
Supplementary Information:
Mathematical details of the models discussed in the paper

Introduction

This document presents the model and derivation of the various R0 presented
in the paper. First, we introduce the overall model with both synaptic and
free-virus transmission. We calculate R0 for the sub-model which only includes
free-virus transmission. Then, we calculate R0 for the model with just synaptic
transmission. We provide numerical results to support the combined R0 for
the complete model. Finally, we explore different formulations for the rate of
synaptic transmission.

Complete Model with Synaptic and Free Virus Transmission

dy0,0
dt

= λ− dy0,0 − βy0,0v − y0,0
N∑
k=0

M∑
l=0

ykl

N∑
r=0

M∑
s=0

γklrs

dyi,j
dt

= (1−p)βvyi−1,j+pβvyi,j−1−ai,jyi,j−βvyi,j+
N∑
k=0

M∑
l=0

ykl(

i∑
r=0

j∑
s=0

γklrsyi−r,j−s−yij
N−i∑
r=0

M−j∑
s=0

γklrs)

dv

dt
=

N∑
i=0

M∑
j=0

kijyij − uv

Note that γ00rs , γkl00, and k00 are all zero. These are synaptic transmission rates
and viral production, respectively.

Notation:

yij A cell with Unintegrated (i), Integrated (j) viruses
N, maximum number of unintegrated virus per cell
M, maximum number of integrated virus per cell
k,r: dummy variables used as counters for i (integrated virus)
l,s: dummy variables used as counters for j (unintegrated virus)

Parameters:

λ : Birth rate of uninfected CD4+ T-cells d : Death rate of uninfected CD4+
T-cells.
β : Infectivity - effectiveness of the interaction between virus and a CD4+ T
cell

1



p : Probability of integration.
ki,j : Virus replication parameter - rate of free virus production by an infected
cell

u : Clearance rate of free virus
ai,j : Clearance rate of infected cells

ai,j can be defined as:

aij =


d if j = 0, i < c

au if j = 0, i ≥ c
ai if j > 0

ki,j can be defined as:

kij =


0 if j = 0, i < c

ku if j = 0, i ≥ c
ki if j > 0

c : the threshold number of uDNA viruses necessary for uDNA-only cells to
begin production.

γklrs : the probability that a cell with k integrated, l unintegrated viruses trans-
fers r integrated and s unintegrated viruses. We set γkl00 = 0 and γ00rs = 0∑N
k=1

∑M
l=1 ykl(

∑i
r=1

∑j
s=1 γ

kl
rsyi−r,j−s) Represents cells transmitting to other

cells to create yij . The second set of summations only reach i and j because a
cell can only transmit up to i and j viruses to an empty cell to get yij . The ykl
term represents the transmitting (source) cell. Any productively infected cell
can be a source cell. yi−r,j−s represents the target cell that accepts viruses.∑N
k=1

∑M
l=1 ykl(yij

∑N−i
r=1

∑M−j
s=1 γklrs) :Represents cells transmitting to yij

R0 Calculation: Free-Virus Transfer Alone

dy0,0
dt

= λ− dy0,0 − βy0,0v

dyi,j
dt

= (1− p)βvyi−1,j + pβvyi,j−1 − ai,jyi,j − βvyi,j
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dv

dt
=

N∑
i=1

M∑
j=1

kijyij − uv

The virus-free equliibrium of the above system is y00 = λ/d, yij = 0, v = 0. With
standard methods, we can calculate the Jacobian of this system at this steady
state to arrive at R0. Below is the Jacobian of the system with the assumption
that there are two distinct death rates and two distinct virus production rates.
Cells infected with only unintegrated viruses produce virus and die at a lower
rate then the cells infected with provirus.

JNM+1×NM+1 =



−d 0 0 ... 0 0 ... 0 −βλd
0 −aun 0 ... 0 0 ... 0 − (−1+p)βλ

d
0 0 −aun ... 0 0 ... 0 0

0 0 0
. . . 0 0 ... 0 0

0 0 0 ... −ain 0 ... 0 pβλ
d

0 0 0 ... 0 −ain ... 0 0

0 0 0 ... 0 0
. . . 0 0

0 0 0 ... 0 0 ... −ain 0
0 kun kun ... kin kin ... kin −u



All but 3 of the eigenvalues for this system are −d,−ai and −au. The remaining
eigenvalues are the roots of the 3rd degree polynomial:

p(x) = a3x
3 + a2x

2 + a1x+ a0

Where

a3 = d

a2 = du+ dain + daun

a1 = duaun + dain (u+ aun)− βλ (pkin − (p− 1)kun)

a0 = pβλaunkin − ain (duaun + (−1 + p)βλkun)

These eigenvalues are nonnegative when they satisfy the Routh-Hurwitz crite-
rion, which occurs whenever the following inequality is satisfied:

R0 Free Virus Only, No Threshold :
pβλki
uaid

+
(1− p)βλku

uaud
> 1

R0 Calculation: Free-Virus Transfer with threshold for active uDNA
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If a cell without an integrated provirus requires more than one unintegrated
virus to begin production then the system of ODE remains the same, except
the virus production rate (ku) is zero for cells without integrated viruses and
below a threshold number of unintegrated viruses. In addition, these cells have
a clearance rate equal to that of uninfected cells.

The Jacobian for this system becomes:

JNM+1×NM+1 =



−d 0 ... 0 ... 0 0 ... 0 −βλd
0 −d ... 0 ... 0 0 ... 0 − (−1+p)βλ

d

0 0
. . . 0 ... 0 0 ... 0 0

0 0 ... −aun ... 0 0 ... 0 0

0 0 ... 0
. . . 0 0 ... 0 0

0 0 ... 0 ... −ain 0 ... 0 pβλ
d

0 0 ... 0 ... 0 −ain ... 0 0

0 0 ... 0 ... 0 0
. . . 0 0

0 0 ... 0 ... 0 0 ... −ain 0
0 0 ... kun ... kin kin ... kin −u



With the requirement that more than one uDNA virus is necessary to begin
virus production, all but 2 of the eigenvalues are −d,−ai or −au. The last
remaining eigenvalues are:

1

2

(
−u− ain ±

√
du2 − 2duain + da2in + 4pβλkin√

d

)
which is non-negative whenever:

R0 Free Virus Only, With Threshold =
pβλki
uaid

> 1

R0 Calculation: Synaptic Transfer Alone

dy0,0
dt

= λ− dy0,0 − y0,0
N∑
k=0

M∑
l=0

ykl

N∑
r=0

M∑
s=0

γklrs

dyi,j
dt

= −ai,jyi,j +
N∑
k=0

M∑
l=0

ykl(

i∑
r=0

j∑
s=0

γklrsyi−r,j−s − yij
N−i∑
r=0

M−j∑
s=0

γklrs)
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The virus-free equliibrium of the above system is y00 = λ/d, yij = 0. With
standard methods, we can calculate the Jacobian of this system at this steady
state to arrive at R0. Below is the Jacobian of the system with the assumption
that there are two death rates: death rates for cells infected with uDNA only and
a separate death rate for iDNA infected cells. Note that we make no assumption
about the values of γ.
The Jacobian for the system with synaptic transfer alone is an NM by NM
matrix:

J =



−d −λd
∑

λ
dγ

01
ij

∑
λ
dγ

02
ij ...

∑
λ
dγ

10
ij

∑
λ
dγ

11
ij ...

∑
λ
dγ

NM
ij

0 −au + λ
dγ

01
01

λ
dγ

02
01 ... λ

dγ
10
01

λ
dγ

11
01 ... λ

dγ
NM
01

0 λ
dγ

01
02 −au + λ

dγ
02
02 ... λ

dγ
10
02

λ
dγ

11
02 ... λ

dγ
NM
02

0 ... ... ... ... ... ... ...
0 λ

dγ
01
10

λ
dγ

02
10 ... −ai + λ

dγ
10
10

λ
dγ

11
10 ... λ

dγ
NM
10

0 λ
dγ

01
11

λ
dγ

02
11 ... λ

dγ
10
10 −ai + λ

dγ
11
11 ... λ

dγ
NM
11

0 ... ... ... ... ... ... ...
0 λ

dγ
01
NM

λ
dγ

02
NM ... λ

dγ
10
NM

λ
dγ

11
NM ... −ai + λ

dγ
NM
NM


where ,

∑
=
∑N
i=0

∑M
j=0:

The first eigenvalue of the system is -d. To determine the remaining eigenvalues
we look at the remaining NM-1 by NM-1 sub matrix:

Ĵ = Au +



λ
dγ

01
01

λ
dγ

02
01 ... λ

dγ
10
01

λ
dγ

11
01 ... λ

dγ
NM
01

λ
dγ

01
02

λ
dγ

02
02 ... λ

dγ
10
02

λ
dγ

11
02 ... λ

dγ
NM
02

... ... ... ... ... ... ...
λ
dγ

01
10

λ
dγ

02
10 ... q + λ

dγ
10
10

λ
dγ

11
10 ... λ

dγ
NM
10

λ
dγ

01
11

λ
dγ

02
11 ... λ

dγ
10
10 q + λ

dγ
11
11 ... λ

dγ
NM
11

... ... ... ... ... ... ...
λ
dγ

01
NM

λ
dγ

02
NM ... λ

dγ
10
NM

λ
dγ

11
NM ... q + λ

dγ
NM
NM


where q = au − ai and Au = auI.

This matrix has (NM-1)(NM-1)+3 different variables and to simplify it we as-
sume that the transfer rate γrs is constant for all iDNA-infected cells, but for
uDNA-infected cells the rate is ηγrs, where η < 1

Under these assumptions, we can replace the above Jacobian by:
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Ĵ = Au +



λ
dγ01

λ
dγ01 ... λ

dγ01
λ
dγ01 ... λ

dγ01
λ
dγ02

λ
dγ02 ... λ

dγ02
λ
dγ02 ... λ

dγ02
... ... ... ... ... ... ...
λ
dγ10

λ
dγ10 ... q + λ

dγ10
λ
dγ10 ... λ

dγ10
λ
dγ11

λ
dγ11 ... λ

dγ10 q + λ
dγ11 ... λ

dγ11
... ... ... ... ... ... ...

λ
dγNM

λ
dγNM ... λ

dγNM
λ
dγNM ... q + λ

dγNM


Note that if we require a threshold number (c) of uDNA viruses to start pro-
duction, the leftmost c columns become zero.
All but 2 eigenvalues of this matrix is q or 0. The remaining two eigenvalues
are:

1

2
∗ (λ
d
βsu +

λ

d
βsi + q ±

√
−4 ∗ λ

d
βsuq + (

λ

d
βsu +

λ

d
βsi + q)2)− au

Where βsu =
∑N
r=1 ηγr,0 (zero integrated, r unintegrated, r ≥ c) and βsi =∑N

r=0

∑N
s=1 γr,s . This accounts for the reduction in transmission from uDNA-

only cells.

These eigenvalues are exactly 0 when:

λ

d
auβi +

λ

d
aiβu = aiau

And the new R0 is now:

R0 Synaptic Only :
βsiλ

aid
+
βsuλ

aud

R0 Calculation: Combined Cell Free and Synaptic Transmission

Although the analytical solution of R0 of the combined system of ODEs is
unknown, numerical simulations (See figure) show that the critical value is:

R0 Complete Model, No Threshold :
pβλki
uaid

+
(1− p)βλku

uaud
+
βsiλ

aid
+
βsuλ

aud

If more than one integrated viruses are required to begin infection, this becomes:

R0 Complete Model, Threshold :
pβλki
uaid

+
βsiλ

aid
+
βsuλ

aud
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Figure 1: Simulation of the combined system show R0 approximately as pre-
dicted analytically - all parameters randomized. As R0 approaches 1 from below,
the system requires more time to approach equilibrium. There is a sharp tran-
sition between zero steady states and non-zero steady states when the proposed
R0 is above 1.

Expanding γrs

If we assume that viruses integrate independently, then for any number of viruses
transferred, h = r+s, the chance of any one of these viruses becoming integrated
is p and the chance of any single one of these viruses becoming unintegrated
is (1-p). If we assume that these are independent events, then the resulting
distribution of these h viruses follows a binomial distribution. In addition,
each γ is can be decomposed to the probability to transfer h viruses and the
probability that some portion of the h viruses become integrated.

Then we can define a set of transfer rates for any given number of cells:

γ̂h for h = 1....max(N,M)

Note that for transfer from cells with only unintegrated viruses, the transfer
rate is reduced by η. This defines the transfer rate of h viruses that become r
unintegrated and s integrated viruses, where the transfer rates are:
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γr,0 = γ̂r(1− p)r

γr,s = γ̂r+s
(
r + s

r

)
(1− p)rps

The first represents r viruses being transferred and all r becoming unintegrated.
The second represents a total of r+s viruses transferred through the synapse
and s viruses becoming integrated while r viruses are unintegrated.

Then:

βsu = η

N∑
r=c

γ̂r(1− p)r

βsi =

N∑
r=0

M∑
s=1

γ̂r+s
(
r + s

r

)
(1− p)rps

Which can be simplified to:

βsu = η

N∑
r=c

γ̂r(1− p)r

βsi =

N∑
r=1

γ̂r(1− (1− p)r)

Therefore R0 of the model with synaptic transfer only is:

R0 =
λ

aid

N∑
r=1

γ̂r(1− (1− p)r) + ηλ

aud

N∑
r=c

γ̂r(1− p)r

And R0 of the complete model is:

R0 =
pβλki
uaid

+
λ

aid
γ̂r

N∑
r=1

(1− (1− p)r) + ηλ

aud
γ̂r

N∑
r=c

(1− p)r

Finally, we explore different distributions for γ̂h, for h=1....N. It is unclear how
many viruses are transferred per synapse, so we explore different distributions
for the number of viruses transferred.

Uniform: γh is the same for all h

Normal: γh ∼ 1

σ
√
2π

exp−
(h−ĥ)2

2σ2

Poisson: γh ∼ ĥh exp−ĥ

h!
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For example, for the poisson distribution, the final value for R0 becomes:

R0 =
pβλki
uaid

+
λ

aid

ĥr exp−r̂

r!

N∑
r=1

(1− (1− p)r) + ηλ

aud

ĥr exp−ĥ

r!

N∑
r=c

(1− p)r
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