Appendix S1. Proofs.

Lemma 1

If a,b e N and a,b> 0, then X(a,b) =In(1 + §) b is an increasing function of b.

Proof
Since by hypothesis QTH’ > 1, and since 9, (A (a,b))=In (“TH’) + GLH) — 1, it is sufficient to prove that
the function £ (z) = In(z) + 27! =1 > 0 Vz > 1. This follows from the fact that £(1) = 0 and

gz)=(z-1)-272>0Vz> 1

Note: in the following proofs we refer without loss of generality to L instead of I: indeed, because [ is a
monotone transformation of L, the results hold true for both of them.
Denote with u, the non-increasing re-arrangement of the vector u= (u,...,u,), so that if v=(v,,...,v,) =

uy then v1 > v > ... > v,.

Property 1

If x=(x,...,2n,) and y = (x1,..,xx +1,... ,acmc)i then 1 (y) > 1 (x).
Proof

Consider the two possible cases: 1) k> n’ and 2) k < nZ.

Suppose h* (x) = h* (y) = h*.
h*+1 * *
L L(y)—L(x) =2 [Maiy)) =Mz, 27)].
As Cy > Cy then y7 > a7 for i = 1,..., h* and there exists at least one element, say y;,

Jj € {l,..., h* }, such that y; > x}. Thus Lemma 1 yields A (z;,y;) —A(z;,2}) > 0, for any

i=1,..., h* and A (xj,y;‘) —A (xj,x;‘) >0. Hence L (y) — L (x) > 0 and we obtain the thesis.

2. L(y)—L (%) = >z [N @a,y) =A (@6, 27)[4A (2 + L yp) —A (2, 23), where 30 (A (i, y7) = (2, 27)] >
0 for point i). Moreover, A (a,b) is also an increasing function of @, thus A (zx + 1,y;) — A (zx, z5) >0

which yields the thesis.

Suppose h* (x) < h* (y), then the thesis holds true a fortiori.



Property 2

Let x = (x,...,%pn,), Yy = (@, .., Ty + 1,...,3:,%)i and w = (xq, .., T, + 1,...,xn)¢. If w<nk <w, then
(y) > 1(w).

Proof

Clearly, y* = w* and h* (y) = h* (w) = .

L(y)—L(w)=
h*+1
=D MA@ y)) A @+ Lyp) = > Awiyp) =
iFu =
—Z)\ xzay1)+>‘ xu+1yu Z)‘ :L'“yl xuay:;):
i#u i#u
=Azuw+1,40) Az, vi) - (1)

As A(a,b) is an increasing function of a, A (z, + 1,¥y%) =X (24, y) > 0 which yields the thesis.

Property 3
Let x = (x4, Tn, ), ¥ = (@, Tut+ 1 @n,) and W= (2,20 +1,...,2n,) and suppose x, #

Ty If w<v < h*(x) then [ (y) <1(w).
Proof
Clearly, y* = w* and h* (y) = h* (w) = h*.

L(y)—L(w)=

= Z A, )+ (g + 1,20) +X (20, 25) +
ikl

= 30 @i @) <A (@, 7)< @y + 1) =
1#U,v

=Xz + 1,20) + XN (20, 2)) =X (T, 20) =X (zp + 1,27) =

=5 (u)— 3 (v), (2)



where 6 (u) = A (zy, + 1,2%) —A (24, 2}) =ziIn % and § (1) =X (xy + 1, 25) =X (24, 25) =23 m’;fi’;fl .

We need to prove that § (u) — d (I) < 0. Note that, for all integer numbers m < n, ™l > 2L Thys, as

xy > x; and z, > x, we derive that:

Ty 4+ T, +1 <x;§—|—xv—|—1
i+, ry+x,

: (3)

which yields ¢ (u) < 6 (v) or equivalently ¢ (u) — 6 (v) < 0.

Property 4
If x=(zy,...,2n,) and y = (21, .,2u — 1,..., 2y +1,...,2p,) where u < v < h*(x) and z, < T,

then 1 (y) > 1(x). Strict inequality holds if x,, —x, > 2.

Proof
The proof is similar to the proof of property 3.
Clearly, y* = x* and h* (y) = h* (x) = h*.

L(y)—-L(x)=

= Z A, xf) XN (zy — L, 20) + X (2 + 1,20) +
1F U,V

= > Mai ) A (@u,zh) =X (@, @) =
1F U,V

= A2y — 1,20) =X (@, 20) +A (20 + 1,20) = A (20, 2) =

v

= =0 (u)+0(v), (4)

where § (k) = A (zy, 25) =X (2, — 1,25) =2 In % and 6 (1) =X (zy + 1,2%) =\ (2, 2%) =2%In %ij-l .

We need to prove that —§ (u) 4 0 (v) > 0. For all integer numbers m < n, ™t > 2L Thus, as 2} > z

and x, — 1 > x, we derive that:

(x2+xu—1)+1<x;+xy+1
Tk 4w, —1 T+,

: (5)

which yields ¢ (u) < 0 (v) or equivalently —¢6 (u) + 6 (v) > 0. If &, — z, > 2 it is trivial to derive that



Hy) > 1(x).



