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ABSTRACT This note describes two results: (i) a sharp
Hausdorff-Young inequality for the Fourier transform on
L*(R"*) which extends an earlier result of Babenko; and
(ii) a sharp form of Young’s inequality for the convolution
of functions on R". That is, best possible constants are
obtained for the following L?(R") inequalities: ||3f]|,s <
Cllf||ss1 < p< 2 and 1/p + 1/p’ = 15 and ||f+gl|; <
Cporlfllsll8lles 1 < psgsr < @ with1/r = 1/p+ 1/q — 1. C,
= [pllp/p’llp']nlz and C

PrgsT

qu r’e

Two classical inequalities in Fourier analysis are the
Hausdorff-Young inequality for the Fourier transform

151l < (1715 [1]
fe LR, 1 <p<L 2 and 1/p + 1/p’ = 1, and
Young’s inequality for convolutions

17 % gll- < 1Al llgll [2]

f€ L’(R"), g € L*(B"), 1 < pgr £ «,and 1/r =
1/p + 1/q — 1. Here the Fourier transform is defined
for integrable functions by

6H@ = [ ew Crimsaiy

(3]

and

Gro@ = [ -y

These inequalities have their origin in the efforts of
W. H. Young in 1912 to generalize Parseval’s theorem
for Fourier series to other L”-classes, and they extend
naturally in the context of analysis on locally compact
abelian groups. For the circle group T = R/Z the
corresponding inequalities are sharp, but for the Fourier
transform on L?(R), K. I. Babenko proved in 1961 that
|51, < 4,|lfll, with 4, = [p/p"1”']"* for the special
case where the upper exponent was an even integer,
ie, p’ = 2k and p = 2k/(2k — 1) (refs. 1 and 2).
Babenko’s proof used methods of entire functions and
showed that gaussian functions exp(—az?), a > 0 were
extremal functions. This result together with a con-
vexity argument implied that in general inequalities
[1] and [2] would have new sharp forms. The applica-
tion of probabilistic methods to the study of the
Hermite semigroup in recent work of Nelson (ref. 3)
and Gross (ref. 4) suggested a different approach to this
problem, and we have obtained the following theorem
extending Babenko’s result.

638

THEOREM 1. For f € LY(R™) define (5f)(x) = J exp
2mizy)f(y)dy. Then the Fourier transform § extends to a
bounded linear operator on IL?P(R") to L?(R™) with
1<p<L2,1/p+1/p' =1and

571l < A7, 5]
A, = [p'7/p'vP')/? [6]

We sketch some of the ideas involved in the proof of
Theorem 1 for one dimension. The n-dimensional result
will follow from an application of Lemma 2 below.
Consider the operator T, defined by the Mehler kernel

T (zy) = (1 — )"

2

- b

w?) 1—ow
on L*(du) with du(z) = (27)~"* exp (—x%/2) dx and
Iw[ < 1. The operator T, maps polynomials into poly-
nomials, i.e., if H, denotes the mth Hermite poly-
nomial corresponding to the measure du, then T, H,, =
w™H ,,. We first observe that, essentially by a change of
variables argument, Theorem 1 for n = 1 is equivalent
to the following multiplier theorem for the Hermite
semigroup.

THEOREM 2. Let ¢ € L?(du) and define (T, g)(x) =

ST.(2,y)9(y)du(y). Then forw = i4/p — 1,1 <p < 2,
and 1/p + 1/p’ = 1, Tog € L?'(du) and

| Tutll o < gl (8]

* We prove this multiplier inequality for a dense set of
functions, namely polynomials, and the crucial step is
to obtain the gaussian measure du as a limiting proba-
bility distribution using the classical central limit
theorem. Suppose we consider a sequence of Bernoulli
trials; let dv be the discrete probability measure with
positive weight 1/, at the points x +1, and define
dva(z) as the n-fold convolution of dv(n/nz) with
itself. Then dv, converges to du in Co(R)*, and in addi-
tion the moments of dv, converge to the moments of
du. Note that fh(z)dw(x) = Sh(z + + x,)
dv(V/nzy) - - dv(V/ 1)

Consider the measure space of functions over the
product measure dv(\/nz1)- - -dv(\/nz,), observe that
all such functions are polynomials of degree at most

X exp{ (x* + y?) +

Lr(dp)
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one in each of the separate variables, and define
operators C, ;:a + bzxy — a + wbzx,, where a and b are
functions of the remaining n — 1 variables, and
K, = C,1---C, . First, we show that C = C;,1is a
bounded linear operator on L?(d») to L*'(dv) with norm
1, and then by a lemma on products of operators this
“two-point inequality”’ will imply that K, is a bounded
linear operator with norm 1 on IL?[dv(\/nzy)---
dv(\/nz,)] to L [dv(\/nzy) - - -dv(\/nz,)]. Clearly the
restriction K, of K, to the subspace of functions sym-
metric in the n variables will also be a linear operator
of norm 1. We denote this measure space of symmetric
functions by X,.

The functions ¢, (z1,...,2,) = U oizy,...,2T.),
0 < I < n, where the ¢’s are the elementary symmetric
functions in n variables, form an orthogonal basis in
L?[X,], and, with respect to the limiting process
dv, = dpu, the functions ¢,,; will “converge’’ in some
sense to the Hermite polynomial H, In fact,
a1, . ., 2) = K1+ - -+ + z,) + other terms, these
additional terms “going to zero in norm over the mea-
sure space X,.”” Note that the z; assume only two values,
+1/4/n. We remark that K,¢,.; = w'¢,.., the state-
ment that K, maps L?[X,] into L?[X,] with norm 1, is
an analogue of the multiplier inequality contained in
Theorem 2, and a more detailed convergence argument
using the relationship between ¢,,, and H,; will show
that the operators K, having norm 1 implies that T, has
norm 1 on L?(du) to L (du) where w = ivp — 1,
1<p<2andl/p+ 1/p' = 1.

LEMMA 1. C:a 4 bz — a + wbz is a bounded linear
operator with norm one on LP(dv) to L?'(dv) with w =
ivVp — 1,1<p<2and1/p + 1/p’ = 1; that is, for
allap € C
{la + wb?’ + |a — wb["'}l“"

2

< {Ia + bl? -2I~ la — b[”}”” o]

By some algebraic manipulation and use of the classical
Minkowski inequality, this inequality can be reduced to
observing that for fixed ¥ > 0 the function

4 p|1/p

y

1——=

+! Vp — 1
2

Yy
p—1

(1 + [10]

is monotone decreasing as a function of p, 1 < p < .

LEMMA 2. Consider two linear operators Ty and T,
defined by kernels; suppose

Ty:IP[dpm] — LefdN] [Ty <1
Ty:L?[dp] — Le[dN,] || Tl < 1

then the product Ty\T»:LP[dpy X dps] = Lf[d\ X d)g]
with |ThTl| < 14fp < ¢.
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With the addition of some measure-theoretic remarks
about integration over product measures, the following
steps that essentially contain the proof of this lemma
can be made rigorous.

{JT(T'Tof) (@1,22) [N (1) Aa(2) } 110
< {f dhe(zo) [S I (Tof) (y1,22) | ?dpy (1) J0/7} 110

< Udor() S|(Tof) (1, 22) [do(z2) PPle} 212
< (I fwr,we) [Pdpr(yr)dpa(ye) } 72

Here we have used that both 7T; and T, are operators
of norm one, and we have interchanged orders of
integration using Minkowski’s inequality for integrals.}

The relationship between the Fourier transform and
convolution is basic to the study of harmonic analysis.
Under the action of the Fourier transform convolution
goes over to pointwise multiplication; that is, for in-
tegrable functions F(f*g) = (3f)(Fg). Because of this
relationship there is a duality between the basic in-
equalities for these two operators. As a general result,
we have obtained the following sharp form of Young’s
inequality for convolutions.

THEOREM 3. For f € L?(R"), ¢ € L*(R"), 1 <
pgr < @andl/r = 1/p+ 1/¢g — 1

”f*g”f < (ApAaAr’)"”f”p”g”a [11]

A, = [m¥™/m" V™ ' and primes always denote dual
exponents, 1/m + 1/m’ = 1.

But as a consequence of the sharp Hausdorff-Young
inequality of Theorem 1, we can obtain immediately
the following partial result.

THEOREM 3’. For1 < p,gr’ < 2and 1/r = 1/p +

1/g— 1
7 *gll: < A,4.4.)%1ll:4ll

Note that at least two of these exponents will always
be <2. Consider n = 1and observe that ||f * ||, < 4,
len@oll. < Adssldlsdle < Al
for 1/r" = 1/p’ 4+ 1/¢’. In addition, the sharp Haus-
dorff-Young inequality of Theorem 1 for the special
case where p’ is an even integer can be obtained directly
from the sharp Young’s inequality for convolutions in
Theorem 3. Theorems 1, 2, and 3’ were obtained about
a year ago. Influenced by these results, Brascamp and
Lieb have recently obtained an independent proof of
Theorem 3.

To obtain the general result of sharp convolution in-
equalities in Theorem 3, the basic problem is to calculate
the one-dimensional norm

el rrerhlle
© =S el = P T

t See E. M. Stein (1970) Singular Integrals and Differenti-
ability Properties of Functions (Princeton University Press,
Princeton, N.J.), p. 271.
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with 1 < p,gr < © and 1/r = 1/p + 1/¢ — 1. Ob-
serve that on R* the convolution operation has a
product structure, in that it acts on the variables
separately with respect to dimension, and it takes
positive functions to positive functions.

LEMMA 3. The convolution norm for n-dimensions
will be C" where @ is the one-dimensional norm.

Consider n = 2 and observe that for positive functions
on R?

(F*g*h)(z) = ffl@ — y — 2)9(y)h(z)dy dz
< eSS fl@ — y1 — 2,0 [Pdt] V2] f|g(ys,t) |2dt] e
X [S]hGat)|"dt1 dydzr < £l llgl] oAl

But the two-dimensional norm is seen to be at least @2
by considering products of functions in one variable.
Note that the content of this lemma extends to the case
where we consider the convolution of an arbitrary
number of functions. In the general consideration of
convolution inequalities the following lemma (refs.
5-7) allows a restriction to radial functions that are
decreasing.

LEMMA (Hardy and Littlewood, F. Riesz, Sobolev)

[ r@)e @
< [ 5@ T@ds 113]
Rn

f denotes the equimeasurable symmetric decreasing re-
arrangement of f.

The original lemma was proved for rearrangements
of three functions, but it is not difficult to extend this
result to an arbitrary number of functions.}

In a rough sense the interplay between these two
lemmas would force an essentially unique extremal solu-
tion for which the maximum norm is attained to consist
of gaussian functions. That is, for measurable functions
on R* the only way for a product of functions, each

‘radial in separate variables, to also be radial in the
variables jointly is for the functions to be gaussian.
We modify the convolution problem in a natural way

so that a smooth extremal solution will exist in two’

dimensions. In this modification, or regularization, we
have retained the product structure of the convolution
operation, which can then be used to show this smooth
extremal solution must consist of gaussian functions.
We then calculate the norm for the modified problem,
and obtain through a limiting argument the norm for
the original convolution inequality.

t Riesz remarks that this is an immediate consequence of the
method used by Hardy and Littlewood for the rearrangements of
series. For example, see the argument given on pp. 216-217 in
G. Sampson (1971) “Sharp estimates of convolution transforms
in terms of decreasing functions,” Pac. J. Math. 38, 213-231.
This argument is independent of dimension.
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We restrict our attention to symmetric decreasing
functions in two dimensions. Let k(zi,z;) = A exp
[—a(@? + 222)], « > 0, and ”k”m = 1 be a fixed gauss-
ian function, and consider the two-dimensional norm

for the convolution of four functions with one fixed.
That is,

lf*g*h*k|.
D2 = sup [T T 14
S Aol [14]

where 1 < p1,p2,ps,ps < @ and 1/p’y + 1/p’s + 1/p’s +
1/p’s = 1. The fixed gaussian function k is smooth
and of rapid decrease, and the symmetric decreasing
functions f, g, h will have uniform majorizations on
bounded sets, i.e., if [[fl[, < 1, then f(r) < [1/7r2]¥m,
These conditions insure by a weak compactness argu-
ment that a smooth extremal solution will exist so that
the norm D? is attained. The gaussian function k splits
into the product of one-dimensional functions, and the
product structure of convolution allows us to consider
this problem as the product of one-dimensional opera-
tions. By so doing we obtain relations to show that the
extremal solution determined above must consist of
gaussian functions. It is then easy to calculate the one-
dimensional norm.

D =4,4,4,4,, 4, = [pllp/p'llp']l/z (15]

Let f, g, h be step functions, k(x) = B exp (—p’w?) with
||k]| 5. = 1 and in the limit ps — 1 we obtain

gkl
C=8uUp g iT T 16
P AT [16]

where now 1/p"1 + 1/p’s + 1/p’s = 1. More generally,
we obtain the following sharp form of Young’s in-
equality for convolutions.

THEOREM 4. For f; € LP(R") with 1 < p; < « and
1/ph+ -+ 1/p'n =1/r, 1< r £ o, then

fx- - *fall, < [Ape - A A1 fill o - |l o [17]

A, = [p"»/p’"*']* and in the limit p - 1 or p = o,
lim A, = 1. As illustrated in our argument to obtain .
the sharp convolution inequalities, certain_ gaussian
functions will be extremal functions on which the maxi- -
mum norms are attained for Theorems 1, 3, and 4.

We would like to mention here the relation between
Nelson’s inequality for the Hermite semigroup (ref. 3)
and sharp convolution inequalities on the line. The
notation is that used in Theorem 2.

LEMMA 4. For real w with 0 < w < [(p — 1)/
(@ — 1)]"*and p < g, the inequality
7ot zocany < 191l 2oamn (18]
is equivalent to the following convolution inequality on the
line

&£, < (Andn AN El [19]
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where k s a gaussian function, f € LP(R) and 1 <
pLpe,r’ < @ with 1/r = 1/py + 1/py — 1.

In addition, it is possible to write down a multiplier
inequality on the Hermite scmigroup that extends
Nelson’s inequality to several functions and is equiva-
lent to the sharp convolution inequalities of Theorem 4
for n = 1. This multiplier inequality can be expressed
in terms of a kernel of several variables that generalizes
the classical Mehler kernel, and the equivalence with
Theorem 4 for n = 1 reflects the same duality that
exists between Theorem I for n = 1 and Theorem 2.

These sharp results on Euclidean space also contain
the usual inequalitics for the torus; that is, it is easy to
give a limiting argument so that the sharp inequalities
for the Fourier transform and convolutions contained
in Theorems 1 and 4 will imply the usual sharp in-
equalities for the torus T* = (R/Z)", namely inequali-
ties [1] and [2].

Finally, we comment about the problem of sharp L?
inequalities for analysis on a locally compact abelian
group. First, there is a remarkable structure theorem
which states that any locally compact abelian group G
is topologically isomorphic to a product B* X G, where
@, is a locally compact abelian group which contains an
open compact subgroup H,, and the dimension 7 is an
invariant of the group (ref. 8, Theorem 24.30). Essen-
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tially this product structure for a locally compact
abelian group, together with Lemma 2 above and the
theorem of Hewitt and Hirschman for the Fourier
transform on groups G, (ref. 8, Theorem 43.13) allows
the natural extension of these sharp L? inequalities on
R™ to sharp L? inequalities on locally compact abelian
groups, thus affirming a conjecture of Hewitt and Ross

(ref. 8, p. 630 in Vol. II).
Detailed proofs and discussion of these results will

appear in the author’s Princeton thesis.
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