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» Appendix: Mathematical analysis
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We put the mathematical analysis of the system (2) in this appendix. The well-posedness of the model
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is guaranteed by the following Theorem,

Theorem 1 For any nonnegative initial condition X = (S(0), E(0),1(0), R(0),U(0),L(0), V(0)) € R3*,
where S(0) = (51(0),.52(0), 53(0)), with analogous forms E, I, R, U, L, V, system (2) admits a unique

solution in Ril and is bounded for t > 0.

The proof of the theorem follows by showing the boundedness of the population sizes of livestock and
female mosquitoes, respectively.

In absence of the disease, system (2) reduces to
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550 =551 = (n+ S 5a(0) = Folt, 51,52, 50), (A1)
cw

S3(t) 27252@) — [i(t)Ss(t) := F3(t, S1, S2,53),

and ¢
/ _ o 1~V 2
Ui(t) =601 AD Ui — U,
Us(t) =&U2 — 2= Vs U3 — vUs, (A2)
My (t)
&3 —u3 2
Uk(t) =&3U5 — U —v3Us.

It is easy to see that system (A1) can be solved equation by equation and that the equations in system
(A2) are decoupled. Moreover, the solutions of system (A1) are positively invariant in Ri. Denote
F(t,S) := (Fi(t, S1, 52, S3), Fa(t,S1,52,53), F3(t, S1,S2,S53)). F(t,5) is a subhomogeneous mapping for
S € R3, in the sense that F(t,aS) >> aF(t,S), a € (0, 1) for any t > 0. Analogous to Theorem 1,
we can obtain the ultimate boundedness of the solution of (A1). Solving the system (A1) equation by

equation, we obtain
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We get a periodic solution S5 (0) of period T; via the requirement that S5 (71) = S7(0), leading to
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We then may obtain the expression of S (¢) by substituting the solution of ST (t) into the second equation,
and similarly for S3(¢). System (A1) admits a unique positive periodic solution (period is T7), which is
globally asymptotically stable in R [1,2]. Solving equations in system (A2) individually, we can also
get the global stability of the positive periodic solution U5 (¢), Us(¢), U (t) (period is Tz). Denote the
disease free state as E? = (S5 (t), S5 (), S5(t), U (1), Us (), U3 (t)).

Since we have two periods 77 and T5 involved in our model, we have an almost periodic system. Follow-
ing [3-5], we linearize all the equations for infectious compartments z = (E1, I, Ea, I, Es, I3, L1, V1,

Lo, Vo, Lz, V3)T of system (2) at the disease free state. The related Jacobian matrix can be written as

Tlgo = F(t) = V(2),

where
0 0 0 0 0 0 0 a1S5(t) O 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 aS3(t) 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 a3S5(t)

F(t) = 0 0 0 0 0 0 0 0 0 0 0 0 ’

0 BUf(®) O 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 BUs() 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 BsUs(t) O 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
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Let Y (t,s),t > 0 be the evolution operator of the almost periodic system

Then, for each s € R, the 12 x 12 matrix Y (¢, s) satisfies

dY (¢, s)

I =-V(@#)Y(ts),t>s,Y(s,s)= Isxe,

where I19x12 is the 12 x 12 identity matrix.
Define
AP(F,V):={¢: ¢ € AP(R, R'?), mod ¢ C mod(F, V)},

By Lemma 2.1 in [4], AP(F,V) is a Banach space of all almost periodic functions from R to R'?, with
the maximum norm. mod f(t) is defined as the smallest additive group of real numbers that contains the
Fourier exponent of f(t), where f(t) € AP(F,V) is an almost periodic function [6]. Assume ¢(s) is the

initial distribution of all the infectious compartments. Define a linear operator L : AP(F,V) — AP(F,V)
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(o)) = [ Y9 ds
:/oo Y(t,t — a)F(t — a)d(s —a)da, t€R,ée AP(F,V),
0

It is easy to verify the conditions (A1)-(A7) in Wang and Zhao [4]. Hence, the basic reproduction number
of the almost periodic system (2) can be defined as Ry = p(L), and L is the so-called next generation
operator. In [3], a next generation operator for periodic systems is derived, we can get the same formula
for Ry if we consider our system as a periodic system with a period T = lem(T1, Tz). In [7], another
linear operator defined as L = [;° F(t)Y (t,t — 1)¢(t,a) da has spectral radius which is equal to p(L).
The complexity of the model prevents us from obtaining the explicit form of basic reproduction number.
Although R provides the information on whether the disease will eventually die out in the three patches
or not, we actually pay more attention to the instantaneous basic reproduction number, computed by the
recipe of the next generation matrix [8] based on the number of susceptible population and values of
parameters at the current time. The instantaneous basic reproduction number for three patches or an
individual patch gives detailed and immediate changes of infections at different times during one year or

period.
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