2 — 2{A;.(do; b)) — Ay (d); b)Y = 2{A;(do; hy) — Aj(dl; ha)}>

> 0.5n'C, M2 — O,(hi +n 'log(1+ Np)).

Thus, we have
D€ P; (do ha)eT, (do 0 00) Ftoc(||do = dil|2/h2) Kt (Dg, (do, dins h1)/Chn)
deeB(do,hg) Kloc(HdO - de2/h2)Kst(0)
< Op(D)Nph3K(0.5M5 /%, (vnBi(do: hn))) (50)

Therefore, by using the similar arguments in (34) and (40), we can get
Fi(do, hs) < Op(1)[log(1+ Np)C,t +nC (A + h3)] (51)
+ Op()Nph3Ka(0.5M; /5, (vn;(do; 1)),

Fy(do,ha) = 0p(\/l0g(1 + Np)/n).
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Generally, if (R.1)-(R.4) are true for any s, we can use the same arguments in (43)-(51)

to prove (R.1)-(R.4) for s + 1. This finishes the proof of Theorem 4.

Simulation Studies

Additional Simulation Results

We present some additional results obtained from the simulation studies in the main
paper. Figure S1 shows some selected results based on Bg(do, ho) and Bg(do; hio) with
N(0,1) distributed data and n = 60 from the 200 simulated data sets. The biases
slightly increase from hg to hyg (Figure S1 (b) and (g)), whereas the root-mean-square
errors (RMSs) and standard deviations (SDs) at hjp are much smaller than those at hg
(Figure S1 (c), (d), (h), and (i)). In addition, the RMSs and their corresponding SDs
are relatively close to each other at all scales for both the normal (Figure S1 (e) and
(j)) and Chi-square distributed data (not shown here). Moreover, SDs in these voxels of
regions of interest (ROIs) with fs(dg) > 0 are larger than SDs in those voxels of ROI
with f5(dg) = 0 (the last column in the lower row of Figure S1), because the interior
of ROI with f£3(dg) = 0 contains more pixels (Figure 3 (c)). Moreover, both the SDs at
steps ho and hig show clear spatial patterns caused by spatial correlations (Figure S1
(d) and (i)). The RMSs also show some evidence of spatial patterns (Figure S1 (c¢) and
(h)). All these results confirm the conclusions that we make based on Table 1 in the
main paper.

We test the hypotheses Hy(dg) : ;(dg) = 0 versus Hy(dy) : 5;(dg) # 0for j =1,2,3
across all dy € Dy using the MASS procedure at scales hg and hyp. The —log,,(p) values
on some selected slices are shown in Figure S2. The values that are greater than 1.3
indicate a significant effect at 5% significance level and a highly significant effect at 1%
significance level if they are greater than 3. The results are consistent with that from
Table 2. In the lower panels of Figure S2 at scale hyg, all the nonzero regions of §;(dy)

are detected as significant at 5% significance level, while most of them are even identified
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as highly significant and the boundaries between different regions are fairly identifiable.
In contrast, in the upper panels of Figure S2, at scale hy, many voxels in ROIs with
Pa(do) # 0 are significant at o = 5% significance level, while the boundaries of ROIs are
blurred.

Local Constant Estimation

As suggested by one of the referees, we compare SVCM with another estimation method,
called local constant estimation (LCE). Specifically, we calculate the least squares es-
timate Bj(do) and then use local constant method based on the Epanechnikov kernel
function, K(u) = 3/4(1 — u?)I(Ju| < 1), to directly smooth the initial estimate image,
which leads to a new estimate, denoted as Bj(do; h), at each voxel. Subsequently, we
use the method in Stage (ITI) of SVCM to compute the standard errors of 3;(do; k) and
construct a Wald type test. We consider small (hy = 1.1), moderate (h,, = 2), and large
bandwidths (h; = 4).

Figure S3 presents the LCE estimates obtained from the three different bandwidths
based on one selected simulated data set. For the small bandwidth, effect ROIs cannot
be clearly detected. As bandwidth increases, the —log,(p) plots in Figure S5 reveal
that the coefficients near the boundaries of all ROIs are easily oversmoothed and the
edges of all ROIs are blurred at moderate and large bandwidths. In addition, Figure S5
shows that false positive rates are high for moderate and large bandwidths, as confirmed
in Table S2. The failure of detecting edges by LCE is also observed from the bias plots
in Figure S4 (panels (b), (g), and (1)). As shown in Figure S4 (panels (e), (j), and (o)),
the ratios of RMS over SD are uniformly greater than 1, which indicates that the SDs
are underestimated.

We repeated the simulation 200 times at the three different bandwidths with N (0, 1)
and x?(3) — 3 distributed data for two different sample sizes (n = 60 and 80) as we did
in the main paper. For the sake of space, we only report the results for 55(dg) in Table

S1. The bias in ROIs with no or weak signals (82(dg) = 0 or 0.2) is positive, whereas
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the bias is negative for ROIs with median or strong signals (82(do) = 0.4, 0.6 or 0.8).
It indicates that weak signals are overestimated, whereas mediate and strong signals are
underestimated mainly due to the burring edges of LCE. Table S1 reveals that the SDs
are underestimated. We also calculated the rejection rates for testing Hy : [52(dg) = 0
in all voxels and include them in Table S2. The effect sizes (or false positive rates) are
much larger than the preselected significant level @ = 5%, and thus the Wald test is
invalid even though it is very powerful for detecting relatively weak signals. Such large
false positive rates may be due to positive bias in ROIs with none or weak signals and

underestimated SDs.

Gaussian Kernel Smoothing

As suggested by one of the referees, we compare SVCM with a standard voxel-wise
method, called Gaussian Kernel Smoothing (GKS) hereafter. The GKS consists of two
steps including a smoothing step to smooth the simulated raw imaging data and an
inference step to calculate the least squares estimate of 3(dy), denoted as Bo(do; h), and
test hypothesis of interest at each voxel. In the smoothing step, we use the Gaussian
kernel smoothing function and consider three different bandwidths including a small
bandwidth (hs = 1.1), a moderate bandwidth (h,, = 2), and a large bandwidth (h; = 4).

Figure S6 presents the GSK estimates obtained from the three different bandwidths
based on one selected simulated data set. Similar to LCE, small bandwidth does not
increase signal detection especially near the boundaries of ROIs (Figure S6 (a)-(c)),
while moderate and large bandwidths oversmooth the coefficient images and blur the
boundaries of ROIs (Figure S6 (d)-(i)). It indicates that GKS is not capable of effectively
estimating functions with potential jumps and edges. Figure S8 shows that the false
positive rates are high for moderate and large bandwidths. See also Table S4. The
bias plots in Figure S7 (panels (b), (g), and (1)) show strong blurred edges. It further
confirms the limitation of GKS in preserving boundaries.

We repeated the simulation 200 times at the three different bandwidths with N (0, 1)
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and x?(3) — 3 distributed data for two different sample sizes (n = 60, 80) as we did in
the main paper. For the sake of space, we only report the results for f5(dy) in Table S3.
Inspecting Table S3 reveals that bias in ROIs with weak signals (52(dg) = 0 or 0.2 is
positive, whereas bias in ROIs with mediate and strong signals (82(dy) = 0.4, 0.6 or 0.8)
are negative. The rejection rate results for testing Hy(do) : f2(dy) = 0 are shown in
Table S4. The effect sizes (false positive rates) are much larger than the preselected

significant level a = 0.05.

ADHD 200

Image Processing

The image processing is performed as follows. First, we do an AC-PC (anterior commis-
sure - posterior commissure) correction on all images using MIPAV software (Medical
Image Processing and software package, 2013), and then resampled the MRI images to
256x256%256. To correct the intensity inhomogeneity, we use N3 algorithm (Sled et al.,
1998). An accurate and robust skull stripping method (Wang et al., 2011) was per-
formed, and the skull stripping results were further manually reviewed to ensure clean
skull and dura removal. After the skull-stripping, we used N3 algorithm again to correct
for intensity inhomogeneity. Then the cerebellum is removed based on registration, in
which we use a manually labeled cerebellum as a template. After intensity inhomogene-
ity correction, we use FAST in FSL (Zhang et al., 2001) to segment the human brain
into three different tissues: grey matter (GM), white matter (WM), and Cerebrospinal
fluid (CSF). We use HAMMER (Shen and Davatzikos, 2002) to do the registration. Af-
ter registration, we get the subject-labeled image based on the Jacob template (Kabani
et al., 1998), which is manually labeled into 93 ROIs. For each of the 93 ROIs in the
labeled image of one subject, we compute the GM /WM /CSF tissue volumes in this ROI
region combining the segmentation result of this subject.

To quantify the local volumetric group differences, we generate the RAVENS maps
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(Goldszal et al., 1998; Davatzikos et al., 2001) for whole brain and for GM, WM and
CSF, respectively, by using the deformation field that we get in registration. RAVENS
methodology is based on a volume-preserving spatial transformation, which ensures that
no volumetric information is lost during the process of spatial normalization, since this
process changes an individual’s brain morphology to conform it to the morphology of
a template. A physical analog is the squeezing of a rubber object, which changes the
density of the rubber, to maintain the same total mass in the object. Regional volumetric
measurements are then performed via the resulting tissue density maps. We also do
automatic subject labeling by transferring the labels of the template after deformable
registration with the subjects. We have 93 ROIs in total. After labeling, we can get the

ROI volumes of all subjects.

Additional Results

We are also interested in assessing the gender and diagnostic interaction. Specifically,
we tested Hy(dg) : Br(dg) = 0 against Hy(dy) : B7(do) # 0 for the genderxdiagnosis
interaction across all voxels. As s increases from 0 to 10, MASS shows an advantage
in smoothing effective signals within relatively homogeneous ROIs, while preserving the
edges of these ROIs (Figure S9 (a)-(b)). Inspecting Figure S9 (c) and (d) reveals that
it is much easy to identify significant ROIs in the — log,,(p) images at scale hyo, which
are much smoother than those at scale hy. Thus, MASS shows a clear advantage in
detecting more significant and smoothed activation regions. Furthermore, as shown in
Figure S10 , the largest estimated eigenvalue is much larger than the rest estimated
eigenvalues, which decrease very slowly to zero, and explains 22% of variation in data
after accounting for x;. This is quite common in neuroimaging data (Caffo et al., 2010).

To formally detect significant ROIs, we used a cluster-form of threshold of 5% with
a minimum voxel clustering value of 50 voxels. We were able to detect 26 and 10
significant clusters for testing Hy(dg) : Bs(dg) = 0 (Figure S11 (a)) and Hy(dp) :
Bz(dg) = 0 (Figure S11 (b)), respectively, across all voxels. Table S5 lists the first
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two largest predefined regions (ROIs) within the first six largest significant blocks for
testing Ho(do) : Bs(do) = 0 and Hy(dy) : Br(do) = 0, respectively, along with their
voxel sizes. Left and right frontal lobe white matter ROIs are the largest ROIs with
significant AgexDiagnosis interaction effect while the first largest ROI with significant
Gender x Diagnosis interaction effect is temporal lobe. We can also observe that size of
the significant blocks for AgexDiagnosis interaction effect becomes much small starting
from the fifth largest block while size of the significant blocks for Genderx Diagnosis

interaction effect becomes much small starting from the third largest block.
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0.05

Figure S1: Simulation results: a selected slice of (a) and (f) B5(do; s); (b) and (g) the
biases of B5(do; hs); (c) and (h) the root-mean-square errors (RMSs) of B3(dy; hs); (d)
and (i) the standard deviation estimates (SDs) of f3(do; hs); and (e) and (f) the ratios
of RMS over SD. Upper panels and lower panels correspond to hg and hg, respectively.
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Figure S2: Simulation results: a selected slice of the —log,,(p) images for testing (a)
and (d) Ho(dp) : f1(do) = 0; (b) and (e) Ho(do) : S2(dg) = 0; and (c) and (f) Ho(dy) :

Ps(dp) = 0. Upper panels and lower panels correspond to hy and hyg, respectively.
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Figure S3: Simulation results from LCE: a selected slide of (a) 81 (do; hs); (b) B2(do; hs);
and (c) B3(dy; hy) with small bandwidth hy; (d) Bi(do; hm); (€) Bo(d; hy); and (f)
Bg(do; hp,) with mediate bandwidth h,,; (g) Bl(do; hy); (h) Bg(do; hy); and (i) Bg(do; hy)
with large bandwidth Ay;
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Figure S4: Simulation results from LCE: a selected slice of (a) , (f) and (k) 85(do; h); (b),
(g) and (1) the biases of B5(do; h); (c), (h) and (m) the root-mean-square errors (RMSs)
of B3(dy; h); (d), (i) and (n) the standard deviation estimates (SDs) of f3(dy; 2); and
(e), (j) and (o) the ratios of RMS over SD. Upper, middle and lower panels correspond
to bandwidths hg, h,, and h;, respectively.
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Figure S5: Simulation results from LCE: a selected slice of the —log,,(p) images for
testing (a), (d) and (g) Ho(do) : B1(do) = 0; (b), (e) and (h) Ho(do) : B2(do) = 0; and
(c), (f) and (i) Ho(do) : B3(dg) = 0. Upper, middle and lower panels correspond to
bandwidths hg, h,, and h;, respectively.
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Figure S6: Simulation results from GKS: a selected slide of (a) 32(dy; hs); (b) 53(do; hs);
and (c) B9(do; hs) with small bandwidth hy; (d) B9(do; hm); (€) B9(do; hu); and (f)
35(do; hn) with mediate bandwidth Ay, (g) 57(do; hu); () 55(do; bu); and (i) 55(do; fu)
with large bandwidth Ay;
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Figure S7: Simulation results from GKS: a selected slice of (a) , (f) and (k) 53(do; h);
(g) and (1) the biases of 8(dg; h); (c), (h) and (m) the root-mean-square errors (RMSs)
of 5(do; h); (d), (i) and (n) the standard deviation estimates (SDs) of 3(do; ); and
(e), (j) and (o) the ratios of RMS over SD. Upper, middle and lower panels correspond

to bandwidths hg, h,, and h;, respectively.
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Figure S8: Simulation results from GKS: a selected slice of the —log,,(p) images for
testing (a), (d) and (g) Ho(do) : S1(do) = 0; (b), (e) and (h) Hy(dy) : B2(dy) = 0; and
(c), (f) and (i) Ho(do) : B3(dg) = 0. Upper, middle and lower panels correspond to
bandwidths hg, h,, and h;, respectively.
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Figure S9: Results from the ADHD 200 data: five selected slices of (a) Br(do; ho), (b)
B7(do; ho), (¢) the —log,,(p) images for testing Ho(dg) : B7(dg) = 0 at scale hg and (d)

at scale hig. Moreover, B7(dp) is associated with the genderxdiagnosis interaction.
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Figure S10: Results from the ADHD 200 data: the first 60 relative eigenvalues of in

(left) and their cumulative variation explained (right).
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Figure S11: Results from the ADHD 200 data: The 26 and 10 significant blocks to test
Hy : Bs(d) = 0 (a) and Hy : B7(d) = 0 (b) overlaid with —log;,(p) values, respec-
tively, on selected slices, where 5g(dy) and (;(dg) are, respectively, associated with the

agexdiagnosis and gender xdiagnosis interactions.
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Table S1: Simulation results from LCE: Average Bias, RMS, SD, and RE of (5(dy)
parameters in the five ROIs at three different bandwidths (hs, h, b;), N(0,1) and x*(3)—
3 distributed data, and 2 different sample sizes (n = 60,80). BIAS denotes the bias of
the mean of estimates; RMS denotes the root-mean-square error; SD denotes the mean
of the standard deviation estimates; RE denotes the ratio of RMS over SD. For each

case, 200 simulated data sets were used.

X2(3) -3 N(0,1)
n = 60 n =80 n = 60 n = 80
B2(do) hs hm hy hs hm h; hs hm hy hs hm hy

0.0 BIAS | 0.01 0.01 0.03 0.01 0.01 003 0.01 0.01 003 001 0.01 0.03
RMS | 0.0r 0.05 0.05 0.06 0.04 0.04 | 0.0r 0.05 0.04 0.06 0.04 0.04

SD 0.05 0.03 0.01 0.05 0.02 001|005 0.03 001 005 0.02 0.01

RE 1.27 185 439 123 174 4.04 | 1.20 1.67 3.82 123 176 4.09

0.2 BIAS | 0.01 0.01 0.02 0.00 0.01 0.02]0.00 0.01 001 000 0.01 0.02
RMS | 0.07r 0.06 0.05 0.06 0.05 0.04 | 0.07r 0.05 0.04 0.06 0.06 0.04

SD 0.0 0.03 0.01 0.05 0.02 001|005 003 001 005 0.02 0.01

RE 1.35 208 528 127 189 466 | 125 184 451 131 199 5.00

0.4 BIAS |-0.01 -0.01 -0.03 0.00 -0.01 -0.02| 0.00 -0.01 -0.02 0.00 -0.01 -0.02
RMS | 0.08 0.06 0.06 0.06 0.05 0.04 | 0.0r 0.05 0.05 0.06 0.05 0.04

SD 0.06 0.03 001 0.05 0.02 001|006 003 001 005 0.02 0.01

RE 1.38 2.15 553 128 193 4.80 | 1.26 188 4.65 133 2.05 5.20

0.6 BIAS |-0.03 -0.06 -0.13 -0.03 -0.06 -0.13|-0.03 -0.06 -0.13 -0.03 -0.06 -0.13
RMS | 0.07 0.06 0.05 0.06 0.04 0.04 | 0.07r 0.05 0.04 006 0.05 0.04

SD 0.05 0.03 0.01 0.05 0.02 001|005 0.03 001 005 0.02 0.01

RE 1.33 204 513 125 182 444 | 123 179 434 129 194 482

0.8 BIAS |-0.04 -0.09 -0.20 -0.04 -0.09 -0.20 | -0.04 -0.09 -0.20 -0.04 -0.09 -0.20
RMS | 0.08 0.06 0.06 0.06 0.05 0.04 | 007 0.06 005 006 005 0.05

SD 0.06 0.03 0.01 0.05 0.02 001|006 003 001 005 0.02 0.01

RE 140 222 573 131 200 5.04 | 128 192 482 135 211 5.39
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Table S2: Simulation Study for Ws(do; k) from LCE: estimates (ES) and standard errors
(SE) of rejection rates for pixels inside the five ROIs were reported at three different
bandwidths (hg, hm, hi), N(0,1) and x?(3) — 3 distributed data, and 2 different sample
sizes (n = 60,80) at o = 5%. For each case, 200 simulated data sets were used.
x2(3) -3 N(0,1)
n = 60 n = 80 n = 60 n =80
Brd)) h | ES SE ES SE | ES SE ES SE
0.0 hs | 0.135 0.078 0.129 0.091 | 0.115 0.076 0.130 0.093
hp | 0.335 0.206 0.317 0.215 | 0.289 0.211 0.312 0.217
h; | 0.688 0.191 0.688 0.198 | 0.658 0.205 0.670 0.203
0.2 hs | 0.883 0.070 0.950 0.045 | 0.892 0.071 0.944 0.047
hm | 0969 0.061 0.989 0.028 | 0.975 0.048 0.986 0.032
h; | 0.992 0.019 0.998 0.009 | 0.994 0.016 0.996 0.012
0.4 hs | 1.000 0.002 1.000 0.001 | 1.000 0.001 1.000 0.000
hp | 1.000 0.002 1.000 0.001 | 1.000 0.001 1.000 0.001
h; | 1.000 0.001 1.000 0.000 | 1.000 0.001 1.000 0.000
0.6 hs | 1.000 0.000 1.000 0.000 | 1.000 0.000 1.000 0.000
hp, | 1.000 0.000 1.000 0.000 | 1.000 0.000 1.000 0.000
h; | 1.000 0.000 1.000 0.000 | 1.000 0.000 1.000 0.000
0.8 hs | 1.000 0.000 1.000 0.000 | 1.000 0.000 1.000 0.000
hp, | 1.000 0.000 1.000 0.000 | 1.000 0.000 1.000 0.000
h; | 1.000 0.000 1.000 0.000 [ 1.000 0.000 1.000 0.000
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Table S3: Simulation results from GKS: Average Bias, RMS, SD, and RE of (5(dy)
parameters in the five ROIs at three different bandwidths (hs, h, b;), N(0,1) and x*(3)—
3 distributed data, and 2 different sample sizes (n = 60,80). BIAS denotes the bias of
the mean of estimates; RMS denotes the root-mean-square error; SD denotes the mean
of the standard deviation estimates; RE denotes the ratio of RMS over SD. For each

case, 200 simulated data sets were used.

X2(3) -3 N(0,1)
n = 60 n =80 n = 60 n = 80
B2(do) hs hm hy hs hm h; hs hm hy hs hm hy

0.0 BIAS | 0.01 0.01 0.03 0.01 0.01 003 0.01 0.01 003 001 0.01 0.03
RMS | 0.0r 0.05 0.05 0.06 0.04 0.04 | 0.0r 0.05 0.04 0.06 0.04 0.04

SD 0.07 0.05 0.04 0.06 0.04 0.04 | 007 0.05 004 006 0.04 0.04

RE 1.03 1.05 106 099 099 0.99 [ 097 095 0.93 1.00 1.00 0.99

0.2 BIAS | 0.01 0.01 0.02 0.00 0.01 0.02]0.00 0.01 001 000 0.01 0.02
RMS | 0.07r 0.06 0.05 0.06 0.05 0.04 | 0.07r 0.05 0.04 0.06 0.06 0.04

SD 0.07 0.06 005 0.06 0.05 0.04 | 007 0.06 005 006 0.05 0.04

RE 1.06 1.07 109 099 098 096 | 097 095 093 102 1.03 1.03

0.4 BIAS |-0.01 -0.01 -0.03 0.00 -0.01 -0.02| 0.00 -0.01 -0.02 0.00 -0.01 -0.02
RMS | 0.08 0.06 0.06 0.06 0.05 0.04 | 0.0r 0.05 0.05 0.06 0.05 0.04

SD 0.07 0.06 005 0.06 0.05 0.04 | 007 0.06 005 006 0.05 0.04

RE 1.056 1.08 1.10 098 097 096 | 0.97 095 0.93 1.02 1.03 1.04

0.6 BIAS |-0.03 -0.06 -0.13 -0.03 -0.06 -0.13|-0.03 -0.06 -0.13 -0.03 -0.06 -0.13
RMS | 0.07 0.06 0.05 0.06 0.04 0.04 | 0.07r 0.05 0.04 006 0.05 0.04

SD 0.07 0.05 0.05 0.06 0.05 0.04 | 007 0.05 005 0.06 0.05 0.04

RE 1.05 1.08 1.10 098 097 095 | 097 095 0.93 1.02 1.03 1.04

0.8 BIAS |-0.04 -0.09 -0.20 -0.04 -0.09 -0.20 | -0.04 -0.09 -0.20 -0.04 -0.09 -0.20
RMS | 0.08 0.06 0.06 0.06 0.05 0.04 | 007 0.06 005 006 005 0.05

SD 0.07 0.06 005 0.06 0.05 005 ]| 007 0.06 005 006 0.05 0.05

RE 1.06 1.08 1.09 098 097 096 | 096 093 092 1.01 1.02 1.03
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Table S4: Simulation Study for Wg(do; h) from GKS: estimates (ES) and standard errors
(SE) of rejection rates for pixels inside the five ROIs were reported at three different
bandwidths (hs, hm, hi), N(0,1) and x?(3) — 3 distributed data, and 2 different sample
sizes (n = 60,80) at o = 5%. For each case, 200 simulated data sets were used.
X2(3) -3 N(0,1)
n =60 n =80 n =60 n =80
Bdy) h | BES SE ES SE | ES SE ES SE
0.0 hs | 0.068 0.050 0.064 0.065 | 0.056 0.051 0.066 0.066
hy | 0118 0.194 0.115 0.218 | 0.100 0.203 0.117 0.216
hy | 0.199 0.276 0.206 0.307 | 0.178 0.292 0.206 0.306
0.2 hs 1 0.783 0.110 0.886 0.085 | 0.785 0.117 0.880 0.085
hmy | 0.872 0.142 0.936 0.109 | 0.879 0.151 0.930 0.108
hy | 0.897 0.157 0.941 0.122 | 0.901 0.168 0.937 0.121
0.4 hs 10.998 0.005 1.000 0.001 | 0.999 0.004 1.000 0.001
hm | 0.998 0.014 1.000 0.005 | 0.999 0.009 1.000 0.004
h; 10995 0.026 0.999 0.010 | 0.997 0.017 0.999 0.009
0.6 hs | 1.000 0.000 1.000 0.000 | 1.000 0.000 1.000 0.000
Ry | 1.000 0.000 1.000 0.000 | 1.000 0.000 1.000 0.000
h; | 1.000 0.000 1.000 0.000 | 1.000 0.000 1.000 0.000
0.8 hs | 1.000 0.000 1.000 0.000 | 1.000 0.000 1.000 0.000
Ry | 1.000 0.000 1.000 0.000 | 1.000 0.000 1.000 0.000
h; | 1.000 0.000 1.000 0.000 | 1.000 0.000 1.000 0.000
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Table S5: Results from the ADHD 200 data: the first two largest significant regions of the
first six largest significant blocks for hypothesis tests Hy : fg(d) = 0 and Hy : 7(d) =0

with block and region voxel sizes. WM, L and R, respectively, represent white matter,

left hemisphere, and right hemisphere. Moreover, Gs(dg) and (7(dy) are, respectively,

associated with the agexdiagnosis (A x D) and genderxdiagnosis (G x D) interactions.

1st largest predefined ROI

2nd largest predefined ROI

block size | ROI label size | ROI label size

AxD 1 3954 | frontal lobe WM L 1567 | frontal lobe WM R 455
2 2065 | frontal lobe WM R 900 | anterior limb of internal capsule R 220
3 1642 | nucleus accumbens L 1019 | frontal lobe WM L 213
4 1143 | parietal lobe WM R 688 | superior parietal lobule R 132
5 282 | frontal lobe WM R 260 | lateral front-orbital gyrus R 22
6 250 | temporal lobe WM L 131 | frontal lobe WM L 35

GxD 1 228 | temporal lobe WM L 184 | middle temporal gyrus L 22
2 216 | frontal lobe WM L 163 | superior frontal gyrus L 33
3 95 temporal lobe WM R 66 lateral occipitotemporal gyrus R 21
4 94 medial frontal gyrus R 44 frontal lobe WM R 24
5 89 frontal lobe WM L 49 globus palladus L 21
6 83 superior occipital gyrus R 71 occipital lobe WM R 7
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