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Theoretical Methods

Defining the Extended Stefan Problem
We consider a giant unilamellar vesicle that placed above a
substrate, forms a contact zone where mobile ligands (ini-
tial density in the vesicle membrane ρ0l ) can bind to immo-
bile receptors (size a and density ρr on the substrate). Each
bond deforms the membrane locally and pulls the membrane
closer to the substrate (figure SI 1), which promotes the for-
mation of a radially growing domain (bond density ρb). The
deformation of the membrane at the rim brings free ligands
in that region closer to the substrate, which then enhances the
probability of binding at the edge of the domain. As the nu-
cleation dynamics is in the current systems much slower than
the spreading dynamics of a domain, only one (at most two)
domains develop within the contact zone. In the model be-
low, we assume that all receptors within a domain are bound,
i. e. ρb = ρr.

The growth of such a domain can be regarded as a variant
of the Stefan diffusion problem. We start by describing the
flux of ligands, which are exploring the vesicle membrane
with diffusion constant D, by the usual diffusion equation

∂ρl(x, t)

∂t
= D

∂2ρl(x, t)

∂x2
. (SI 1)

Here, ρl(x, t) is the time dependent density profile of the lig-
ands around the domain.

We, furthermore, set the number of binding events to be
proportional to the density at the rim and to the association
rate kon, and equal to the diffusive flux at the rim. This im-
plies

konaρl (R(t), t) = D
∂ρl(x, t)

∂x

∣∣∣∣
x=R(t)

, (SI 2)

where R(t) is the radius of the domain. This expression
should be valid as long as the edge of the expanding do-
main does not “move into” the concentration gradient. This
is generally fulfilled because the motion of the rim and the
relaxation of the concentration gradient is set by the diffu-
sion of binders to the rim.

The above choice of the boundary condition is different to
the usual approach where the density of ligands at the rim
of the domain is fixed, as shown previously (refs. (29-31) of

the main text). In the limit of infinite reaction rates, the so-
lutions of our boundary conditions converge to the solution
of the diffusion equation with the fixed boundary conditions.
Furthermore, in the long time limit, the results obtained with
the two approaches are asymptotically identical. However,
using eq. (SI 2) allows us to explain the experimentally ob-
served, short time quadratic regime of growth that precedes
the diffusion limited growth.

The stated equation needs to be coupled to the growth of
the domain, which is proportional to the flux of the ligands
at the rim into the domain and the average distance between
the bonds in the domain 1/ρr (see also refs. (29-31) of the
main text). Therefore

∂R(t)

∂t
=
D

ρr

∂ρl(x, t)

∂x

∣∣∣∣
x=R(t)

with R(0) = R0 ≡ 0.

(SI 3)
Here, we set the initial radius of the domain to zero.

The above presented variation of the Stefan problem can
be solved if the density of ligands is set at t = 0 and at infi-
nite distance from the domain to

ρl(x, t = 0) = ρ0l , (SI 4)

and
lim
x→∞

ρl(x, t) = ρ0l , (SI 5)

respectively.

Solving the Extended Stefan Problem
In order to solve the system of equation given by eqs. (SI 1)-
(SI 5), we convert it to the co-moving frame and introduce
the substitution

y = x−R(t). (SI 6)

In this frame, we obtain the diffusion equation

∂ρl(y, t)

∂t
= D

∂2ρl(y, t)

∂y2
+
∂R(t)

∂t

∂ρl(y, t)

∂y
, (SI 7)

the adapted boundary condition

ρl (0) =
D

kona

∂ρl(y, t)

∂y

∣∣∣∣
y=0

, (SI 8)
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FIGURE SI 1 Sketch of the rim of the adhesion domain. The red
ligands diffuse to the rim where they form bonds with the immo-
bilize receptors increasing the size of the domain. The distance
d between receptors is assumed to be uniform (1/d = ρr).

the moving boundary

∂R(t)

∂t
=
D

ρr

∂ρl(y, t)

∂y

∣∣∣∣
y=0

, (SI 9)

the initial condition

ρl(y, t = 0) = ρ0l , (SI 10)

and the boundary condition at infinity

lim
y→∞

ρl(y, t) = ρ0l . (SI 11)

In the limit of close packing of receptors ρb, the second
term in eq. (SI 7) disappears as the growth of the radius
following eq. (SI 9) vanishes. In this case, the system re-
duces to an absorbing trap without moving boundaries and
the boundary problem can be solved analytically (see for ex-
ample Carslaw and Jaeger, Conduction of Heat in Solids),
following a perturbation ansatz in ρ0l /ρr

ρl(y, t)

ρ0l
=

∞∑
n=0

%nl (y, t)

(
ρ0l
ρr

)n
∂R(t)

∂t
=

∞∑
n=0

∂Rn(t)

∂t
(1− δn,0)

(
ρ0l
ρr

)n
,

(SI 12)

which provides us with a differential equation for every order
of (ρ0l /ρr). The 0th order term of the patch growth vanishes
because, on this level of perturbation theory, the absorbing
boundary is not moving. Here the differential equation for
the concentration profile is

∂%0l (y, t)

∂t
= D

∂2%0l (y, t)

∂y2
, (SI 13)

which is, as expected, the usual diffusion equation.
Even though the concentration of ligands is only correct

to the 0th order, the patch growth is obtained to the 1th order

∂R1(t)

∂t
= D

∂%0l (y, t)

∂y

∣∣∣∣
y=0

. (SI 14)

As suggested in Carslaw and Jaeger, Conduction of Heat
in Solids (page 70ff) for this type of reduced boundary value
problems, the solution for the ligand concentration profile
reads

%0l (y, t)

ρ0l
=erf

(
y

2
√
Dt

)
+

+exp

(
k2ona

2t+ konay

D

)
erfc

(
y + 2konat

2
√
Dt

)
.

(SI 15)

With this result, and with the help of eq. (SI 9), the time
development of the radius of the adhesion domain can be
calculated

R(t) ' ρ0l
ρr

D exp
(
k2ona

2t
D

)
erfc

(
konat√
Dt

)
kona

+
2
√
Dt√
π

 .

(SI 16)
This result is correct to the first order of ρ0l /ρr. The anal-

ysis of this solution indicates that the first term on the right
hand side dominates the short time scales while the second
term, proportional to

√
Dt becomes relevant at the long time

scales. The crossover between time tsw (eq. (1) in the main
text) between the two regimes is determined by comparing
the terms depending on the reaction rate kon (last term in eq.
(SI 15) and the first term in brackets of eq. (SI 16))

tsw =
D

(kona)2
. (SI 17)

The appearance of the two regimes is even more obvious
after performing a Taylor expansion of eq. (SI 16) in

√
t to

the fourth order (i. e. to the second order in t), around t = 0

R(t)

ρ0l
=
R0

ρ0l
+
konat

ρr
−

4
(
k2ona

2

ρr

)
t3/2

3
(√

πD
)

+

(
k3ona

3

ρr

)
t2

2D
+O

(
t5/2

)
,

(SI 18)

The obtained result contains no first order term (
√
t) which

cancels out. Furthermore, it is easy to show the proportion-
ality between the width of the concentration profile (eq. (SI
15)) and

√
Dt, as found in the arguments of the error func-

tion and the complementary error function. In other words,
there is no stationary solution with a constant concentration
profile. Instead, the solution of the extended Stefan prob-
lem has a constantly growing depletion zone. However, in
the early stages of the domain growth, the depletion zone is
not free of ligands, and its depth develops on a time scale of
D/(kona)

2 (top panel in Fig. SI 2). Actually, only in the limit
of an infinite effective binding rate, the ligand concentration
around the adhesion domain would be zero from t = 0.

To summarize, we define two regimes for the growth be-
havior of the adhesion domain with the crossover at tsw (lower
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FIGURE SI 2 Top: Concentration profile as a function of the
distance from the edge of the domain (set at y = 0) (SI 15). All
parameters (D, k and a) were set to unity. Due to the finite re-
action rate and uniform density of ligands prior to the formation
of the domain, it takes some time before the concentration of
ligands drops to zero at the edge of the adhesion domain. From
this point, the concentration profile grows with 2

√
Dt. Bottom:

Theoretical growth curve for the adhered area (blue curve) and
the initial quadratic curve (red curve). The length of the reac-
tion limited regime depends on the initial ligand and receptor
concentration as well as on the effective binding rate.

panel in Fig. SI 2). In the short time regime, the diffusion of
ligands does not affect the growth because the surrounding
of the adhesion domain is not yet depleted of binders and the
growth is limited by the reaction kinetics. This is confirmed
by eq. (SI 18), where the lowest order

√
t disappears and

the growth of the radius is linear (area is quadratic) for short
times, i. e. reaction limited. From the first order term of eq.
(SI 17), we derive the time development of the adhered area
(eq. (2) from the main text),

A(t) = π

(
ρ0l
ρr

)2

kon
2a2t2. (SI 19)

The asymptotic long time regime is only determined by
the diffusion of ligands to the adhesion domain (i. e. it is dif-
fusion limited). This also means that the first term of eq. (SI
16), which depends on the effective reaction rate kon, can be
neglected compared to the last, rate-independent term. This
leads to a growth of the radius that is proportional to

√
Dt

(the domain area proportional in time) in the long time limit.
It should be noted that eq. (SI 19) also emerges from the

consideration of the reaction limited dynamics, and conse-
quently can be used also when ρ0l /ρr > 1, which is beyond
the above presented perturbative scheme.

The reaction limited regime and the saturation time

We assume that the concentration of ligands is constant out-
side the adhered area and the number of reactions is propor-
tional to the concentration at the rim of the adhered area and
the reaction rate. Under those assumptions, the growth pro-
cess can be described by

∂Nb(t)

∂t
= konCpatch(t)a

(
Nt −Nb(t)

AV

)
, (SI 20)

whereNb(t) is the number of bonds within the adhered area,
Nt is the number of ligands at the beginning of the growth
phase on the vesicle surface (i. e. Nt = 4πr2V ρ

0
l ), Cpatch(t)

the circumference of the domain and AV the surface of the
vesicle. We transform equation (SI 20) by the relation

Nb(t) = ρb
Cpatch(t)

2

2π
(SI 21)

to

∂Nb(t)

∂t
= 2kon

√
πNb(t)

ρb
a

(
Nt −Nb(t)

AV

)
, (SI 22)

which, now, only depends on the number of domain particles
Nb(t). This differential equation can be solved easily

Nb(t) = Nt tanh
2

(
kona
√
πNtt

AV
√
ρb

)
. (SI 23)

The solution has a quadratic onset of the growth curve which
then saturates due to the finite size vesicle, even if the diffu-
sion constant was infinite. Actually, the Taylor expansion to
the second order in t yields an expression identical to the one
shown in eq. (2) of the main text (i.e. eq. (SI 19)) (if the sur-
face area AV and the number of ligands Nt is replaced by
ρ0l = AV/Nt).

From the full solution given by eq. (SI 23), we can read
the typical saturation time

tsat =
AV
√
ρb

kona
√
πNt

=
2rV
kona

√
ρb
ρ0l

. (SI 24)

This time tells when the concentration of free binders drops
considerably on the vesicle surface if the diffusion is very
fast and, thus, gives the lower bound of the time at which the
growth will be affected by the finiteness of the system.

Experimental Methods

Sample preparation
GUVs (Giant unilamellar vesicle), carrying appropriate lig-
ands, were prepared by electroswelling. Their interaction with
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a specially prepared substrate exhibiting the corresponding
receptor was monitored by micro-interferometric (RICM)
imaging. The preparation process for each ligand-receptor
pair is presented below:

For the biotin-neutravidin pair, GUVs consisting of
SOPC (1-stearoyl-2-oleoyl-sn-glycero-3-phospho-choline)
supplemented with 2 mol% DOPE-PEG 2000 (1,2-dioleoyl-
sn-glycero-3-phospho-ethanolamine-N-(methoxy(polyethyl-
eneglycol)-2000)) and varying amounts of DOPE-cap-biotin
(1,2-dio leoyl-sn-glycero-3-phosphoethanolamine-N-(cap bi-
otinyl)) were prepared in 230 mOsm/L sucrose solution via
electroswelling. For micro-interferometry imaging, they were
transferred to the observation chamber filled with 300 mOsm/L
PBS. The bottom glass slide of the observation chamber had
been coated with a supported lipid bilayer (bottom layer:
pure SOPC, top layer: SOPC / 2 mol% DOPE-PEG 2000
/ 5 mol% DOPE-cap-biotin) following the Langmuir Blod-
gett -Langmuir Schäfer technique and functionalized with
neutravidin. It should be noted that although the neutravidin
receptors were coupled to a fluid lipid bilayer, the receptors
were effectively immobile due to crowding effects (Fenz et
al., Langmuir, 25:1074-1085 (2009)). The biotins covered an
area of around 0.5 nm2. Further details can be found in ref.
(23) of the main text.

For sialyl-Lewisx binding to E-selectin, the vesicles were
prepared from an equimolar mixture of DMPC (1,2-dimyris-
toyl-sn-glycero-3-phosphocholine), cholesterol and 15 mol%
of sialyl-Lewisx-glyco-sphingolipids (C. Gege, S. Oscarson,
and R.R. Schmidt, Tetrahedron Lett. 42:377-380 (2001)). The
vesicles were prepared by electro-swelling in a 170mOsm/L
sucrose solution and placed in a 210 mOsm/L salt buffer
(100 mM NaCl, 1 mM CaCl2, 1 mM NaN3, 10 mM HEPES
at pH of 7.2). The substrate was a clean glass cover slide
(Merck, Germany) which was hydrophobized by immersion
in a 1% toluene solution of aminosilanes (3-amino-propyltrie-
thoxysilane) (both Fluka, Swiss) for 4 minutes at 60◦C which
was followed by rinsing with pure toluene and drying under
N2. Finally a recombinant form of the extracellular domain
of human E-selectin (Calbiochem, San Diego, CA, USA)
was physsorbed on the substrate by incubating the protein
solution (maximum 5 µg/ml in the salt buffer) for two hours
at room temperature, while the whole chamber was gently
mixed on a shaking platform. After rinsing with buffer, the
substrate was incubated at room temperature for one more
hour with a buffer solution containing 3% of Blotting Grade
Blocker Non-Fat Dry Milk (BioRad, Hercules, CA, USA)
in order to prevent any direct contact of glass with the vesi-
cle. Final careful rinsing of the slide with buffer completed
the preparation. Here, the slex had a lateral size of around
10 nm2. Further details on the preparation can be found in
our earlier work (ref. (20) of the main text).

For the RGD-integrin case, giant vesicles were prepared
from a 1:1 mixture of DMPC and cholesterol, to which 1 and
3 mol% of PDOPE-PEG 2000 were added. We also added
0.08–2 mol% of lipid-coupled cyclic hexapeptide containing

FIGURE SI 3 Histogram of intensities in a typical RICM image.
The red line indicates the chosen threshold

an RGD sequence. Integrin αIIbβ3 receptors were prepared
from blood platelets (Hu et al. Biochemistry 39:12284–12294
(2000)) solubilized by Triton X100, and fixed on a clean
glass substrate by physisorption during incubation. For this
purpose, integrins were dissolved in Tris-buffer (20 mM Tris
pH 7.25, 150 mM NaCl, 1 mM MgCl2, 1 mM CaCl2, 1
mM NaN3, 0.01% Triton X100) to a concentration of 68 nM
and the substrates were incubated in this solution for 1 h.
In a second step, the substrates were incubated in a solu-
tion of 3 weight% bovine serum albumin in HEPES buffer
(10 mM HEPES pH 7.25, 100 mM NaCl, 1 mM CaCl2, 1
mM NaN3). After each incubation, the substrates were thor-
oughly washed with HEPES buffer. The RGDs covered a
size equivalent to the area covered by a lipid, hence, 0.5 nm2

Further details of the preparation can be found in (ref. (19)
of the main text).

Measuring setup and data analysis
In all cases, the observation chamber was covered with a
glass slide to prevent changes in the buffer osmolarity due
to evaporation. GUVs were located with the phase contrast
mode of the microscope and observed during sedimentation.
When the vesicles were close to the substrate the the con-
tact zone was observed by reflection interference contrast
microscopy (RICM) and the adhesion process was recorded
at an image rate of 10 Hz (for more information on RICM
see a recent review (ref. (24) of the main text). Thereby, the
adhered area was determined by thresholding the intensity.

The threshold was extracted from the last image of the
movie showing the adhered vesicle in its steady state. The
histogram of all intensity values in the image exhibited two
well separated peaks corresponding to the adhered and unad-
hered zones. Two Gaussians were fitted to the histogram. We
defined the intersection between the two Gaussian distribu-
tions as the threshold value. Due to the well separated peaks
(see Fig. SI 3), small variations from the threshold value did
not result in substantial variations of the extracted area and
did not affect the observed dynamics. After the completion
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of the adhesion process, the vesicles were also recorded in
phase contrast in order to measure their diameters.

Evaluation of the reduced volume of vesicles
Overall, our vesicles have a reduced value between 0.90 and
0.98 which was typically determined on the level of each
swelling preparation, by measuring the radius of the vesicle
in its equatorial plane in phase contrast. Combining this in-
formation with the measure of the radius of the contact zone,
we were able to reconstruct the spherical cap describing the
shape of the vesicle, and from there, to determine the reduced
volume of the vesicle Vred following the expression

Vred =
Vt
Vi

(SI 25)

where Vt denotes the volume of the truncated sphere and Vi
the volume of the ideal sphere with the same surface area
A. Vt, A, and Vi were calculated from the known radii of
the vesicle measured in phase contrast rV and of the contact
zone measured in RICM rCZ .

A = 4r2V π − π
(
rV −

√
r2V − r2CZ

)2

Vt =
4

3
r3V π −

[
1

3
π
√
r2V − r2CZ

(
3rV −

√
r2V − r2CZ

)]

Vi =
4

3

(√
A

4π

)3

π

(SI 26)

In the case of biotin-avidin bonds, where we investigated
the role of membrane height fluctuations (see main text), we
determined the reduced volume for each vesicle indepen-
dently. Specifically, for floppy vesicles the reduced volume
was 0.95 and for tense vesicles 0.97.

Extraction of reaction rates
Only data for which t < tsat was used in the analysis. If
ρ0l /ρr > 1, eq. (2) (e.g. eq. (SI 19)) was systematically
applied to all data using the least square method as imple-
mented in Mathematica 9.0. Thereby, we used all data points
from the beginning to the saturation (see also plots in figure
SI 4).

In the case of ρ0l /ρr < 1, the reaction rate is first extracted
from the crossover time eq. (SI 17) which is determined
from the growth curves as time at which the long term linear
regime fails to account for the data (i.e. the linear function
going through the data points in the linear regime is around
15% smaller than the experimental values). Due to this pro-
cedure, the error in determining tsw may be relatively large
(up to 20% determined from small variations of the range of
the linear fit). However, due to the square root dependence
of the reaction rate on the cross-over time, the impact of this
error on the accuracy of the rate is limited. Furthermore, the
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FIGURE SI 4 Characteristic growth curves of the adhered area
for different binding pairs. In the top panel tsat was estimated
with eq. (SI 24) using rV = 10µm and kon = 103 s−1
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FIGURE SI 5 Top: Reaction limited curves and corresponding
fits. This regime is relevant for large densities. Bottom: Diffu-
sion limited curves and corresponding fits. Asymptotically, the
curves are diffusion limited (i. e. linear in time) except for the
largest density, where the rim of the contact zone is reached
before the switch between reaction limited and diffusion limited
behavior. Initially, the growth is reaction limited (i. e. the area
grows quadratically in time). Here, the unit mol% is the percent-
age of lipids in the membrane carrying an RGD-molecule. Data
taken from Boulbitch et al. (19) of the main text.

early stages of growth are fitted by the least square method
to a parabola (eq. (2) of the main text). In principle, the con-
vergence of eq. (2) to the true solution suggests that eq. (2)
should be used only at very short time scales. However, due
to the limited time resolution and a limited number of data
points, the fitting interval was extended to tsw. As a result
the determined rates are systematically smaller than those
obtained from tsw, despite the good accuracy of the fit. We
also applied the full solution of the Stefan problem to the
data (eq. (SI 16)), which provides a rate that very well agrees
with the rate obtained from tsw. However, the complexity of
the fitting function may render the fit unstable.

The reported errors were either determined from the fit-
ting procedure (quadratic fits) or by linear error propagation
(transition time).

Table SI 1 Values for the association rate obtained by different
methods (in units of [s−1]).

data set eq. (1) eq. (2)
0.08 mol% 61±6 64±1
0.10 mol% 66±7 46±1
0.20 mol% - 78±2
2.00 mol% - 79±1

Analysis of data published by Boulbitch et al. in
Biophys. J. 81:2743

In order to show the applicability of the extended Stefan
problem eq. (SI 1) to (SI 5), we apply our fitting procedure
to data taken from Boulbitch et al. (19) of the main text. The
growth curves can be seen in figure SI 5.

To show that the cross-over between two regimes is not
a unique property of biotin-avidin binding discussed in the
main text, we reanalyse growth curves published earlier. In
this study, the authors systematically varied the density of
ligands from the reaction to the diffusion limited regime for
RGD-integrin binding (their preparation is identical to ours
for 1% PEG content).

The extracted data clearly show the cross over behavior
for the preparations with ρ0l /ρr < 1 and only a quadratic be-
havior for ρ0l /ρr > 1. Furthermore, we extract this reaction
rates following the procedure outlined above and summarize
the results in Table SI 1. Since only the density of ligands
is changed between various preparations, the rate obtained
from all curves should be the same (and equivalent to the
rate reported in the main text).

Although direct fitting of eq. (SI 16) suggested a rate of
105 ± 5s−1, the obtained results show a remarkable consis-
tency. The systematic, however small variations in the re-
sults can be explained by saturation effects which may have
affected the diffusion limited curves. This confirms our hy-
pothesis, that the growth at low ligand densities can be de-
scribed by our extended Stefan problem, whereas at high lig-
and densities the growth is reaction limited.
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