SUPPLEMENTARY MATERIAL FOR “COVARIANCE
ASSISTED SCREENING AND ESTIMATION”

By Tracy Ke*, JiasuuN JINT AND JIANQING FAN*
Princeton University and Carnegie Mellon University

In this supplement we present the technical proofs for the main
work [21]. Equation and theorem references made to the main docu-
ment do not contain letters.

APPENDIX A: PROOF OF THEOREM 2.2

As mentioned before, the success of CASE relies on two noteworthy prop-
erties: the Sure Screening (SS) property and the Separable After Screening
(SAS) property. In this section, we discuss the two properties in detail, and
illustrate how these properties enable us to decompose the original regression
problem to many small-size regression problems which can be fit separately.
We then use these properties to prove Theorem 2.2.

We start with the SS property. Recall that U is the set of all retained
indices at the end of the P.S-step. The following lemma is proved in Section
B.

LEMMA A.1 (SS). Under the conditions of Theorem 2.2,

p
P(Bj#0, j¢U) < Lyp'~mD9 4 Zp_p;w’r’G)] + o(1).
=1 j=1

This says that all but a negligible fraction of signals are retained in U;.

At the same time, we have the following lemma, which says that as a
subgraph of GT, U, splits into many disconnected components, and each
component has a small size.

LEMMA A.2 (SAS). Asp — oo, under the conditions of Theorem 2.2,
there is a fized integer lo > 0 such that with probability at least 1 — o(1/p),
each component of U, has a size <.
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Together, these two properties enable us to decompose the original re-
gression problem to many small-size regression problems. To see the point,
let 7 be a component of U, and ZP¢ be the associated patching set. Recall
that d ~ N(Bg, H). If we limit our attention to nodes in ZP¢, then

(A.1) d* = (BB + N(0, HF" ™).
Denote V' = {1,--- ,p\U;. Write

(A.2) (BB = BT BT + & + &,

where
TPe Tre
&= Y, BTIT, &=B"VpY
T-T U TAT

Now, first, by the SS property, V' contains only a negligible number of signals,
so we expect to see that [|2]|c to be negligibly small. Second, by the SAS
property, for any J <<U, and J # Z, nodes in Z and J are not connected
in G*. By the way G is defined, it follows that nodes in ZP¢ and J are
not connected in the GOSD G*. Therefore, we expect to see that [|£1]|co
is negligibly small as well. These heuristics are validated in the proof of
Theorem 2.2; see Section A.1 for details.
As a result,

(A.3) d™ ~ N(BTTgT, g T,

where the right hand side is a small-size regression model. In other words,
the original regression model decomposes into many small-size regression
models, and each has a similar form to that of (A.3).

We now discuss how to fit Model (A.3). In our model ARW (9,1, a, u),
B = v opt, and P(||fE |0 = k) ~ e’;. At the same time, given a realization
of BT, d¥™ is (approximately) distributed as Gaussian as in (A.3). Combining
these, for any eligible |Z| x 1 vector 6, the log-likelihood for 47 = @ associated
with (A.3) is

(A4) — %(dpe = BYERO) (HTT) TN — BYT0) + 9log(p)16]lo |-

Note that 6 is eligible if and only if its nonzero coordinates > 7, in magni-
tude. Comparing (A.4) with (2.20), if the tuning parameters (uP®, vP¢) are
set as uP® = /209 log(p) and vP¢ = \/2rlog(p), then the PE-step is actually
the MLE constrained in ©,(7,). This explains the optimality of the PE-step.
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The last missing piece of the puzzle is how the information leakage is
patched. Consider the oracle situation first where B is known. In such a
case, by Y = X'Y ~ N(GB,G), it is easy to derive that

}'}I . GI’ICﬁIC ~ N(GZ’IBI, GZ’I).

Comparing this with Model (A.3) and applying Lemma 2.2, we see that the
information leakage associated with the component 7 is captured by the
matrix [U(U'(G7"7T" ) 1U) U152 where JP¢ = {1 < j < p: D(i,]) #
0, for some ¢ € ZP¢} and U contains an orthonormal basis of Null(ZP€, 7).
To patch the information leakage, we have to show that this matrix has a
negligible influence. This is justified in the following lemma, which is proved
in Section B.

LEMMA A.3. (Patching). Under the conditions of Theorem 2.2, for any
Z QG* such that |Z| < ly, and any | TP¢| x (|TP¢| — |ZP¢|) matriz U whose
columns form an orthonormal basis of Null(ZP¢, JP¢),

|[T@" (@77 ) U | = o(1),  p— oo
We are now ready for proving Theorem 2.2.

A.1. Proof of Theorem 2.2 . For short, write B = BC“SG and p; =
p; (0,1, G). For any pu € ©(7p, a), write

Hp(B§ 5p7M7G) =I+11,

where
(A.5)
p p N
I=3"PBi#0,j¢U;), 1I=> P(j el sgn(B;) #sen(B;)).
=1 =1

Using Lemma A.1, T < L,[p'~(m+1)? 4 P p i+ o(1). So it is sufficient
to show
P
(A.6) IT < Lylp" =07 £ 3 " p7#i] + 0(1).
j=1

View U, as a subgraph of GT. By Lemma A.2, there is an event A, and a
fixed integer £y such that P(A}) < o(1/p) and that over the event A, each
component of Uy has a size < {y. It is seen that

p
I1 <) P(j €Uy, sgn(B;) # sgn(B)), Ap) + o(1).
j=1
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Moreover, for each 1 < j < p, there is a unique component Z such that
j € T<Uy, and that |Z| < £y over the event A, (note that Z depends on U,
and it is random). Since any realization of Z must be a connected subgraph
(but not necessarily a component) of G,

p
(A7) IT<Y Y P(jeZauy, sen(B;) #sen(B)), Ap)+o(1);
J=1T:5€T46+ |T|<lo

see Definition 1.8 for the difference between <1 and <. We stress that on the
right hand side of (A.7), we have changed the meaning of Z and use it to
denote a fixed (non-random) connected subgraph of G*.

Next, let £(ZP€) be the set of nodes that are connected to ZP¢ by a length-1
path in G*:

E(TP¢) = {k : there is an edge between k and k" in G* for some k' € 7P¢}.

Heuristically, S(8) N E(ZP¢) is the set of signals that have major effects on
d*”. Let E,z be the event that (S(3) N E(ZP¢)) C T (note that Z is non-
random and the event is defined with respect to the randomness of ). From
(A.7), we have

(A.8)

p
IT < Z Z P(j € I<Uy, sgn(B)) # sgn(B)), ApN By 1) +rem,
j=1T:5e74G+ | T|<lo

where it is seen that

(A.9) rem <

J

S PIZauy, AN E).
I:5€I<G+,|Z|<lo

P
=1
The following lemma is proved in Section B.
LEMMA A.4.  Under the conditions of Theorem 2.2,
P P

> > PEAUL AN <Ly P50, ¢ Uy).

J=1T:jeI<G+,|ZI<lo Jj=1
Combining (A.9) with Lemma A.4 and using Lemma A.1,

p
(A.10) rem < Ly[pt~m+b?Y 4 Zp"?] +o(1).
j=1
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Insert (A.10) into (A.8). To show (A.6), it suffices to show for each 1 < j < p,
(A.11)

> PG eT<aly, sen(By) #sen(B;), Ay Epz) < Lyp 7.
T:j€T<G+,|T|<lo

We now further reduce (A.11) to a simpler form using the sparsity of GT.
Fix 1 < j < p. The number of subgraphs Z satisfying that j € Z < G* and
that [Z| < Iy is no more than C(eK, ) [14], where K, is the maximum
degree of GT. By Lemma B.1 and Lemma B.2 (to be stated in Section B),
K, < C(t7*)?K,, where K, is the maximum degree of G*, which is an L,
term. Therefore, C'(eK, )l is also an L, term. In other words, the total
number of terms in the summation of (A.11) is an L, term. As a result, to
show (A.11), it suffices to show for each fixed Z such that j € Z <G and
IZ| < lo,

(A.12) P(j € T Uy, sgn(B)) # sgn(B)), ApN Epz) < Lyp ",

Moreover, note that the left hand side of (A.12) is no more than

> P(Supp(8%) = Vo, Supp(B7) = Vi, Ty, sgn(B;) # sgn(B;), ApNEpz),
Vo,ViCZ:jeVouVy

where Vj and V] are any non-random subsets satisfying the restriction. Since

|Z| < ly, there are only finite pairs (Vp, V1) in the summation. Therefore, to
show (A.12), it is sufficient to show for each fixed triplet (Z, Vi, V1) satisfying
ZAG*t |Z| <ly, Vo,Vi CZ and j € Vo UV; that

(A.13) R R

P(Supp(8F) = Vo, Supp(8F) = Vi, Iy, sgn(B;) # sgn(B;), ApNEpz) < Lyp 5.

We now show (A.13). Fix (Z, Vo, V1), and write d; = d*"°, By = B*"*
and H; = H®T" for short. Define ©,(Z,a) = {# € R : ; = 0 or 7, <
10j] < arp} and ©,(T) = O,(Z,00). Since uP® = /2¢log(p) and vP¢ = 7,
the objective function (2.20) in the PE-step is

1 _
L£(0) = 5(di - B16) H; *(d1 — B16) + 9 log(p)||0]]o-
Over the event {Z < U}, AT minimizes the objective function, so

L(BF) < £(BY).

As a result, the left hand side of (A.13) is no greater than
(A.14)

P(Supp(B%) = Vo, Supp(BF) = Vi, L(BT) < L(8T),sgn(B;) # sen(B;), ApNEpz).
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We now calculate (A.14). Write for short Q1 = B{H; ' By, @ = TP_Q(BI -
BEYQ1(BT — BY), and define
1
. = i (1) _ g0y (1) _ 3(0)
@;(Vo,V1,I) = 2 (ﬂﬁlilﬂn@))(ﬁ B Q18T = B7),
where the minimum is taken over (8(?), (1)) such that sgn(ﬁ](-o)) # sgn(ﬂ](-l))

and ) e 0,(2), Supp(ﬂ(k)) = Vi, k= 0,1. Introduce
(A.15)

1
pi(Vo, V1; I) = max{|Vp|, \V1|}19+1

( 3 (Vo Vs Ty — 1AL rvomw)

w;(Vo, Vi; L)r

Over the event {Supp(87) = Vg, Supp(5%) = W1}, £(FT) < £(B7) implies
(A.16)

(=BT By (57 57) 2 4 (BT BUHT By (BT 67) (Vi -[Vol) 9 log(p).

With the notation @, the right hand side of (A.16) is equal to

1.
(A.17) 5w75+ (V1] = [Vol)? log(p).

To simplify the left hand side of (A.16), we need the following lemma, which
is proved in Section B.

LEMMA A.5. For any fized T such that |Z| < ly, and any realization of
B over the event E, 1,

(BB)Y™ = ¢+ BT,
for some ( satisfying ||C]| < C(Zpe)1/2[log(p)]_(l_l/o‘)rp,
Using Lemma A.5, we can write dy — B18% = ¢ + H11/22, where ( is as in

Lemma A.5 and Z ~ N(0, I|zp|). It follows that the left hand side of (A.16)
is equal to

(A.18) — CHT'BU(AT — BT + ZH 2By (BT — BY).

First, by Cauchy-Schwartz inequality, the second term in (A.18) is no larger
than |Z||,/@72. Second, we argue that the first term in (A.18) is o(||3* —

B%||7,). To see the point, it suffices to check |Bj{H;'¢|| = o(7p). In fact,
note that since B € My(a, Ay), ||Bi|| < [|B|| < C; in addition, by RCB,
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|HH| < et zPe|s = O((#P°)%). Applying Lemma A.5 and noticing that
e = (log(p))” with v < (1 — 1/a)/(k + 1/2), we have ||BjH;*¢| <
| B1|[|HHNCN < C(epe)st+12[log(p)]~ =1/ @)1, and the claim follows. Third,
from Lemma 2.2 and Lemma A.3, |GTT — Q1] = o(1) as p grows. So for
sufficiently large p, Amin(@Q1) > %)\min(GIl) > (C for some constant C > 0.

It follows from the definition of & that /@72 > (| BT — BZ||. Combining

these with (A.18), over the event A, N E, 7, the left hand side of (A.16) is
no larger than

(A.19) \@Ta (12l + o(7p)) -

Inserting (A.17) and (A.19) into (A.16), we see that over the event {Supp(B%) =
Vo, Supp(5%) = Vi, L(B%) < L(B7), Ap N By},

(A20) |7 = % (@Jr W>+ 21og(p) + o(1/10g(p))-

Introduce two functions defined over (0,00): Ji(z) = Vo9 + L[(Va +
(WAZB2) 1% and Ja(e) = mac{Vol, [Vi[}0 + §[(va — KL000) ]2,

x T

By elementary calculations, Ji(z) > Ja(y) for any > y > 0. Now, by these
notations, (A.20) can be written equivalently as ||Z||? > [Ji(@r) — |Vo|V] -
2log(p) + o(log(p)), and p;(Vo, V1;Z) defined in (A.15) reduces to Ja(w;r),
where w; = w;(Vp, V1;Z) for short. Moreover, when sgn(BjI) # sgn(ﬁjz),
@ > w; by definition, and hence Ji(@r) > Jo(w;r). Combining these,
it follows from (A.20) that over the event {Supp(pt) = Vo,Supp(BI) =
V1, L(B%) < L(BT),sen(B]) # sgn(B}), Ay N Epz},

112 > [pj(Vo, Vi Z) — |Vo|9] - 21og(p) + o(log(p)),

where compared to (A.20), the right hand side is now non-random. It follows
that the probability in (A.14) is bounded by
(A.21)

P(Suppr) Vo 1212 = [y (Vo, Vii T) — [Vl] - 2log(p) + o(log(p»).

Recall that 8% = b% o ut, where b;’s are independent Bernoulli variables
with surviving probability €, = p~?. It follows that P(Supp(s%) = V) =
Lyp~Vol? Moreover, | Z||? is independent of 4%, and is distributed as x? with
degree of freedom |ZP¢| < L,,. From basic properties of the y?-distribution,
P(||Z]|*> > 2C1log(p) + o(log(p))) < Lyp~© for any C' > 0. Combining these,
we find that the term in (A.21)

(A.22) < Lpp*\VOW*[Pj(Vo,Vl;I)*|V0|19] — Lppfﬂj(Vo,VuI).
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The claim follows by combining (A.22) and the following lemma.

LEMMA A.6. Under conditions of Theorem 2.2, for any (j, Vo, V1,Z) sat-
isfying T AG*, |I| < lo, Vo, Vi CZ and j € Vo UV,

pi(Vo, Vi;Z) = pj(9,7,G) + o(1).
O

APPENDIX B: PROOFS OF OTHER THEOREMS AND LEMMAS

This section is organized as follows. In Section B.1, we state and prove
three preliminary lemmas, which are useful for this section. In Sections B.2-
B.12, we give the proofs of all the main theorems and lemmas stated in the
preceding sections.

B.1. Preliminary lemmas. We introduce Lemmas B.1-B.3, where Lem-
mas B.1-B.2 are proved below, and Lemma B.3 is proved in [20, Lemma 1.4].

Recall that B = DG and G* is the GOSD in Definition 2.3 with § =
1/log(p). Introduce the matrix B** by

B*(i,j) = B(i,j) - 1{j € E{i}) }, 1<i,j<p,
where for any set V' C {1,--- ,p},
E(V) = {k: there is an edge between k and k' in G* for some k' € V'}.
Recall that M,,(a, Ag) is the class of matrices defined in (2.9).

LEMMA B.1.  When B € M,(a, Ag), G* is K,-sparse for K, < Cllog(p)]'/®,
and || B — B* || < Cllog(p)]~! 7).

PrOOF. Consider the first claim. Since B € Mp(«, Ag) and H(i,j) =
ZZ:O neB(i, j+k), there exists a constant Af, > 0 such that H € M, («, Ap).
Let K, be the smallest integer satisfying

K, > 2[max(4y, Ap) log(p)]*/,

where it is seen that K, < C(log(p))?/®. At the same time, for any i, j such
that i —j|+1 > K, /2, we have |B(4, j)| < 0, |B(j,4)| < 0 and |H (7, j)| < 4.
By definition, there is no edge between nodes ¢ and j in G*. This proves that
G* is Kj-sparse, and the claim follows.
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Consider the second claim. When |B(i,j)| > 0, there is an edge between
nodes i and j in G*, and it follows that (B — B**)(i,j) = 0. Therefore, for
any 1 <1 < p,

(B —B")(i,4)] < > B+ > |B(i, )|
j=1 Jli—il+1> 1 /2 Gili—il+H1<Kp /2| B(i,§)|<6
= I+1I,

where I < 24035, 1ok, ok < CK,~* and IT < K6 = CK, ™. Recall-
ing K, < Cllog(p)]®, | B — B**|loc < CK,™ < Cllog(p)] =1/, and the
claim follows. O

Next, recall that G is an expanded graph of G*, given in Definition 2.7,
and Z <1 G denotes that 7 is a component of G, as in Definition 2.8.

LEMMA B.2. When G* is K-sparse, G is K(20P° + 1)2—5pa7’56. In ad-
dition, for any set V.C {1,--- ,p}, let Qé} be the subgraph of G formed by
nodes in V. Then for any T <1G;7, (V\I) N E(TP¢) = 0.

Proor. Consider the first claim. It suffices to show that for any fixed
1 < < p, there are at most K (2¢P¢+1)? different nodes j such that there is
an edge between i and j in GT. Towards this end, note that {i}® contains
no more than (2¢P¢ + 1) nodes. Since G* is K-sparse, for each k € {i}P°,
there are no more than K nodes k’ such that there is an edge between k and
k' in G*. Again, for each such £/, there are no more than (2P 4 1) nodes j
such that k¥’ € {j}P¢. Combining these gives the claim.

Consider the second claim. Fix V and Z < Q‘J} . Since Z is a component,
for any ¢« € Z and j € V\Z, there is no edge between i and j in Q{ﬁ. By
definition, this implies {j}P¢ N E({i}P¢) = 0, and especially j ¢ E({i}P°).
Since this holds for all such ¢ and j, using that £(ZP¢) = U;ezE({i}P€), we
have (V\Z) N E(ZP¢) = (), and the claim follows. O

Finally, recall the definition of p} (¥, r,a, G) in (2.29) and that of ¢ (F, N)
in (2.35).

LEMMA B.3.  When a > a;(G), p;‘»(ﬁ,r,a,G) does not depend on a and
p;f(ﬂ,r,a, G) = p;f(ﬁvru G) = min(F,N):jGF,FﬂNZ@,F#@ ¢(F) N)

B.2. Proof of Lemma 2.2. For preparation, note that the Fisher In-
formation Matrix associated with model (2.15) is

Q= (BIﬁI)/(HZ*,I*)fl(BI+,Z).
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Write Dy = DTHI" and G = GI I for short. It follows that BT /" =
DGy and HT"T" = DG, D). Let F be the mapping from 7+ to {1,---, | 7|}
that maps each j € J7T to its order in J7, and let Z; = F(Z). By these
notations, we can write

(B.1) Q=Q",  where Qi =GD\(DiG1D}) " DGy.
Comparing (B.1) with the desired claim, it suffices to show
(B.2) Q=G -UU'cTu)y U
Let R = D1GY/* and Py = R/(RR')~'R. Tt is seen that
(B.3) Q1 = GI?PrGY* = Gy — GVA(T — PR)GY*

Now, we study the matrix I — Pg. Let k = |7, and denote S(R) the row
space of R and N'(R) the orthogonal complement of S(R) in R*. By con-
struction, P is the orthogonal projection matrix from R to S(R). Hence,
I — Ppg is the orthogonal projection matrix from R* to N'(R). By definition,
N(R) = {n € R* : Rp = 0}. Recall that R = DlG}/Q. Therefore, Rn = 0 if
and only if there exists ¢ € RF such that n = Gl_l/zg and D1 = 0. At the
same time, Null(Z+, J+) = {¢ € R* : D1£ = 0}. Combining these, we have

(B.4) N(R) = {G"%¢: ¢ e Null(T,TT))}.

Introduce a new matrix V = Gl_l/ ?U. Since the columns of U form an or-
thonormal basis of Null(ZT, 1), it follows from (B.4) that the columns of
V form a basis (but not necessarily an orthonormal basis) of N'(R). Conse-
quently,

(B.5) I—Pr=VV'V)WV =c U cy'v)y ey V2
Plugging (B.5) into (B.3) gives (B.2). O

B.3. Proof of Lemma 2.4. Write p} = pj (¥, r, G) for short. It suffices
to show for any log(p) < j < p —log(p), there exists (Vj, V1) such that
(B.6)

p(Vo,V1) < pj+o(1), je(VouVi) C{j+i:—log(p) <i<log(p)}.

In fact, once (B.6) is proved, then d,(G°) < 2log(p)+1, and the claim follows
directly.
We now construct (Vp, V1) to satisfy (B.6) for any j such that log(p) <

j < p—log(p). The key is to construct a sequence of set pairs (Vo(t), 1(t))
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recursively as follows. Let Vo(l) = Vg; and Vl(l) = V7, where (Vg;, V7;) are as
defined in Section 2.8. For any integer ¢t > 1, we update (Vo(t)7 1(t)) as follows.
If all inter-distance between the nodes in Vo(t) U Vl(t) (assuming all nodes are
sorted ascendingly) does not exceed log(p)/g, then the process terminates.
Otherwise, there are a pair of adjacent nodes i; and iy in (Vo(t) UVl(t)) (again,
assuming the nodes are sorted ascendingly) such that iy > i1 + log(p)/g. In
our construction, it is not hard to see that j € Vo(t U Vl(t). Therefore, we
have either the case of j < i1 or the case of j > is. In the first case, we let

NED = NO i<y},  FED = FOA G0 <iqp),
and in the second case, we let
NED = NO A fii >4y}, FOD = FOA {0 >4},

where N(t) = Vo(t) N Vl(t) and F) = (Vo(t) u Vl(t)) \ N®). We then update by
defining
t+1 t+1
VO( ) _ N(t+1) U F/, Vl( ) _ N(t-‘rl) U F"

where (F’, F"") are constructed as follows: Write FY) = {jy, ja, -+ , jix } where
j1 <j2<...<jrand k=|F®|. When k is even, let F' = {ji,- -, ji/o}
and F" = FO\F'; otherwise, let F' = {4, - - s J(k—1)/2} and F" = FO\F',

Now, first, by the construction, |[F*) U N®)| is strictly decreasing in t.
Second, by [20, Lemma 1.2, [F(D U NO| < [Vo; U VI < g. As a result, the
recursive process above terminates in finite rounds. Let T be the number of
rounds when the process terminates, we construct (Vp, V1) by

(B.7) Vo=V, wn=v".

Next, we justify (Vp, V1) constructed in (B.7) satisfies (B.6). First, it is
easy to see that j € Vo UV} and |V U Vi| < g. Second, all pairs of adjacent
nodes in Vp U V; have an inter-distance < log(p)/g (assuming all nodes are
sorted), so (Vo U V1) C {j —log(p), - ,j +log(p)}. As a result, all remains
to show is

(B.8) p(Vo, Vi) < g+ o(1).

By similar argument as in [20, Lemma 1.4] and definitions (i.e. (2.35) and
[20, (1.23)]), if @ > a}(G), then for any (Vj, V{) such that [Vj U V{| < g, we
have p(V§,V{) > ¢(F',N'), where N' = VyNnV/ and F' = (Vj U V])\N".
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Moreover, the equality holds when |Vj| = V]| in the case |F’| is even, and
VG| — |V{| = £1 in the case |F’| is odd. Combining these with definitions,

p(Vo, Vi) = p(FT ND) ot = oV, Ve5) = p(VY, Vi) > (PO, NO),

Recall that T is a finite number. So to show (B.8), it suffices to show for
each 1 <t <T —1,

(B.9) P(FED N < (PO, NG) 1 o(1).

Fixing 1 < ¢t < T — 1, write for short F = FO, N = N® N, = N+
and F; = F+D) TLet Z=FUN and 7, = F1 U N;. With these notations,
(B.9) reduces to
(B.10) U(F1, N1) < 9(F,N) + o(1).

By the way 1 is defined (i.e., (2.35)), it is sufficient to show
(B.11) w(F1,N1) <w(F,N)+o(1).
In fact, once (B.11) is proved, (B.9) follows by noting that |Fi| 4+ 2|N;| <

|F| +2|N| — 1.
We now show (B.11). Letting Q = diag(GT-11, GEVI I\ | we write

w(F,N) = min 0'GT1o
O€RITI:|0;|>1,VieF
> min 0'Q0 — max  |0/(GFT — Q)
0€RITI:|0;|>1,VieF 0eRIZI:|0;|<2a,Vi
(B.12) > min o'GIrIg — max  |0/(GTT — Q)
OeRIZ1l:|9;|>1,Vic Fy OERIZI:|0;|<2a,Vi
= w(Fi,N;y) — max  |0/(GTT —Q)f],

0€RIZI:|0;|<2a,Vi

where in the first and last equalities we use equivalent forms of w(F, N), in
the second inequality we use the fact that the constraints |#;| > 1 can be
replaced by 1 < [0;] < a for any a > aj and the triangular inequality, and
in the third inequality we use the definition of 2.

Finally, note that for any k € Z; and k' € Z\Zy, |k — k'| > log(p)/g
holds. In addition, G has polynomial off-diagonal decays with rate v > 0.
Together we find that |GTF — Q| < C(log(p)/g)™" = o(1). As a result,
MaXgcRIzl:|g,|<2a,¥i 10/(GTT —Q)0| < Ca? - ||GET — Q| - |Z] = o(1). Inserting
this into (B.12) gives (B.11). O
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B.4. Proof of Theorem 2.3. First, we define pj, (¥, 7; f) as follows.
For any spectral density function f, let G® = G°°(f) be the (infinitely
dimensional) Toeplitz matrix generated by f: G*(i,7) = f(|z — j|) for any
i,j € 7, where f (k) is the k-th Fourier coefficient of f. In the definition of
p(Vo, V1) in (2.27)-(2.28), replace G by G* and call the new term p>(Vp, V7).
For any fixed j, let

B.13 e f) = i > (Vo, V1),
(B.13) Pjts(05 75 f) R L (Vo, V1)

where Vj, V7 are subsets of Z. Due to the definition of Toeplitz matrices,
P; 1s(0, 75 f) does not depend on j, so we write it as pj, (¢, 7; f) for short.
By (B.6), it is seen that

(B14) p;(ﬁa Ty G) = p?(ts(197 T f) + 0(1)7 for any IOg(p) < ] < p— log(p)'
Now, to show the claim, it is sufficient to check the main conditions of
Theorem 2.2. In detail, it suffices to check that

(a) G € My(v,9,c0, A1) with y =1—2¢ >0, A; > 0 and ¢y > 0.
(b) B € Mp(a, Ap) with & =2 —2¢ > 1 and Ay > 0.
(¢) Conditions RCA and RCB hold with kK =2 — 2¢ > 0 and ¢; > 0.

To show these claims, we need some lemmas and results in elementary
calculus. In detail, first, we have

(B.15) f'@)] < Clw7®D ()] < Cluw| =92,

For a proof of (B.15), we rewrite f(w) = f*(w)/|2sin(w/2)**, where by
assumption f*(w) is a continuous function that is twice differentiable except
at 0, and |(f*)"(w)| < C|w|~2. Tt can be derived from basic properties in
analysis that

(B.16) [(f)" (@) < Clw[2,  [(f) (@) <Clwl™, and |f*(w) <C.
At the same time, by elementary calculation,

F@] < Cle| "D (| £ (@)] + |w () (@),
(@) < Clol " (@) + [w() (@)] + 1w ()" (@)D,
and (B.15) follows by plugging in (B.16).

Second, we need the following lemma, whose proof is a simple exercise of
analysis and omitted.
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LEMMA B.4. Suppose g is a symmetric real function which is differen-
tiable in [—m,0) U (0,7] and |¢'(w)| < Clw|™* for some a € (1,2). Then as
z — 00, [ cos(wz)g(w)dw = O (|x|_(2_°‘)).

We now show (a)-(c). Consider (a) first. First, by (B.15) and Lemma B.4,
ST cos(kw) f(w)dw < Ck~(1=2¢) for large k, so that |G(i,7)| < C(1 + |i —
7[)~(=29). Second, by well-known results on Toeplitz matrices, Apin(G) >
Ming,e[—x ] f(w) > 0. Combining these, (a) holds with v = 1 — 2¢ and
co = minwe[—w,ﬂ f(w).

Next, we consider (b). Recall that B = DG where D is the first-order row-
differencing matrix. So B(i,j) = 5= [7_[cos(kw) — cos((k + 1)w)] f(w)dw,
where k = ¢ — j. Without loss of generality, we only consider the case k > 1.
Denote g(w) = wf(w). By Fubini’s theorem and integration by part,

B(i,j) = L /O i [ /k kstin(wx)dm] F(w)dw

™

_ % /k o { /0 " ow) sin(wx)dw} dz

B 1/kk+1 [_g(ﬂ)cos(m:) +/0” (X)S(wx)g,(w)dw} e

™ x x
k+1 1 k+1 1 ™
= g(7r)/ Mdm+ — - [/ cos(w:p)g’(w)dw} dx
T J T 27 Ji T ) _r
= L+

T
Second, similar to (B.15), we derive that ¢"(w) = O(Jw|~(+29)). Applying
Lemma B.4 to ¢/, we have | fjﬂ cos(wz)g' (w)dw| < C]x\*(1*2¢), and so |I2| <
fkkH Cz=(=29)dx = O(k~(-29)). Combining these gives |B(i,5)| < C(1 +
li — j])~(=24) and (b) holds with a = 2 — 2¢.

Last, we show (c). Since ¢;(2) = 1 — 2z, RCA holds trivially, and all
remains is to check that RCB holds. Recall that H = DGD’, where D is
the first-order row-differencing matrix. The goal is to show there exsits a
constant ¢; > 0 such that for any triplet (k,b, V),

First, using integration by part, |[;| = ‘ﬁ_lg(w) ,f“ wdx‘ = O(k™2).

(B.17) VHYV b > e k=729 p)2,

where 1 < k < p is an integer, b € R¥ is a vector, and V C {1,2,...,p} is a
subset with |V] = k.

Towards this end, we introduce fi(w) = 4sin?(w/2) f(w), where we recall
that f is the spectral density associated with G. Fixing a triplet (k,b, V'), we
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write b = (b1, b2, ...,bk) and V = {j1,- -, jr} such that j; < jo < ... < jg.
By definitions and basic algebra,

H(i,j) = G(i,5) - G(li+1,j)—G(i,7+1)+G(i+ 1,7+ 1)

— % /7T [2 cos(kw) — cos((k + 1)w) — cos((k — 1)w)] f(w)dw
- % ’ cos(kw) f1(w)dw, where for short k =i — j,

—Tr

which, together with direct calculations, implies that

2f1(w)dw.

k k i
1 [7 1 . .

rgViVay o 1 =
VH™b= o /_szbsbt cos((js—jt)w) f1(w)dw = o | ’Zlbse j

s=1 t=1

At the same time, note that fi(w) > C|w|?>~2¢ for any w # 0 and |w| < 7.
Combining these with symmetry and monotonicity gives
(B.18)

~ k
vy > € / 1> bgeY Tl 222y,
™ Jo s=1

- k
25220, > C/ ‘ Z bse\/jljsw
™ w/(2k)

s=1

Next, we write

k
1 (7 .
(B.19) 6] = / | beeY e dw =1+ 11,
TJo s=1

where I and I7 are the integration in the interval of [0, 7 /(2k)] and [7/(2k), 7],
respectively. By (B.18) and the monotonicity of the function w?~2¢ in [r/(2k), 7],

2dw = Ck= 22917

p k
(B.20) VEHYVh > Ck(22¢>),1/ ‘ste\/—u’sw
T Jr/(2k) s

At the same time, by the Cauchy-Schwartz inequality, | lezl beeVlisw|2
(S [V P) (S o) = Kbl%, and so I < ¢ [ k|b]de
|b]|?/2. Inserting this into (B.19) gives

INIA

(B.21) IT > [[p]]* — []Bl* /2 = [Ib]]*/2,

and (B.17) follows by combining (B.20) and (B.21). O
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B.5. Proof of Lemma 2.5. First, we show 7}, () = 7}, (¥; f) is a
decreasing function of 9. Similarly to the proof of Theorem 2.3, in the
definition of w(F,N) and ¢ (F,N) (recall (2.35) and (2.36)), replace G
by G*°, and denote the new terms by w®>(F,N) = w™(F,N;9,r, f) and
Y (F,N) = ¢>(F,N; 3,7, f), respectively. By similar argument in Lemma
B.3,

Pis(0,75 f) = (F,N):Frrlwl}\lfl:&Fyé(Z)woo(F’ N).
For each pair of sets (F, N) and ¥ € (0,1) let *(; F, N) = r*(9; F, N, f) be
the minimum 7 such that ¥*°(F, N;9,r, f) > 1. It follows that
Tl (9) = (EN):me?VX:@’F#@r*(ﬁ;F, N).
It is easy to see that r*(9; F, N) is a decreasing function of ¥ for each fixed
(F,N). So r},,() is also a decreasing function of 9.

Next, we consider limy_,; 77;,(¢). In the special case of ' = {j} and
N =0, w®(F,N) =1, limy_,; r*(¥; F, N) = 1, and so lim infy_,; 7}, (J) > 1.
At the same time, for any (F, N) such that |F|4+|N| > 1, ¢*°(F, N) > ¢ and
so limy_, 7*(0; F, N) < 1. Hence, limsupy_,; rj;;(¢) < 1. Combining these
gives the claim.

Last, we consider limy_,q 7}, (9). First, since limy_,o *°(F, N) = w™(F, N)r/4
for any fixed (F, N), we have

-1

B.22 lim 7}, (¥) = 4 i ®(F,N
(B.22) ﬁli%rl“( ) (F.N):FON=0.F 20" (F,N)
Second, by definitions,
(B.23)
min w>®(F,N) = lim min w(F,N),
(F,N):FNN=0,F#0 p—00 (F,N):(FUN)C{1, ,p},FNN=0,F#(

whenever the limit on the right hand side exists.

Third, note that (a) Given F, w(F, N) decreases as N increases and (b)
Given F U N, w(F, N) decreases as N increases (the proofs are straightfor-
ward and we omit them). As a result, for all (F, N) such that (F UN) C
{1,--+,p}, w(F,N) is minimized at F' = {j} and N = {1,--- ,p}\{j} for
some j, with the minimal value equaling the reciprocal of the j-th diagonal
of G~1. In other words,

(B.24)
lim min w(F,N) = [lim nax Gil(]'a]')]_l‘
p—o0 (F,N):(FUN)C{1, ,p},FNN=0,F#( p—00 1<j<p

Fourth, if we write G = G, to emphasize on the size of GG, then by basic
algebra and the Toeplitz structure of G, we have (G,1)(j,7) < (G;jk)(j +
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k,j+k) for all 1 <k < p—jand (G,1)(4,4) < (G, 1,) (G — k,j — k) for
1 <k < j— 1. Especially, if we take k = log(p), then it follows that

B.25 i G! ,7) = li G! j,7)-
(B.25) g max GG ) = Jim o mmax &)

Last, we have the following lemma which is proved in Appendix C.

LEMMA B.5.  Under conditions of Lemma 2.5,

1 vy
lim max Gl(,5) = / “(w)dw.
P—00 log(p)<j<p—log(p) (G.4) 27 —ﬂ'f @)

Combining (B.22)-(B.25) and using Lemma B.5,

2 ™
lim 7, (9) =4 - | lim max GG, )l == “Hw)dw.
235 i %) [woolog(p)gjgp—log(p) G5 f

3

0

B.6. Proof of Theorem 2.4. Write for short B = Bcase and p7, =
Pep(¥, 7). It suffices to show

(B.26) Hammy, (J, 7, G) > Lyp'~Per;

and for any u € ©5(7p, a),

(B27)  Hy(B;ep, 11, G) = Y P(sen(By) # sgn(B;)) < Lyp' P + o(1).
j=1
First, we show (B.26). The statement is similar to that of Theorem 2.1,
but d,(G°) < L, does not hold. Therefore, we introduce a different graph
GV as follows: Define a counter part of ; (0,7, G) as
B.28 oi(d,r,G) = min Vo, V1),
( ) Pil ) (Vo,V1):min(VoUVi )=j p(Vo, V1)
where min(VoUV1) = j means j is the smallest node in VoUV3. Let (Vg;, Vi)
be the minimizer of (B.28), and when there is a tie, pick the one that appears
first lexicographically. Define the graph GV with nodes {1,--- ,p}, and that
there is an edge between nodes j and k whenever (Vg; UVy5)N(Vi UVYL) # 0.
Denote d,(G") the maximum degree of nodes in GV. Similar to Theorem
2.1, as p — o0,

p
(B20)  Hamm(h,r.G) > Lyldy(G") " Do p ).
7j=1

The proof is a trivial extension of [20, Theorem 1.1] and we omit it. Moreover,
the following lemma is proved below.
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LEMMA B.6.  As p — 00, maXjog(p)<j<p-log(p) |05 (0,7 G) — pep (¥, 1) =
o(1), and dp(G") < L.

Combining (B.29) with Lemma B.6 gives (B.26).

Second, we show (B.27). The change-point model is an ‘extreme’ case and
Theorem 2.2 does not apply directly. However, once we justify the following
claims (a)-(c), (B.27) follows by similar arguments in Theorem 2.2.

(a) SS property:

P(B;j #0,5 ¢ US) < Lyp'*r +o(1).

p
=1

J

(b) SAS property: If we view U, as a subgraph of G*, there is a fixed
integer Iy > 0 such that with probability at least 1 — o(1/p), each
component of Uy has a size < lo.

(¢) A counter part of Lemma A.6: For any log(p) < j < p — log(p), and
fixed Z < G* such that j € Z and |Z| < Iy, suppose we construct
{I(k'),I(k,)’pe, 1 < k' < N} using the process introduced in the PE-
step, and j € Z(). Then for any pair of sets (Vb, V1) such that k) =
‘/0 U Vla

pi(Vo, Vi; IW) > p, + o(1),
where p;(Vo, Vi;Z%) is defined in (A.15).
Consider (a) first. Following the proof of Lemma A.1 until (B.53), we find
that for each log(p) < j < p — log(p),
P(B; #0,5 ¢ Uy)
< Z Lpp—lllﬁ—[(\/wor—\/‘?)H2
(T,F,N):j€T<G*,|I|<m,FUN=T,FNN=0,F()
+Lpp~ "V 4 0(1/p)
where wg = ng(ﬂF)’[QF’F — QFEN(QNMTIQNFIBF and Q is defined as
in (2.17). First, by the choice of m, Lpp_(m*'l)l9 < Lppfpzﬂ. Second, using
similar arguments in Lemma A.1, the summation contains at most L,, terms.

Third, by (2.37), wp > @(F, N). Combining the above, it suffices to show for
each triplet (Z, F, N) in the summation,

(B.30) Z00 + (VBN — Va2 = oy
The key to (B.30) is to show
(B.31) &(F,N) > 1/2.
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Once (B.31) is proved, since ¢ < §(v2 —1)?,

IZ19 + [(VE(F. N)r = @)+ )* > |Z19 + /4 > py,

where in the last inequality we use the facts pj, < ¥ +7/4 and |Z| > 1. This
gives (B.30).

All remains is to show (B.31). We argue that it suffices to consider those
(Z,F,N) where both Z(= F U N) and F are formed by consecutive nodes.
First, since G is tri-diagonal, the definition of G* implies that any Z I G* is
formed by consecutive nodes. Second, by (2.37) and basic algebra,

(B.32) OF.N)= min €[@Q N,

EERIFI:|g;|>1
where @ is defined in (2.17). Note that B is an identity matrix and ZP® = 7.
So Q' = HYZ, which is a tri-diagonal matrix. It follows from (B.32) that
if F' is not formed by consecutive nodes, there exist F1 C F and N; = 7\ F}
such that w(Fy, N1) < @(F, N). The argument then follows.

From now on, we focus on (Z, F, N) such that both Z and F are formed
by consecutive nodes. Elementary calculation yields

(8.33) Q) = () = o®) oy,

where k = |F|, Q¥ is the k x k matrix defined by Q®) (i, j) = min{i, j}
and n = (1,--- ,k)’. We see that w(F, N) only depends on k. When k = 1,
W(F,N) = 1/2 by direct calculations following (B.32) and (B.33). When
k> 2, from (B.32) and (B.33),

k
1
W(F,N)=  min ot ) —— (& F 26+ -+ EE)?
(FN) €CRIFL g >1 ;@l ) - G 2% )
Let s; = Z?:z &;. The above right hand side is lower bounded by Zle st —
(Zf:l s1)? [k = > icr(st = s)? [k, where (st — sp)? > Zé:f(slﬂ -
51)? > k — 1. Therefore,
O(F,N)>(k—1)/k>1/2.

This proves (B.31).

Next, consider (b). We check RCB, and the remaining proof is exactly the
same as in Lemma A.2. Towards this end, the goal is to show there exists a
constant ¢; > 0 such that for any (k,V) where V .C {1,--- ,p} and k = |V,

(B.34) Amin(HYY) > 1572,
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Since H is tri-diagonal, it suffices to show that (B.34) holds when V is
formed by consecutive nodes, i.e., V.={j,--- ,j+k} forsome 1 < j <p—k.
In this case, we introduce a matrix ©*), which is ‘smaller’ than H""Y but
much easier to analyse:

SW,)=2-H{i=4}—1{li—jl=1}-1{i=j=k}, 1<i,j<k
It is easy to see that H""V — 2 is positive semi-definite. Hence,
(B.35) Amin(HY"Y) > Ain (2.
Observing that (2*)~1 = Q%) where Q) is as in (B.33), we have
(B:36)  Amin(Z®) = Pnax (9] 7 2 [I12Flo0] T =2/ (K + k).

Combining (B.35)-(B.36) gives (B.34).
Finally, consider (c). Fix 1 < j < p and the triplet (Z*), Vj, V3), where
IZ(+)| < ly. The goal is to show

(B.37) pi(Vo, Vi; I®)) > pi, + o(1).

Introduce the following quantities: From the PFE-step and the choice /¢ =
2log(p), we can write

ZWpe = L5141, i+ L} and I® = {ji + My, -+, j1 + Mo},

where the integers L, M7 and My staisfy

(B.38)

My~ My <o+ 1, My > log(®)] /O, (L My)/My > flog(p)] /(o).
Denote K = My— My +1, My = My — 25 and T/ = { My, -+ , Mo+ K —1}.
Let F be the one-to-one mapping from Z(*) to Z” such that F(i) = i — (j; +
M) + My. Denote Vj' = F(Vpy) and V{" = F(V1). Recall the definitions of
@;(Vo, Vi; ZW) and w*(Vp, V1) (see (A.15) and (2.27)). We claim that

(B.39) @i (Vo, Vis I®) > o (VY V") + o(1).

Once we have (B.39), plug it into the definition p;(Vp, Vi;Z"®) and use
the monotonicity of the function f(z) = [(x — a/x)+]? over (0,00) when
a > 0. It follows that

1
pi(Vo, Vi; TW) = max{|Va, [Va[ }0+

w*r

2
(v WY T
+
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where w* is short for w*(V{’, V{"). Compare the first term on the right hand
side with (2.28) and recall that |Vj'| = |Vo| and |V{'| = |V4|. It follows that

(B.40) pi(Vo, VisZ®) > p(Vy', V") + o(1).
Moreover, since My = min(Vy', V{"), by (B.28),
(B.41) oV VI > Bray

Note that (B.38) implies My > M; > [log(p)]'/(*+10). By a trivial extension
of Lemma B.6, we can derive that maxj,,(,))1/(1+10) <j<p—(log(p))!/(1+10) P} —
Pepl = o(1). These together imply

(B.42) Pty = Pl + 0(L).

Combining (B.40)-(B.42) gives (B.37).

What remains is to show (B.39). The proof is similar to that of (B.86).
In detail, write for short w; = w;(Vp, V1;IW)), @* = o*(VJ", V"), By =
BI(k)’pe’I(k), Hy = HI®PI® and Q1= BinlBl. By similar arguments
in (B.87), w; > minjecz wj, and there exists a constant a; > 0 such that

. 1 1" 1" 1
mipe; — = < max G - Que| < CIGTE - qull

Therefore, it suffices to show that
(B.43) IGT"T" — Q| = o(1).

Note that Q is the (Z',Z’)-block of H; !, where the index set Z' = {Mj, - -- , Ma}.
By (B.33), H{ ' = Q) — ﬁ”n/v where n = (1,2,--- , L)". It follows that

1
= (M; — 1)1g1) (K) _ _— _¢¢
Q1= (M — 1)1l +Q L+1§€’

where 1g is the K-dimensional vector whose elements are all equal to 1,
and £ = (My,--- , My)". Define the L x L matrix A by A(i,j) = UL__S/{%, for
1 <i,7 < L and let A; be the submatrix of A by restricting the rows and
columns to Z’. By these notations,

Q1= (MO — 1)1K1IK + Q(K) — Aq.

At the same time, we observe that
GIHvIN _ (M() _ 1)1[{1,[( + Q(K)
Combining the above yields that GZ"Z" — Q; = A;. Note that |A(i, )| <

M%:rjl\/[% < (IOH)(%AﬂHOH) = o(1) for all 4,5 € 7. Hence, ||A1]] = o(1) and
(B.43) follows directly. O
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B.6.1. Proof of Lemma B.6. To show the claim, we need to introduce
some quantities and lemmas. First, by a trivial extension of Lemma B.3,

-_ _ i F,N).
,0]( 1, G) (F,N);min(FUJr\];l)anFﬂN:@’F?éww( )

where ¢(F,N) = ¢(F,N;9,r,G), defined in (2.35).
Second, let R, denote the collection of all subsets of {1,---,p} that are
formed by consecutive nodes. Define

5501, G) = (EN),

min
(F,N):min(FUN)=4, FON=0,F#0, FUNER,,,FER,| F|<3,|N|<2

where we emphasize that the minimum is taken over finite pairs (F, N). The
following lemma is proved in Appendix C.

LEMMA B.7. Asp — 00, maXiog(p)<j<p-log(p) 175 (0,7 G) —5;7(19,7“, G)| =

o(1).
Third, for each dimension k, define the k x k& matrix E&k) as
(B.44) 280, 5) =2 1{i = 5} — 1{li — j| =1},

except that E,(‘k)(l, 1) = E&k)(k, k) =1, and the k x k matrix o) as

(B.45) QW™ (4, 5) = minfi, j} — 1.
Let
. k —
(<) mingepieige, 51 S PFIE, IN| >0
00 _ . k
w (F7 N) - mlnéeR\z\:|€j217l/§:0 f'ﬂi )g, |N| == 07 ‘F’ >1
00, IN|=0, |F|=1

and define (™) (F, N) = (®)(F, N;9,r,G), a counter part of )(F, N), by
replacing w(F, N) by w(®)(F, N) in the definition (2.35). Let

P> (0,r) = min YN (F,N),
(F,N):min(FUN)=1,FNN=0,F#0,FER,,FUNER,,|F|<3,|N|<2

where we note that p(>)(,r) does not depend on j. The following lemma
is proved in Appendix C.

LEMMA B.8.  Asp — 00, MaXjye(p)<j<p—log(p) |5;'f(19,1", G) — p>®) 9, r)| =

o(1).
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Now, we show the claims. Write for short p; = pj(J,r, G), and 5;, Pep
similarly. First, we show
4,(G%) < L,
Denote (£, N¥) the minimum in defining 5;, and if there is a tie, we pick
the one that appears first lexicographically. By definition and Lemma B.7,
for any log(p) < j < p —log(p),

¢(F]*7N]*)55;:ﬁ;+0(1)7 and (F]*UN;)C{.].V" 7.7+4}

By the definition of GV, these imply that there is an edge between nodes j
and k only when |k — j| < 4. So d,(GY) < C.
Next, we show for all log(p) < j < p — log(p),
Pj = Pep +o(1).
By Lemma B.7 and Lemma B.8, it suffices to show

(B.46) P> = plye
Introduce the function v(-; F, N) for each (F,N):
v(z; F,N) =
{ (|F| 4 2|N|)/2 4+ w(™)z /4, |F| is even,
(IF| 4 2|N| +1)/2 + [(Vw®)z — 1/Vwz) ]2/4, |F|is odd,

where w(®) is short for w(>)(F, N). Then we can write
w(oo)(F, N;9,r,G) =19 -v(r/9;F,N).

Let v*(x) = min gy v(z; F, N), where the minimum is taken over those
(F,N) in defining p(>). Tt follows that

(B.47) P (0, r) = (rlgli]\r}) 9 v(r/0;F,N) =0 v*(r/J).

Below, we compute the function v*(-) by computing the functions v(-; F, N)
for the finite pairs (F, N) in defining p(®) . After excluding some obviously
non-optimal pairs, all possible cases are displayed in Table 1. Using Table
1, we can further exclude the cases with |F'| = 3. In the remaining, for each
fixed value of w(*>), we keep two pairs of (F, N) which minimize |F| + 2|N|
among those with |F'| odd and even respectively. The results are displayed in
Table 2. Then v*(+) is the lower envelope of the four functions listed. Direct
calculations yield

. 1+x/4, 0<ax<6+42V10;
vi(z) = _ 2
3+ (vVr—2/y/x)?/8, x> 6+ 2V10.
Plugging this into (B.47) and comparing it with the definition of pf,, we
obtain (B.46). 0
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TABLE 1
Calculation of W™ (F,N)
F N (=)FF o £ w!™)(F,N)
5! 21 1 - 1 1
{2} {13} 2 - 1 L
0 0 /
{1,2} 0 - (0 1) (1,-1) 1
1 -1 )
wyowm (43 : (1,-1) i
2 -1 / 2
en oan o (5 3) : (a.-1) 2
0 0 0
{1,2,3} 0 - 01 1| (1,-21) 2
0 1 2
1 -1 0
{17273} {4} -1 2 -1 - (17_%7 1)/ %
0o -1 2
2 -1 0
{2,3,4y {1,5} [-1 2 -1 . (1,-1,1) 1
0o -1 2
TABLE 2
Calculation of v(z; F, N)
W |F| N| V(x;IR N) - €7
1 T 1T 2+i(Ve— 5% |
1 2 0 1+¢ 1
1 12 3+5(Voe— )7 1
2 2 2 3+¢% 1

B.7. Proof of Lemma A.1. Fix 4 and r. Write for short p} = p3(J,r,G).
To show the claim, it suffices to show for each 1 < j < p,

(B.48) P(8; #0, j ¢ Us) < Lylp™" +p~ D7) + o(1/p).

Fix 1 < j < p. Recall that Gg is the subgraph of G* by restricting the
nodes into S(f3). Over the event {3; # 0}, there is a unique component 7
such that j € Z < G§. By [14, 20], |Z| < m except for a probability of at
most Lpp_(mﬂ)‘?, where the randomness comes from the law of 5. Denote
this event as A, = A, ;. To show (B.48), it suffices to show
(B.49) P8 #0, 5 U Ay) < L™ +o(1/p).

Note that Z depends on  (and so is random), and also that over the event
Ay, any realization of Z is a connected subgraph in G* with size < m.
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Therefore,

P(B;#0, j¢Us, A< Y. PGHeI<Gs jEUr, Ay,
T:5€Z4G*,|T|<m

where on the right hand side, we have misused the notation slightly by
denoting Z as a fixed (non-random) connected subgraph of G*. Since G*
is Kj-sparse (see Lemma B.1), for any fixed j, there are no more than
C(eK,)™ connected subgraph 7 such that j € Z and |Z| < m [14]. Noticing
that C(eK,)™ < L,, to show (B.49), it is sufficient to show for any fixed 7
such that j € Z<G* and |Z| < m,

(B.50) P(jeT<Gs, jeU;, Ay) < Lyp i +o(1/p).

Fix such an Z. The subgraph (as a whole) has been screened in some sub-
stage of the PS-step, say, sub-stage t. Let N=UDNT and F = I\N be
as in the initial sub-step of the PS-step. By definitions, the event {j ¢ U} is
contained in the event that 7 fails to pass the x2-test in (2.19). As a result,

P(jeI<Gsj¢U,Ay) <P(jeI<GyT(dF,N)<2(F, N)log(p), Ap)

< 3 P(j € T 4G5, T(d, F,N) < 2q(F, N) log(p), 4,).
(F,N):FUN=I,FNN=0,F+#0

where (F, N) are fixed (non-random) subsets, and g = ¢(F, N) is either as
in (2.33) or in (2.38). Since |Z| < m, the summation in the second line only
involves at most finite terms. Therefore, to show (B.50), it suffices to show
for each fixed triplet (Z, F, N) satisfying j € ZIG*, |Z| <m, FUN =T,
FNAN=0and F #0,

(B.51) P(j € I<G%, T(d, F,N) < 2q(F,N)log(p), A,) < Lpp " +o(1/p).
Now, we show (B.51). The following lemma is proved below.

LEMMA B.9. For each fixed (Z,F,N) such that Z = FUN, FNN =),
F # 0 and |Z| < m, there exists a random variable Ty such that with probabil-
ity at least 1 —o(1/p), |T(d, F, N) —Ty| < C(log(p))/*, and conditioning on
BE, Ty has a non-central x%-distribution with the degree of freedom k < |I|
and the non-centrality parameter

% = (87) [Q7" - @"N(@MY)TIQM] BT,
where Q) is as defined in (2.17).
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Fix a triplet (Z, F, N) and let dp be as in Lemma B.9. Then
(B.52) P(Z<1G%, T(d,F,N) < 2q(F,N)log(p), Ap;)
< P(T<G% Ty < 2q(F,N)log(p) + C(log(p))"/*) + o(1/p)
< P(Z<Gs) - P(Ty < 2q(F, N)log(p) + C(log(p) )L WI) +o(1/p).

Denote wy = 7, 26. By Lemma B.9, (Tp|8%) ~ x2(2rwolog(p)), where k <

m. In addition, (log(p))/* < log(p) by recalling that o > 1. Combining
these and using the basic property of non-central y2-distributions,

P(Tp < 29(F, N) log(p) + C(log(p))"/* |87) < Lyp~ (Vo= Vel T,
Inserting this into (B.52) and noting that P(I < gg) < Lpp’mﬁ, we have

P(I<4G%, T(d, F,N) < 2q(F,N)log(p), 4,) < Lpp—lf\ﬂ—KW—vﬂFvN))H?+o(1/p).

Comparing this with (B.51) and using the expression of p} in Lemma B.3,
it suffices to show

(B.53) IZ19 + [(Vawor — V/a(F, N))4)2 > (F, N).

Recall that ¢ = ¢(F, N) is chosen from either (2.33) or (2.38). In the
former case, since wg > @(F, N) by definition (see (2.37)), it follows imme-
diately from (2.33) and (2.34) that (B.53) holds. Therefore, we only consider
the latter, in which case ¢(F, N) = ¢|F| and (B.53) reduces to

(B.54) IZ)9 + [(Vwor — V@ F|)+]? > ¢(F, N).
By the expression of ¢(F, N),
Y(E,N) < (IZ] = [F]/2)9 + (wr/4 4 9/2) < |Z]J + wr/4,

where w is a shorthand of w(F, N). Therefore, to show (B.54), it suffices to
check

(B.55) (Vaor — VAFT ), > Var/2.

Towards this end, recalling that F C Z, we let & and % be the respective
submatrices of (GZZ)~! and Q! formed by restricting the rows and columns
from 7 to F. Let &* = 7, 13F By elementary calculation and noting that
a > ay(G),

w= _min g7 wp= ()57
EeRIFLIL|g|<a
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On one hand, since G € M3 (7,9, ¢, A1) and |Z| <m < g,
(B.56) w > |F| - Amin(GTT) > ¢ - |F.
On the other hand, noting that ||£*|o < a,

(BST) [w—wol < max  [¢(E7 =Z7H¢ < (- IZTF - ST
¢eRIFl:1<|gi]<a

We argue that ||[X~! —X~1|| can be taken to be sufficiently small by £7* suffi-
ciently large. To see the point, note that [|[S~'=%~1| < ||GZZ|12Q 1|2 GTE -
Q|| First, since |Z| < m, [|GTZ||? < C. Second, note that @ is the Fisher In-
formation Matrix associated with the model d*”° ~ N(BZ" 2L, "1,
Using Lemma 2.2 and (B.77), ||GEZ — Q|| < C(¢P*)™7. Third, ||(GFE)~7!|| <
cal, since G € M3 (7,9, co, A1). Finally, QY < 2661 when GT71 and Q
are sufficiently close. Combining these gives that |2~ — X1 < C(¢7%)~7,
for sufficiently large ¢P°, and the claim follows.
As a result, by taking /P° a sufficiently large constant integer, we have

(B.58) @5 -5 < (5v@ - V),

where we note the right hand side is a fixed positive constant. Combining

(B.56)-(B.58),

V=) < (5v% — Vam VIF] < 5vi — ValFI,

where the first inequality follows from (B.57) and (B.58), as well as the
fact that ¢ < cor/4 (so that 3./co — \/q/r > 0); and the last inequality
follows from (B.56). Combining this to the well known inequality that \/a +

/(b —a)y > /b for any a,b > 0, we have
Vo > Vi~ V(o — ) 2 Ve~ (538 — AFIT) > 5V + VA,

and (B.55) follows directly. O

B.7.1. Proof of Lemma B.9. Recall that T(d, F, N) = W'Q'W-W\(Qn.n)" Wy
where d = DY, W and @ are defined in (2.17) which depend on Z = FUN,
and Wy and Qn n are defined in (2.18). Let V' = S(5)\Z. By definitions,

W =QBr +¢+u,
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where & = (BT T) (HT”I")~1BT"V3Y and v ~ N(0,Q). Denote W =
QBT + u. Introduce a proxy of T(d, F, N) by
To(d, F.N) = W'QT'W — (WHy(@™™)~tw™.

Write for short 7' = T'(d, F, N) and Ty = To(d, F, N). To show the claim,
it is sufficient to show (a) |T'— Ty| < C(log(p))"/® with probability at least
1 —o(1/p) and (b) (To|8%) ~ xj(Jo)-

Consider (a) first. By direct calculations,

(B:59) T —To < 20€]l - % + QM NlEll + 21Q 2 HIQ ™" 2ul]).

First, since |Z| < m and |||/ < a7y < Cy/log(p), ||B%|| < Cy/log(p). Sec-
ond, by definitions, max{||Q /2|, |@ ']} < C. Last, note that Q~'/2u ~

N(0, I;7)) and so with probability at least 1—o(1/p), QY 2u|| < Cy/log(p).
Inserting these into (B.59), we have that with probability at least 1 —o(1/p),

T = Tp| < Clig]l (V1og(p) + lI€]1)-
We now study ||£||. By definitions, it is seen that
el < (1BF I NP F) - (1B BY .

First, we have ||BZ"Z|| < ||B|| < C. Second, since |ZP*| < C, by RCB,
Amin(HE ™) > ¢|ZP5|7% > C > 0, and so ||(HZ"L"")~1|| < C. Third, by
basic algebra,

(B.60) BTV < VITre| - [ BEYV B [lo < CUBTY Jlog - 18Y [l oo

Here, we note that [|[BX"V |, < ||B — B**||so, Wwhere B** is defined in
Section B.1, and where by Lemma B.1, ||B — B*|» < C(log(p))~(1~1/®),
As a result, | BTV < C(log(p))~(1=1/®), Inserting this into (B.60) and

recalling that ||3Y]|ec < C/log(p),

IBFV Y| < Cllog(p)~ 1) - /log(p) = C(log(p)) /2.

Combining these gives that ||¢]| < C(log(p))*/*~1/2. This, together with
(B.59), implies that

C(log(p))"/*~"/[\/1og(p) + (log(p))"/* /7]
Cl(log(p))"/* + (log(p))**~],

T — Ty <
<

and the claim follows by recalling o > 1.
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Next, consider (b). Write for short R = (HZ"2"*)~1/2BT"T  Also, recall
that F' and N are subsets of Z. We let Rp and Ry be the submatrices of R
by restricting the columns to F' and N, respectively (no restriction on the
rows). By definitions, Q@ = R'R and u ~ N(0,Q), so that we can rewrite
u = R'Z for some random vector Z ~ N(0, I|zps|). With these notations, we
can rewrite T{ as

To = (RBT 4+ 2)[R(R'R) 'R — Ry (RyRn) *Ry](RBT + 2).
Therefore, (Tp|%) ~ x7(d0) [22], where k = rank(R) — rank(Ry) < |Z|, and
o0 = (RBY)[R(R'R) 'R’ — Ry(R\yRy) ' Ry|(RBY).

By basic algebra, 8 = 6. This completes the proof. O

B.8. Proof of Lemma A.2. Viewing U, as a subgraph of G, we recall
that 7 <, stands for that Z is a component of U;. The assertion of Lemma
A.2 is that there exists a constant integer [y such that

(B.61) P(|Z] > lo for some Z <1Uy) = o(1/p).
The key to show the claim is the following lemma, which is proved below:

LEMMA B.10. There is an event A, and a constant C; > 0 such that
P(A5) = o(1/p) and that over the event Ap, 1d%™*||? > 5C1|Z|log(p) for all
T<aU,.

By Lemma B.10, to show (B.61), it suffices to show
(B.62) P(|Z] > Iy for some Z <9U;, Ap) = o(1/p).

Now, for each 1 < j < p, there is a unique component Z such that j € Z<U,.
Such 7 is random, but any of its realization is a connected subgraph of G*.
Therefore,

(B.63)

[e.e]

P(|Z] > Iy for some <y, Ay) <Y Y Y P(iezauy, Ay),
J=li=lo+1T:jeZ<G,|Z|=1

where on the right hand side we have changed the meaning of Z to denote
a fixed (non-random) connected subgraph of G*. We argue that

(a) for each (j,!), the third summation on the right of (B.63) sums over
no more than L, terms;
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(b) there are constants Co,C3 > 0 such that for any (j,Z) satisfying j €
TAGT, P(jeT AUy, Ay) < Ly[p VI 4 p=Csll],

Once (a) and (b) are proved, then it follows from (B.63) that
P(|Z] > lo for some Z <y, Ap) < L, []91_02\/E +p1_c3l°},

and (B.62) follows by taking ¢y sufficiently large.

It remains to show (a) and (b). Consider (a) first. Note that the number of
connected subgraph Z of size [ such that j € ZJIG* is bounded by C(eK, )
[14], where Kp+ is the maximum degree of G*. At the same time, by Lemma
B.1 and Lemma B.2, K} is an L, term. Combining these gives (a).

Consider (b). Denote V' = {j : B**(i,5) # 0, for some i € ZP*}, where
B** is defined in Section B.1. Write for short d; = Ips, By = BTV and
Hy = H**” . With these notations and by Lemma B.10, (b) reduces to

(B.64) P(j €T au, |ldi]]> 2 5C1|Z|log(p) < Ly[p 2V 4 pCs/7].

We now show (B.64). Note that di = B18Y + ¢ + %, where £ = [(B —
B**)B*" and Z ~ N(0, Hy). For preparation, we claim that

(B.65) I€]* = |Z] - o(log(p))-

In fact, first since ¢P* is finite, |ZP°| < C|Z| and it follows that |¢||> <
C|Z| - ||€||%. Second, by Lemma B.1, |B — B**||oc = o(1). Since ||B|lcc <
atp, < C/log(p), it follows that ||{]|cc < ||B — B**||oc|Bllec = 0(1/1l0g(p)).
Combining these gives (B.65).

Now, combining (B.64) and (B.65) and using the well-known inequality
(a+b)? < 2a® + 2b? for a,b € R, we find that for sufficiently large p,

(B.66) P(jeZ<Uy, ||di]* = 5C1|Z]log(p))
< P(j eIy, [|B18Y +2|* > 4C1|T|log(p))
< P(jeZaly, [1B18Y)? + |12 = 2C1|Z| log(p))
< P(IB1SY|* = C1[Z]og(p)) + P(IIZI1* > C1l|Z|log(p))

= I+11.

We now analyze I and I1 separately. Consider I first. We claim there is a
constant Cy > 0, not depending on |Z|, such that || B13Y|| < 1/C1log(p)||3Y o
To see this, note that ||B1Y|| < ||B18Y |1 < ||B11]|8Y ||1, where ||By|1 <
|B|li < C, with C > 0 a constant independent of |Z|. At the same time,
1811 < a7p||BY[lo- So the argument holds for Cy = 2ra?C?. Additionally,
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18" ||lo has a multinomial distribution, where the number of trials is |V| < L,
and the success probability is €, = p~?. Combining these, we have

(B.67) 1< P80 > V(C1/C)[T]) < Lyp~ V(DI

where |z] denotes the the largest integer k such that k < x.
Next, consider II. Note that ||Hi| < |[H| < Cs, where C5 > 0 is a

constant independent of |Z|. It follows that ||Z]|? < C’gl||Hf1/22H2, where
||H171/22||2 has a x2-distribution with degree of freedom |ZP*| < C|Z|. Using
the property of y2-distributions,

(B.68) 1 < P(|H; 22|12 > O1C5)T|log(p)) < Lyp~(Cr0/211,

Inserting (B.67) and (B.68) into (B.66), (B.64) follows by taking Cy >
19\/01/04 and 03 > 0105/2. O

B.8.1. Proof of Lemma B.10. For preparation, we need some notations.
First, for a constant dy > 0 to be determinded, define the p x p matrices B
and H by

B(i,j) = B, ){|B(i,5)| > do},  H(i,j) = H(i, j)I{|H(,j)| > do}-

Second, view Uy as a subgraph of G*. Note that in the PS-step, each
G; is a connected subgraph of GT. Hence, any G; that passed the test must
be contained as a whole in one component of U,;. It follows that for any
T < Uy, there exists a (random) set 7 C {1,---,T} such that Z = Uye7G;.
Therefore, we write

1= Ufilvlﬁ

where each V; = G; for some t € T, and these V;’s are listed in the order
they were tested. Denote N; =UY NG, and F, = gt\NZ-. Let W(; and
Qi) be the vector W and matrix @ in (2.17). From basic algebra, the test
statistic can be rewritten as

(B.69)
s, N ~1/2 F; i, N Vi, Ni\— f
T(d, B W) = lullP u =30 WG - QG @ ™) Wi,
where Y = ng)ﬂ _ Qf})’NZ [Qé\zf)wNz]—lQé\Zf;,Fz
Third, define i )
Wiy = (B Yy (YY) 71
and uzki) as in (B.69) with W(; replaced by W(*;). Let u be the |Z| x 1 vector

by putting {u;),1 <4 < 50} together, and define u* similarly.
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With these notations, to show the claim, it suffices to show there exist
positive constants Cg, C7 such that with probability at least 1 — o(1/p), for
any Z U,

(B.70) [u*||* > Cs|Z|log(p),
and
(B.71) Ju*||*> < Crl|d™" ||

Consider (B.70) first. Since each V; passed the test, [lu|* > t(F;
t(Ey, N;) is chosen from (2.33), t(Fy, N;i) > 2qolog(p) > 2(qo/m)|Fi|log(p);
otherwise it is chosen from (2.38), then t(Fj, N;) > 2| F;|log(p). In both
cases, there is a constant ¢ > 0 such that

NG I
7

lueyl|? > 24| i log(p),  1<i< 3.

In addition, it is easy to see that U E} is a partition of Z. It follows that

30
(B.72) lull> = llug 1> > 24/Z] log(p).
=1

At the same time, let A, be the event {||d|lo < Coy/log(p)}, where we
argue that when Cp is sufficiently large, P(A5) = o(1/p). To see this, recall
that d = BB + H'/?%, where Z ~ N(0, I,). By the assumptions, || Bl < C,

1Bllec < C'\/log(p) and || H||o < C'. Therefore, [|d]jeo < C(y/10g(p)+||Z]loo)-
It is well-known that P(]|Z||sc > 1/2alog(p)) = L,p~® for any a > 0. Hence,

when Cj is sufficiently large, P(A}) = o(1/p).
We shall show that over the event A,, by choosing dg a sufficiently small
constant,

(B.73) lu —w*|[* < q|Z|log(p)/2.

Once this is proved, combining (B.72) and (B.73), and applying the inequal-
ity (a + b)% < 2(a® + b?) for any a,b € R, we have

2q|Z|log(p) < [lull* < 2(||w*|* + lu — w*|[*) < 2/|u”[|* + q|Z| log(p).

Hence, (B.70) holds with Cs = ¢/2.

What remains is to prove (B.73). It follows from G' € M3(v, g, co, A1) and
[Vil <m < g that [|[(GY#V) 7| < ¢yt As a result, HQ(;)lH < C. Also, E(*Z)l is
a submatrix of Q&)l; and hence HE(_Z)IH < C. This implies

(B.74) luy = uipyll < ClIWe = Wil 1 <i < 3.
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Since B enjoys a polynomial off-diagonal decay with rate a, |[(B—B)Y7 Vi||o <
C5. . Noting that [VP*| < C, this implies ||(B — B)Y"Vi|| < Csh ™.

Similarly, we can derive ||(H — H)VV"|| < 053_1/(1. These together imply

* 1-1/a ps 1-1/a . A
(B75) Wy = Wil < €~ [1d"" || < Co [ld]loe, 1< < o,

where in the last inequality we use the facts that [V?*| < C and ||d" ||« <
||d|loc. Combining (B.74) and (B.75), over the event A,

lugy — iy |2 < €O log(p), 1< < .

Noting that o« > 1, we can choose a sufficiently small §p such that Cég(l_l/ @) <
q/2, and (B.73) follows by noting |5o| < |Z|.

Next, consider (B.71). We write
u* =Ere ¢,
where the matrices =, I' and © are defined as follows: = is a block-wise
diagonal matrix with the i-th block equals to E(_Z)l Disa |[Z] x (322, |Vi])
matrix, with the (F;, V;)-block is given by

D= 1 -G @)

and 0 elsewhere. © is a (3252 |V;]) x [ZP®| matrix, with the (V;, V7®)-block

Qv — (BVI Vi (VW

)

and 0 elsewhere.
Note that these matrices are random (they depend on U, and Z). Below,
we show that for any realization of U; and any component 7 < U,

(B.76) |ZEre|| < C.

Once (B.76) is proved, (B.71) follows by letting C7 = C2.
We now show (B.76). Since ||ZET'O| < ||Z|||IT]|||O]|, it suffices to show

IEL 1T el < ¢.

First, ||Z|| < max; HQal | < C. Second, the entries in I' and © have a uniform
upper bound in magnitude, and each row and column of I" has < m non-zero
entries. So ||I'|| < C'. Finally, each row of © has no more than 2m¢P* entries;
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as a result, to show ||©|] < C, we only need to prove that each column of ©
also has a bounded number of non-zero entries.

Towards this end, write for short B(i) = BY""Vi and ﬁ(i) = HYVE for
each 1 <14 < §. By definition,

Ok, )= Y BuU WH (5, keVi jeVl
j/EVipS

First, given the chosen &g, each row or column of B and H has < L non-zero
entries, where Lg is a constant integer. Therefore, for each j’, the number
of k such that B(j’,k) # 0 is upper bounded by Lg. Second, we define a
graph G = G(dp) where there is an edge between nodes j and 5’ if and only if
JEI(j,j/) # 0. For each 1 <14 < §g, let G; be the restriction of G to the nodes
in V”*. We see that ﬁ(i) is block-diagonal with each block corresponding
to a component of G;, and so is (]SI(Z-))_I. This means (ﬁ(i))_l(j’,j) can be
non-zero only when j and j' belong to the same component of G;. Since
|VP®| < 2mtPs for all i, necessarily, there exits a path in G of length < 2m¢Ps
that connects 7 and j'. Third, since G is Lg-sparse, for each j, the number
of j' that is connected to j with a path of length < 2m/#P* is upper bounded
by Lgmzm' In summary, for each fixed j, there are no more than Lg - L%meps
nodes k such that O(k, j) # 0, i.e., each column of © has < L(Q)mﬂgs‘*'1 nonzero
entries and the claim follows. O

B.9. Proof of Lemma A.3. Fix Z and recall that J = {j : D(i,j) #
0, for some i € Z}. In this lemma, 7ZP¢ is as in Definition 2.6, but JP¢
is redefined as JP¢ = {j : D(i,j) # 0, for some i € ZP°}. Denote M =
| TP¢| — |ZP¢| and write GV"7" = G for short. Let F be the mapping from
JPe to {1,---,|JP¢|} that maps each j € JP¢ to its order in JP¢. Denote
7, = F(Z). By these notations, the claim reduces to: for any |JP¢| x M
matrix U whose columns contain an orthonormal basis of Null(ZP¢, JP€),

|[T@'G o) U | = o(1).
It suffices to show
(B.77) |T@W'cT'o) U | < o),

where v > 0 is the same as in M;(fy,g, o, A1). In fact, once this is proved,
the claim follows by noting that ¢7¢ = (log(p))” — cc.
We now show (B.77). By elementary algebra,

B OO U] < 06 U
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Consider H(U’GIIU)_lH first. Since U'U is an identity matrix, we have
IGO0 = Pain (UG < Panin(GT ]! = (|G| Addition-
ally, the assumption G € M (7, g, co, A1) implies that [|G1]| < A Z‘j‘ipﬂ Jj <
C|JPe|}=7. Last, when |Z| < Iy, 20°¢ +1 < |JP¢| < (20P¢ + 1)ly. Combining
the above yields
(B.79) |(U'crto)™ | < e .
Next, consider ||(UU’)*71||. Note that

IOUY 2 < T - max [((UT') (i, 4],

i,0'€Ty

where maxmfezl ‘U’U(’L, Z’)‘ S M-maxiezhlngM ’U(Z,j)|2 Here ‘Il‘ = ’I‘ S
lo and M < h|Z| < hly. It follows that

NIy, T .2
(B.80) (Ui < C max_ UG ).

The following lemma is proved in Appendix C.
LEMMA B.11.  Under the conditioins of Lemma A.3, for any TIG™ such

that |Z| < lop, and any matriz U whose columns form an orthonormal basis

of Null(IPe, JPe),

Ui, i 2 < o(pey-1
in(I),lgr?g{(ypngpe“ (1, 5)17 < C(¢")

Using Lemma B.11, it follows from (B.80) that
(B.81) |(UUyF2 | < oere) .
Inserting (B.79) and (B.81) into (B.78), we obtain (B.77). O

B.10. Proof of Lemma A.4. Write for short

p p
My=>" Y P(I<U, ANES;), Ma=)Y P(B,#0, k¢ Uy).
j=1 T:j€T9G+,|T|<lo k=1
With these notations, the claim reduces to My < Ly, - Ms.
The key is to prove

(a) for each T <G, over the event {Z < U, Ap N Ef 7}, it always holds
that (S(8) N £(17)) \Uy # 0

(b) for each k, there are no more than L, different Z such that Z <G+,
|Z| <lp and k € E(Z7°).
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Once (a) and (b) are proved, the claim follows easily. To see the point, we
note that

P((SB)NE@ N A0) < S PG #0, k¢ ).

ke (Ire)

Combining this with (a), we have

Mi<y Y ST P(B#0, ke l).
Jj=17

JETLGT | Z|<lo keE(ZPe)

By re-organizing the summation, the right hand side is equal to

> > Z|- P(By #0, k¢ U),

k=1 T:79G+,|Z|<lo,k€E (IPe)

which < L, - M5 by (b), and the claim follows.
We now show (a) and (b). Consider (a) first. Fix Z < G*. Suppose (a)
does not hold, i.e., the following event

(T, (S(B)NE@))\Uy =0, AN Bz}

is non-empty. View U, as a subgraph of G*. Applying Lemma B.2to V = Uy,
we find that Z < U, implies (U;\Z) N E(ZP¢) = . Therefore, the following

event
(B.82)  {UND)NET™) =0, (S(B) NET)\U: =0, AyNES7}

is non-empty. Note that Z C £(ZP¢). From basic set operations, (U;\Z) N
E(TP%) = 0 and (S(B) NE(ZP?))\U, = O together imply

(S(8) N ETP)) € T.

By definition, this belongs to the event E, 7. Hence, the event in (B.82) is
empty, which is a contradiction.

Consider (b) next. Fix k and denote K the collection of Z satisfying the
conditions in (b). Let V = {1 < i < p: k € E{i}?*)}. Since £(IP°) =
Uiez€({i}P¢), we observe that

K = Uiev K, where K;={Z: I4G", |Z|<ly, i €I}.

Note that by Lemma B.1 and B.2, G* is K,-sparse and GV is K;r-sparse,
where both K, and K, are L, terms. First, we bound |V|: By definition,
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k € £({i}P°) if and only if there exits a node k¥’ € {i}P¢ such that k¥’ and k
are connected by a length-1 path in G*. Since G* is K-sparse, given k, the
number of such £’ is bounded by K. In addition, for each £, there are no
more than (2¢P¢+1) nodes ¢ such that k' € {i}P¢. Hence, |V| < (20P°+1) K.
Second, we bound max;cy |K;|: For each node i € V, there are no more than
C(eK, ) connected subgraph of Gt that contain i and have a size < I
[14], i.e., |Ki| < C(eK; ). Combining the two parts, |K| < Kp(20P¢ + 1) -
C(eK,f), which is an L, term. O

B.11. Proof of Lemma A.5. Let Vi, = S(8) N E(ZP¢) and Vo =
S(B)\E(ZP¢). We have (BB)T" = BI"™Vip“1i 4 ¢ where ¢ = BT V2pV2,
Note that over the event E, 7, V4 C . It follows that BI**VigVi — pT*13T
Combining these, to show the claim, it is sufficient to show

(B-83) <l < )2 log(p)] 1.

Recall the matrix B** defined in Section B.1. Since B**(i,j) = 0 for
j € Vi, we have ||[BT""2||, < ||B — B**||s, where by Lemma B.1, || B —
B*||00 < Cllog(p)]~(*=1/®). Moreover, |3 < ar,. Consequently,

(B.84) I¢lloe < 1B = B*|lcl| 8" lloc < Cllog(p)] =4~/ 7,.

At the same time, note that |ZP¢| < [p(20P¢ + 1) < C¢P¢. Tt follows from
the Cauchy-Schwartz inequality that [|C|| < /IZP¢[[[¢]lee < C(7)/2(|¢]l00-

Combining this with (B.84) gives the claim. O

B.12. Proof of Lemma A.6. Fix (j,Vp,V1,Z) and write for short
pi(Vo, V1) = pj(Vo, V1; Z) and p; = pj (9,1, G). The goal is to show p;(Vp, V1) >
P +o0(1). We show this for the case Vj # V1 and the case Vjj = V; separately.

Consider the first case. By definition, p; < p(Vp, V1), where p(Vp, V1) is as
in (2.28). Therefore, it suffices to show

(B.85) pi(Vo, V1) = p(Vo, V1) + o(1).

Introduce the function
1 2
f(z) = max{|Vol, [Vi|}9 + Z[(\/E* Vol = Wal|9/vx) )7, x> 0.

Then p;(Vo, Vi) = f(wjr) and p(Vo, V1) = f(w*r), where w; = w;(Vp, Vi; 1)
and @w* = w*(Vp, V1), defined in (A.15) and (2.27) respectively. Since f(x)
is an increasing function and |f(z) — f(y)| < |z — y|/4 for all z,y > 0, to
show (B.85), it suffices to show

(B.86) w; > w" +o(l).
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Now, we show (B.86). Introduce the quantity @ = min;¢y,uy;) @;. Write
By = BT Hy = H?” and Q, = B{H;'B;. Given any C > 0, define
O(C) as the collection of vectors & € RIZI such that for all 4, either fl-(k) =0
or [¢™] > 1, and that Supp(¢W) = V4, [|€W)]|o < C, for k = 0, 1. Denote
© = O(o0). By these notations and the definitions of w; and @*, we have

(5(1) _ 5(0))’621(5(1) _ 5(0))’

w = min
(£ ,M): £ eO,k=0,1;5gn(£(0))#£sgn(£(1))

*

W) — c@yGTI(eM) _ g0y,

min
(£©,6M): (R €O(a),k=0,1;5gn(£(0)#sgn (V)

First, since a > ay(G), in the expression of @”, ©(a) can be replaced by
O(C) for any C' > a. Second, since Apin(Q1) > C, from basic properties of
the quadratic programming, there exists a constant ag > 0 such that for any
(fio), §£1)), a minimizer in the expression of w, max{Hin) || cos ||§i1) loo} < ap.
Therefore, in the expression of w, © can be replaced by ©(C) for any C' > ay.
Now, let a; = max{aop, a} and we can unify the constraints in two expressions
to that £*) € ©(a,), for k = 0,1, and sgn(£®) # sgn(¢M). It follows that

(B.87) |w—w*| < max (G — Q1)E| < C|GFT —@u].
EERITL||¢]| 0 <2a1

Note that ()1 is the Fisher Information Matrix associated with model d; ~
N(B15%, Hy), by Lemma 2.2 and Lemma A.3, |GTZ — Q]| = o(1). Plugging
this into (B.87) gives |w — w*| = o(1). Hence, w; > w > @w* + o(1) and
(B.86) follows.

Next, consider the case Vy = V;. Pick an arbitrary minimizer in the defini-
tion of w;j, denoted as (§£O), §£1)), and define F' = {k : sgn(ﬁiz)) + sgn(ﬁi}g))}
and N = Vo\F. It is seen that j € F. By Lemma B.3, p; < ¢(F, N), where
Y(F, N) is defined in (2.35). Hence, it suffices to show

(B.88) p3(Vo, Vi) = 9(F, N) + o(1).

On one hand, when |Vp| = |V1], the function f introduced above is equal to
[Vo|¥ + x/4 and hence

pi(Vo, V1) = f(w;r) = [Vol9 + w7 /4.

On the other hand, using the expression of (F, N) in (2.35) and noting
that |F| > 1,

Y(F,N) < (|F| + [NV +wr/4 = Vol + wr/4,
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where w = w(F, N) is defined in (2.36). Therefore, to show (B.88), it suffices
to show

(B.89) w; > w+o(l).

Now, we show (B.89). From the definition (2.36) and basic algebra, we
can write
= min ed3
EeRIZI: £;=0,i¢Vo;|&|>1,ieF

Denote &, = E,El) —&EO). By our construction, w; = £, Q1&s, & = 0 for i ¢ Vj,
and [€.;| > 2 for i € F. As a result,

(B.90) ¢Gtre, > w.

At the same time, we have seen in the derivation of (B.87) that there exists
a constant ap > 0 such that HESKO)HOO, HfS)HOO < ag and ||GHT — Q1| = o(1).
Therefore, ||£4]|? < 2ag|Z| < C and

(B.91)  |@; - £LGTTE] = [€Qig — €676 < OGP = @il = o(1).
Combining (B.90) and (B.91) gives (B.89). O

APPENDIX C: SUPPLEMENTARY PROOFS
In this section, we prove Lemma B.5, B.7, B.8 and B.11.

C.1. Proof of Lemma B.5. Write &, = maXiog(y)<j<p—tog(p) G (J,7)
and ag = 5= [ f~!(w)dw. The assertion of Lemma B.5 is

lim Kp = ag.
p—0o0

To show this, denote £, = minjog(p)<j<p—log(p) G714, ), and k), = trace(G1)/p.
Since log(p) < p and all diagonals of G~! are bounded from above, it follows
from definitions that

(C.1) Ky +o(1) < Ky <Fp +o(1).

At the same time, the conditions of Lemma 2.5 ensure that f*(w) is contin-
uously differentiable on [—7, 7]. By [27],

lim &, = aop.
p—o0

Therefore, liminf, .ok, > lim, oo Ky = ag, and all we need to show is
limsup,,_, o Kp < ao.
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Towards this end, write G = G, to emphasize on its dependence of p.
For any positive definite p x p matrix A and a subset V C {1,---,p}, if
we let B; be the inverse of AV"Y and By the (V,V)-block of A~!, then by
elementary algebra, By — B; is positive semi-definite. Now, for any (3, j)
such that log(p) < j < p —log(p) and 1 < ¢ < [log(p)], let V = {j —
i+ 1,---,7— i+ [log(p)]} (|x| denotes the largest integer k such that
k < z). Applying the above argument to the set V' and matrix A = G, we
have [(G,)V"V]71(i,4) < G, 1(4,7)- At the same time, the Toeplitz structure
yields (Gp)""V = Gllog(p)|- As a result, Gﬁgg(p)J (i,i) < G,(j,5)- Since this
holds for all 7 and j, we have

Fllog(p)] < Fp-

Combining this with the first inequality of (C.1), F|iogpy < Kp + o(1). Tt
follows that limsup,,_, (K, < limp_,c ) and the claim follows.

We remark that additionally limy, o £, = ag, whose proof is similar so

we omit. O

C.2. Proof of Lemma B.7. Fix log(p) < j < p —log(p). Denote the
collection of pairs of sets

C;={(F,N):min(FUN)=j, FNN =0, F # 0},
and its sub-collection
C;={(F,N)eCj:FeR,y, (FUN)€eR,, |F|<3and |N| <2},

where we recall that R, is the collection of sets that are formed by consec-
utive nodes. The claim now reduces to

i F.N)= mi F N 1).
(F?V;gcjw(, ) (F’rjnvl)relcjw(, ) +o(1)

Noting that C; C Cj, it suffices to show for any (F,N) € C;, there exists
(F', N") such that

(C.2) Y(F',N') <(F,N)+o(1) and (F',N')eCj.
To show (C.2), we introduce the notation (F’, N’) < (F, N) to indicate
O(F',N') <¢(F,N), |F[<|F|, and [N'|<|N|.

Using these notations, we claim:
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(a) For any (F,N) € C;, there exists (F', N’) € C; such that ¢(F',N') <
(F,N)+o(1) and |F'| < 3.

(b) For any (F,N) € Cj, there exists (F',N’) € C; such that (F',N') <
(F,N) and (F'UN') € R,.

(c) For any (F, N) € C; satisfying (FUN) € R,, there exists (F', N') € C;
such that (F',N') < (F,N), (F" UN’) € Ry and F' € R,.

(d) For any (F,N) € C; satisfying (FUN) € R, and F' € R, there exists
(F',N') € Cj such that (F/,N') < (F,N), (FFUN') e R,, F' € R,
and |N'| < 2.

Now, for any (F, N) € C;, we construct (F’, N') as follows: First, by (a),
there exists (F1, N1) such that ¢¥(Fy, N1) < ¢(F,N) + o(1), and |F;| < 3.
Second, by (b) and (c), there exists (Fa, Na) such that (Fa, Na) = (F1, Ny),
Fy € R, and (F» U N3) € Rp. Finally, by (d), there exists (F3, N3) such
that (Fg,Ng) = (FQ,NQ), (Fg U N3) S Rp, F5 € Rp and |N3| < 2. Let
(F',N') = (F3, N3).

By the construction, (F" UN') € Rp, F' € R, and

Y(F',N') = (F3,N3) < (Fp, Na) < p(F1, Ny) < (F,N) +o(1).

Moreover, |F'| = |F3| < |Fy| < |Fi| < 3, and |N'| = |[N3| < 2. So (F',N')
satisfies (C.2).

All remains is to verify the claims (a)-(d). We need the following results,
which follow from basic algebra and we omit the proof: First, recall the
definition of w(F, N) in (2.36). For any fixed (F,N), let Z = F U N and
R = (GF1)~1. Then

(C.3) w(F,N)=min ¢ (R ¢
EERIFLL|g; |21

Second, when (FUN) € R,

(C.4) R= ;nnwz&’“), k=|FUN]|,

where n = (1,0,---,0)" and 2™ is as in (B.44).
Now, we show (a). The case |F'| < 3 is trivial, so without loss of generality
we assume |F'| > 4. Take

Fr={j+Lj+2}, N ={j}

We check that (F’, N') satisfies the requirement in (a). It is obvious that
(F',N'") € C; and |F'| < 3. We only need to check ¢(F',N') < ¢(F,N) +
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o(1). On one hand, direct calculations yield w(F',N') = (j +1)/(j +2) =
1+0(1), and
Y(F',N') <29 +7/44 0o(1).

On the other hand, by (C.3), w(F,N) > |F| - Amax(R)] ™ > |F| - Anin(G).
Noting that G=! = H, we have |G| < [[H|loo < 4. S0 Anin(G) > 1/4.
Therefore, w(F, N) > 1. It follows that

G(F,N) > [F|0/2 4+ w(F, N)r/4 > 20 + /4.

Combining the two parts, we have ¢ (F', N') < (F,N) + o(1).

Next, we verify (b). We construct (F’, N') by constructing a sequence of
(F®_ N®) recursively: Initially, set F(!) = F and N = N. On round
t, write FO UN® = {ji,---,jix}, where the nodes are arranged in the
acceding order and k = |[F() U N®)|. Let Iy be the largest index such that
Ji=j1+1—1foralll <ly. If Iy = k, then the process terminates. Otherwise,
let L = jij,+1 — j1 — lo and update

FUD = L5 L1{0 > 1o} : jre FO}, N = L5 L1{l > lo} : jy € NOL.

By the construction, it is not hard to see that [y strictly increases as
t increases, and k remains unchanged. So the process terminates in finite
rounds. Let T be the number of rounds when the process terminates, we
construct (F’, N') by

Fr=r® N =ND,

Now, we justify that (F’, N') satisfies the requirement in (b). First, it is
seen that min(F® U N®) = j on every round ¢. So min(F U N) = j and
(F,N) € Cj. Second, on round T, ly = k, which implies (F' UN') € R,.
Third, |F®| and |[N®| keep unchanged as t increases, so |F’| = |F| and
|IN’| = |N|. Finally, it remains to check ¥ (F’, N') < ¢ (F, N). It suffices to

show
(C.5) Y(FED) NEDYy < (FO NOY - for ¢ =1, T —1.

Let Z = FO UN® and 7 = FOD U NG+HD | We observe that GTL1 =
GTT — Ly, where n = ( 1o Legy)+ S0 GTT G111 is positive semi-definite.
It follows form (C.3) that w(F®) N < ,(FO N®) and hence (C.5)
holds by recalling that [FO+D| = |F®)| and [N¢HD| = [N®)|.

Third, we prove (c). By assumptions, (FUN) € R, so that we can write
FUN ={j,j+1,---,j+k}, where k +1 = |FFU N|. The case F' € R,

is trivial. In the case F' ¢ R,, we construct (F’, N’) as follows: Let iy be
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the smallest index such that iy ¢ F and both F; = FN{i: i < ip} and
F5 = F\F} are not empty. We note that such ig exists because F' ¢ R,,. Let

F=F={icF:i<iy}, N ={ieN:i<ip}

To check that (F’, N') satisfies the requirement in (c), first note that
min(F'UN’) = j and hence (F’, N') € C;. Second, it is easy to see that |F'| <
|F| and |N'| < |N|. Third, from the definition of ig, F' € R,. Additionally,
since i9 € N, we have F' UN' = {j,j + 1,--- ,i0} € R,. Last, we check
Y(F',N') < ¢(F,N): Since |F'| < |F| and |N'| <|NJ, it suffices to show

(C.6) w(F',N") <w(F,N).

Write Z = F U N and denote R = (GZZ)~!. From (C.4), R is tri-diagonal.
So RIF is block-diagonal in the partition F' = F; U Fy. Using (C.3), it is
easy to see

w(F1,I\F1) < w(F,Z\F) = w(F,N).

At the same time, notice that both Z and 7' = F’ U N’ have the form
{j,7 +1,---,m} with m > max(Fi) + 1. Applying (C.3) and (C.4), by
direct calculations,

W(Fl,I\Fl) = w(Fl,I/\Fl) = W(F,, N/)

Combining the two parts gives (C.6).

Finally, we justify (d). By assumptions, (F UN) € R, and F € R, so
that we write FUN = {j,j+1,--- ,k}, and F' = {jo,jo+ 1, - , ko}, where
jo > j and ko < k. The case |N| < 2 is trivial. In the case |N| > 2, let
mgo = |F| and we construct (F’, N') as follows:

F'=F, N ={ko+1}, when jg = j;
F,:{]+1aj+2aaj+m0}7 N,:{]?]+m0+1}7 When]0>]ak0<ka
F':{j+1,j+2,---,j+m0}, N/:{j}, whenj0>j,k0:k.

Now, we show that (F”’, N') satisfies the requirement in (d). First, by the
construction, (F’, N') € C;, (F'UN') € R, and F’ € R,,. Second, |F'| = |F]|,
|IN’| <2 < |N|. Third, we check ¢(F’,N') < ¢(F,N). Applying (C.3) and
(C.4), direct calculations yield w(F’', N') = w(F,N). This, together with
|F'| < |F| and |N'| < |N|, proves ¢(F',N') < ¢(F,N). O

C.3. Proof of Lemma B.8. Recalling the definition of C; in the proof
of Lemma B.7, the claim reduces to

i F.N)= mi CNF N 1 1 <ji<p—1 .
(Ff}lvﬁréc;w(’ ) (F%relcfw (F,N)+o(1), og(p) < j < p—log(p)
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We argue that on both sides, the minimum is not attained on (F, N) such
that [N| = 0 and |F| = 1. In this case, on the left hand side, F' = {j} and
N = (. By direct calculations, w(F, N) = j > log(p), and hence ¥ (F, N) can
not be the minimum. Similarly, on the right hand side, w(*)(F, N) = co by
definition, and the same conclusion follows. Therefore, the claim is equivalent
to

(F,N) YN (F,N) + o(1).

min = min
(F,N)ECS:|F|+|N|>1 (F,N)EC}:|F|+|N|>1

Fix log(p) < j < p —log(p). Define a one-to-one mapping from C; to (7,
where given any (F, N) € C7, it is mapped to (F1, N1) such that

Fi={i—j+l:icF}, N ={i—j+1l:ieN}).
To show the claim, it suffices to show when |F| + |N| > 1,
Y(E,N) = 9 (Fy, Ny + o1).
Since |F1| = |F| and |N1| = | N, it is sufficient to show
(C.7) w(F,N) = w®)(F, N1) 4 o(1).

Now, we show (C.7). Consider the case N # () first. Suppose |Z| = k and
write Z = FUN = {j,--- ,j+k — 1}, where 1 < k < 5. Let R = (GF*)~!
and R, = (ng))Fl’Fl, where Eik) is defined in (B.44). We note that when
N #{), R, is invertible. Using (C.3) and the definition of w(*®),

(C.8) W(F,N) —w®(F,N)| < max  [¢[(RPF)™ — B¢l
£ERF:|E;]<2a

Since Z € R, we apply (C.4) and obtain

REF = (o) (") + (580,

where n = (1,0,---,0)’ € R*. By matrix inverse formula,
(C.9) RN = RN = [+ (™) Ry ™) H(E RS )2,
Combining (C.8) and (C.9),

w(F,N) —=w (P, Ny <570 max  [ER7PP <570 ORI
EeRF:|¢;|<2a

Since Ny # () and k is finite, Apmin(R«) > C > 0 and hence |R;!|| < C.
Noting that j > log(p), (C.7) follows directly.
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Next, consider the case N = (). Suppose |F| = k and write F' = {j,--- ,j+
k — 1}, where 1 < k < 3. We observe that GIF" = j11' + ng), where Qik) is
defined in (B.45). By definition
W(F,N)= min ¢&GPF¢= min [j(1')?+ 5’95]“’5] .

On one hand, if we let £* be one minimizer in the definition of w(*) (Fy, Ny),
then 17€* = 0. As a result,

(C.10)  w(F,N) < (1€ + (€)0¢ = (€)Y ler = ™) (7, ).
On the other hand, we can show
(C.11) W(F,N) > 0 (Fy, Ny) = 1/ + 1),

Combing (C.10) and (C.11), and noting that j > log(p), we obtain (C.7).
It remains to show (C.11). When k = 2, by direct calculations, w(F, N) =

w(®)(F,N) = 1. When k > 2, write £ = (£1,&,€) for any ¢ € R*, and

introduce the function g(z) = Zf:_f(:cz + i1+ ap_0)?, for z € RF 2,

We observe that
(C.12) gae = (e - €)% + (6.

Let gmin = mingepr—2,5,>1 9(z). We claim that there exists ¢ € R* such
that

Ug=0, ¢2q=14gmn, and |g|>1, forl<i<k

To see this, note that under the constraints |z;| > 1, g(x) is obviously
minimized at z* = (---,—1,1,—1,1). Observing that 1’(z*) is either 0 or
1, we let ¢ = (1,—1,(2*)")" when 1'(z*) = 0, and let ¢ = (1,2, (z*)")
when 1’(z*) = 1. Using (C.12), it is easy to check that ¢ satisfies the above
requirements. It follows that

(€13) W (FE,N) =  min £0Pe < ¢0Wq =14 guin.
EERF:[€;]>1,176=0

At the same time, since GF*F" = j11’ + Qfﬁk), we can write from (C.12) that
(C.14) EGNTe= 1) + (16— &)* + 9(9).
Note that min, {jy? + (y — ¢)?} = ¢ j/(j + 1), for any ¢ € R. So
J* + (Ve =€) 2 &l’5/( +1).
Plugging this into (C.14), we find that

(C.15) w(F,N) = EGR%E'N{GF’% > j/(j + 1) + Gumin-

Combining (C.13) and (C.15) gives (C.11). O
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C.4. Proof of Lemma B.11. To show the claim, we first introduce
a key lemma: Fix a linear filter Dy, ,, for any dimension k > h, let D)
be the (k — h) x k matrix, where for each 1 < i < k — h, D®)(3,4) = 1,
DW(ii+1) =mny, ---, D®) (i i+ h) = n,, and D®) (i, j) = 0 for other j.
Define the null space of Dy, ,, in dimension k, Nully(n), as the collection of
all vectors ¢ € R¥ that satisfies [?(k)ﬁ = (. The following lemma is proved
below.

LEmMMA C.1.  For a given n, if RCA holds, then for sufficiently large n

and any k > n, there exists an orthonormal basis of Nulli(n), denoted as
€W oo M) such that

()2 -1
max ) <C,n
1<i<k—n,1<j<h \52 ’ -7 ’

where Cp > 0 is a constant that only depends on 1.

Second, we state some observations. Fix Z<IG". Partition ZP¢ uniquely as
7r¢ = Ul Vi, so that V; = {ig,i;+1,--+ , 5 — 1,5} is formed by consecutive
nodes and j; < 441 for all ¢. Denote M = |JP¢| — |ZP¢|. It is easy to
see that T < M and M < h|Z| < lph, so both M and T are finite. Let
Vi ={1<j<p:D(j) #0for some i € V;} and define Null(V;,V}) in
the same way as Null(ZP¢, JP¢). Recall that F is the mapping from nodes
in JP¢ to their orders in J7¢. Similarly, define the mapping F; from V; to
{1,---,|V4|} that maps each j € V; to its order in V;. Denote Z; = F;(ZNV4).
We observe that:

(01) VinVy # () only when [t —¢/| <1; and Vi N Viy1| < h—1, for all .
(O2) gull(Vt,Vt) = Nullm'(n) for all ¢, where Nullg(n) is as in Lemma
1.

(03) JP¢ = UL, Vi; and V| > V| > 207° + 1, for all t.

(O4) Any node i € Z; satisfies that 1 <i < [V;| — £P¢, for all ¢.

(O5) Forany ¢ € RV™I ¢ € Null(Zr¢, 77°) if and only if &7 V) € Null(V, V)
for all t, where €% (V) is the subvector of ¢ formed by elements in F(V}).

Due to (O2) and Lemma C.1, for each ¢, there exists an orthonormal basis

WD) Lo e®h) for Null(Vy, V;) such that

(C.16) max |§i(t’j)|2 < Cyn~t, forany 1 <n < |V
1<i<|Vi|—n,1<j<h

Let U; be the matrix formed by the last h rows of [¢(tD) ... ¢t From
the explicit form of the basis in the proof of Lemma C.1, we further observe:



COVARIANCE ASSISTED SCREENING 47

(06) ¢ < Amin(UU]) < Anax(UU]) < 1 — ¢, where 0 < ¢,d < 1 and
c+cd <1

(O7) For each 1 < hg < h, the submatrix of U; formed by its last hy rows
has a rank hg.

Now, we show the claim by constructing a matrix W, whose columns form
an orthonormal baisis for Null(ZP¢, JP¢), and it satisfies
(C.17) max Wi, )> < Cn™t, forany 1<n<|TP.
1<i<|TPe|—n,1<j <M

In fact, once such W is constructed, any U whose columns form an orthon-
romal baisis for Null(ZP¢, JP¢) can be written as

U=WR,

where R has the dimension M x M and R'R is an identity matrix. By basic
algebra, for any m xn matrix A and nxp matrix B, maxi<;<p |(AB)(i, j)* <
n||B'B|| - maxj <<y, |A(i, k)|* for each 1 < i < m. Applying this to W and
R, and noting that ||R'R|| =1 and that M is finite, we obtain

C.18 U@, j)>?<C W (i, )%

(C.18) iefén),?)éng‘ (i, 4)" < ief(g§§j§M\ (i, 5)]

At the same time, for any ¢ € Z, there exists a unique ¢ such that i € ZNV;.
In addition, from (O4), F:(i) < |V;| — €P¢. By the construction, this implies
F(i) < |JP¢| — ¢P¢. Combining this to (C.17), we find that

C.19 W (i, j)|* < C@re)~L.

(C.19) ief(g?ngMl (4, 7)|” < C(€¥)

The claim then follows from (C.18) and (C.19).

To construct W, the key is to recursively construct matrices Wp, Wr_1, - -
Denote my = h — |V N Viy1|, with mg = h by convention; M; = Zf:t Mg
and Ly = | UL_, V;|; in particular, My = |J?¢| — |ZP¢| = M and L; = |JP¢|.
Initially, construct the Ly x M7 matrix

WT:k@mw.fmm’

where {5<TJ) : 1 < j < h} is the orthonormal basis in (C.16). Given Wi,
construct the L; x M; maErix Wt as follows: Denote Wi, 1 the submatrix of
W41 formed by its first |V, N Viy1| (= h — my) rows and write

£“W~némﬂ=[§y
t

Wi.
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where A; has (|V;| — h —m;) rows and B, has (h —m;) rows. From (O7), the
rank of By is (h — my). Hence, there exists an h x m; matrix @, such that
Q}Q; is an identity matrix and B;Q; = 0. Now, construct

- ABUBB) "Wy AQy .

C.20 W,
( ) ! Wit 0

Continue this process until we obtain W7 and let
W = Wy(Wiwy) /2,

Below, we check that W satisfies the requirement. First, we show that the
columns of W form an orthonormal basis of Null(ZP¢, JP¢). Since W has
M = |JP¢| — |ZP¢| columns and its columns are orthonormal, it suffices to
show that all its columns belong to Null(ZP¢, J77¢). By (Os), we only need
to show that for each 1 <t < T, in the submatix of W formed by restricting
rows into F(V}), all its columns belong to Null(V;, V;). By the construction,
only the first M; columns of this submatrix are non-zero and they are equal
to

AtBi(Bif?i)*thH ArQy

Ay / nN—1117
= Bl(B:B))" Wy, Q:],
Wit 0 [ Mt(”) n

By

where in the equality we have used the facts that Wt = Bth(Bth)_lwt
and B;@Q; = 0. Combining this to the definition of A; and B, we find that
each column of the above matrix is a linear combination of {£®1), ... ¢t}
and hence belongs to Null(V;, V).

Second, we show that W satisfies (C.17). It suffices to show, for ¢ =
T, 1,

(a) maxi<i<r,—ni<j<m, |Wi(i, j)|? < Cn~1, for any 1 < n < L.
(b) )‘min(WtIWt) >C>0.

In fact, once (a) and (b) are proved, by taking ¢t = 1 and noticing that
L1 = |jpe|’ we have max1§i3|jpe|_n,1§jSM\Wl(i,j)|2 < C’I’L_l, for 1 <
n < |JP¢; and |(WiW1) 7Y = Pmin(W{W1)]~t < C. Hence, by similar
arguments in (C.18), for each 1 < i < |JP¢| — n, maxi<j<m |W (i, j)> <
MH(W{Wl)le s Mmax1<j<M |W1(i,j)’2 < Cn~1. This gives (C.17).

It remains to show (a) and (b). Note that for Wy, by the construction
and (C.16), (a) and (b) hold trivially. We aim to show that if (a) and (b)
hold for Wy, 1, then they also hold for W;. For preparation, we argue that

(C.21) 1ABI(B:By) ™ Wi | < C(%) ™" = o(1).
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To see this, note that Ly;1q > 2¢P¢ 4+ 1 from (O3); in particular, h — m; <
Lyy1—€P¢. Hence, if (a) holds for Wiy 1, max<i<h—m,,1<j<M,41 Wii1(i,5))? <
C(P)7L e, [Wigi(i, §)| < C(#P9)~1 for any (i, 7). Since Wiy has a finite
dimension, this yields ||Wt+1H2 < C(¢r¢)~L. Furthermore, from (Og) and
that By Bj is a submatrix of UyU/, Ain(BiB}) > ¢ > 0. So ||(B:B)) || < C.
In addition, [|A¢|],||Bt|| < 1. Combining the above gives (C.21).

Consider (a) first. By (C.20), (C.21) and the assumption on Wiyq, it
suffices to show
(C.22) _max |A:Qq: (5, §))> < Cn~t,  forany 1 <n < |Vi|.

1<i< [V |—n,1<j<my

By similar arguments in (C.18) and the fact that ||Q;Q:]] = 1, the left
hand side is bounded by C'max; o, -\, 1<j<m, | A4 (i, 7)]?. Therefore, (C.22)
follows from (C.16) and the definition of A;.

Next, consider (b). Using (C.20) and (C.21), we can write

Wi Wi + A4 Ay
Ay QiALAIQ: ]

where [|A1|| = o(1) and [|Az|| = o(1). So it suffices to show Amin (W, Wit1) >
C and Amin(Q}A;A:Q¢) > C. The former follows from the assumption on
Wit1. To show the latter, note that Q}Q: is an identity matrix, and so
Amin (QLA}A1Q+) > Amin(ALA¢). Also, since A} Ay + B;B; is an identity ma-
11X, Amin(A}A1) = 1= Amax (B} By). Additionally, Apax(B;Bt) = Amax(BiBy),
where B, Bj is a submatrix of U,U/, and by (Og), Amax(U;U]) < 1 —¢. Com-
bining the above yields A\pin(Q; A} A:Q:) > ¢ > 0. This proves (b). O

W/W, =

C.4.1. Proof of Lemma C.1. For each k > h, we construct a k x h matrix
U whose columns form an orthonormal basis of Nully(n) as follows: Recall

the characteristic polynomial ¢y (2) =1+ mz+--- + el Let 21, 2m
be m different roots of ¢, (z), each replicating hy,- - , hy, times respectively
(hi+-+hp=h).Forl1<j<mand1<s< hj, when z; is a real root,
let .
: 1 1 1
(»)— _17 _17 _17 .
HJS - (ks Zkil’ ) 38 Z2~’ 28 Z‘7 1> )
J J J
and when zj4 = \zj\eiﬁ‘()j, 6; € (0,m/2], are a pair of conjugate roots, let
!/
) <kslcos(k -1 qs—1€08 26, 0s—1€0S 6, 1>
o 2> lzl )
M(j_’s) _ (ks_l SiIl(kZ - 1)0J o s—1 SiIl 29] 25_1 Sin 9] >/ )
|2 |F1 |2 kA
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It is seen that {M(jvs),l < j <m,1 <s < hj} are h vectors in RF. Let
£0) = p0) /||| for each (j, s), and construct the k x h matrix

R= [0, gllh) o gmd) . glmim)].

Define
U= R(R'R)/2.

Now, we show that the vectors {M(775), 1 <j<m,1<s<h;} are linearly
independent and span Nully(n). Therefore, U is well defined and its columns
form an orthonormal basis of Nullx(n). To see this, note that for any vector
n € R¥, if we write 1 = f(k), ---, n = f(1), then & € Nully(n) if and only
if f(i)’s satisfy the difference equation:

(C.23) f@+mfli—1)+-+nf(i—h)=0, h+1<i<k

It is well-known in theories of difference equations that (C.23) has h inde-
pendent base solutions:

fis@ =12 1<j<m, 1<s<h;

By the construction, when z; is a real root, %) = (f; (k),--- , f;.s(1))’; and
when z;4 are a pair of conjugate roots, %) and U9 are the real and
imaginary parts of the vector (fjs(k),---, f;.s(1)). So the vectors {u(9*)}
are linearly independent and they span Nullg(n).

Next, we check that the columns of U satisfy the requirement in the claim,

i.e., there exists a constant C,, such that for any (n, k) satisfying &k > n > h,

.2 1
< .

Since maxy<;<p |U(i,7)] < h|[(R'R)7!| - maxi<j<p |R(i, j)|?, it suffices to
show that

C.24 O
. s RGP < Ca,

and that for all k > h,
(C.25) Amin(R'R) > C > 0.
Consider (C.24) first. It is equivalent to show that

(C26)  max NI < Cn7H? 1< <m1 < s < by
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In the case |z;| > 1, |£9¥)| < C. In addition, |z;|* > Ci*~1/2 for sufficiently
large ¢, and hence maxj<j<g_n ]ul(]’s)] < maxs, C(i°*~1il/?=%) < Con~1/2.
So (C.26) holds. In the case |z;| = 1, it can be shown in analysis that
|09 > Ck5=1/2, where C' > 0 is a constant depending on 0; but inde-

pendent of k. Also, maxj<j<g—n \u§j7s)\ < max, <<k Ci*~! < Ck*~1. Hence,

MAaX|<;<k—n |,u§j’s)|/||,u(j’s)|| < Ck~12 < Cn~Y? and (C.26) holds.
Next, consider (C.25). R'R is an h x h matrix. For convenience, we use
{(4,s) : 1 <j <m,1<s < h;}toindex the entries in R'R. By construction,

all the diagonals of R'R are equal to 1, and the off-diagonals are equal to

<#(j,s),u(j’,s’)>
G|l

(C.27) (R'R)(j.s).(.5") (J:s) # (5, 8).

It is easy to see that as & — oo, each entry of R'R has a finite limit.
Therefore, as k — oo, R'R approaches a fixed h x h matrix A element-wise.
In particular, Ayin(R'R) — Amin(A). Hence, to show (C.25), we only need
to prove that A is non-singular.

Write R = (R, R2), where R; is the submatrix formed by columns
corresponding to those roots |z;| > 1, and Ry the submatrix formed by
columns corresponding to those roots |z;| = 1. Note that when |z;| = 1 and
25| > 1, as k — oo, |(uU), u0"D)| < C, ||u9)| = o0 and bV > C;
so (R'R)(js),(s) — 0. This means R} Ry approaches the zero matrix as
k — oo. Consequently,

A = diag(A1, Ag), where R{R; — A; and R,Rs — Ay, as k — oo.

Therefore, it suffices to show that both A; and A, are non-singular.
Consider A; first. Denote ho = _; h;j1{|z;| > 1} so that Ry is a k x ho

matrix. Let R} be the k x ho matrix whose columns are {u() : |z;| > 1},
M be the hg X hg submatrix formed by the last hg rows of R* and A =
diag(||2U+)||) is the hgx ho diagonal matrix. Now, suppose A1 is singular, i.e.,
there exists a non-zero vector b such that b’ A1b = 0. This implies ||R1b|| — 0
as k — oo. Using the matrices defined above, we can write R; = R]A; so
||R{Ab|| — 0. Since ||MAb|| < ||RjAb||, it further implies || M Ab|| — 0. First,
we observe that M is a fixed matrix independent of k. Second, note that
when |z;| > 1, [|u99)] — ¢js, as k — oo, for some constant cjs > 0; as a
result, A — A* as k — oo, where A* is a positive definite diagonal matrix.
Combining the two parts, ||MAb|| — 0 implies | M (A*b)|| = 0, where A*b
is a fixed non-zero vector. This means M is singular. Therefore, if we can
prove M is non-singular, then by contradiction, Ay is also non-singular.
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Now, we show M is non-singular. Let M be the matrix by re-arranging
the rows in M in the inverse order. It is easy to see that M is non-singular if
and only if M is non-singular. For convenience, we use {1,--- ,ho} X {(4, s) :
|zj| > 1,1 < s < h;} to index the entries in M. 1t follows by the construction
that

~ el —(i-1)
Mi (_] S) = 7,8 IZj y

M; ;- 5) = iz =01 cos((i — 1)6),
M; (=) — =14 1|Z | =) Sln((Z - 1)0 )
Define an hg X hg matrix T by

zjisareal, 1 <7< hg

zj+ are conjugates, 1 < ¢ < hg.

s—1_—(i—1 .
T; () = 1° 1zj @ ), 1<i < hyg.

Let V' be the hg x hg confluent Vandermonde matrices generated by {z;l

|zj| > 1}:
. 0 1<1<s—1,
i,(4,8) — 8:3:2]—(2—5) s<i<h

First, it is seen that each column of T is a (complex) linear combination of

columns in M. Second, we argue that each column of V is a linear combi-
nation of columns in 7'. To see this, note that V; (; ;) can be written in the
form V; ;o) = gs—l(i)Zj_(i_s), where gs_1(z) = (r—1)(x—2)--- (z—s+1) is
a polynomial of degree s — 1. Let ¢y, - - - ,cs_1 be the coefﬁcients of this poly-
nomial. Then, for each i > s, Vj 5 = % ~(=9) S ait = 5 Ty Gl
where oy = 25~ '¢;_1. The argument follows. Finally, it is well known that
det(V) # 0. Combining these, we see that det(M ) £ 0. Therefore, M is
non-singular. )

Next, we show Aj is nor:—singular. Note that Y% i = If_:l (1+ (1)(1)),

k . . s+ k i . . s+
Yo t° cos?((i—1)0) = ’(€s+1) (14o0(1)) and )7, @* s1n2((z—1)9) = ’(€S+1) (1+
o(1)), for 6 # —75,0, 5. Also, Zle i*sin((i — 1)0) = o(k*T1) for all 0, and
Zle i%cos((i — 1)8) = o(k**1) for @ # 0. Using these arguments and basic
equalities in trigonometric functions, we have

(2s—1)(2s'—1) . .
(R'R) ()7, = 0(1) +{ T T
0, elsewhere.
As a result, Ay is a block-diagonal matrix, where each block corresponds to
one z;j on the unit circle and is equal to the matrix W (h;), where h; is the
replication number of z; and W (h)(s,s’) = 1/(2s — 1)(2s' = 1)/(s + s’ — 1),
for 1 < s, s’ < h. Since such W (h)’s are non-singular, As is non-singular.

O
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